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I. Iloustue nunHeiinoro omeparopa

MBI U3yUnIM OCHOBBI TEOPUN JIMHEHNHBIX TPOCTPAHCTB. [IpuMensis
CTpaTernu nepexo/ia OT u3yveHus: OT/AeIbHOr0 0ObEKTa K MCCJIe-
JIOBAHUIO CUCTEMbI OOBEKTOB U CTPATETUIO MOCTPOEHUS MOJEJIN
MBI BBIJIEJTAIH B JINHEITHOM MTPOCTPAHCTBE MOJIPOCTPAHCTBA 1 TIOCTPOILIN
HOBYIO asirebpy — aJjirebpy mnojpocrpancts. VcceqoBanue, mpejicTas-
JIEHHOE B 9TOM paszjiesie, MOyKHO PACCMATPUBATEL KaK IIPUMEHEHUE K H3y-
GeHUIO JINHETHOTO MPOCTPAHCTBA CTPATErnn 0DOTAIIEeHNsT MOJIEJN I
cTpaTeruu CMeHbI poJieii 1 MPUOPUTETOB. A UMEHHO, Mbl BBEJIEM B
JINHETHOM TIPOCTPAHCTBE €ellle OJIHY XapaKTePUCTUKY — JIMHEMHBIN Olle-
paTop win (CHHOHNM) JIMHEITHOe 0TOOparKeHue.



I.1. Onpenesienne JuHeiiHOro oreparopa

Omnpenenenune 1. [lycmov U vV — aunetinvie npocmpaHcmaea Had
nosem K. Oneparopom aunetinozo npocmpancmsa U 6 aunetinoe npo-
cmparncmseo V- nasvisaemes pyrnruus A: U — V.
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Omnpenenenune 1. [lycmov U vV — aunetinvie npocmpaHcmaea Had
nosem K. Oneparopom aunetinozo npocmpancmsa U 6 aunetinoe npo-
cmparncmseo V- nasvisaemes pyrnruus A: U — V.

Omnpenenenne 2. [lycmov U u'V — aunetinsie npocmpaHcmaea Had
nosem K. JIuHeliHBIM orlepaTopoM aunetinozo npocmparcmea U
6 AuHetinoe npocmparcmeo Vo wazvieaemca AUHETUHASA OYHKUUS

A

A:U—=YV.

CJIMIIIKOM MHOI'O CJIOB €CTECTBEHHOT'O A3BIKA...
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Omnpenenenune 2. U vV — a.n. nad nosem K, A: U=V — am-
HeltHbIil orteparop, ecau A (Ax + py) = MNA (x) + pA (y) . (1)
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Onpenenenne 3. [lycmv U — aunetinoe npocmpaHcimeo wad no-
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saemca aunetinas gyrnrxuus A: U — U.
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Takum 0OpasoM, JIMHEHHBI OIIepaTOp — 9TO IPOU3BOJIbHASA (DYHKILUSI
A: U — V rakas, 94to st o6bIX BEKTOPOB ., y € U n 1100bIX cKaJisi-
poB A, 1 mMeeT Mecto TozkiectBo A (Ax + py) = MNA(z) + pA(y).
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Omnpenenenune 1. [lycmov U vV — aunetinvie npocmpaHcmaea Had
nosem K. Oneparopom aunetinozo npocmpancmsa U 6 aunetinoe npo-
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Onpenenaenne 3. U — n.n. nad nosem K, A: U—U — auneii-
eri omeparop, ecau A (A + py) = MA (z) + pA (y) . (2)
Kak pazobparbcst ¢ TeM, 4TO TaKoe JUHENHbII omepaTop?
Ectb JiBa criocoba:
— PacCMOTPeTDb JIOCTATOYHOE UHIC/I0 Pa3HOOOPA3HbIX IIPUMEDPOB;
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1.2. IIpumepnbl JIMHEIHBIX OllEpaTOPOB
CravaJia, ecTeCTBEHHO, IPUMEHUM IIEepPBBII CII0c00: pacCMOTPUM IIPU-
Mepbl JIMHEHHBIX OIIEPATOPOB.

e lI30MOph1U3M 0JIHOIO JTUHEHOIO IPOCTPAHCTBA B APYTOE.
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CravaJia, ecTeCTBEHHO, IPUMEHUM IIEepPBBII CII0c00: pacCMOTPUM IIPU-
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10, HAOOOPOM, CUUMGMDB, MO BCE NPOCMPAHCMEO HENOISUINCHO, U
MbL npocmo mersem basuc. Bo BTOpoM ciydae <«IIOBeJIeHHe» KO-
Op/IMHAT BEKTOPa OIUChIBAETC MaTpulleil repexojia. OTcroja ciie-
JIYeT, 9TO «II0BeJIeHe» KOOPJAMHAT 00pa3a BEKTOpa X OTHOCUTEIHHO
JIeCTBUY JIMHEITHOTO ollepaTopa A JIOJIZKHO OIUCHIBATBLCS POPMYIIOIT,
IIoXOXKell Ha, (hOPMYJ/Iy BBIUHMCICHUsT KOOPJIUHAT BEKTOPa B HOBOM 0Oa-

3H1Ce.
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M X N-MaTpUil.

e A(X)=XTX — ue qmneiinsrii oneparop!



1.2. IIpumepnbl JIMHEIHBIX OllEpaTOPOB
[Ton npoexyueti sexmopa 31ech OyaeM NOHUMaTh T€OMETPUIECKYIO

ImpoekIio. B Kypce BeKTOPHOI aﬂre_>6pb1 Bbl paccMaTpuBaJIn ajaredpa-
—

MYECKYIO IIPOEKINI0 BeKTopa & Ha b, 3HaUYeHHe KOTOPOil MOYKHO BbI-
/\

— — iy

YUCJINTH KakK } a ‘ cos | &, b |. Crporyto bopMyJIMpPOBKY oOIpe/ie/IeHnit

reOMETPUYCCKOI MPOEKIINU BEKTOPA Ha OCh MapaJLJIC/IbHO IJIOCKOCTU U
reOMeTPUYECKOIl IIPOEKIINU BEKTOPa Ha ILJIOCKOCTb Bbl MOYKETe IO0JIYUYUTh
CaMOCTOATEJIbHO, UCIIOJIb3Y 3HAHUE CTPYKTYPLI Olpe/iejieHns, U Co-
OTBETCTBYIOIINE «IMAOJIOHBI», ¢ UCIOJIL30BaHIEM (DOPMYJI LI Olepa-
TOPOB ]%, MOJIYYEHHBIX IIPU PeIeHnn 1mpumMepon. Mbl TponLIocTpu-
pPOBaAJIN 3TN MOHATHSA PUCYHKaMu puc.l u puc.2.



3 SR
a &
y
a) 0)

Puc. 1. a) 7 — OpPTOroHAJIbHAs MPOEKIUs BEKTOPa, X Ha oChb BEKTODA 3>;
0) ? — IIPOEKINST BEKTOPA X Ha ochb BEKTODA, a aPAaJIJIe/IbHO IIJIOCKOCTH C
—

HOPpMaJIbHBIM BEKTOPOM b.

e e

Puc. 2. a) 'y — oproronasbHasi MpOEKIHsi BEKTOPa X Ha IUIOCKOCTD ¢ HOPMAJIbHBIM
BEKTOPOM E¢
=
0) Y — npoekiust BeKTopa X HapajuIebHO BeKTOpy b Ha IIOCKOCTB ¢

HOPpMaJIbHBIM BEKTOPOM ?



II. Marpuiia JmHeiiHOTO oriepaTropa

[TorydgenHnble npu pemeHun 1puvepa Ha 3a/aiine orneparopa, opMmy-
JIBI O6ﬂaﬂaIOT OJHUM CYyHIECTBEHHBIM HCJIOCTAaTKOM: OHHM HEIO0CTATOYHO
YHUBEPCaJIbHDBI. Nx HEJIb3s UCITIOJIb30BaTh IJIA IIPOU3BOJILHOI'O JIMHEHOTO
[IPOCTPAHCTBA, 110 KpaiiHell Mepe 10 TeX 0P, II0Ka Mbl He BBEJIeM KaKUM-
700 006pa3oM CKaJIIpPHOE ITPON3BeicHue. B cOOTBETCTBUM C BBIABUHYTOM
HaAMU [IPOrpaMMOil HaM HaJIO MOJYIUTH (DOPMYITY, TO3BOIIIONLYIO 3a,/a-
BATD 410000 JTUHERHbBII ottepaTop B R™ («KoopAuHATHOM HpOCTpaHCTBe»).



I1.1. Oupenesenne MaTpuIlbl JUHEAHOrO onepaTropa
B ={ej, e ...},

I[lycTn { B = {¢ ¢ Iy — Dasucol yinneiinbIx npocrpancTs U
= 161, €9, yEm S

1, COOTBETCTBEHHO, V.



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

H1
b ={ej, e ...}, ~ B L
HyCTb{ B —{e c...eY A@)p, =1 - | :U—izzlAZez.

Lo



I1.1. Onpeaesienne MaTpuIbl JUHEHOIO ollepaTopa
H1
b ={ej, e ...}, ~ B L
Hych{B,_{6,1’6,2’”.76;71}7 A@)p, =1 - | x—izzl)\lez.

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem

Zluj L= Az) =
=

1=1
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I1.1. Onpeaesienne MaTpuIbl JUHEHOIO ollepaTopa
H1
b ={ej, e ...}, ~ B L
Hych{B,_{6,1’6,2’”.76;71}7 A@)p, =1 - | x—izzl)\lez.

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem

QW%Zm@I
=

Ormerum, aro A(e;) He 3aBUCHT OT .



I1.1. Oupenenenne MaTpulibl JIMHEHHOIO ollepaTopa
H1
b ={e,e9,...,6,} . n
) ) ) ) — — )\Z .
“yc“’{ B ={ce)... e}, OBy =

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem

QW%Zm@I
=

1 /
OrmeruM, uto A(e;) He 3aBucut or x. Pasioxkum ero o basucy B':



I1.1. Onpeaesienne MaTpuIbl JUHEHOIO ollepaTopa
H1
b ={ej, e ...}, ~ B L
Hych{B,_{6,1’6,2’”.76;71}7 A@)p, =1 - | x—izzl)\lez.

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem

QW%Zm@I
=

Ormernn, uro A(e;) ne sapucut ot x. Pazioxum ero no 6asucy B':

. m
A(Gl) = Z CLjZ'G;-.
j=1



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

M1
b ={ej e ...} A n
[TyeTn Per oy nao A(x =1 ... = \e;.
y {Bf—{eg,eg,...,e;n}, A)lB, =N
Hm
[Io ompenmeseHNI0 KOOPJAMHAT BEKTOpPa, MATPHUIbI JIMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem
m A
I _
> je; = Alw) =
j=1

n m

1=1 1=1 1=1 J=1

Ormernn, uro A(e;) ne sapucut ot x. Pazjoxum ero no 6asucy B':

. m
A(Gl) = Z CLjZ'G;-.
j=1



I1.1. Onpeaesienne MaTpuIbl JUHEHOIO ollepaTopa
H1
b ={ej, e ...}, ~ B L
Hych{B,_{6,1’6,2’”.76%}7 A@)p, =1 - | x—izzl)\lez.

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem

Zluj L= Az) =
=



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

23
B:{el,eg,...,en}, A B B n
B = {ehch.oely, OB = ] r= A

Hom
Ilo ompenenenno KoopamMHAT BeKTOpa, MAaTPHIlbl JMHEHO-

[lycTn {

ro omeparopa #u B CuWily JuHeiiHocTu oneparopa A 1mosydaem
m A
I _
> je; = Alw) =
j=1

n m

= A i)\iei :i)\iﬁ(ei):ZAiZaﬂe Z ZA@N ef}-.
i=1 i=1 i=1 =1

B urore moJiyunin BelpazkeHue, 3aBUCSIIEE TOJIbKO OT KOODJINHAT \; BEK-
TOpa T U KOI(P UIINEHTOB aj;, IJie

R m
A(ez) = Z ajie;-.
g=1



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Omnpenenenue 4. [lycmv AuHelUHbLE NPOCTNPAHCINEA HAOD T.0-
nem K, By =A{ey,...,en} uby ={€),..., e} — basucol aunetinox
npocmparcme U u, coomeemcmeenno, V , A — aumetinoud onepa-
mop aunetinozo npocmpancmea U 6 aunetinoe npocmparcmeo V. Tozda
marpuueil Juneiinoro oneparopa A B 6asucax By-By naswsaemcs
MAMPUYA ABU,BV = (aij)mxn » KOXPPuyuermoL xomopoti onpedessrom-

CA PAGEHCMBAMU
m
E : aﬂe (3)

Jj=1

CJIMIIIKOM MHOI'O CJIOB €CTEeCTBCHHOTO A3BIKA...



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Onpenenenue 4. [lycmo By ={e1,... e} u By ={e},... e} —
ba3ucwvt A.1. Had nosem K, A: U —V — aun.onepamop. Tozda
MaTpulieil JuHeiitHoro oneparopa A B 6azucax by-By nasvisaemces

mampuuye A B = (@ij)mxn > 20e Ale;) = Zla,jie;. (3)
7=



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Onpenenenue 4. [lycmo By ={e1,... e} u By ={e},... e} —
ba3ucwvt A.1. Had nosem K, A: U —V — aun.onepamop. Tozda
MaTpulieil JuHeiitHoro oneparopa A B 6azucax by-By nasvisaemces

mampuuye A B = (@ij)mxn > 20e Ale;) = Zla,jie;. (3)
7=

Utak, 1-movm cmosbyom mampuys, onepamopa 6 basucar By-By a6-
Agemes cmoabey, koopdunam 6 bazuce By obpasa i-mozo bazucrozo 6exk-
mopa basuca By



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Onpenenenue 4. [lycmo By ={e1,... e} u By ={e},... e} —
ba3ucwvt A.1. Had nosem K, A: U —V — aun.onepamop. Tozda
MaTpulieil JuHeiitHoro oneparopa A B 6azucax by-By nasvisaemces

N m
/
mampuuye A B = (@ij)mxn » 20e Ale;) = ) ajiel. (3)
J=1
B ciuyuae, korma U =V, 10 ectb kKorja A sapisiercss JuHEHHbIM
olepaTopoM JIMHEHHOro npocrpancTsa U «II0 yMOJYAHMIO» I10JIAratoT
by = By. Ilpu sToMm roBopar o wmampuue onepamopa 6 baszuce By, n
9Ta MaTPHUIA OIPe/Ie/sIeTCsd paBEeHCTBOM



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Onpenenenue 4. [lycmo By ={e1,... e} u By ={e},... e} —
ba3ucwvt A.1. Had nosem K, A: U —V — aun.onepamop. Tozda
MaTpulieil JuHeiitHoro oneparopa A B 6azucax by-By nasvisaemces

N m
/
mampuuye A B = (@ij)mxn » 20e Ale;) = ) ajiel. (3)
J=1
B ciuyuae, korma U =V, 10 ectb kKorja A sapisiercss JuHEHHbIM
olepaTopoM JIMHEHHOro npocrpancTsa U «II0 yMOJYAHMIO» I10JIAratoT
by = By. Ilpu sToMm roBopar o wmampuue onepamopa 6 baszuce By, n
9Ta MaTPHUIA OIPe/Ie/sIeTCsd paBEeHCTBOM

A(@Z) = Z a;;€;. <4>



I1.1. Onpenesienne MaTpuiibl JUHEIHOTO onepaTopa

Onpenenenue 4. [lycmo By ={e1,... e} u By ={e},... e} —
ba3ucwvt A.1. Had nosem K, A: U —V — aun.onepamop. Tozda
MaTpulieil JuHeiitHoro oneparopa A B 6azucax by-By nasvisaemces

mampuuye A B = (@ij)mxn » 20e Ale;) = Zlajie;. (3)
iz

Taxkum obpazoMm, g JUHEHHOTO orepaTopa JUHEHHOrO MPOCTPaH-

N n
cra U, 1.e korjja By = By u A(e;) = ) ajie;,  i-movim cmoabyom mam-
j=1
puys, onepamopa 6 basuce b asasemea cmoabey, xoopdunam 6 bazuce B
obpasa 1-mozo bazucroz2o sexmopa baszuca B.

Paccmorpum npumep?



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. IIycmo U u'V — aunetinsie npocmpancimaa wad no-
nem K, By =Aey,...,en}, By ={el,...,e } — basucwvl amux npo-
CMpPaHcms, ABU B, — MaMpuya onepamopa A 6 smux basucax
aunetinozo npocmpancmea U. Tozda das sobozo x € U

[A(x)lg, = AB, B, " 7B, (5)

CJIMIIIKOM MHOI'O CJIOB €CTEeCTBEHHOI'O si3bIKa B (POPMYJIMPOBKE. ..



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn

A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s

amux 6asucax. Tozda [A(:U)]BV =Ap, B, [CC]BU. (5)
«CraHgapTHOE» JIOKA3aTEJbCTBO.



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
; B . ]
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [CC]BU. (5)
«CrapmapTHOoe» OOKa3aTeJabCTBO. lIpsmoe ciiejcTBue u3 omnpeje-
JICHUTL.



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
i=1

Vv
Hm,



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

p ,
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
' i =



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

1 .
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
v y i=1
m
EW%ZM@Z
7=



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

1 .
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
v y i=1
m
EW%ZM@Z
7=



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.n. U u'V nad nosem K, ABU B, — Mampuua onepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

1 .
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
v y i=1
m
EW%ZM@Z
7=



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.n. U u'V nad nosem K, ABU B, — Mampuua onepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

1 .
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
v y i=1
m
EW%ZM@Z
7=
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I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.n. U u'V nad nosem K, ABU B, — Mampuua onepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

1 .
«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
v y i=1
m
EW%ZM@Z
7=



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [ZC]BU. (5)

«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
i=1

Vv
Hm,

.
I
—_

= A (Zn: >\162> = Zn: )\zA(ez) = ; )\z zm:ajie; = i (i )\ﬂbﬁ) 6;.
. =1 .

HanbHelinme paccy»kKJIeHns CTaHJIaPTHBI, CM. JI-BO T€OPEMbl O KOOP/I1-
HaTax BEKTOpa B pa3HbIX Da3ucax.



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={el, ..., el .} — bazucun
A.n. U u'V nad nosem K, ABU B, — Mampuua onepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [a:]BU. (5)

M1 n
«Crangaprraoe» a-so. llycrs [A(z)lg = ... |, 2= Nes.
i=1

Vv
Hm
;w4=M@=
j:

= 121 (ﬁ: )\z€@> = zn: )\2121(6@) = zn: )\@ zm: CL]@B; = zm: <§n: )\Zaﬁ) 6}.
1=1 1=1 1=1 j=1 J =1

—
B CIJIy TEOPEeMbl O € AMHCTBEHHOCTH PA3JIO2KEHNs 0 Da3MCy IOJy-

n
4aeM PaBEHCTBA [1; = Y \iGj;.
i—1



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.n. U u'V nad nosem K, ABU B, — Mampuua onepamopa A s
amux 6asucax. Tozda [A(:U)]BV =Ap, B, [SC]BU. (5)

«Crangaprraoe» a-so. Ilycrs [A(z)lg = ... |, 2= Nes.
i=1

Vv
Hm,

I
>
N
[]-
e
S
N—
I
17
2
S
<
I
N
>
)
L[]
S
s
um\
I
(]

n
E : /
)\Z-aﬂ €j.
J=1 1=1

B marpuuHoit 3anmcn ara cucrema paBeHCTB nMeeT Bujl (hopmyiibl (5).
«CranjaprHoe» J10Ka3aTe/bCTBO 3aKOHYEHO.



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Iycmo By ={e1,...,en}, By ={€el,...,e } — basucw
A.1m. U uV nad nosem K, ABU,BV — MAMPUUA OTLEPANOPA A6
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [ZC]BU. (5)
JToka3aTeabCTBO C MOMOIIBIO YMHOMKEHN MATPUIL «HA MAKPO-
ypPOBHE».
A1
Tor dakr, 4TO [x]BU = | ... |, o3zHayaer 1O OLPEIEJICHUIO, UTO
An

= Aer+ ...+ \e,. I[losTomy B cuny nmueiinoctn orneparopa A



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [CE]BU. (5)

Jloka3aTeJabCTBO C IIOMOIIBIO YMHOYKEHUS MATPUIL «Ha MaKpPO-
YPOBHE».

Al) = ANer+ ...+ \ey) =



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [CE]BU. (5)

Jloka3aTeJabCTBO C IIOMOIIBIO YMHOYKEHUS MATPUIL «Ha MaKpPO-
YPOBHE».

A A

Ay =AMer+ ...+ en) = MA(e) + ...+ MAle,).



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [CE]BU. (5)

Jloka3aTeIbCTBO ¢ TTOMOIBIO YMHOMKEHUsS MATPUIL «HA MAKDPO-
yposue». A(z) = MA(er) +...+ A\ A(e,).



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={e€), ..., e} — bazucwn
A.1m. U uV nad nosem K, ABU,BV — MAMPUUA OTLEPANOPA A
amux bazucax. To2da Alx =A g . 5
JloKa3aTeJIbCTBO C HOMOLL[LI)IE) EEEOX(GIE/IUS’IBMV&EI)]I/]ISLEJ «Ha Maép)o—
yposres. A(x) = MA(e1) + ...+ A (ey).
[lepeiinem B 3TOM paBeHCTBE K 00pasaM BEKTOPOB IIPHU CTAHIADTHOM
n3oMopdusMe, MopoxKaeHHOM OaszucoMm By :



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [CE]BU. (5)

Jloka3aTeIbCTBO ¢ TTOMOIBIO YMHOMKEHUsS MATPUIL «HA MAKDPO-
yposue». A(z) = MA(er) +...+ A\ A(e,).

A = hdlen o M) =

Vv



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [CE]BU. (5)

Jloka3aTeIbCTBO ¢ TTOMOIBIO YMHOMKEHUsS MATPUIL «HA MAKDPO-
yposue». A(z) = MA(er) +...+ A\ A(e,).

A = hdlen o M) =

— A |4 (61)]BV b A (e")]BV _

Dopmyna (5) ciaeayer U3 yMHOKEHUS MATPUI] HA «MAKPOYPOBHE :



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s

=

amux 6asucax. Tozda [A(a:)]BV =Ap, B, [ZC]BU. (5)
JToKa3aTesibCTBO C MOMOIILI0 YMHOMKEHsST MATPUI, «HA MAKPO-
yposue». A(z) = MA(er) +...+ A\ A(e,).

A = hdlen o M) =

Vv

A

+...+>\n[A(en)

Is,



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s

=

amux 6asucax. Tozda [A(:U)]BV =Ap, B, [ZC]BU. (5)
JToKa3aTesibCTBO C MOMOIILI0 YMHOMKEHsST MATPUI, «HA MAKPO-
yposue». A(z) = MA(er) +...+ A\ A(e,).

[A(az)] B = [)\1121 (e1) + ...+ M A (en)}

v b, -
— A |4 (el)}BV b A (6”)]BV _
A1
- ( [A (elﬂsv [A (6”)]BV) = Ap, B, 1B,



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa
Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU B, — MOMPUYA ONEepamopa A s

amux 6asucax. Tozda [A(:U)]BV =Ap, B, [CC]BU. (5)
Teopema goKazaHa.



I1.2. Teopema o0 KoopJumHaTax odpa3a BEeKTOpPa

Teopema 1. [Tycmo By = {ey,...,e,}, By ={€},... e} — basucn
A.1m. U uV nad nosem K, ABU,BV — MAMPUUA OTLEPANOPA A s
amux 6asucax. Tozda [A(a:)]BV =Ap, B, [ZC]BU. (5)
Teopema goKazaHa.
Ecmm U =V, 10 (5) upeobpasyercs K Bujy
Al2)lp = Ap - l1]B- (5)

Paccmorpum npumep?



III. Anredbpa JuHeTHBIX OIlepaTOpPOB

HpI/IMeHI/IM CTpaTeruro I1epexogda OT HU3y4dYeHHd OTAEJILHOI'O ()61)61(‘1“'&
K cucreve o0bexkTon. Ha MHOXKecTBe BceX JIMHEHHBIX OlepaToOpoOB IIPO-
crpatcTBa U B mpocTpaHcTBO V' MBI BBEJIEM PsiJi €CTECTBEHHBIX («CaMo
coboit paSyMe}omHXCH») oreparui.



I11.1. CymmMa JIMHEeHBIX OIllepaTopoB

Omnpenenenune 5. Cymmoii oneparopoB A u B nasweaemcs onepa-
mop A+ B, onpedesenriviii hopmyaoi:

(A + fs) (x) = A(z) + B(a). (6)



I11.2. IIpousBeneHune oneparopa Ha CKaJsIip

Omnpenenenune 5. Cymmoii oneparopoB A u B nasweaemcs onepa-
mop A+ B, onpedesenriviii hopmyaoi:

(A + B) (x) = A(z) + B(x). (6)

Omnpenenenue 6. IlponsBenennem omeparopa A Ha ckKajsip A Ha-
avieaemces onepamop NA, onpedeserinviti popmy.nofi:

(AA) () = A (A(x)) . (7)



I11.3. IIpousBeseHne oneparopon

Omnpenenenune 5. Cymmoii oneparopoB A u B nasweaemcs onepa-
mop A+ B, onpedesenriviii hopmyaoi:

(A + B) (x) = A(z) + B(x). (6)

Onpepnenenne 6. IIpousBenennem oneparopa A na CKaJIAp A\ Ha-
sweaemea onepamop NA, onpedenennoiii hopmy.oti:
(AA) () = A (A(x)) . (7)
B caygae U =V MOXKHO BBeCTH eIlle OJHY UPE3BLIYAHO IOJIE3HYIO
oleparuio.

Onpenenenne 7. Ecau U =V, mo mpon3BejieHneM OoepaTOpPOB A

A

u B nasvisaemcs onepamop A - B, onpedeaernvili (hopmyaoti:

(A - B) (x) = A (B(g;)) . (8)



I11.4. Teopema 06 aJjredpe JUHEITHBIX OIIEPaATOPOB

A

Teopema 2. [lycmo A u B — aunetinvie onepamopvl Auneino20 npo-
cmparncmea U 6 aunetinoe npocmpancmeo V. Tozda cnpasediuswl caedy-
0UUE YMBEPHCOCHUA:

1. Cymma A+ B aunetinor onepamopos A u B asasemcsa AuHeiHbiM
ONEPAMOPOM.

2. [Ipoussedenue ANA Aunetinoz2o onepamopa Ha CKAAAD ABAACNCA NU-
HeUHbLM ONePAMOPOM.

3. Ecau U =V, mo npoussedenue A - B aunetinoix onepamopos sae.isi-
eMCA NUHETHBLM ONEPAITNOPOM.

JloKka3aTeabCTBO.



I11.4. Teopema 06 aJjredpe JUHEITHBIX OIIEPaATOPOB

A

Teopema 2. [lycmo A u B — aunetinvie onepamopvl Auneino20 npo-
cmparncmea U 6 aunetinoe npocmpancmeo V. Tozda cnpasediuswl caedy-
0UUE YMBEPHCOCHUA:

1. Cymma A+ B aunetinor onepamopos A u B asasemcsa AuHeiHbiM
ONEPAMOPOM.

2. [Ipoussedenue ANA Aunetinoz2o onepamopa Ha CKAAAD ABAACNCA NU-
HeUHbLM ONePAMOPOM.

3. Ecau U =V, mo npoussedenue A - B aunetinoix onepamopos sae.isi-
eMCA NUHETHBLM ONEPAITNOPOM.

JokazareabcTBo. OUeBnIHOE CJIE/ICTBIE U3 OIIPE/IeJIeHIsT Ollepalliil.



I11.5. Teopema o JimHEITHOM ITPOCTPAHCTBE JMHEHBIX
ornepaTopoB

TeopeMa 3 (0 JIMHETHOM IMPOCTPAHCTBE JMHEHHBIX OMEPATOPOB). Mmnootcecmeo
8cexr AUHEUHDLT onepamopoe npocmparcmea U 6 aunetinoe npocmpahr-
cmeo V' asasemcesa auretiHvim npocmparcimeom omHoCuImesbHo O0nepa-
UUUU CAOHCEHUA ONEPATIOPOE U YMHOHCEHUA ONEPAITNOPA HA CKANAAD.

JlokazaTeJabCTBO



I11.5. Teopema o JimHEITHOM ITPOCTPAHCTBE JMHEHBIX
ornepaTopoB

TeopeMa 3 (0 JIMHETHOM IMPOCTPAHCTBE JMHEHHBIX OMEPATOPOB). Mmnootcecmeo
8cexr AUHEUHDLT onepamopoe npocmparcmea U 6 aunetinoe npocmpahr-
cmeo V' asasemcesa auretiHvim npocmparcimeom omHoCuImesbHo O0nepa-
UUUU CAOHCEHUA ONEPATIOPOE U YMHOHCEHUA ONEPAITNOPA HA CKANAAD.

Jloka3aTeJabCTBO CBOIUTCS K ITPOBEPKE aKCHOM JIMHEITHOTO ITPOCTPaH-
CTBa, 1IpoJjiesiaiiTe 3TO caMOCTOATEIBHO.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Teopema 4 (06 n30MOP@HOCTH JIMH.IIP-BA ONEPATOPOB U JIMH.IIP-BA MATPHI).

[Tyecmo U, V' — aunetinovie npocmparcmesa nad nosem K, By, By — ba-
aucwv, amuxr npocmpancms, W — aunetinoe npocmpancmeo AUHETHLT
onepamopos npocmparcmea U 6 npocmparncmeso V. Toz2da omobpasicerue
f, onpedeaenroe popmynot f (121) = ABU,BW ABNAEMNCA U30MOPHUMOM
Aunetinozo npocmparcmea W na aumnetinoe npocmpancmeo 6cexr Mam-
puY, pasmeprocmu m X n ¢ xoapduuyuernmamu ud noss K. Boaee mozo,

ecau U =V, mof(AB):f<A)f(§>

Jloka3aTeabCTBO.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBa OIEpPaTOPOB M JIMHEITHOI'O IIPOCTPAHCTBA
MaTPUI]

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINX, $BJSIETCsT CJIEICTBHEM OIpejeseHnit. leficTBUTebHO, IIYCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA ONEPATOPOB M JIMHEHOIO HPOCTPAHCTBA
MaTPUIL

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINAX, SIBJISIETCST CJIEJICTBUEM Olpejenennii. JeficTBuTeIbHO, MyCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.

Bsanmbast oJ{HO3HATHOCTH f cjiejyer U3 ONpejie/ieHnsT MaTPHIIbI Ol1e-
patopa (pasencrso (3)) n TeOpeMbl 0 €JMHCTBEHHOCTH DPA3JIOKEHUs 110
bazucy.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBa OIEpPaTOPOB M JIMHEITHOI'O IIPOCTPAHCTBA
MaTPUIL

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINX, SIBISETCS CJIEJCTBUEM ompeneaennii. leficTBUTENbHO, IMYCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.

Tor daxt, 9T0 JJIsT KaxK10ii MaTPHUILl HaliIeTcss Mpoobpas, OUeBUIeH:
ycTb A = (aj;)mxn — HIpou3Bo/bHas Marpuna. Torja orobparkenue A,
ompejesieHHoe hOPMYJIOit

i \;€; Z A Z aﬂe
i=1

SIBJISIETCSI, OYEBUJIHO, JIMHEHHBIM OIEpPaTOPOM JIMHEHHOrO IPOCTPAHCTBA
U B nmneiinoe npoctpanctso V', npudem f(A) = A.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBa OIEpPaTOPOB M JIMHEITHOI'O IIPOCTPAHCTBA
MaTPUI]

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINX, $BJSIETCsT CJIEICTBHEM OIpejeseHnit. leficTBUTebHO, IIYCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.

3HAUNT, OCTAJIOCH IPOBEPUTH JnHeiiHocTh dyHkimu f. Hamo mpose-
PUTH PABEHCME0



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBa OIEpPaTOPOB M JIMHEITHOI'O IIPOCTPAHCTBA
MaTPUI]

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINX, $BJSIETCsT CJIEICTBHEM OIpejeseHnit. leficTBUTebHO, IIYCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.

3HAUNT, OCTAJIOCH IPOBEPUTH JnHeiiHocTh dyHkimu f. Hamo mpose-
PUTH PABEHCME0

fOA+uB) = Mf(A) + uf(B). (9)



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBa OIEpPaTOPOB M JIMHEITHOI'O IIPOCTPAHCTBA
MaTPUI]

JlokazaTeJabCTBO. YTBep:KAeHHE STOH TeopeMbl, KaK U IIPeJbl-
JYIINX, $BJSIETCsT CJIEICTBHEM OIpejeseHnit. leficTBUTebHO, IIYCTh
By ={e1,...,en}, By ={€},... e }. Tlposepum, uro f — wusomop-
huzm.

3HAUNT, OCTAJIOCH IPOBEPUTH JnHeiiHocTh dyHkimu f. Hamo mpose-
PUTH PABEHCME0

fOA+uB) = Mf(A) + uf(B). (9)

Boraucmm JIeBYIO 1 IIPaBylo 4acTh 9TOTO PaBEHCTBA U IMPUBEJIEM X TOXK-
JIECTBEHHBIMU aJIredpandecKuMy 1Ipeodpa3oBaiHusgMl K OJJHOMY W TOMY
JKe BUJLY.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

A A

f(A) — ABUyBV — (az‘j)mxna f(B) = BBU,BV = (bz‘j)an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

A A

f(A) — ABUyBV — (az‘j)mxna f(B) = BBU,BV = (bz‘j)an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM

m
.. / —_—

j=1



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

A A

f(A) — ABUyBV — (az‘j)mxna f(B) = BBU,BV = (bz‘j)an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM

zm:cjie; = ()\/1 + ué) (e;) =

j=1



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

N A

f(A) — ABUyBV — (az‘j)mxna f(B) = BBU,BV = (bz‘j)an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM

zm:Cji ; = ()\A + ué) (e;) = )\A(ei) + Mé(ei) _

Jj=1



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

N A

f(A) — ABUyBV — (az‘j)mxna f(B) = BBU,BV = (bz‘j)an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM

zm:Cji ; = ()\A + ué) (e;) = )\A(ei) + Mé(ei) _

Jj=1

m m
=AY €t} b =
j=1 j=1



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

f(A) - ABUaBV = (aij)mxna f(B) BB B (b )an, /\, JIS K.

O603HAYNM JICBYIO 9aCTh JIOKa3bIBAeMOTo paseHcTsa (9) depes CBU B,
Torna 11 KO3 PUIUUEHTOB ¢;; MaTPULLbL CBUaBV nMeeM

zm: cjie; = ()\121 + ,LLE> () = MAle;) + uB(e;) =
7=1

m

—)\Zaﬂe +,u2bﬂe —Z (Aaji 4 pbji) €
7=1



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

f(IZD — ABUaBV = (%j)mxn; f(é) = BBU7BV = (bij)an, )\, JIS K.

O603HAINM JIEBYIO 9aCTh JI0Ka3bIBaeMOro pasercTsa (9) depes CBU B,
Torna jia KoappuImenTos ¢;; MaTpuIpl CBUaBV MeeM

Z cji€; = ()\A + ,uf?) (e;) = MA(e;) + uB(e;) =

J=1

—)\Zaﬂe +,LLZ[9@€ —Z (Aaji 4 pbj;) €
j=1

SHHHI/IT7 B CWJIy TeopeMbl O €JIMHCTBEHHOCTH Pa3JIOzZKECHUA 110 6a31/Icy,
Cji = )\CL]'Z’ + ,ubﬂ



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

okazareabcTBo. lIycrh

f(A) — ABU7BV - (aij)mxna f(B) = BBU7BV = (bij)mxna )\, JIS K.
O603HAINM JIEBYIO 9aCTh JIOKa3bIBaeMOro pasercTsa (9) depes CBU B,
Torna juig KoappuImenTos ¢;; MaTpuIpl CBU B, HMeeM

> e = ()\121 + MB) (e:) = MA(e;) + pB(e;) =
=1

m

_)\Zaﬂe +,quﬂe —Z (Aaj; + pbj;) €
j=1

Takum o6pa30M, FONA + ,LLB) =Cp, B, = Af(A) + uf(B), To ects f

— JmHeliHast PyHKIUA. SHAUYUT, [ — M30MOPQU3M.



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(4-B) () =



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(A - B) () = A (B(ei)) _



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(A-B) () = A(Bley) = 4 ibﬂ% _



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(fl : B) (e;) = A (B(eﬁ) = A zn: biie; | = zn: bjz'A (ej) =



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(fl : B) (e;) = A (B(eﬁ) = A zn: biie; | = zn: bjz'A (ej) =

n n

= Z bji Z Q€L —



I11.6. Teopema 006 uzomopdHOCTH JINHEITHOTIO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

(fl : B) (e;) = A (B(eﬁ) = A zn: biie; | = zn: bjz'A (ej) =

n n n n

Z bji Z Q€L — Z Z akjbjl- €.



II1.6. Teopema 00 wu3zomMopdHOCTH JIMHETHOTO IIPO-
CTPAHCTBA OIEpaTOPOB U JIMHEITHOTO IIPOCTPaHCTBA
MAaTPHIL

Jloka3aTeJIbCTBO. OcraJjioch IIPOBEPUTH paBeH-
CTBO f (121 : E) = f (fl) - f (B) [Tyctn U=V,
b=Bby=bBby={ey,...,e,}. Beemem creaytomee obo3HaUCHUE:
f A-B) = Cg. Torma, mo ompeaenenuio nponmsBeleHns OLEPATOPOB

(paBencTBO (8)), TOJTydaeM

n n

(121 - E) (e;) = Z Z aiibii | ek

k=1 \ j=1
CileoBaTesIbHO, 110 TeopeMe O eAMHCTBCHHOCTH PAa3JIoXKEHUd I10
n
basucy, cg; = Y abji, To ectb Cg = AgByg, 1To u Tpebosaocs Jo-
~

J
Ka3aTb.



I11.7. CaeacrBue o pa3MepHOCTU JUMHENHOTO IIPO-
CTpaHCTBa JIMHEHHbBIX OIIePaTOPOB

CJ’IG,Z[CTBI/IG 1 (0 Pa3sMepHOCTH JIMH.IIP-BA JUHEHHBIX OMEPATOPOB). P a3mMep-
HOCTD AUHETUH020 npocmparncmea 6cexr AUHETIHBIT onepamopoe AUMET-
HO20 NpocmpaHcIimea U 6 aunetinoe npocmparcmaeo V pasra 1m - N, 20e

n=dmU, m=dmV.

Jloka3aTeabCTBO.



I11.7. CaeacrBue o pa3MepHOCTU JUMHENHOTO IIPO-
CTpaHCTBa JIMHEHHbBIX OIIePaTOPOB

CJ’IG,Z[CTBI/IG 1 (0 Pa3sMepHOCTH JIMH.IIP-BA JUHEHHBIX OMEPATOPOB). P a3mMep-
HOCTND  AUHETUM020 npocmparncmea 6cexr AUHETIHBIT onepamopoe AUMET-
HO20 NpocmpaHcIimea U 6 aunetinoe npocmparcmaeo V pasra 1m - N, 20e

n=dmU, m=dmV.

JlokazaTeabcTBO. Tak Kak JuHeiinoe npoctpanctso W Bcex JimHei-
HBIX OTepaToOpOB JIMHEIHOro mpocTpancTBa U B JuHeiiHOe TTPOCTPAHCTBO
V' uzoMopdHO JimHEHHOMY TPOCTPAHCTBY My, (K) BCeX m X n-MaTpHuil
¢ koadurmenrtamu u3 K, To, 110 KpUTEPUIO U30MOPMHOCTH JTUHEHHBIX
npoctpancTs, umeem dim W = dim M, x,,(K).



I11.7. CaeacrBue o pa3MepHOCTU JUMHENHOTO IIPO-
CTpaHCTBa JIMHEHHbBIX OIIePaTOPOB

CJ’IG,Z[CTBI/IG 1 (0 Pa3sMepHOCTH JIMH.IIP-BA JUHEHHBIX OMEPATOPOB). P a3mMep-
HOCTND  AUHETUM020 npocmparncmea 6cexr AUHETIHBIT onepamopoe AUMET-
HO20 NpocmpaHcIimea U 6 aunetinoe npocmparcmaeo V pasra 1m - N, 20e

n=dmU, m=dmV.

HoxkazaresiberBo. dim W = dim M, ., (K).

s mobbix ¢, § ¢ yesousamu 1 < ¢ < m, 1 < 7 < n, obo3HaunM yepes
Ej; marpully, y KOTOpoil Bce 3JIeMEHThl HyJIeBble, KPOME 3JIEMCHTA €,
0, ecau p # 1 Wi q # J

koropslit pasen 1. Takum obpazoM, ey, = { |, ecui p—inq =]



I11.7. CaeacrBue o pa3MepHOCTU JUMHENHOTO IIPO-
CTpaHCTBa JIMHEHHbBIX OIIePaTOPOB

CJ’IG,Z[CTBI/IG 1 (0 Pa3sMepHOCTH JIMH.IIP-BA JUHEHHBIX OMEPATOPOB). P a3mMep-
HOCTND  AUHETUM020 npocmparncmea 6cexr AUHETIHBIT onepamopoe AUMET-
HO20 NpocmpaHcIimea U 6 aunetinoe npocmparcmaeo V pasra 1m - N, 20e

n=dmU, m=dmV.

HoxkazaresiberBo. dim W = dim M, ., (K).

s mobbix ¢, § ¢ yesousamu 1 < ¢ < m, 1 < 7 < n, obo3HaunM yepes
Ej; marpully, y KOTOpoil Bce 3JIeMEHThl HyJIeBble, KPOME 3JIEMCHTA €,
0, ecau p 1w q# j
l, ecup=iuqg=j '
Torga cucrema marpun £, rne 1 <@ <m, 1 < j < n, oueBnsHo, gaBjd-

Koropsblil pasen 1. Takum obpasoMm, e,, = {

eTcst 6a3uCcoM JIMHEHHOTO TpocTpancTBa My, ., (K).



I11.7. CaeacrBue o pa3MepHOCTU JUMHENHOTO IIPO-
CTpaHCTBa JIMHEHHbBIX OIIePaTOPOB

CJ’IG,Z[CTBI/IG 1 (0 Pa3sMepHOCTH JIMH.IIP-BA JUHEHHBIX OMEPATOPOB). P a3mMep-
HOCTND  AUHETUM020 npocmparncmea 6cexr AUHETIHBIT onepamopoe AUMET-
HO20 NpocmpaHcIimea U 6 aunetinoe npocmparcmaeo V pasra 1m - N, 20e

n=dmU, m=dmV.

HoxkazaresiberBo. dim W = dim M, ., (K).

s mobbix ¢, § ¢ yesousamu 1 < ¢ < m, 1 < 7 < n, obo3HaunM yepes
Ej; marpully, y KOTOpoil Bce 3JIeMEHThl HyJIeBble, KPOME 3JIEMCHTA €,
0, ecau p 1w q# j
l, ecup=iuqg=j '
Torga cucrema marpun Eij, rae 1 <¢<m, 1 <j <mn, o4eBujHO, 4B-

Koropsblil pasen 1. Takum obpasoMm, e,, = {

JseTcst 6a3ucoM JInHeHHOTro pocTpancTBa My, «,,(K). Takum obpaszom,
dim W = dim M, (K) = m x n. CjejcrBue J0Ka3aHO.



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

Kak MBI yKe oTMedas, OJHUM U3 «CTaHJIapTHBIX BOIIPOCOB» B Pac-
CMaTpPUBAEMOIl TEOPHUH ABJISIETCsl BOIPOC 00 M3MEHEHUU MCCJIEyeMOI'o
00beKTa (B JIAHHOM CJIydae, MATPHIIBI OllepaTopa) MpH Mepexojie B JIPYToil
oa3uc.



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . y
Ay By = TB,LB7, " ABuB,  TB,~By (10)

JloKka3aTebCTBO.



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
npocmparncmea U, Bv,BQ/ — basucwvl aunetinozo npocmparcmea V,
’
TBU%B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . y
Ay By = TB,LB7, " ABuB,  TB,~By (10)

JlokazaTreabcTBo. [lo Teopeme o Koopamnarax BEKTOPa B pPas3-
HBIX Da3mcax u TeopeMe 0 KOopJAnmHaTaxX obpa3a BEKTOPAa JIJis JIo-
boro BekTopa x € U uMeeM, ¢ OJIHON CTOPOHBI,



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . y
Ay By = TB,LB7, " ABuB,  TB,~By (10)

Jloka3zaTe/ibCTBO. [fl(x)]BV =



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

-1 ) ) ,
AR, B, = TBV B, AB, B, IB,-~B’ (10)

AN L _1 ) A L

Jloka3zaTenabCcTBO. [A(x)]EQ/ = TBV B, [A(2)]B,, =



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

-1 ) ) ,
AR, B, = TBV B, AB, B, IB,-~B’ (10)

AN L _1 ) A L

Jloka3zaTenabCcTBO. [A(x)]EQ/ = TBV B, [A(2)]B,, =

_ -1 ) i _
=15,.B, 4B, B, 7B, =



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (0 MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, BV>BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

-1 ) ) ,
AR, B, = TBV B, AB, B, IB,-~B’ (10)

AN L _1 ) A L

Jloka3zaTenabCcTBO. [A(x)]EQ/ = TBV B, [A(2)]B,, =

— —1 . . — —1 . . A /
_TBV—>B§/ ABUBV mBU_TBV%B’V ABUaBV TBU_>BU MBU'



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . y
Ay By = TB,LB7, " ABuB,  TB,~By (10)

JokazareabcTBO. TaK,

A@)g, = Tg, 5, 4By B, TB,-B " [7lB):

/
v v—Dby U



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . ,
ABy By = 15,5, ABuBy BB (10)
JokazareabcTBO. TaK,
A p— _1 . . / . /
A, =Tg g, 4BuBy TB,-B), 7B}

C 1pyroit cTOpPOHHI,



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (0 MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, BV>BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1 . . ,
AByBy = TB,B, ABuBy TBy-By (10)
JokazareabcTBO. TaK,
A p— _1 . . / . /
A, =Tg g, 4BuBy TB,-B), 7B}

C apyroii ctoponbl, [fl(a:)]B%/ = AB/U B, 7]y -

U



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5 (o MaTpuile oreparopa B Apyrom 6asmuce). Hycm’b U, V. — aunet-
HblE NPOCTMPAHCINEGQ Had nosem K, BUaB/U — basucwvl AuNetino2o
/ o
npocmparncmea U, Bv,BV — basucwvl aunetno20 npocmparcmea V,

’
TBU—>B’U — mampuua nepexoda us basuca By 6 6a3uc By,

, A
TBV—>B’V — mampuya nepexoda us basuca by 6 baszuc By, A — au-
Hetnvit onepamop, omobpasicarouull aunetinoe npocmpancmeo U 6 au-
netinoe npocmparcmeo V. Tozda

_ -1
AB’U,B’V = TBV—>B’V . ABU7BV . TBU—>B7U' (10)
IokazareabcTBO. CliejoBaTeIbHO, MOJIYIUIN PABEHCTBO

-1 o
Ts,-B, 'BuBy TB,oB; 1B, = 4B, B, By (D



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 59 (0 Marpuile orneparopa B Apyrom 6asmuce). Hycmb U, V. — auneti-
nole npocmpancmea nad nosem K, By, By — 6azucwel aunetinozo
npocmpancmea U, By, By, — 6aszucsl aunetinozo npocmpancmea V.,
Y
TBU_>BaU — mampuua nepexroda us basuca by 6 6aszuc By,

’ A
TBV—>B’V — mampuua nepexoda us bazuca By 6 bazuc B’y, A — au-
netnwill onepamop, omobpasicarouutl aunetinoe npocmparncmeo U 6 au-
netinoe npocmparncmeo V. Tozda

_ el . . :
AB’UaB’V o TBv—>B,V ABUvBV TBU—>B U’ (10)
HokazaresibcTBo. Clie10BATEILHO, OJIYININ PABEHCTBO
-1 o
s, *BuBy TB,B, B, = BB B ()

K coxkanennio, «cokpalnaTb» Ha I B 9TOM pPaBEHCTBE, BOOOIIE IOBOP,
HeJb3d. Tep3aroT COMHEHU !



II1.8. Teopema o maTpuiie orieparopa B APpyroM ba3uce

TeopeMa 5% (o MaTpuile oreparopa B Apyrom 6asmuce). Hycmb U, V. — aunet-
nole npocmpancmea nad nosem K, By, By — 6basuce. aunetinozo
npocmpancmea U, By, By, — 6aszucwsl aunetinozo npocmpancmea V.,
9
TBU—>B’U — mampuua nepexoda us bazuca By 6 6aszuc By,

, A
TBV%B’V — mampuya nepexoda usd basuca by 6 bazuc By, A — au-
Hetnwill onepamop, omobpasicarouuti aunetinoe npocmparcmeo U 6 au-
netirnoe npocmparncmeo V. Tozda

— =1 . . )
ABy By = TB,.B ABuBy TBi-By: (10)
IokazareabcTBo. ClieoBaTe/IbHO, OJIYIUIN PABEHCTBO
-1 o . /
5,8, 'BuBy TB,oB; 1B, = 4, B, By (D

[Tonmoxenne cnacaeT JieMMa O COKPaIlleHN Ha IIPOMU3BOJILHYIO MaT-
PUILY, U3 KOTOPOH CJIe/yeT JoKasbiBaeMoe pasenctso (10).



IV. dapo nuneiinoro omneparopa

Coueranue CTpaTrernmn O6OI‘aH_[eHI/IH MoAaeJ/In 1 CTpaTerum 1puo-
PATETHOI'O U3yYC€HUA IKCTPEMAJIbBHbBIX CI/ITyaHI/Iﬁ I[IPUBOJIUT K BazK-
HOMY TIOHSITHIO JIMTHEHON ajiredpbl — IOHATHIO AJPa AUHETH020 ONepa-
mopa.



IV.1. Onpeaenenne sgapa JIMHEITHOTO ollepaTopa

A

Omnpenenenune 8. Aapom aunetinozo onepamopa A aumretirnozo npo-
cmparncmea U 6 aunetinoe npocmparcmeo V. HaA3u6a€MCA MHOAHCECNE0
scexr maxuxr eexkmopos xr u3 U, obpas xomopux nod deticmeuem onepa-
mopa A — HYAEB0T 8EKMNOD NUHETURO020 NPOCMPAHCMEa V .



IV.1. Onpeaenenne sgapa JIMHEITHOTO ollepaTopa

A

Omnpepesierne 8. dapom auneiinozo onepamopa A aunetinozo npo-
cmparncmea U 6 aunetinoe npocmparcmeo V. HaA3u6a€MCA MHOAHCECNE0
scexr maxuxr eexkmopos xr u3 U, obpas xomopux nod deticmeuem onepa-
mopa A — HYAEB0T 8EKMNOD NUHETURO020 NPOCMPAHCMEa V .

A npo oneparopa Mbl Oysiem obo3HadaTh yepe3 Ker A. MoxkHo 3anmcarhb
olpejiesIeHue gapa ¢ IMOMOIIBIO PABEHCTBA!

Ker A = {:C Az) = OV} : (12)

Paccmorpum nmpumep?



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
Jloka3aTeJabCTBO.



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. SIdpo aunetinozo onepamopa A : U+ V aeasemen noo-
NPOCTMPAHCINEOM Aunetinozo npocmparcmea U.

JlokazarebCcTBO. [lo KpuTepuio ToIpoCcTParCTBA JIOCTATOUHO
IIPOBEPUTD, UTO JIJI JIFOOLIX JIBYX BEKTOPOB I, 1Y € Ker A u mo6bix JIBYX
CKaJIIpoB A, i € K umeer Mecto BKJIodenue A\r + uy € Ker A.



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. Adpo aunetinozo onepamopa A: UV asasemes noo-
NPoCcmMpaHcmaeom sunetinozo npocmparcmea U .

HokazareabcTBo. [lo KpuTepmio MMOAIPoOCTPAHCTBA JOCTATOYHO
IIPOBEPUTD, UTO

o= A+ uy € Ker A.

T € KerA, 777
y € Ker A



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. Adpo aunetinozo onepamopa A: UV asasemes noo-
NPoCcmMpaHcmaeom sunetinozo npocmparcmea U .

HokazareabcTBo. [lo KpuTepmio MMOAIPoOCTPAHCTBA JOCTATOYHO
IIPOBEPUTD, UTO

CCEKGI“A 299 ~
P\ e Ker A.
{yGKerA Ty o

A)=0, »
X T = A(Mr+py) =0.
{A(y)—O | |



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. Adpo aunetinozo onepamopa A: UV asasemes noo-
NPoCcmMpaHcmaeom sunetinozo npocmparcmea U .

HokazareabcTBo. [lo KpuTepmio MMOAIPoOCTPAHCTBA JOCTATOYHO
IIPOBEPUTD, UTO

CCEKGI“A 299 ~
P\ e Ker A.
{yGKerA Ty o



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. Adpo aunetinozo onepamopa A: UV asasemes noo-
NPoCcmMpaHcmaeom sunetinozo npocmparcmea U .

HokazareabcTBo. [lo KpuTepmio MMOAIPoOCTPAHCTBA JOCTATOYHO
IIPOBEPUTD, UTO

CCEKGI“A 299 ~
P\ e Ker A.
{yGKerA Ty o

{ ‘3@ =0 Az + py) = )\A(()ZC)—I—,LLA[()y) =



IV.2. Teopema o gape JIMHEITHOTO oliepaTopa

Teopema 6. Adpo aunetinozo onepamopa A: UV asasemes noo-
NPoCcmMpaHcmaeom sunetinozo npocmparcmea U .

HokazareabcTBo. [lo KpuTepmio MMOAIPoOCTPAHCTBA JOCTATOYHO
IIPOBEPUTD, UTO

CCEKGI“A 299 ~
P\ e Ker A.
{yGKerA Ty o

—N—
N NN
S5
Il
o o

o= AQatpy) =NA(x)+uA(y) =0.
(Az + py) (()flf)uéy)



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

T € Ker/l,
Yy € Ker A



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

{ x € Ker 4, { A(z) =0,
=

y € Ker A Aly) =0 -



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

{ x € Ker 4, { A(z) =0,
=

y € Ker A Aly) =0 -

A

= Az + py) =



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

x e KerA, N A(z) =0,
y € Ker A Aly) =0

= A(\z+py) = M (z) + pA (y) =

=



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

x e KerA, N A(z) =0,
y € Ker A Aly) =0

= Az +uy) = XA(@)+pA(y) =
(A + py) (():v)ugy)

=



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:
{ x € Ker A, N { A(z) =0,

y € Ker A Aly) =0 -

= Az 4+ ) = NA(@)+uAy) =0 =
(Az + py) (():v)ugy)



IV.2. Teopema o sgape JIMHEITHOrO oliepaTopa

Teopema 6. A dpo auretinozo onepamopa A : U +— V' aeisemcesa nood-
NPOCTNPAHCINBOM Aunelinozo npocmparcmea U .
JlokazaTeabcTBO. lTak, obopmMuM j10Ka3aTE/IHCTBO:

{ x € Ker 4, { A(z) =0,
=

y € Ker A Aly) =0 -

= Az + —ANA(@)+pA(y) =0 = Iz + uy € Ker A.
(Az + py) (() ) 1 (Ey) 1y
Teopema goKazaHa.



IV.3. Panur u nedekrt JuHeiiHOro oneparopa

A

Omnpenenenue 9. Pazmeprocms sdpa onepamopa A Hasvieaemcs mae-
deKkToM .aunetinozo onepamopa. Pasmeprnocmu  nodnpocmparncmaea

A(U) = { ‘x c U}, m.e. obpaza npocmparcmea U ommnocumenvro

deticmeusn A HA3DIBAEMCA PAHTOM AUHETH020 ONEPAMOPA A



IV.3. Panur u nedekrt JuHeiiHOro oneparopa

A

Omnpenenenue 9. Pazmeprocms sdpa onepamopa A Hasvieaemcs mae-
deKkToM .aunetinozo onepamopa. Pasmeprnocmu  nodnpocmparncmaea

A(U) = { ‘x c U}, m.e. obpaza npocmparcmea U ommnocumenvro

deticmeusn A HA3DIBAEMCA PAHTOM AUHETH020 ONEPAMOPA A

A

Panr juneiinoro oneparopa A Mbl Oyjem obo3HadaTh depe3 Rg A, a
nedext — vepes d(A).



IV.4. Teopema o paHre JIMHEITHOroO oneparopa

Teopema 7. Eciu Ag — mampuua onepamopa A 6 6asuce B au-
netinozo npocmpancmea U, mo Rg Ag = Rg A.
Jloka3aTeJabCTBO.



IV.4. Teopema o paHre JIMHEITHOroO oneparopa

Teopema 7. Eciu Ag — mampuua onepamopa A 6 6asuce B au-
netinozo npocmpancmea U, mo Rg Ag = Rg A.

Jloka3aTeabCcTBO. [IycTo By ={e1,...,en}. Ecin
By = {A (€iy),..., A (eir)} —  MakcuMaJibHas JINHEHHO He3aBUCH-
Masi TOJICUCTeMa CHCTeMbl BeKTopoB B = {A (e1),...,A (en)}, TO,

oueBmiHO, By siBisiercs Gasucom sinneiinoro npocrpancrsa A(U) (jierko
cllellyeT W3 TeOpeMbl O JWHEWHbIX KOMOWHAIMSX Oa3MCHBIX
BEKTOPOB).



IV.4. Teopema o paHre JIMHEITHOroO oneparopa

Teopema 7. Eciu Ag — mampuua onepamopa A 6 6asuce B au-
netinozo npocmpancmea U, mo Rg Ag = Rg A.

Jloka3aTeabCcTBO. [IycTo By ={e1,...,en}. Ecin
By = {A (€iy),..., A (eir)} —  MakcuMaJibHas JINHEHHO He3aBUCH-
Masi TOJICUCTeMa CHCTeMbl BeKTopoB B = {A (e1),...,A (en)}, TO,

oueBmiHO, By siBisiercs Gasucom sinneiinoro npocrpancrsa A(U) (jierko
cllellyeT W3 TeOpeMbl O JWHEWHbIX KOMOWHAIMSX Oa3MCHBIX
BexTopos). [Toaromy r = Rg A.



IV.4. Teopema o paHre JIMHEITHOroO oneparopa

Teopema 7. Eciu Ag — mampuua onepamopa A 6 6asuce B au-
netinozo npocmpancmea U, mo Rg Ag = Rg A.

HokazarenbctBo. By = {ey,...,¢e,}, By = {fl (e;,),..., A (%)}
— MaKCUMaJibHag JIMHEHHO He3aBUCUMasl I0JICUCTEMa CUCTEeMbl BEKTO-

A A

pos b = {A (e1),...,A (en)}, By — 0asuc simHeitHOro npocTpaHcTBa

A(U), r=RgA. C noMompio TeOpeMbI 0 JUHEAHBIX KOMOIHAIN-
X DA3MCHBIX BEKTOPOB JIETKO MOJIYIUTh, ITO CHCTEMa, CTOJIONOB KOOP-
JAUHAT BeKTOPOB 13 By siBjsiercst 6a3ucom JnHEHO 000I0UKN CHCTEMBI
cTosI010B MaTpullbl Ag.



IV.4. Teopema o paHre JIMHEITHOroO oneparopa

Teopema 7. Eciu Ag — mampuua onepamopa A 6 6asuce B au-

netinozo npocmpancmea U, mo Rg Ag = Rg A.
HokazarenbctBo. By = {ey,...,¢e,}, By = {A (€iy),..., A (%)}
— MaKCHMAaJIbHas JINHEHHO He3aBUCUMAasl IOJCUCTEMA CUCTEMbI BEKTO-

A A

pos b = {A (e1),...,A (en)}, By — 0asuc simHeitHOro npocTpaHcTBa

A(U), r=RgA. C noMompio TeOpeMbI 0 JUHEAHBIX KOMOIHAIN-
X DA3MCHBIX BEKTOPOB JIEIKO HOJIYUUTh, YTO CUCTEMa CTOJIOIOB KOOP-
JIMHAT BEKTOPOB U3 By siBisgeTcs 6a3ucoM JnHeinoit 060JI09KI CHCTEMBI
cTosI010B MaTpullbl Ag.

CiiefiopaTesibHO, T paBHO CTOJIOIOBOMY panry Marpuipl Ag. Ilo Teo-
pemMe O COBIaJIeHnN TPex PaHros CTOI0HOBBHIE panr Marpuilsl Ap
pagen ee panry. [Tostomy Rg Ag =r = Rg 121, 9TO W TpebOoBaJIOCh JI0Ka-
3aTh.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

JloKka3aTeabCTBO.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HokaszaresiberBo.  [lyern By = {ey,...,eq} — Oasuc  sg-
pa omneparopa A. J[omosnum ero 0 6asuca  BCEro IPOCTPAH-
crea U: B ={ey,...,eq,€4:1,...,€,}. Herpymno jmokazarh, dTO

{A(ed+1), . ,A(en)} apusieTcst Gasucom npoctpancTsa A(U).



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. Ilycte By ={ey,...,eq} — Oasuc  s-
pa omneparopa A. J[omosnum ero 0 6asuca  BCEro IPOCTPAH-
crea U: B ={ey,...,eq,€4:1,...,€,}. Herpymno jmokazarh, dTO

{A(ed+1), e fl(en)} apaisieTcst Gasucom npocrpancrsa A(U). B camon

Iejie, IO TeopeMe O JIMHEeHbIX KOMOMHAIUAX O0a3MCHBbIX BEKTO-
POB, JJigd 3TOTO JIOCTATOYHO JIOKA3aTh JIMHEHHYIO HE3aBUCUMOCTH 3TON
CUCTEMbI BEKTOPOB U €€ IIOJIHOTY.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpanctea A(U).
JloxkarkeM JIMHEHHYI0 He3aBUCUMOCTD. [IycTh

A1 A(egir) + AapoA(eqss) + ...+ AA(e,) = Oy. (13)



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpanctea A(U).
JloxkarkeM JIMHEHHYI0 He3aBUCUMOCTD. [IycTh

A1 A(egir) + AapoA(eqss) + ...+ AA(e,) = Oy. (13)

Torna

A

A ()\d+1€d+1 + Ag42€deo + ...+ )\nen) = Oy,

TO €CTb Ag11€d+1 + Adi2€dio + ... + e, € Ker(fl).



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpanctea A(U).
JloxkarkeM JIMHEHHYI0 He3aBUCUMOCTD. [IycTh

Aar1A(eqin) + Mar2Aleqs) + . ..+ MAle,) = Oy (13)

Torna A\gi1€gi1 + Agao€dio + ...+ Ape, € Ker(A).
Tax xkak By — 0aswmc sgapa, To HaiigyTcs Takue Kod(DUINEHTE
Ay .oy Ad, ITO Agpi1€det1 + Adio€dio + ...+ Anep = Aieg + ... + Ageq.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

Teopema 8 (o cyMMe panra u jJedekra JuHeiiHOro oneparopa). ﬂ,/Lﬂ 2100020 NU-
HetiHno2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpanemeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1,...,€,} — 0azuc Beero mpo-

A A

crpatcrea U. Jlokazkem, 4To A(ed+1),...,A(en)} — 6asnucoM I1po-

crpanctsa A(U).
okarkeM JTMHEIHYI0 He3aBUCUMOCTD. I1ycTh

>\d+1A(€d+1) + >\d—|—2121(€d+2) + ...+ )\nzzl(en) = Oy. (13)

Torpa Agii€de1 + Agio€aio + ... + e = Aeg + ... + Ageq.
Taxum obpasoM, MOJIYIUIN

—A1e1 — ... — Ageq + Agr1€d+1 + Agp2eao + ...+ Aye, = Op.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

Teopema 8 (0 cyMMme paHra u gedekrTa JIMHEHHOro orneparopa). ,ﬂ,/L}Z 2100020 NU-
HeUr020 onepamopa A aunetinozo npocmpancmea U 6 aunetinoe npo-
CMmparcImeo V' umeem mecmo pacercmeo RgA + d(A) = dimU.

HokazarenbctBo. B = {e1,...,¢4,€4:1,...,€,} — 0azuc Becero mpo-

A A

crpancrBa U. Jlokazkem, d9T0 {A(ed+1),...,A(en)} — basucoMm I1po-

crpancrsa A(U).
Taxum obpasoM, MOJIYIHIN

—A1€1 — ... — Ageq + Agr1€a4+1 + Agpoeayo + ...+ Aye, = Op.

Ho B — 6a3zuc, nosromy Bce KO3(DUIMEHTH \; — HyJeBble. DTO O3Ha-
TAeT, UTO PaBeHCTBO (13) BBIMOHSIETCST TOJIBKO MPH HYJIEBBIX KOO hUIm-

A A

eHTax A;, TO eCThb {A(ed+1), e A(en)} SIBJISIETC JIMHEHO He3aBUCUMOIL

CUCTEMOIL.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpanctea A(U).
JloKkazkeM TIOJTHOTY 3TOH CUCTEMBI, TO €CTh JOKazKeM, YTO BCAKHUIT BEK-
top u3 A(U) siBjsiercs JinHeHo# KoMOUHATINeH BEKTOPOB 3TOH CUCTEMBI.



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpancrsa A(U).

JloKazkeM TOJIHOTY 9TOM CUCTEMBI, TO €CTh JIOKAYKEeM, ITO BCSIKUIT BEK-
TOP U3 A(U ) SIBJISIETCST JIMHENHOT KOMOMHAIIHEH BEKTOPOB 9TON CHCTEMBI.
BosbMem rponssosbheii Bekrop x w3 A(U). Torja, 10 onpeje/eHio
MHOZKECTBA A(U ), Haiigercsa Takoit BekTop y € U, 9ro



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpancrsa A(U).

JloKkazKeM MOJIHOTY 9TOfi CHCTEMBI, TO €CTh JIOKAZKEM, 9TO BCAKHN BEK-
TOP U3 A(U ) SIBJISIETCST JIMHENHOT KOMOMHAIIHEH BEKTOPOB 9TON CHCTEMBI.
BosbMem rponssosbheii Bekrop x w3 A(U). Torja, 10 onpeje/eHio
muozecta A(U), nafigiercs Takoii sexrop y € U, uro z = A(y).



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpancrsa A(U).

JlokazkeM notHOTY 910it cncrembl. € A(U), = A(y).

Tak kak b — 6a3uc, To 0 TeopeMe O JIMHENHBIX KOMOMHAIUAX
Da3MCHBLIX BEKTOPOB HalllyTcs Takue KOIPMOUIMEHTHI [i1, . . . , fhy, ITO

Y= e+ pgey + ...+ Upep

(koopmHATBI BeKTOpa Yy B basuce B).



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpancrsa A(U).
JTokazkem nosioty 3toit cucrembl. © € A(U), = = A(y),

y:u161+u262+...+,unep
Ho {e1,...,eq} — BexTophI U3 sjpa oneparopa A, mosTomy

v = Aly) =



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂ,/Lﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-

A A

crpanctBa U. Jlokaxkem, 4TO A(ed+1),...,A(en)} — 0as3ucoM Ipo-

crpancrsa A(U).
JokazkeMm mnosiHOTY 9108t cucrembr. © € A(U), = = A(y),
y:u161+u262+...+,unep
Ho {e1,...,eq} — BexTophI U3 sjpa oneparopa A, mosTomy

A

v =Aly) = A(uer + poea + ... + prney) =



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (0 cyMMe panra u jJedekTa JmHeiiHOro oneparopa). ﬂﬂ,ﬁ 2100020 NU-
HetHo20 onepamopa A aunetinozo npocmpancimaea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dimU.

HokazarenbctBo. B = {e1,...,¢4,€4.1,...,€,} — 0azuc Becero mpo-

A A

crpancrBa U. Jlokazkem, 49T0 A(ed+1),...,A(en)} — 0asucoM I1po-

crpancrsa A(U).
Jokazkem nosiHoTy 31oii cucrembl. € A(U), = = A(y),

y:ulel—kugeg—i—...—kunep
Ho {e1,...,eq} — BekTOpBI 3 sijipa oneparopa A, mosromy

A

T = A(?/) = A(pier + pgez + ..+ pipe,) =
= 10y + ...+ 0y + ,ud+1121(6d+1> +... ,un/ZMen)a

TO €CTb



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cyMMe paHra u jJiedekra JimHeiiHOro omeparopa). ﬂﬂ,ﬂ 2100020 NU-
HetUH020 onepamopa A aunetinozo npocmpancmaea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Becero mpo-

A A

crparcrBa U. Jlokazkem, d9T0 A(ed+1),...,A(en)} — basucoM 1po-

crpancrsa A(U).
Jokarkem nosiHoTy 9toit cucrempr. © € A(U), = = A(y),
y:u161+u262+...+,unep

Ho {e1,...,eq} — BekTopsl u3 sijipa oneparopa A, To ectb
T = fgrAlegrr) + ...+ uAlen).
Taxum obpazom, {A(€d+1)7 . ,A(en)} JEHCTBUTEIHLHO SABJIIeTCs Oa3u-

com nipoctpancrsa A(U).



IV.5. Teopema o cymme panra u jedekTa JIMHEIHOIO
omeparopa

TeopeMa 8 (o cymMMe paHra u jJedekra JuHeitHOro omeparopa). ,ﬂﬂﬂ 2100020 NU-
Hetino2o onepamopa A aunetinozo npocmparcmea U 6 aunetinoe npo-
cmpancmeo V- umeem mecmo pasencmeo Rg A+ d(A) = dim U.

HHokazarenbctBo. B = {e1,...,¢4,€4.1, ..., €,} — 0azuc Bcero mpo-
crpancTsa U.

A A

JlokaszaJi, 9To {A(ed+1), e A(en)} — Basuc npocrpancrsa A(U).

CitestoBaTe/ibHO, 110 ollpe/jie/ieHnto panra oneparopa Rg A = n — d, uro
1 TpebOBaJIOCh JIOKA3ATh.



IV.6. Sameuanue K TeopeMe o cymMMe paHra un JgedeKTa
JIMHEMHOTO oIlepaTopa

3ameyanue 1 (K TeopeMe O CymMMe paHra u JedeKkTa JIMHelH. oneparopa).

Haorce npu U =V w3 amoti meopemvs He ciaenyet, wmo U asasemca
cymmoti nodnpocmpancms Ker A v A(U).



IV.6. Sameuanue K TeopeMe o cymMMe paHra un JgedeKTa
JIMHEMHOTO oIlepaTopa

3ameyanue 1 (K TeopeMe O CymMMe paHra u JedeKkTa JIMHelH. oneparopa).
Haorce npu U =V w3 amoti meopemvs He ciaenyet, wmo U asasemca
cymmoti nodnpocmpancme Ker A v A(U).

B camowm jieie, pacecMoTrpruM B KadecTBe A mpoussejieHue orneparopa P

[IOBOPOTa ILJIOCKOCTU Ha, YI'OJI % IIPOTUB YaCOBOIl CTPEJIKM Ha OllepaTop

() npoenupoBaHust I10ckocTH Ha ock Ox. Zlapo oneparopa A coBuajgaer
¢ ocbio Oy (TO €cTb COCTOUT W3 BCEX BEKTOPOB ¢ HadajoM B Touke O u

komuoM Ha ocu Oy). Obpas npocrpancrsa, 1o ects A(U) = P (Q(U))

TOxKe coBnajiaeT ¢ ocbio Oy, To ecTh ¢ Ker A.



V. Beipoxkj1eHHbIe 1 00paTuMbIe OIepaTOPhl

Omnpenenenne 10. Juneinvit onepamop A nasvieaemcs BHIPOXK eH-
HBIM 1M020a U MoAbko mozda, Ko2da e20 A0PO — HEHYAEB0E, MO eCMb
omauuno om {0}. B npomusnom cayuae, mo ecmov npu Ker A = {0},
qunetined onepamop A Ha3v6aemes HEBBIPOIK JCHHBIM.



V. Beipoxkj1eHHbIe 1 00paTuMbIe OIepaTOPhl

Omnpenenenne 10. Juneinvit onepamop A nasvieaemcs BHIPOXK eH-
HBIM 1M020a U MoAbko mozda, Ko2da e20 A0PO — HEHYAEB0E, MO eCMb
omauuno om {0}. B npomusnom cayuae, mo ecmov npu Ker A = {0},
qunetined onepamop A Ha3v6aemes HEBBIPOIK JCHHBIM.

OHpe,HeJIeHI/Ie 11. Jlunetinwii onepamop A~' nazweaemes odpaTHBIM
K ONEpPamopy A mozda u moavko moezda, Ko20a UMeNm MECMO PABEHCNEA

AA'=FuA'A=E.

Ciieyer OTMETUTh, YTO TEPMUH «OOpaATHBII» 00yC/I0B/IEH TeM, 9TO 00~
PaTHLIN JUHENHBIN ollepaTop A1 angerca obpaTHoil K A ¢yHKIIMeI.



V.1. Kpurepnii HeBbIPO2KJIEHHOCTU OepaTopa

Teopelvla 9 (KpI/ITepI/If/'I HEBBIPOXKIEHHOCTH OIleparopa). JITuretinud onepa-
mop A nesvipostcdertviti moz2da U moavko moezda, K020a 0H 0OPAMUM.

DTO CJIeICTBHE U3 TeOPeMbl 00 M30MOP(MHOCTU HPOCTPAHCTBA MaT-
pUIl U IIPOCTPAHCTBA JIMHEMHBIX OIIepaTOPOB, U KpUTepus odpa-
TUMOCTHU MaTPUIIbI.



V.2. Kpurepnii BIpOKJI€HHOCTHU OIlepaTopa

TeopeMa 10 (KpI/ITepI/II/I BBIPOXKI€HHOCTH OIleparopa). Hycmb L — aunetinw
onepamop AUNREUH020 npocmparHcmaea U b — basuc aunetinozo npo-

cmpancmea U. Caedyrougue ymeeporcienui IK6UGaACHMIDL:
1) L — swpoorcdeniviii onepamop; 2) Ker L # {0};

3) d(L) # 0; 4)RgL < dimU;

5) Rg (LB) < dimU; 6) det (LB) =0,

7)  cywecmeyem  AuUMEUNHO  NE3ABUCUMAA  CUCTNEMO — GEK-
mopos  {ui, U, ..., U}  MaKGA,  WMO  CUCTEMG — BEKMOPOS
{[A/(ul), L(us), . .., [A/(uk)} NUHETIHO 3A6UCUMA.

8) L(U) < U, mo ecmv L(U) # U.



V.2. Kpurepuii BLIPOXKJIEHHOCTHI OIepaTropa

HHokazarenbctBo. Ilycte B ={ej,es,...,e,}. OueBumno, dro
1) < 2) < 3). DKBUBAJICHTHOCTD 3) < 4) cjiejlyeT U3 TeOPEeMbl 0 CyMMe
panra u jiecbekTa JuHeHOTo oneparopa. Jlokaxem 4) < 5).



V.2. Kpurepuii BLIPOXKIEHHOCTHI OIepaTopa

Hoxkazarennbcrso. [okaxem 4) < 5). Cronbuamu maTpunsl Ag sAb-
JISTIOTCST CTOJIOIBI KOOPAMHAT BEKTOPOB j)(ek) B Oasuce B. Ilo Teopeme
o cramgapraom usomocdusme B R orobpaxkenue f (x) = [z]g ABia-
eTcst n3oMopdu3MoM JmHeliHoro npoctpancTsa U B R”™.



V.2. Kpurepunii BBIPpOXKI€HHOCTU OIlepaTopa

Hoxkazarennbcrso. [okaxem 4) < 5). Cronbuamu maTpunsl Ag sAb-
JISTIOTCST CTOJIOIBI KOOPAMHAT BEKTOPOB j)(ek) B Oasuce B. Ilo Teopeme
o cramgapraom usomocdusme B R orobpaxkenue f (x) = [z]g ABia-
eTcst n3oMopdu3MoM JmHeliHoro npoctpancTsa U B R”™.

CornacHo TeopeMe o0 obpa3e cuUcTeMbl BEKTOPOB IIPU U30-
MOPMU3ME CUCTEMA BEKTOPOB {€f, €k, - -y €k, }  ABIACTCH  MAKCU-
MANOHOU NUHETHO He3a6UCUMOT CUCTMEMOT BEKTOPOB JIMHEHOT'O IIPO-
CTPAHCTBA [:(U ) TOrJia W TOJBKO TOIVIA, KOTJa CHCTEMa CTOJIONOB
{len)B . lewB:---»len)p} ABIsSeTCH MaKcnMaIbHOI JNHEHHO He3aBU-
cuMoii cucremoii crosionos marpuibl L.



V.2. Kpurepuii BLIPOXKIEHHOCTHI OIepaTopa

Hoka3zaresibeTBo. [lokaxkem 4) < 5).

CoriacHo TeopeMe 00 obpa3e cHCTeMbl BEKTOPOB IIPU M30-
MOPMhU3ME CUCTEMA BEKTOPOB {€f, €k, - - - 5 €k, }  ABIACTCH  MAKCU-
MAADHOU NUHETHO He3a6UCUMOT cucmemot, BEKTOPOB JIMHEMHOTO IIPO-
crpanctsa L(U) Torga M TONLKO TOLJA, KODUA CHCTEMA CTOJIOLOB
{len]B,lewB,---»len)B} ABIseTCH MakcnMabHOl JMHEHHO He3aBU-
cuMofi cucTemoil croonos MaTpunbl L.

Tor dakr, 4ro cucrema BEKTOPOB {€f, €hyy- .., €L, | SABIAETCS
MaKCUMaJIbHOI JIMHEHHO HE3aBUCHUMOII CHUCTEMONl BEKTOPOB JIMHENHO-
ro npocrpancrsa L(U) osnadaer, uro RgL = m, a 1or (aks U910
{len)B:lenB - - len)B} ABIsSeTCH MaKcnMaIbHOI JMHENHHO He3aBU-
cUMOil crcTeMoit cToo1oB MaTpuliel L, osnadaer, B iy TeOpeMbl 0
cosnajiennu Tpex panros, uto Rg(Lyg) = m. Dxsusanentnocts 4) < 5)
JI0Ka3aHa.



V.2. Kpurepuii BLIPOXKJIEHHOCTH OI€pPaTopa
HokazareabcTBo. Tor daxt, uaro 5) < 6) caeyer U3 onpe/ie/ieHust
paHra onepaTopa.



V.2. Kpurepuii BLIPOXKIEHHOCTHI OIepaTopa
HokazareabcTBo. Tor daxt, uaro 5) < 6) caeyer U3 onpe/ie/ieHust
paHra oreparopa.
Yreepxenue 4) < 7) cieyer U3 ONpeJle/ieHnsT PaHra olepaTopa, B
KAaqeCTBe CUCTEMBI BEKTOPOB {1, Us, . .., U} MOXKHO B3ATH Oasy JinHe-
HOTO TIpocTpancTBa U.



V.2. Kpurepunii BHIpO2KI€HHOCTH OIEepaTopa

HokazareabcTBo. Tor daxt, uaro 5) < 6) caeyer U3 onpe/ie/ieHust
paHra oreparopa.

Yreepxenue 4) < 7) cieyer U3 ONpeJle/ieHnsT PaHra olepaTopa, B
KAaqeCTBe CUCTEMBI BEKTOPOB {1, Us, . .., U} MOXKHO B3ATH Oasy JinHe-
HOTO TIpocTpancTBa U.

Haxowner, 5) < 8) ciiejyer u3 TeopeMbl 0 pa3MepHOCTH TIOIITPOCTPAH-
CTBA.



V.2. Kpurepunii BHIpO2KI€HHOCTH OIEepaTopa

HokazareabcTBo. Tor daxt, uaro 5) < 6) caeyer U3 onpe/ie/ieHust
paHra oreparopa.

Yreepxenue 4) < 7) cieyer U3 ONpeJle/ieHnsT PaHra olepaTopa, B
KAaqeCTBe CUCTEMBI BEKTOPOB {1, Us, . .., U} MOXKHO B3ATH Oasy JinHe-
HOTO TIpocTpancTBa U.

Haxowner, 5) < 8) ciiejyer u3 TeopeMbl 0 pa3MepHOCTH TIOIITPOCTPAH-
CTBA.

Teopema nokazana.



V1. VlaBapuaHTHBbIE HOAIIPOCTPAHCTBA

Omnpenenenne 12. [Tycmo A — aunetinmi onePamop AUHEUH020 NpPo-
cmparncmea U. Iodnpocmparcmeo V' aunetinozo npocmparncmea U wa-
3bLBAEMCA A—I/IHBapI/IaHTHbIM IIOAIIPOCTPAHCTBOM 1M020G U MOADKO
moezda, Ko2da Oas n0boz0 eexmopa x €V umeem Mmecmo 6Ka0UeHUE

Alz) e V.

ubiMu cioBaMu, orepaTop A HU OJMH U3 BEKTOPOB MOJIIIPOCTPAHCTBA
V' He «BbIOpachIBaeT HApPYrKy», «3a MPejesbly IOAINpocTpaHcTBa V.



VI.1. Teopema 00 ajnredbpe mMHBapuUaHTHBLIX IIOJIIPO-
CTPaHCTB

A

TeopeMa 11 (06 anreGpe MHBAPUAHTHBIX MO/IIPOCTPAHCTB). Hycmb A — au-

netinwit onepamop aunetinozo npocmparncmea U. Toz2da cnpasedauso. cae-
dyrousue YmeepiHcoenu:

A

1. cymma A-unsapuarmmvir nodnpocmpancme ABAACTNCA
A-uHBapuarmHvLM n0ONPOCMPAHCNEOM,

A A

2. nepecevenue A-uMBaAPUAHMMHLIT NOONPOCMPAHCNGE ABAAEMCA A-un-
BAPUAHIMHBLM TOONPOCMPAHCNEOM.

JokazaTeabcTBO. OUeBHIHO.



V1.2. Kpurepnii nosiypaciasiieiica MaTpuiibl olepa-
TOpa

Teopema 12 (kputepuii morypacnaBiieiicss MATPUIbl OIIEPATOPA).
I[Tyecmv A — aunetinwiti onepamop aunetinozo npocmpancmea U ¢ basu-
com B ={ey,...,e,}. Toeda cnpasedausovr caedyrowue ymeeporcdenus
(30ect Opx, — MYALBAA MAMPUUA PASMEPHOCTIU P X q):

Pisk  Qrxm—k)
1. Ap =
b (ka(nk:) R(n—k)x (n—k)

A

) mozda u moavko moezda, Kozda

(e1,€9,...,€L) ABAACNCA A-UHBAPUAHMHBIM NOONDOCTPAHCINGOM;

2. Ag = (Pka Ok (n—h) ) mozda u moavko mozda, Koz2da
Qix(n—t) Rn—t)x(n—r)

(€n_ki1s €n ka2 -, En) ABAACNCA A-UHBAPUAHMHBIM NOONPOCTNPAH-
CMEOM.



V1.2. Kpurepnii nosiypaciasiieiica MaTpuiibl olepa-
TOpa

JokazareabcTBO. /[JoKakeM TOJIBLKO IepBOe yTBEP:KACHUE, TOCKOIb-
Ky paccyKJeHHs BO BTOPOM CJjydae aHaJOrMYHbI. Fcim mMarpuia ore-
paTopa HMeeT YKa3aHHbII B IIepPBOM IIYHKTe BUJ, TO JJIsi JIF0OOI0
i €{1,2,...,k}, 1o onpejesenuio MaTpuIbl oleparopa’ nMeeM

A(ez‘):plz'el"'---+pki€k‘|‘0'€k—l—1+---+O'€n6 (e1,€2,...,€) .

SHaAYNT, I0CJIe/IHee OAIPOCTPAHCTBO dABJjsieTcss A-mHBapuanTHbIM. [o0-
KayKeM JIOCTATOUYHOCTh. KC/i TOMIpoCcTpaHcTBO (€1, o, . . ., €k ) SIBIACTCS
A-MHBApUAHTHBIM, TO

A(ei):a1i61+...+a;ﬂ»ek:aliel—k...+akiek+0-ek+1+...+O-en,

TO eCTh MaTpulla oneparopa A nmeer yKasaHHBIIH BI/I.

1CM. pasercTBo (4), crp.41.



VII. CobcTBeHHBIE BEKTOPHI

[Ipy m3ydenun mHBAPUAHTHBLIX MOAIPOCTPAHCTB, KAaK OOBIYHO, OCO-
Oblil MHTEpeC IPEJICTABIIAIOT «KpailHey, «IKCTpeMaIbHbIey, B HEKOTOPOM
CMBbICJIE, CUTYallHH.



VII. CobcTBeHHBIE BEKTOPHI

[Tpn umzyvyennn mHBaApMAHTHBIX MOJAIPOCTPAHCTB, KaK OOBITHO, OCO-
Oblil MHTEpPEC IPEJCTABJIAIOT «KpailHue», «dKCTpeMaJjibHbIe», B HEKOTO-
POM CMBbICIe, cuTyaluu. B jaHnoM ciydae, Korja pedb WIET O I0/I-
IIPOCTPAHCTBE, TOJ[ «3KCTPEMAabHOCTHIO» MOYKHO IIOHMMATh, Hallpu-
Mep, <«IIPeJIeJIbHO BO3MOXKHbBIE» 3HAYEHUS PA3MEPHOCTU TIOITPOCTPAH-
crBa. Ciydan, Korja pasMepHOCTh A-MHBAPHAHTHOrO HOAIPOCTPAHCTEA
paBHa 0 man dim U, nenntepecHbl. [losToMy paccMoTpum oHOMEPHDLIE
A-unBapuanTHbIe HOAIPOCTPAHCTBA. UTO HHTEPECHOIO MOYKHO CKA3ATh B
9TOI cuTyaruu’



VII.1. Onpenesenune coOCTBEHHOIO BEKTOPA
Urak, nycrs V' = (r) — A-uaBapuanTHOE MOAIIPOCTPAHCTBO. Tora, mo
OIPEJEJICHII0 A-MHBAPUAHTHOIO OAIPOCTPAHCTBA, UMEET MECTO BKJIIO-

yenne A(z) € V = (),



VII.1. Onpenesenune coOCTBEHHOIO BEKTOPA

Urak, nycrs V = () — A-nnBapuanTtroe noanpocTpanctso. Torma, mo
OLPEIENeHNI0 A-HHBAPUAHTHOIO [OAIPOCTPAHCTBA, HMEET MECTO BKJIO-
yenme A(z) € V = (x), 10 ectb

A(z) = Mz (14)

JlUIsT HeKoToporo A € K.



VII.1. Onpenesenune coOCTBEHHOIO BEKTOPA

Urak, nycrs V = () — A-nnBapuanTtroe noanpocTpanctso. Torma, mo
OLPEIENeHNI0 A-HHBAPUAHTHOIO [OAIPOCTPAHCTBA, HMEET MECTO BKJIO-
yenme A(z) € V = (x), 10 ectb

Alz) = \x (14)
JlUIsT HeKoToporo A € K.

Onpenenenne 13. Bexmop x € U nasvieaemcsa COOCTBEHHBIM BEKTO-
POM AUHELTHO20 ONEPAMOPA fl, omeeuarouumM COOCTBEHHOMY 3Hade-
HUIO A mo20a u moavko moada, xK020a, 60-nepevir, £ — HeHYyAe80U Gek-
Mop, U, 60-6MOPHLIT, UMEET, MECMO PAGEHCIMEO 121(:1:) = \T.



VII.1. Onpenesenune coOCTBEHHOIO BEKTOPA

Urak, nycrs V = () — A-nnBapuanTtroe noanpocTpanctso. Torma, mo
OLPEIENeHNI0 A-HHBAPUAHTHOIO [OAIPOCTPAHCTBA, HMEET MECTO BKJIO-
yenme A(z) € V = (x), 10 ectb

Alz) = \x (14)
JlUIsT HeKoToporo A € K.

Onpenenenne 13. Bexmop x € U nasvieaemcsa COOCTBEHHBIM BEKTO-
POM AUHELTHO20 ONEPAMOPA fl, omeeuarouumM COOCTBEHHOMY 3Hade-
HUIO A mo20a u moavko moada, xK020a, 60-nepevir, £ — HeHYyAe80U Gek-
Mop, U, 60-6MOPHLIT, UMEET, MECMO PAGEHCIMEO 121(:1:) = \T.

Omnpenenenne 14. Mrooicecmeo ecexr cobcmseennvix 3naveruts Aumeti-
1020 onepamopa A Hasveaemcs €20 CHEKTPOM.

CrexTp JmmHeitHOro oneparopa A Mbl OyjeM 0003HaYaTh, Kak spec A.



VII.1. Onpenesenune coOCTBEHHOIO BEKTOPA

Urak, nycrs V = () — A-nnBapuanTtroe noanpocTpanctso. Torma, mo
OLPEIENeHNI0 A-HHBAPUAHTHOIO [OAIPOCTPAHCTBA, HMEET MECTO BKJIO-
yenme A(z) € V = (x), 10 ectb

Alz) = \x (14)
JlUIsT HeKoToporo A € K.

Onpenenenne 13. Bexmop x € U nasvieaemcsa COOCTBEHHBIM BEKTO-
POM AUHELTHO20 ONEPAMOPA fl, omeeuarouumM COOCTBEHHOMY 3Hade-
HUIO A mo20a u moavko moada, xK020a, 60-nepevir, £ — HeHYyAe80U Gek-
Mop, U, 60-6MOPHLIT, UMEET, MECMO PAGEHCIMEO 121(:1:) = \T.

Omnpenenenne 14. Mrooicecmeo ecexr cobcmseennvix 3naveruts Aumeti-
1020 onepamopa A Hasveaemcs €20 CHEKTPOM.

Paccmorpum nmpumep?



VII.2. Kpurepuii cobcTBEHHOIO BEKTOpa

Teopema 13. Henynesot sexmop x € U asasemes cobcmeeHvim
BEKIMOPOM AUHETH020 onepamopa A mozda u moavko mozda, Kozda

(x) — amo A-uneapuarmmoe noonpocmparcmeso.
Jloka3aTeabCTBO.



VII.2. Kpurepuii cobcTBEHHOIO BEKTOpa

Teopema 13. Henynesot sexmop x € U asasemes cobcmeeHvim
BEKIMOPOM AUHETH020 onepamopa A mozda u moavko mozda, Kozda
(x) — amo A-uneapuarmmoe noonpocmparcmeso.

Jloka3aTeJabCTBO. DTO OUYEBIIHOE CJIEJICTBUE U3 OIPEeIeHu.



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO
HpI/IMeHI/IM CTpaTeruio iepexo/da OoT m3ydeHnmd OTAEeJIbHOI'O dJie-
MEHTa K HNCCJIEJOBaHNIO CCTEMbI 00BHLEKTOB.



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruio iepexo/da OoT m3ydeHnmd OTAEeJIbHOI'O dJie-
MEHTa K HNCCJIEJOBaHNIO CCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruio iepexo/da OoT m3ydeHnmd OTAEeJIbHOI'O dJie-
MEHTa K HNCCJIEJOBaHNIO CCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

A

L(ax + Py) =



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruro 1epexoa OT Mm3yvdedmnd OoTAE/IbHOI'O dJIe-
MEHTa K HNCCJIEJOBaHNIO CHCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

L(ax+ By) = aL (z)+ BL(y) =



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruro 1epexoa OT Mm3yvdedmnd OoTAE/IbHOI'O dJIe-
MEHTa K HNCCJIEJOBaHNIO CHCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

i(oza:—i—ﬁy) — ol (x) + 8L (y) = adx + By =



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruro 1epexoa OT Mm3yvdedmnd OoTAE/IbHOI'O dJIe-
MEHTa K HNCCJIEJOBaHNIO CHCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

L(azx + By) = aL (z) + BL (y) = adz + By = X (ax + By) .



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruio iepexo/da OoT m3ydeHnmd OTAEeJIbHOI'O dJie-
MEHTa K HNCCJIEJOBaHNIO CCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

L(azx + By) = aL (z) + BL (y) = adz + By = X (ax + By) .

Caeayer Ji OTCIOJa, YTO, COLJIACHO KPUTEPUIO IIOAIMPOCTPAIICTBA
MHO>KECTBO COOCTBEHHBIX BEKTOPOB, OTBEYAIINX COOCTBEHHOMY
3HAUEHUIO A SIBJISETCd ITIOAIIPOCTPAHCTBOM JIMHEHHOTO IIPOCTPAaH-
crea U?



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

HpI/IMeHI/IM CTpaTeruro 1epexoa OT Mm3yvdedmnd OoTAE/IbHOI'O dJIe-
MEHTa K HNCCJIEJOBaHNIO CHCTEMbI 00BHLEKTOB.

[IycTh o — cobcTBeHHOE 3HAYEHNE JIMHEIHOIO ollepaTopa L nuneii-
HOTO mpocTpancTBa U, n x,y — cobcTBeHHble BeKTOPhI JIMHEHOTO
oriepaTopa IA/, oTBevalole COOCTBEHHOMY 3HAUECHUIO .

Tormpa st 006X v, B € K

L(azx + By) = aL (z) + BL (y) = adz + By = X (ax + By) .

Caeayer Ji OTCIOJa, YTO, COLJIACHO KPUTEPUIO IIOAIMPOCTPAIICTBA
MHO>KECTBO COOCTBEHHBIX BEKTOPOB, OTBEYAIINX COOCTBEHHOMY
3HAUEHUIO A SIBJISETCd ITIOAIIPOCTPAHCTBOM JIMHEHHOTO IIPOCTPAaH-
crea U?

CobcTBeHHBIT BEKTOP BJISIETCSI HEHYJIEBBIM!




VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

Teopema 14. [Iycmv o — cobcmeennoe 3nauenue AUHEUHO20 ONe-
pamopa L aunetinozo npocmparcmea U, u'V — mmoorcecmeo ecex cob-
CMBEHHBLT B8EKIMOPOB AUHEUHO20 ONEPAIMOpPa L 0MBEYAIOULUT
cobemeennomy 3naveruro X. Toeda VU {0} asasemea nodnpocmpar-
CNBOM Aunetino2o npocmparcmea U.

CJIMIIIKOM MHOI'O CJIOB....



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

Teopema 14. Ecau L — AuHeUHDBLT onepamop AUHEUHO020 NpPo-
cmparcemea U wad nosem K, mo das awbozo X € K umeem

{x

Bot Teneps xoporio!

A~

{ i(i)o_ AZ, } U{0} < U




VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

Teopema 14. Ecau L — AuHeUHDBLT onepamop AUHEUHO020 NpPo-
cmparcemea U wad nosem K, mo das awbozo X € K umeem

{:c { i(i)o_ AL, } U{0} < U.

JlokazaTreabCTBO. DTO 0YeBUIHOE CJIeJCTBIE U3



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

Teopema 14. Ecau L — AuHeUHDBLT onepamop AUHEUHO020 NpPo-
cmparcemea U wad nosem K, mo das awbozo X € K umeem

A~

x { i(;)ﬂ_ AT L {0} < U.

JlokazaTreabCTBO. DTO 0YeBUIHOE CJIeJCTBIE U3
KpuUTepusd MOAIIPOCTPAHCTBA.



VII.3. CobcTrBeHHOE MOAIIPOCTPAHCTBO

Teopema 14. Ecau L — AuHeUHDBLT onepamop AUHEUHO020 NpPo-
cmparcemea U wad nosem K, mo das awbozo X € K umeem

A~

x { i(;)o_ AT L {0} < U.

Onpeneaenne 15. Fcau « — cobcmeennoe 3nauerue AUHETUHO20
onepamopa L aunetinozo npocmpancmea U, mo obsedurerue mMHoHce-
CMBaA 6CEX CODCMBEHHBLT BEKMOPO8 AUHETHO20 ONEPAMOPA f),
omeenauuT cobemeennomy 3uaveruto X, u muooxcecmea {0} nasvi-
6aemcs COOCTBEHHBIM MOAIPOCTPAHCTBOM AUHETH020 ONEPAmMopa L,
OMBEYAIOUWUM COOCNBEHHOMY 3HAYEHUIO .



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
IIbI0 MAaTPUIILI OIIEPaATOPA

B cooTBeTcTBUM cO CPOPMYIMPOBAHHBIM HAMU ITPABUIOM Pa36USAMD
METHUKY BBIYUCACHUT OAA 30004 0 AUHETIHOM NPOCMPAHCEE MOALKO HE
A3vike npocmparcmea R™ Mbl TOJZKHBI HAYINTHCS HAXOAUTH K00POUHambi
cOODCTBEHHOTO BEKTOPA U cOOCTBEHHBIE 3HAYEHNS C MTOMOIIBIO «00HEeK-
Ta», COOTBETCTBYIONIET0 JuHeitHOMY orepaTopy B R". Taknm «00bekTOM»
SIBJIZETCS MaTPHIla olepaTopa.



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

A

Alz) = =

[lepeiiiém K paBeHCTBY J1JIsl CTOJIOIOB KOOPIMHAT. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
IIbI0 MAaTPUIILI OIIEPaATOPA

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — marpuna oneparopa A B 6asuce b. Ham najo pemnts ypas-

nenne (14):  A(z) = Az orHOCHTEILHO /1eMenTa A nosist K 1 BeKTOpa
x smHefinoro npocrpancTsa U.

Aw) = 2o = [A@)| = Dalp =

[lepeiiiém K paBeHCTBY J1JIsl CTOJIOIOB KOOPIMHAT. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
IIbI0 MAaTPUIILI OIIEPaATOPA

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — marpuna oneparopa A B 6asuce b. Ham najo pemnts ypas-

nenne (14):  A(z) = Az orHOCHTEILHO /1eMenTa A nosist K 1 BeKTOpa
x smHefinoro npocrpancTsa U.

Aw) = 2o = [A@)| = Dalp =

[To dbopmysie g koopamHaTt obpa3a BeKTopa...



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
IIbI0 MAaTPUIILI OIIEPaATOPA

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — marpuna oneparopa A B 6asuce b. Ham najo pemnts ypas-

nenne (14):  A(z) = Az orHOCHTEILHO /1eMenTa A nosist K 1 BeKTOpa
x smHefinoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

[To dbopmysie g koopamHaTt obpa3a BeKTopa...



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
IIbI0 MAaTPUIILI OIIEPaATOPA

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — marpuna oneparopa A B 6asuce b. Ham najo pemnts ypas-

nenne (14):  A(z) = Az orHOCHTEILHO /1eMenTa A nosist K 1 BeKTOpa
x smHefinoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0
= AB [JZ]B—)\[JJ]B = =



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0
= AB [JZ]B—)\[JJ]B = =
0

OCTOPOZKHENBKO BBIHECeM [T|f 3a CKOOKY...



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0
= AB [JZ]B—)\[JJ]B = =
0

OCTOPOZKHENBKO BBIHECeM [T|f 3a CKOOKY...
He 3a0y/1pTe 0 HEKOMMYTATHBHOCTU YMHOZKEHUST MATPHIL. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0 0

:>AB[33]B—)\[£IJ]B: = ( )[az]B: =
0 0

OCTOPOZKHENBKO BBIHECeM [T|f 3a CKOOKY...
He 3a0y/pTe 0 HEKOMMYTATHBHOCTU YMHOZKEHUST MATPHIL. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0 0
:>AB[33]B—)\[£IJ]B: = ( )[az]B: =
0 0
OCTOPOZKHENBKO BBIHECeM [T|f 3a CKOOKY...
He 3a0y/1bTe 0 HEKOMMYTATHBHOCTH YMHOZKEHUST MATPHIL
1 0 HEOOXOJMMOCTH IIPEJICTABUTL A[Z|| B BUJIE IPOU3BE/ICHNS KBa/PaT-
HOI MaTpUIBI Ha [T|R.



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Alw) = 2o = [A@)] =l = Aglalg = il =

0 0
= AB [ZC]B — )\[I]B = ce = (AB — AE) [Z]B = ca =
0 0
OCTOPOZKHENBKO BBIHECeM [T|f 3a CKOOKY...
He 3a0y/1bTe 0 HEKOMMYTATHBHOCTH YMHOZKEHUST MATPHIL
1 0 HEOOXOJMMOCTH IIPEJICTABUTL A[Z|| B BUJIE IPOU3BE/ICHNS KBa/PaT-
HOI MaTpUIBI Ha [T|R.



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

A) =z = [A(:c)} — \alg = Agllg = A2l =

b
0 0

= AB [ZU]B — )\[SL’]B = ce = (AB — )\E) [CE]B = . =
0 0

=

[Tocneanaa OCJIY umeer nemysesoe pemienue [T]g, I03TOMY 10 Teo-
peme Kpamepa wuiu nmo TeopemMe o0 pasMepHOCTH IIPOCTPAHCTBA
PEIIEHNA. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuia oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

A) =z = [A(:c)} — \alg = Agllg = A2l =

b
0 0

= AB [ZU]B — )\[SL’]B = ce = (AB — )\E) [CE]B = . =
0 0

= det (AB — )\E) = 0.
[Tocneanaa OCJIY umeer nemysesoe pemienue [T]g, I03TOMY 10 Teo-

peme Kpamepa uin mo TeopemMe O pa3MeEpPHOCTHU MPOCTPAHCTBA
PEIIEHNA. ..



VIl.4. Bpruucjienme cobCTBEHHOT'O BEKTOpa C IIOMO-
II[bI0 MATPUIILI OIepaTopa

Urak, nycte B = {eq, ..., e,} — 6asuc quneiinoro npocrpanctsa U n
Ap — Marpuna oneparopa A B 6azuce B. Ham HaJ0 PEIIUTh yPaB-
menne (14):  A(z) = Az orsocuTenbHO SemenTa A mosist K 1 BeKTOpa,
x JHeiiHoro npocrpancTsa U.

Al@) = Iz = [A(x)} — \alg = Agllg = A2l =

b
0 0

= AB [SU]B — )\[SL’]B = ce = (AB — )\E) [:E]B — . =
0 0

= det (AB — )\E) = 0.
Onpenenenune 16. Bupaoscenue det (AB — )\E) HA3bLBAEMNCA XapaK-

TEPUCTUIECKNM MOJMHOMOM U4l XapPAKTEPHUCTUIECKNM MHOTIO-
qJIeHOM onepamopa A 6 basuce B.



VII.5. I1s1an BeraucjieHns cooCTBEHHOI'o BEKTopa ¢ MHo-
MOIIbIO MAaTPUIILI OIepaTopa

(AB — )\E) [a;'}B = [O]B. (15)

det (Ag — AE) =0. (16)

MTak, Juisd HaxoxKjjeHnsd cOOCTBEHHBLIX BEKTOPOB W COOCTBEHHBIX 3Ha-
YEeHUU JIMHEHHOTO ollepaTopa 121 HEOOXOIIMO:

BO-IIePBbIX, 13 ypasuenus (10) naiitu Bece cOOCTBEHHBIC 3HAUCHU Olle-
patopa A, To ecTh HAHTH CIIEKTp JHHEIHOro orepaTtopa A:

BO-BTOPBIX, JIJIsI KayKJ0I0 U3 HailIeHHbIX COOCTBEHHBIX 3HAUEHII A\ Hali-
i cobcrBennbie BeKTophl, Kak PCP OCJIY (15).

B-TPETbUX, HATH BEKTOPHI, MHTEPIPETUPYs HalijieHHble (yHaMeH-
TaJbHBIC PEIICHUs] KAaK CTOJIOIBI X KOOP/IMHAT.

Paccmorpum npumep?



VIII. /Inaronajimzanusi MaTpPUIbl ollepaTopa

[Ton duazonanrusayuetd: MaTpuilbl oiepaTopa MOHUMAETCA IIOUCK Oa3u-
ca, B KOTOPOM MaTPHIla oepaTopa auaroHajbHa. Takoil Oa3zuc cylie-
CTBYET He BCerja.



VIII.1. Oneparop mpocToii CTPYKTYPhbI

Onpenesieane 17. Jlunetinoii onepamop A aunetinozo npocmpancmea

U nasvisaemces onepaTopoM IIPOCTOI CTPYKTYPBI moz0a U moavko

moezda, xoeda U umeem basuc, cocmoauwutll ud cobcmeeHHblr 8ek-
mopos onepamopa A.



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

A

Omnpenenenue 17. Jlunetinwt onepamop A aunetino2o npocmparcmesa
U nasvisaemces onepaTopoM IIPOCTOI CTPYKTYPBI moz0a U moavko
moezda, xoeda U umeem basuc, cocmoauwutll ud cobcmeeHHblr 8ek-
MOPO8 ONEPAMOPa A

TeopeMa 15 (KpHTepI/Iﬁ olrepaTopa IPOCTOi CTPYKTYPHI). JIunetinw onepa-
mop A aunetinozo npocmparcmea U sasasemcs onepamopom npocmoti
CMPYKMYPs, moz2da u moavko mozda, K020a 6 HeKOMopom baduce
MAMPUUE IMO20 ONEPAMOPA QUAZOHANOHA.

JloKka3aTebCTBO.



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

JlokazaresbcTBO. Heobxodumocms. Ilycts A siBisieTcst orieparopom
ITPOCTOI CTPYKTYPHBI. Torma



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

IokazareabcTBO. Heobxrodumocms. 1lycTh A sBagercs OIIepPaTOPOM
ITPOCTOI CTPYKTYPHI. Torna cyliecTByer 0a3mc
b = {?1, O ?n}, COCTOMAIINI U3 COOCTBEHHBIX BEKTOPOB OIle-
patopa A. OGosHaunM jyist J060r0 i depes \; — COOCTBEHHOE 3HAUEHHE
BeKTOpa € ;.

Torna



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

Teopema 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

IokazareabcTBO. Heobxrodumocms. 1lycTh A sBagercs OIIepPaTOPOM
IIPOCTOI CTPYKTYPhI. Torma cymecrByer 6a3uc
b = {?1, O ?n}, COCTOMAIINI U3 COOCTBEHHBIX BEKTOPOB OIle-
patopa A. OGosHaunM jyist J060r0 i depes \; — COOCTBEHHOE 3HAUEHHE
BeKTOpa € ;.

Tora, 110 ompege/eHII0 MaTPUIILI JUHEITHOTO ollepaTopa, ¢ OJHO

CTOPOHDI, A(?i) — )\, €, ¢ Apyroii CTOPOHDI,

= A(¥;) =



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

Teopema 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

IokazareabcTBO. Heobxrodumocms. 1lycTh A sBagercs OIIepPaTOPOM
IIPOCTOI CTPYKTYPhI. Torma cymecrByer 6a3uc
b = {?1, O ?n}, COCTOMAIINI U3 COOCTBEHHBIX BEKTOPOB OIle-
patopa A. OGosHaunM jyist J060r0 i depes \; — COOCTBEHHOE 3HAUEHHE
BeKTOpa € ;.

Tora, 110 ompege/eHII0 MaTPUIILI JUHEITHOTO ollepaTopa, ¢ OJHO
CTOPOHDI, A(?Z) — )\, €, ¢ Apyroii CTOPOHDI,

A= — =
:A(ei):aue1+...+am~en.



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

IokazareabcTBO. Heobxrodumocms. 1lycTh A sBagercs OIIepPaTOPOM
IIPOCTOI CTPYKTYPhI. Torma cymecrByer 6a3uc
b = {?1, O ?n}, COCTOMAIINI U3 COOCTBEHHBIX BEKTOPOB OIle-
patopa A. OGosHaunM jyist J060r0 i depes \; — COOCTBEHHOE 3HAUEHHE
BeKTOpa € ;.

Tora, 110 ompege/eHII0 MaTPUIILI JUHEITHOTO ollepaTopa, ¢ OJHO

CTOPOHDI, A(?i) — )\, €, ¢ Apyroii CTOPOHDI,

co Ogi_l + /\z?z + 0?¢+1 + ... = A(?J = au?l + ...+ am?n.



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

CitetoBaTe/ibHO, -ThIil cTOJIOEI] MaTpuIlLl oneparopa A nmeer Bu

( 0 \ . TJle A\; CTOUT B ¢-TOi
crpoke. Ilostomy  mar-

0 pumna oreparopa A B
Ai basuce b  jguaronasboa:

TO

0 {O npu ¢ # J

@ji = S
A TIpU 1 = j
\ 0 ) eCTD




VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

CitetoBaTe/ibHO, -ThIil cTOJIOEI] MaTpuIlLl oneparopa A nmeer Bu
( 0 \ . TJle A\; CTOUT B ¢-TOi
crpoke. Ilostomy  mar-
0 puia omneparopa A B

asuce JIMaroHaJjbHa:

0 {O npu ¢ # J

Aji = S
A TIpU 1 = j
\ 0 ) eCTD

A =

TO




VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

CitetoBaTe/ibHO, -ThIil cTOJIOEI] MaTpuIlLl oneparopa A nmeer Bu

( 0 \ . IJe A; CTOUT B 1-TOif

crpoke.  IlosTomy — mat- ( AL 0 00 \
0 puiia omneparopa A B 0 A ... 0
Ai | Gasuce B JaroHaJibHa; Ap = s ‘)\
aji_{)\z_ npu i =g’ To \O 0 ... O )\n)

\ () ) eCTh



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

HokazareabcTBO. /locmamournocms. [IpoBoguM 3TN Ke paccyk/ie-
HUsT «B oOpaTHOM Mopsijike». Ilycrs Marpuiia omneparopa A B 0Oasu-

0 npui=#j To.

ce b= {?1, ?2, el ?n}, JAMaroHaJIbHa: @ j; = { N i =
. —

rj1a, 10 OllpeJIe/IeHUI0 MaTPUIIbl ollepaTopa,



VIII1.2. Kpurepnii oneparopa OpoCcTOil CTPYKTYPbI

TeopeMa 15 (KpI/ITepI/If/'I olrepaTopa IpPOCTOi CTPYKTYPHI). JITuretinud onepa-
mop A aunetinoeo npocmparcmea U asasemea onepamopom npocmoti
CMPYKMYPs, moz2da u moavko moezda, K020a 6 Hexomopom baduce
MAMPULE IMO20 ONEPAMOPG QUA2ZOHANDHA.

HokazareabcTBO. /locmamournocms. [IpoBoguM 3TN Ke paccyk/ie-
HUsT «B oOpaTHOM Mopsijike». Ilycrs Marpuiia omneparopa A B 0Oasu-

0 npui=#j To.

ce b= ?1, ?2, el ?n}, JAMaroHaJIbHa: @ j; = .
A TIpU 7 = J

rjia, 1o OIpeJIe/IeHNI0 MaTPUIIbl OllepaTopa,
A(€)) = a1 €14 a2 €o4... 40 € =0€1+0€o+.. . +NE€i+...+0€, = \, €.
Taxmm obpasoM, Oa3nUCHbBI BEKTOP € ABsercs COOCTBEHHBIM, UTO U
TpebOoBaJIOCH JTOKA3ATh.
Teopema JloKazaHa.



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

Bo mHorux pasjenax MaTeMaTHKI 0CO0YIO POJIb UIParoT PYHKINUN, 00-
JIACTh JIONYCTUMBIX 3HAUEHUI KOTOPBIX COJEPIKUTCSI BO MHOYKECTBE Jiefi-
CTBUTEJIbHBIX WM KOMILIEKCHBIX duces. CyIlecTByeT jlazke CleluaibHoe
Ha3BaHWe JIsT TaKuX (PYHKINI, OHU Ha3bIBaIOTCs (PyHKIIMOHAJIaMu. B
9TOM pasjieie Mbl PACCMOTPUM OJIN3KIH K (DYHKIMOHAIAM KJace (yHK-
1uii, oTobparkaromux jguHeiinoe mpocrpanctso U najg nosiem K B mose K.



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

PaccMoTpuM HECKOJILKO MPUMEPOB Takux (QyHKIM, HO cHadasa 00-
CY/IM, KaKOroO THIIA MPUMEpPbl HAM HYKHbI. MOKHO, KOHEUHO, OpaTh
KOHKDETHBIE JIMHEfiHbIe MPOCTPAHCTBA (IIPOCTPAHCTBO MATPHIL, IPO-
CTPAHCTBO KAKUX-JIMOO MHOTOUYJIEHOB, T€OMETPUYECKUX BEKTOPOB U
T.II.) U PacCMaTpUBATH KOHKPETHBIC (DYHKIUU, JOMYCTHM, (DYHKIIHOHAT
F(f(x)) = f(1) mst muneiiHOrO MPOCTPAHCTBA MHOTOWICHOB CTEICHH He
BbIIIIE 3, U T.II.



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

Kypc nuneitnoii anredpbl OCHOBaH Ha Hjiee IepeHoca «KOHCTPYKIIMILY,
BO3HUKAIOIINX B KOHKPETHBIX JIMHEHHBIX IIPOCTPAHCTBAX PA3MEPHOCTH N,
Ha «CTaHJ apTHbIE KOHCTPYKIUMU» JUHEeiiHOro nmpocTtpancTa R™. J1s1 Bek-
TOPOB 3TO OCYHIECTBJIAIOCH C TTOMOIIBIO M30MOPMI3MA, I JTUHEHHBIX
OIIepaTOPOB — C IIOMOIIBI0 U30MOphU3Ma B aaredpy MaTpHUIl, KarxKJIOMY
JINHEITHOMY OIlepaTopy CTaBdAIIero B COOTBETCTBUE MaTPHILY STOIO Olle-
paropa B bazuce B, rie koadpuimenTbl MaTpUIBLI OIPEJIEISTIOTCA PDABEH-
crBamu (3). [ToaTomy OyjieT COBEpIIEHHO eCTECTBEHHO, €CJTA MbI, PACCMAT-
puBast IpuMepbl (PYHKINI, 0TOOParKaloIuX JrHeiiHoe npocTtpaHcTBo U
na 1 ostem K B moste K, Oyjiem 3a1aBaTh UX ¢ TOMOIIBIO MAMpub, one-
pamopa B HEKOTOPOM Oasuce.



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

[lyctre B ={ey,...,e,} — 0Oasuc  JuHEHOrO  NPOCTpaH-
cra U, A — juneitnbiii ollepaTop JuHeiiHoro mpoctpaHcTBa U,
a1 ... QAip
Apg = . — MAaTpHUIla oleparopa A B 6azuce B.
n1 Qpn,



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

[lyctre B ={ey,...,e,} — 0Oasuc  JuHEHOrO  NPOCTpaH-
cra U, A — juneitnbiii ollepaTop JuHeiiHoro mpoctpaHcTBa U,
a1 ... QAip
Apg = . — MAaTpHUIla oleparopa A B 6azuce B.
n1 Qpn,



IX. lnBapuaHTHhI JIMHEITHOIO OoIllepaTopa

OrmeTnM, 9TO 5T (PYHKINKM MOYKHO Pa3sOUTh Ha JiBa Kjacca: (DyHKIINH,
3HaYCHNE KOTOPBIX 3as8ucum OoT BbiOOpa Oasuca b, n pyaknum, 3nadeHne
KOTOPBIX OT BeIOOpa 6asuca B ne sasucum. Cpean paccMOTpEHHBIX TTPHU-
MEPOB K MEPBOMY KJIacCy OTHOCATCS (PYHKINN fi U f3, & KO BTOPOMY, KaK

MbI YBIJIUM HUKe, — PyHKIUN fo, f4. f5.



IX.1. Onpeaenenne nHBapuaHTa ollepaTopa

Omnpenenenue 18. Oyuxyus f om xoapduyuenmos mampuiysb, one-
pamopa 6 basuce b 1nazvieaemca THBAPUAHTOM AUHEUHO20 ONLEePa-
MOPa, ecAl 3HaAYEHUA IMOTl PyHKUUL He 3asucam om evibopa basuca B.



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

Omnpenenenue 18. Qyrxuyus [ om xoapduyuenmos mampuiysv, one-
pamopa 6 ba3uce B nasvisaemes NHBAPUAHTOM AUHEUHO20 OTLe-

pPAMopPa, ecau 3HAYEHUA IMOot GYHKUUU He 3a8UCAM 0m 6bibopa ba3u-
ca B.

A

Teopema 16. I[Iycmov A — aunednwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuuye Ap 6 coomeem-

cmeue Koaduyuenm npu \¥ xaparmepucmurieckozo MHo204e-

HaQ }AB — AE|, asasemca uneapuarnmom sunetinozo onepamopa A.
Jloka3aTeabCTBO.




I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-
cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-
cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-
HaQ }AB — \E

HokazareabcTBo. llycrs T — marpuna mnepexona u3 6aszuca b B

. ABAAELMCA UHBAPUAHMOM AUHETH020 onepamopa A.

LX) / L 5]
Kakoit-mmbo Oasnc B’ muneitnoro npocrpancrsa U. Torma, cornacuo Teo-
peMe 0 MaTpulie olleparopa B JIpPyrom 0a3mce, TO ecTb (pOopMy-
ae (10), umeem

‘AB, —)\E‘ _



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-
cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-
cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-
HaQ }AB — \E

HokazareabcTBo. llycrs T — marpuna mnepexona u3 6aszuca b B

. ABAAELMCA UHBAPUAHMOM AUHETH020 onepamopa A.

LX) / L 5]
Kakoit-mmbo Oasnc B’ muneitnoro npocrpancrsa U. Torma, cornacuo Teo-
peMe 0 MaTpulie olleparopa B JIpPyrom 0a3mce, TO ecTb (pOopMy-
ae (10), umeem

Ap — AE| = [T AT - AE| -



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-
cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-
cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-
HaQ ‘AB — \E

HokazareabcTBo. llycrs T — marpuna mnepexona u3 6aszuca b B

. ABAAELMCA UHBAPUAHMOM AUHETH020 onepamopa A.

LX) / L 5]
Kakoit-mmbo Oasnc B’ muneitnoro npocrpancrsa U. Torma, cornacuo Teo-
peMe 0 MaTpulie olleparopa B JIpPyrom 0a3mce, TO ecTb (pOopMy-
ae (10), umeem

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T (Ap —AE) T| =



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T (Ap — AE) T| = |T"'[-|Ap — AE[|T| =



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T (Ap — AE) T| = [T"'[[Ap — AE[|T| = [Ap — AE[-|T'[[T| =



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T (Ap — AE) T| = [T"'[[Ap — AE[|T| = [Ap — AE[-|T'[[T| =
=[Ap — AE[-[T'T| =



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T (Ap —AE) T| = [T7|-|Ap — AE[|T| = [Ap — AB|:|T™'[[T| =
— |Ag — AE| - |T7'T| = |Ag — AE| - [E| =



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T~ (Ap = AE) T| = [T7'||Ap = AE[[T| = |Ap — AE|-|T'[|T| =
= |Ap —AE| - |T7'T| = |Ap — AE| - [E| = [Ag — AE|.



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

A

Teopema 16. IIycmv A — auneldnwt onepamop AuHetlino20 npo-

cmpancmea U. Qyuryusa py, cmasawas mampuue Ap 6 coomeem-

cmeue woagduyuenm npu \¥ rapaxmepucmuveckozo mrozoune-

HaA }AB — AE|, asasemca unsapuarnmom sunetinozo onepamopa A.
JloKa3aTeabCTBO.

Ap — AE| = [T AT — AE| = [T AT — T~ (\E) T/

JleTepMUHAHT NMPOU3BE/IeHUsI MaTPull, paBeH NPOU3BEAEHUIO Jle-
TEPMUHAHTOB, II03TOMY

T ' (Ag — AE) T| = |Ag — AE]|.

SHAYUT, [IPU IIepexojie B JIPYroil Da3mc xapakTepPUCTUIeCcKIil T10JI-
HOM He U3MeHsieTcsd. TeopeMa JIoKa3aHa.



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

B yacTHOCTH, paccMoTpeHHbIe Bbille PYHKONN fo, f4 cTaBAT MaT-
pHulle ollepaTopa B COOTBETCTBHUE CJIeayromue KodMPUINEHTH XapaKTe-
PUCTUYECKOI'O MHOTI'OYJIE€HA.

n—1

o pyuKius fo — yMHOKeHHbIH Ha (—1)""1 koappunuent npu AL

o qyuxuus fi — xoapduruent mpu AU



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTepUCTIIEeCKOTI0 HOJIMHOMA

B yacTHOCTH, paccMoTpeHHbIe Bbille PYHKONN fo, f4 cTaBAT MaT-
pHulle ollepaTopa B COOTBETCTBHUE CJIeayromue KodMPUINEHTH XapaKTe-
PUCTUYECKOI'O MHOTI'OYJIE€HA.

o pyuKius fo — yMHOKeHHbIH Ha (—1)""1 koappunuent npu AL

o qyuxuus fi — xoapduruent mpu AU

OyuKIWs f5 gBIsIeTCs] MHBAPUAHTOM, IIOCKOJIBLKY PAHI' MATPUIILI Ollepa-
Topa paBeH pazmeprocTu mpoctparctsa A(U), To ecTh 0T BbIOOpa basuca
He 3aBUCUT.



I1X.2. Teopema 00 mHBapuaHTHOCTH KO3 (PUIIEeHTOB
XapaKTEepucCTn4IeCKoro 1oJimHOoOMa
B yacTHOCTH, paccMoTpeHHbIe Bbille PYHKONN fo, f4 cTaBAT MaT-

pHulle ollepaTopa B COOTBETCTBHUE CJIeayromue KodMPUINEHTH XapaKTe-
PUCTUYECKOIO0 MHOTOYJIEHA!

o pyuKkIus fo — yMHOKeHHbli Ha (—1)""1 koappunment npu A" L
o bynkuna fy — xoapdurument mpu A’

OyuKIWs f5 gABIsIeTCs] MHBAPUAHTOM, IIOCKOJIBKY PAHI' MATPUIILI Ollepa-
Topa paBeH pazmeproctu poctparcTBa A(U), To ecThb 0T BeIGOpa Oasuca
He 3aBUCUT.

Cornanterne 1. B cuay meopemol 10 2060paAm «xaparmepucmuieckud
NOAUHOM AUHETHO20 ONEPAMOPa» BMeCmoO «LaPAKIMEePUCTNULECKUTL
NOAUHOM MAMPUUDL AUHETH020 ONEPATOPL 8 MAKOM-MO 0a3UCE», MK
KaK 2MOm NOAUHOM He 3a8UCUmM om 0a3uca.



X. Teopema l'amuiibToHa-Kaan

Hrak, B TeopeMe 006 mHBapmaHTHOCTU KO3(puimeHToB Xapak-
TEPUCTUIECKOIO TIOJIMHOMA, Mbl BBIICHIUIN, YTO KOIPOUITUEHTHI Xa-
PAKTEPUCTUIECKOTO MHOTOYJIEHA MaTpPHUIbl JIMHEHHOTO oleparopa
SABJIAIOTCA MHBapuanTaMu. Ho, okasbiBaeTcst, clipaBe/|/InBa yAUBATE TbHAST
Teopema ['amubToHa- Ko, KoTopyto MBI IpuBeeM 03 JI0Ka3aTeIbCTBA.



X. Teopema l'amuiibToHa-Kaan

Teopema 17. FEcau f(N)
yaen mampuyo, A, mo f(A) — nyaesas mampuya.

|A — AE| — xapaxmepucmuseckuti mno20-



X. Teopema l'amuiibToHa-Kaan
Teopema 17. FEcau f(A) = |A — AE| — xapaxmepucmuyeckuts mrozo-

unern mampuiv, A, mo f(A) — nysesas mampuia.

B uacrtHocTu, marpuna A— KBaJpaTHasI, I09TOMY MOYKHO BBIUNUC/IUTH
A? A3
JAC L

PaccmorpuM npumep npuMeHeHUd JnHeiTHOI aareopnI?



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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