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I. YpaBHeHUsI JIMHUU 1 TOBEPXHOCTU
JInnus n I[TIOBEPXHOCTL — 9TO MHOZKECTBa TOYECK.



I. YpaBHeHUsI JIMHUU 1 TOBEPXHOCTU

JIlnnus n I[TIOBEPXHOCTDb — 9TO MHOXKECTBa TOYEK. Kak MBI 3HaemM, MHO-
2KeCTBO 3aJacTCd JINOO CnUCKOM INEMEHTNOE, JInoo ¢ IIOMOLIBIO Tapawme-
pucmuvecroeo ceoticmea. Jlunun n I[TIOBEPXHOCTHU Yallle BCEI'O 3aar0TCA C
IIOMOIIBIO XapaKTEPUCTUIECKOT'O CBOICTBA, HAIIPUMED, «IpAMas, IPOXO-
ddAlIasd 9€PeE3 TaKNE-TO TOIKMN», «IIJIOCKOCTb, CO/ACPzKallasd TaKyIO-TO TOY9-
Ky U NePHeHInKY/IsdpHas TaKol-To IpsaMoiiy n T.11. KoopnHaTHble MeTO-
Abl ITIO3BOJIAIOT CYIIECTBEHHO YBCJIMYUTH BO3MOXKHOCTU IJIgd «CTaH/apT-
HOI'O 3alaHA» JIMHU " I—IOBerHOCTGI(/)I7 9TO, B KOHECIYHOM UTOTI'€, IIPUBEJIO
K O6OF&HL€HI/IIO «apcCeHaJla» BbIYUCJIMTEJILHOI'O allllapaTa I'eOMETPUH.



I. YpaBHeHUsI JIMHUU 1 TOBEPXHOCTU

Kak MozKHO 3a/aThb JIMHUIO Ha IIJIOCKOCTU, MCIIOJIb3Yyd CHUCTEMY KOODP-
,ZLI/IHaT? HyCTb Ha IIJIOCKOCTH 3a/JlaHa IIPAMOYT'OJIbHaA JEKapTOBa CUCTEMaA
koopauHat Oy u gunus L. Ham HaJi0 IOHATH, KaK MOYKHO 3aJ1aTh JIU-
HUTO L, HCIIOJIB3Yy4d 9Ty CUCTEMY KOOpAHHAT.
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PazymeeTcsi, BocIiosib3yeMcs CTpaTernueil coctaB/ieHus YyPaBHEHUIA.
Ymo nado natimu?
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Cire1oBaTe/IbHO, OTBET 3AIIMIIEM, YKa3biBash KAKIE-TO «0COOEHHOCTH» KO-
OpAuHAT TOYeK JuHuu L.
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Tereps HaJ0 XapaKTePUCTUYECKOE CBOMCTBO TOYEK JMHUKU L 3alim-
caTh «MATeMaTUIEeCKUM SI3BIKOM». (OCHOBHBLIM $I3LIKOM COBPEMEH-
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I. YpaBHeHUsI JIMHUU 1 TOBEPXHOCTU

PazymeeTcsi, BocIiosib3yeMcs CTpaTernueil coctaB/ieHus YyPaBHEHUIA.

Ymo nado natimu? Criocod 3aganus aunaun L.

B xaxom sude npedcmasum omseem? OTBeT 3alniieM, yKa3biBas KaKue-
TO «OCODOEHHOCTHY KOOPAWHAT TOYEK JTUHUU L.

Beedem nepemennvie. O603HaINM KOOPINHATHI BLIOPAHHOM IIPON3BOJIbH-
HOM TOuKM Jinaun L OykBamu, Hampumep, (;y).

Kcrarn, 4eTBepThIM IYHKTOM B CTPATEINI COCTABJICHUS YDPABHE-
HII SIBJISIETCST HAX0ACOEHUE CUCNEMDL YPABHEHUL.



II. Onpenesienne ypaBHeHUs JIUHUNI

Omnpenesienune 1. Vpasuenue F(z,y) =0 wnazwsaemcs ypaBHEHUEM
gquaun L wa naockocmu xOy mozda u moavko mozada, x020a 6biCKa-
awieanus «moura M c xoopdunamamu (x,y) npunadsesicum sunuu Ly
IKBUBANEHMHO Bbickasvisanuto «F(x,y) = 0.
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Omnpenesienune 1. Vpasuenue F(z,y) =0 wnazwsaemcs ypaBHEHUEM
gquaun L wa naockocmu xOy mozda u moavko mozada, x020a 6biCKa-
awieanus «moura M c xoopdunamamu (x,y) npunadsesicum sunuu Ly
IKBUBANEHMHO 6bicKasvisanuto «F(x,y) = 0».

Nubmvin cioBamu, o(u, v) = 0 gBisieTcss ypaBHeHHeM JIMHUK L Torja u
TOJILKO TOIJIa, KOIJia

BO-TIEPBBIX, KOOPJANHATHI (U, v) JII000# TOUKN JUHUN L yIOBICTBOPSIOT
ypasuenuio @(u,v) = 0;

BO-BTOPBIX, J1100ast TOYKA [LJIOCKOCTH, KOOPJAUHATHI (U, V) KOTOPOil yi10-
BJIETBOPSIOT ypaBHEeHUO ¢(u, v) = 0, IpuHaJICKUT JUHIN L.
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AHajIornIHO OnpesessieTcsl ypaBHeHHe TOBEPXHOCTH B IIPOCTPAHCTBE.
JIMHUs B mpocTpaHCTBe 3a/laeTcsd CUCTEMOIl YypaBHEHUIA.
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Omnpenesienune 1. Vpasuenue F(z,y) =0 wnazwsaemcs ypaBHEHUEM
gquaun L wa naockocmu xOy mozda u moavko mozada, x020a 6biCKa-
awieanus «moura M c xoopdunamamu (x,y) npunadsesicum sunuu Ly
IKBUBANEHMHO 6bicKasvisanuto «F(x,y) = 0».

B cooTBeTCcTBHE cO cTpaTeruneit coctaBjieHnus YPaBHEHUI 11T TOTO,
YTOOBI COCTABUTH ypaBHeHue Junun L, Hajo,

BO-IIEPBBIX, BLIOPATL NPou3eoavHyto mowky M 3Toft muHunm m 0603Ha-
IUTH COOTBETCTBYIONUMI CUMBOJIAMI €€ KOOp/imHATaMU (OOBITHO JITsT
JIEKaApTOBOU CUCTEMBI KOOPJMHAT 3TO (:c, y), JIJIsT TOJIAPHON CUCTEMBI

KOOpAUHAT — (p, ©));

BO-BTOPBIX, HAITU ypaBHEHUE, CBA3bIBAIOIIEE 3TU KOOPJMHATBHI TOYKHU

M.



II. Onpenesienne ypaBHeHUs JIUHUNI

Omnpenesienune 1. Vpasuenue F(z,y) =0 wnazwsaemcs ypaBHEHUEM
gquaun L wa naockocmu xOy mozda u moavko mozada, x020a 6biCKa-
awieanus «moura M c xoopdunamamu (x,y) npunadsesicum sunuu Ly
IKBUBANEHMHO Bbickasvisanuto «F(x,y) = 0.

I‘I&HOMHI/IM7 4qTO €CTb eﬂI/IHCTBeHHbe/’I CII0C00 [IOJIYYIEHUA YPaBHECHUW !
JJIA TIOJIYIEHN ST YPaBHEHM A HGO6XO):LI/IMO HEKOTO-

PYIO BEJIMUNHY BBIYUCIUTEL PA3/INIHBIMU CIIOCO-
OaMI.




I1I. YpaBHeHuss IPsAIMbIX U IJIOCKOCTEI

CraHnapTHBII B YpaBHEHUN U CUCTEM YypaBHEHUIl JIsi HIPSIMbIX Ha
i1ockocTt xOy U B IIPOCTPAHCTBE U ILJIOCKOCTEH B IPOCTPAHCTBE IIPUBE-
JleH B Tabymrie 1, Tabaurne 3, Tabauie 2.

BbIBO/I COOTBETCTBYIONMINX YpaBHEHUI MOXKHO O€3 TPy 1a IIPOBECTH C 110~
MOIIBIO CTpaTeruy coctapjenmns ypapHenuii. [losTomy BeIBOI HEKO-
TOPBLIX U3 (bopMyJT TAOJIUIIBI 1 MBI TPUBEJIEM B BUJIE pelIeHns IPUMEPOB.

PaccMmoTrpers npumeps! BbiBoja popMyJa?
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Tabanua 1
ILi1ockocTs u npsimast

Ob6mue ypaBHeHUsT [Tapamerpuyeckue Kanonmueckne
ypaBHEeHUs ypaBHEHUS
(W, MoM) = 0
Ar+By+C=0
[Ipsvast Alx —2z9) + By — 1) =0
B 1iocko- | C'= —Axy— By
cTr
[TnockocThb ootk
B IIPOCTPaH-
CTBe
IIpsamag B
IIPOCTPaH-
cTBe
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Tabanua 1
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Ob6mue ypaBHeHUsT [Tapamerpuyeckue Kanonmueckne
ypaBHEHU ypaBHEHUA

(W, MoM) =0 OM = OMy +t 1

Ar+By+C =0 v — 20+ ut -
Mpmvan | Ale — o) + Bly — o) = 0 {y:yoow’ e
B 1ocko- | C'=—Axy — By
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(R,MQM):O OM:OM0+t111+t212

A B Cz+D=0

Al"f‘_ y+ §+_ x:m0+u1t1+th2,
[Inockocthb ((if( %o) ;L (v — bo)+ Y = Yo + U1t1 + vato Hokkk

+C(z—29) =0 _ '
iTI;IG)OCTpaH- D = —Awy — Byy — Czo 2 = zo +wit1 + wals
IIpsamag B
LIPOCTPAH- Ax+Biy+Ciz+ D1 =0 OM:OMO—i-tT $2x0 = y—vyo =
CTBe Ayt 4+ By + Coz+ Dy =0 r=x9+ ut —_ 22— %

— TepecedeHne JIByX Y =yo+ vt w
IJIOCKOCTEI, COJeprKaIiux 2= 2y + wt
9Ty HPSIMYIO

- e
OM =zi 4+yj wm OM =21 +yj + 2k — paauyc-BeKTOp HIPOU3BOJIBHON TOUKU
IPAMO#I MJIM IIJIOCKOCTH,




Tabanua 1
ILi1ockocTs u npsimast

Ob6mue ypaBHeHUsT [Tapamerpuueckne Kamonnueckne
ypaBHEHU ypaBHEHUA

— T — — —

(l’l,M@M):O OMIOMU—l-tl

Ar+By+C =0 v — 20+ ut B
[pamas A(x —x0) + By —yo) =0 { B O+vt’ Tt = Vi
B 1ocko- | C'=—Axy — By y=Y
CTH

(0, MoM) =0 OM =OMy+1t; 11+t 1,

Ar+By+Cz+D =0

A(IL‘ . xo) + B(y . y0)+ T = xg + Uity + usta,
[TirockocTn +C(2 — 2) = 0 Y = Yo + vit1 + vsoto, rorokk

— ) = -
B IIPOCTPat- | — Ay — Byy — Czo Z = 2o + wit] + wals
CTBE
IIpsamag B
IPOCTPaH- Az + By +Ciz+ Dy =0 OM:OMO—i-tT $2x0 = y—vyo =
CTBe Asx + Boy + Coz+ Dy = 0 T = xo+ ut —Z—Z
— TepecedeHne JIByX Y =yo+ vt w
IJIOCKOCTE, COmePKaIuX 2= 2o+ wt
9Ty HPSIMYIO

l =ui+vj wml =ui+ov]j +wk — Hanpapagionuii BEKTOP MPAMOI.




IL1ockocTs 1 npsamMasd

Tabanua 1

Ob6mue ypaBHeHUsT [Tapamerpuyeckue Kanonmueckne
ypaBHEHU ypaBHEHUA

— T — — —

(l’l,M@M):O OMIOMU—l-tl

Av+ By +C =0 T =x9+ut T—T
[pamas A(x —x0) + By —yo) =0 { B O+vt’ L
B 1ocko- | C'=—Axy — By y=Y
CTH

(0, MoM) =0 OM =OMy+1t; 11+t 1,

Az +By+Cz+D =0

A(:L‘—my)—i—B(y—y)—l— T = xg + Uity + usta,
[Inockocthb +C(z —Ozo) —0 0 Y = Yo + vit1 + Vato, ok
B IIPOCTPat- | — Ay — Byy — Czo Z = 2o + wit] + wals
CTBE
IIpsamag B
IpOCTpaH- Aix+Biy+Ciz+ Dy =0 OM:OMO—l—tT f—ul"o :y—vyo _
cTBe Agt + Boy + Coz + Dy = 0 T =x+ut = 2—%

— TepecedeHne JIByX Y =yo+ vt w
IJIOCKOCTE, COmePKaIuX 2= 2o+ wt
9Ty HPSIMYIO

l, =wu;i +v;j +w; kK — ;Ba HEKOJLUIMHEAPHBIX BEKTOPA, MapaJlIeJbHbIX ILJIOCKOCTH,

ie{1,2}.




Tabanua 1
ILi1ockocTs u npsimast

Ob6mue ypaBHeHUsT [Tapamerpuyeckue Kanonmueckne
ypaBHEHU ypaBHEHUA

(W, MoM) =0 OM = OMy +t 1

Ar+By+C =0 v — 20+ ut -
Mpmvan | Ale — o) + Bly — o) = 0 {y:yoow’ e
B 1ocko- | C'=—Axy — By
CTH

(R,MQM):O OM:OM0+t111+t212

A B Cz+D=0

Al"f‘_ y+ §+_ x:m0+u1t1+th2,
[Inockocthb ((if( %o) ;L (v — bo)+ Y = Yo + U1t1 + vato Hokkk

+C(z—29) =0 _ '
iTI;IG)OCTpaH- D = —Awy — Byy — Czo 2 = zo +wit1 + wals
IIpsamag B
LIPOCTPAH- Ax+Biy+Ciz+ D1 =0 OM:OMO—i-tT $2x0 = y—vyo =
CTBe Ayt 4+ By + Coz+ Dy =0 r=x9+ ut —_ 22— %

— TepecedeHne JIByX Y =yo+ vt w
IJIOCKOCTEI, COJeprKaIiux 2= 2y + wt
9Ty HPSIMYIO

JEN - i — —~ iy N o '
n=Ai+Bjwmn=A1i+Bj+Ck — HOpMAJIbHBII BEKTOP K NPAMOTU 6 NAOCKOCTNU
WA K NAOCKOCTU — 8 NPOCPAHCMGE.




YT10o06bI HanMCaTh YpaBHEHUsI, HEOOXO/IMMO HaANTHI

Tabanua 2

[ns npsimoii Ha nnockocTm

[ns npamolii B npocTpaHcTBe

[nsi nnockocTy B NpoCTpaHCTBe

KOOPJIMHATBI  MOYKU HA NPA-
MOU U KOOPIAMHATHI HOPMAAb-
Ho20 eexmopa TpsiMoii  (obiree
ypaBHEHUE NPAMOA HA ILJIOCKO-
crn)

JIBE Pa3JIMIHbIEe ILJIOCKOCTH,
cozlepzKalye 3Ty IPAMYIO
(obirue ypaBHeHUs MPAMOIL
B [IPOCTPAHCTBE)

KOODJIMHATBl MOYKU MG NAOCKO-
MU 1 KOOPIAUHATHL HOPMAALHOZ0
sexmopa ttockocTH (0bIree ypas-
HEHWE IJIOCKOCTH)

KOODJIMHATBI MOYKU Ha NPAMOU
I KOOD/IMHATBI €e HANPA6AAN0-
wezo eexmopa (mapaMerpude-
CKIe NI KAaHOHUYECKNe ypaBHe-
HsT )

W KOOPJUHATHI  MOYKU
HQ NPAMOU U KOOPJIUHATHI
€e HanpasAfIOULE20 6EKMOPa
(mapameTpuvecKne WM Ka-
HOHUYECKHe YDABHEHU)

KOODJIMHATBI  MOYKU HA  NAOC-
Kocmu 1 08YT HEKOANUHEAPHHLT
GEKMOPOG E),E), napaJijie/ib-
HBIX  IJIOCKOCTH  (mapamerpu-
YeCKHe WM KAHOHUYECKHE).

B = [s,ﬁ}

PaccMmoTrpers npuMepbl mojrydyeHUs ypaBHEeHUI?

PaccMmoTrpers mpumepbl mpeobpa3oBaHus ypaBHEHUI?




Paccrossaue ot Toukn 10 HpﬂMOﬁ " IIJIOCKOCTHN

Tabnnua 3

[Tpsamas
Ha TJIOCKOCTH

[L1ockocTh
B IIPOCTPAHCTBE

[Ipamast

B IIPOCTPAHCTBE

Ypasuenne | Ar+ By+C=0 | Axr+By+Cz+D =0 OM:OMO—l—tT
Paccrognne _ ;
OT  TOYKHU ‘ [ : ’MOMJ ‘
o |Ax1 + By + C| | |Ax1 + Byy + Cz1 + D)|

1 C KOOD- A2 +B2 AQ + BQ +02 —
JITHATAMI v v ’ 1 ‘

(z1,y1) nm
(1’1, Y1, 21)

PaccmoTpeTrs nmpuMmepbl HaxXoXKAeHUs yTJia?




locTaTodHOo 4acTo MCIOJB3YIOTCA CJeAYIoNIe TUIIbl YpaBHEHNI:

[Tpsimast Ha miockocTu. (cMm.puc.l) 1) Vpasnenue npamoti ¢ y2so6oim

koaghpuvuenmom: y = kxr + b. 3aecs k = tga, rie a € (—%; %) Ero
MOKHO IPUMEHSATh TOJILKO B Cydae, ec/iid IIpsMasi He IapaJiie/bHa

A,

ocu Qy.

Puc. 1.



locTaTodHOo 4acTo MCIOJB3YIOTCA CJeAYIoNIe TUIIbl YpaBHEHNI:

[Tpsimast Ha miockocTu. (cMm.puc.l) 1) Vpasnenue npamoti ¢ y2so6oim

koaghpuvuenmom: y = kxr + b. 3aecs k = tga, rie a € (—%; %) Ero
MOKHO IPUMEHSATh TOJILKO B Cydae, ec/iid IIpsMasi He IapaJiie/bHa

ocu Qy.
2) Vpasnerue npamoti «ompeskars: % + % = 1.
Kosadbdunment k nazbiBaeTcst yriioBbIM Ko3ddu- a A{

rmeaTom mpsmoit, (a;0) u (0;b) — koopaunarsl 0
TOYEK TI€PECeUeHus MPSIMOI ¢ OCSIMU KOOPJIMHAT. Puc. 1.




locTaTodHOo 4acTo MCIOJB3YIOTCA CJeAYIoNIe TUIIbl YpaBHEHNI:

[Tpsimast Ha miockocTu. (cMm.puc.l) 1) Vpasnenue npamoti ¢ y2so6oim

koaghpuvuenmom: y = kxr + b. 3aecs k = tga, rie a € (—%; %) Ero
MOKHO IPUMEHSATh TOJILKO B Cydae, ec/iid IIpsMasi He IapaJiie/bHa

ocu Qy.
9 . T y 1
2) Vpasnerue npamots «ompe3kars . 5+ = 1.
Kosadbdunment k nazbiBaeTcst yriioBbIM Ko3ddu- a a
rmeaTom mpsmoit, (a;0) u (0;b) — koopaunarsl 0
TOYEK IepecevdeHns MpaMOil ¢ OCAMU KOOPIMHAT. Puc. 1.

I1I0CKOCTB. YpasHenue naockocmu «ompeskazs. = + % + £ = 1. Buecs
(a;0;0), (0;5;0), (0;0;c) — KOOPAUHATBI TOUEK MIEPECEUCHUST TL]TIOC

KOCTH C OCAMUM KOOPAMUHAT.



Cracu6o

3a

BHUMaHUe!
e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyThcs K crimcky mmpe3eHTanmii?
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