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I. Nzomopduzm

B npeabyiyniux pasjesnax Mbl U3ydasn OTJIeJbHO B3ATOE JIMHEHHOEe
IIPOCTPAHCTBO. B COOTBETCTBHUU € JIOMMKO PA3BUTUS HAYIHBIX TEOPUil
(cM. BBejieHME), OJIHO M3 €CTECTBEHHBIX HAIIPABJCHUH JIAJLHEAINX HC-
CJIeJIOBAHWIT COCTOUT B IIEpeXojie K N3YUEHUIO CUCMeMb, TUHEHHBIX MPO-
crpancTs. [yt 9Toro HaMm ciiejyer onpejieinTh Ha COBOKYITHOCTH Pa3Jiny-
HbIE OTHOIICHUsT (1IPEIUKATHI) U (DYHKIMN (B YACTHOCTHU, ajrebpaniecKie
OTIepaIni).

Mbl HaYHEM € OTHOIIEHH, UIPAIOIEr0 0COOYIO POJIb B TEOPUH JINHET-
HBIX [TPOCTPAHCTB — OTHOIIECHUS U30MOPMHOCTH.

Paccmorpum npumep?



I. Nzomopduzm

B [IpuMepe pacCMaTpruBa€EMbIE JINHEHbIE IIPOCTPAHCTBA C TOYKH
SpeEHNA TEeOpUun JINHENHBIX I[IPOCTPaHCTB ABJIAIOTCA «KaK 6bI OJIMHaKOBDI-
MM», HO OTJIN9alOTCA TOJIBKO OCO6€HHOCTHMI/I HOCUTEJIEN. I/IHbIMI/I CJIOBa-
MU, C TOYKHN 3pEHUA TEX OCO6€HHOCT€ﬁ, KOTOPbIE ABJIANOTCA 3HAIMMbIMUI
JJId TEOPpUNn JINHENHBIX I[IPOCTPaHCTB, 9TU JBa JINHENHBIX IIPOCTPaHCTBa
O/IMHAaKOBBbI, IIOCKOJIBKY Ha OCO6€HHOCTI/I HOCHUTEJIA paCCMaTPpUBaceMaLd TEO-
pUsl «BHUMAHUS He oDpallaeTs.



I.1. JInneitHas pyHKINUS
[Tycts oneparus «cioxkennes B U

obo3HavYaeTcs depe3 o, a B V. — de-
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I.1. JInneitHas pyHKINUS
[Tyctn oneparnus «cioxkenunes B U
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Cymmoit ssiementoB f(x)
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Cymmoit aementos f(x) u f(y)




I.1. JInneitHas pyHKINUS
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JISIeTCs1
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[IycTh omnepanus «cioxkenue» B U
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pes .
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9JIEMEHT T O /.

Cymwmoit ssiementos f(z) u f(y) sB-

nsercst f(x) e f(y).



I.1. JInneitHas pyHKINUS
[Tycth oneparus «cioxkennes B U

obo3HavdaeTcs depe3 o, a B V. — de-

/ U avs f(ZL' \  pE3 ..

»» | CyMMOIi 3JIEMEHTOB & U Y SIBJISI€TCS

Yo
— i) / |
/ o 9JIEMEHT X O Y

Cymwmoit ssiementos f(z) u f(y) sB-
i

\zoy ) fl@) e fy) | ngerca f(z)e fy).

Tornma obpas BeKTOpa T 0 ¥, T.€.




I.1. JInneitHas pyHKINUS
[Tycth oneparus «cioxkennes B U

obo3HavdaeTcs depe3 o, a B V. — de-

/ U avs f(ZL‘ \  pE3 @,

»» | CyMMOIi 3JIEMEHTOB & U Y SIBJISI€TCS

Yo
— i) / |
/ o 9JIEMEHT X O Y

Cymwmoit ssiementos f(z) u f(y) sB-

\zoy | f(x) o f(y) | naerca f(z) e f(y).

Torna 0bpas BekTopa oy, T.e. f(x oy)




I.1. JInneitHas pyHKINUS

f Uy (Vo f@) )

x YW /
aa

oy z) e f(y)

[TycTb omnepanus «cioxenue» B U
obo3HavYaeTcs depe3 o, a B V. — de-
pes .

CyMMOIi 9/IEMEHTOB & U Y SIBJISI€TCS
9JIEMEHT T O /.

Cymwmoit ssiementos f(z) u f(y) sB-

nsercst f(x) e f(y).

Torna 0bpas BekTopa oy, T.e. f(x oy)

JOJIZKEH COBIIaCTb C



I.1. JInneitHas pyHKINUS
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[TycTb omnepanus «cioxenue» B U
obo3HavYaeTcs depe3 o, a B V. — de-
pes .

CyMMOIi 9/IEMEHTOB & U Y SIBJISI€TCS
9JIEMEHT T O /.

Cymwmoit ssiementos f(z) u f(y) sB-

nsercst f(x) e f(y).

Torna 0bpas BekTopa oy, T.e. f(x oy)

JIOJIZKEH COBIACTh ¢ f(x) ®

f(y):



I.1. JInneitHas pyHKINUS
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[TycTb omnepanus «cioxenue» B U
obo3HavYaeTcs depe3 o, a B V. — de-
pes .

CyMMOIi 9/IEMEHTOB & U Y SIBJISI€TCS
9JIEMEHT T O /.

Cymwmoit ssiementos f(z) u f(y) sB-

nsercst f(x) e f(y).

Torna 0bpas BekTopa oy, T.e. f(x oy)

JIOJIZKEH COBIACTh ¢ f(x) ®

f(y):

flxoy)=

f(x)e fy).



I.1. JInneitHas pyHKINUS
[Tycth oneparnus «cioxkennes B U

obo3HavYaeTcs depe3 o, a B V. — de-

( UV (V) ) PO

X o
CyMMOI/I QJIEMEHTOB I N Y ABJIACTCHA

/y.\\f.(.y) / 9JIEMEHT X O V.
./

/\"‘ Cymwmoit ssiementos f(z) u f(y) sB-

\goy— ) ) nsercs f(x) e f(y).

Torna 0bpas BekTopa oy, T.e. f(x oy)
J0JI7KeH coBriacTh ¢ f(x) o f(y):

flxoy) = f(z)e f(y).

B panbHefiiieM MBI cyMMY BeKTOpoB B npocTpaHcrBax U u V' Oyiaem

o0o3HavYaTh OJIHUM CHUMBOJIOM —+, & HEe O U @, HeCMOTPs Ha TO, YTO 3TU
oreparuyu MOryT ObITh pa3/JIUIHbIMU, KaK 9T0 OBLIO B IIPUMEPE.



I.1. JInneitHas pyHKINUS

Omnpenenenune 1. [lycmov U vV — aunetinsie npocmparcmaea 1ad
nosem K u f — dynwyus ¢ D(f) CU, E(f) CV. Toeda f nasvisa-
emcs JNHENHONH yHKOHMER, eciu das 110000 AUNEiHol KoMOUHAUUL
A UL+ A U € D(f) maxod, wmo u; € D(f), umeem mecmo
PAGEHCMEBO

fOL-ur+ .o+ A up) =AM fu)+ oo+ A f(un) . (1)

OrmeTnM, 49TO, BOODIIE IOBOP:, ollepallud + U A;+ MOTYT OBITH pas-
JIMIHBIMU B JICBOI M IIPaBoii 4acTsX IOoc/IeHero paBeHcTBa. Harmpumep,
B JIEBOIl YacTHU 9TOIO PABEHCTBA MOXKET CTOATH CJIOXKCHHE MATPHIL, a B
paBoil — cJjoyKeHue, JIOIYyCTUM, MHOTIOYWIEHOB. TeM He MeHee, Mbl Oy-
JIEM HUCIIOJIb30BaTh JIjIsi HUX OJIHM U Te yKe 0003HAUEHUs, 1IOCKOJIbKY U3
KOHTEKCTa SICHO, KaKas MMEHHO ollepallis MMeeTcs B JJAHHOM cjydae B

BUJLY.



1.2. Izomopdusm. MzomopdHBIE TPpOCTPAHCTBA

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.




1.2. Izomopdusm. MzomopdHBIE TPpOCTPAHCTBA

Onpenenenne 2. HM3omopduamMom AuretiHo20  NPOCTPaH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U f% V.

Onpenenenne 3. Jlunetinvie npocmpancmea U u V' naswearomes m30-
MOPMHBIMEI Mo2da . MoAbKO Mo20a, K020a CYWECMBYEM U30OMOPPUIM
f aunetinozo npocmparicmea U na aunetinoe npocmparncmso V', mo ecmo
Y 6cakroz0 sexmopa y € V ecmnb npoobpas 6 U, mo ecmdv maroti 6exmop x
6 U, wmo f(x) = y. Uzomopprocmo npocmpancme U u' V' obosnavwaemcs

xax U ~ V.



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

JlemMma 1. Ecau f — uszomoppusm aunetinozo npocmpancmea U 6 au-
netinoe npocmpancmeo V., mo f(0y) = Oy.
MHoro HemaTreMaTu4ecKixX CUMBOJIOB. ..



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%V = f<OU> = Oy.
Bor Tenepn Xoporo...



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

f
Jlemma 1. U %V = f(0y) = 0y.
JokasarejbeTBO. Bocnonb3yeMest KpuTepien Hyiesoro BeKTOpa.



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa
Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunetinoe npocmpancmeo V. nazvieaemca JMHeNHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%v = f<OU> = Oy.

JokasarejbeTBO. Bocnonb3yeMest KpuTepien Hyiesoro BeKTOpa.
Hazo JokasaTb, 4TO Julsl HEKOTOPOro BeKTopa Yy € V' MMeeT MecTo pa-
BeHcTBo ¥ + f(Opy) = y.



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%v = f(OU> = Oy.

JokasarejbeTBO. Bocnonb3yeMest KpuTepien Hyiesoro BeKTOpa.
Hajio j1okasarn, 4To JiIs HeKOTOPOro BekTopa y € V. umeer Mecro pa-
BeHcTBO Y + f(Op) = .

Bosbmenm mpousBosibHbI BekTOp @ € U (MOXKHO, HalpuMmep, B3sThb
T = OU)



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%v = f(OU> = Oy.

JlokazaTeJIbcTBO. Bocromb3yeMess KpuTepien my1eBoro BeKTOPA.
Hao nokasarh, 4To JI/Isi HEKOTOPOTO BEKTOpa Yy € V' nMeeT MecTo pa-
BeHcTBO Y + f(Op) = .

Bosbmenm mpousBosibHbI BekTOp @ € U (MOXKHO, HalpuMmep, B3sThb
r = 0y). B custy simneitnoctn orobpazkenus f

= f(37+0U> =



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopduamMom AuretiHo20  NPOCTPaH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%V = f(OU> = Oy.

JlokazaTeJIbcTBO. Bocromb3yeMess KpuTepien my1eBoro BeKTOPA.
Hao nokasarh, 4To JI/Isi HEKOTOPOTO BEKTOpa Yy € V' nMeeT MecTo pa-
BeHcTBO Y + f(Op) = .

Bosbmenm mpousBosibHbI BekTOp @ € U (MOXKHO, HalpuMmep, B3sThb
r = 0y). B custy simneitnoctn orobpazkenus f

= f(x +0y) = f(z) + f(Op).



I.3. Jlemma 06 obpa3e HYJI€eBOIro BEKTOpa

Onpenenenne 2. HM3omopdusamMom AUHETUHO20 — NPOCTIPAH-
cmea U 6 aunelinoe npocmpancmeo V' nasvieaemcsa JvMHelHoe

63AUMHO 00HO3HaAYHOe omobpadcernue npocmpancmea U 6 V.

Kpamwxo smo sanuwem 6 sude U fg V.

Jlemma 1. U f%v = f(OU> = Oy.

JokasarejbeTBO. Bocnonb3yeMest KpuTepien Hyiesoro BeKTOpa.
Hazo JokasaTb, 4TO Julsl HEKOTOPOro BeKTopa Yy € V' MMeeT MecTo pa-
BeHcTBO Y + f(Op) = .

Bosbmenm mpousBosibHbI BekTOp @ € U (MOXKHO, HalpuMmep, B3sThb
x = Oy). [To akcrome 3 JiMHEHOrO IPOCTPAHCTBA

f(z) = f(z +0y) = f(x) + f(Oy).



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

Jlemma 2. FEcau udomopdusm aunetinozo npocmparncmea U 6 au-
netinoe npocmpancmeo V., u g — u30MopPhu3m Aunetino20 npocmpa-
cmea V' 6 aunetinoe npocmpancmeo W, mo cynepnozuuus (Kom-
noauuus) fog dynkuut f u g asasemes u3oMopPusmom suneino2o
npocmparcmea U 6 aunetinoe npocmparcmeo W

Mnoro HemMaTeMaTHIeCKIX CUMBOJIOB...



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggI/V.
V s W

Bot Tenepnb xoporo...

Jlemma 2. {



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gI/V.
V s W

JokazaTreabcTBO. JIumeiitHocTs m B3amMias OJIHO3HATHOCTDH

Jlemma 2.

IPOBEPSIOTCs «0Oe3 MPodIeM», MPSIMO T10 OIPEJIE/IEHUTO.



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggI/V.
V s W

HokazareabcTBo. Hanpumep, npoBepuM JIMHENHOCTD:
foghe+py) =

Jlemma 2. {



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggW
V s W

HokazareabcTBo. Hanpumep, npoBepuM JIMHENHOCTD:
foghe+py) =

Jlemma 2. {

=Afog(x)+ufogly).



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggW
V s W

HokazareabcTBo. Hanpumep, npoBepuM JIMHENHOCTD:
foghr+py) =g (f(M' + uy)> =
= Afog(x)+pufogly).

Jlemma 2. {



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggW
V s W

HokazareabcTBo. Hanpumep, npoBepuM JIMHENHOCTD:
foghr+py) =g (f(M' + uy)> =g (Af(a?) + uf(y)> =
= Afog(x)+pufogly).

Jlemma 2. {



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggW
V s W

JokazaTeabcTBO. Hampumep, nposepuM JIMHENHOCTb:

foghz+py) =g (f(M' + uy)> =g (Af(a?) + uf(y)> =
=g (f(@")) + g <f(y)) = Afog(z)+pnfogly).

Jlemma 2. {



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gI/V.
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2.



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2.

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2.

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !

{f(&)—f(ﬂ) & a=pf,



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2. {

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !

{f(oz)—f(ﬂ) & a=p,
g(s) =g(t) & s=1



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2. {

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !

{f(&)—f(ﬂ) & a=p,

o) —at) o s—t = [eglw)=Ffogly) & v =y).



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2. {

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !

{f(&)—f(ﬂ) & a=p,

g(s)=g(t) & s=t = (9(f(x) =9(fly) & z=y).



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>Uf%gW
V s W

Jloka3aTeJabCTBO B3aNMHOI OJIHO3HATHOCTH,

Jlemma 2. {

ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !
{ fla)=f(B) & a=5,
g(s)=g(t) & s=t

ILOKaBaTeJIbCTBO OITHO3HAYHOCTMN:

= (9(f(@) =g(f(y) & z=1y).

rT=y =
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V s W
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ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !
{ fla)=f(B) & a=5,
g(s)=g(t) & s=t

ILOKaBaTeJIbCTBO OITHO3HAYHOCTMN:

= (9(f(@) =g(f(y) & z=1y).

r=y = f(z)=fly) =
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{ fla)=f(B) & a=5,
g(s)=g(t) & s=t
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9(f(x) =9(fly) =

= (9(f(@) =g(f(y) & z=1y).
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{ fla)=f(B) & a=5,
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ChopmymmpyeM TeopeMy Ha «sA3BLIKEe PABEHCTB 1 HepPaBeHCcTBY !

{f(OO—f(B) & a=0,
g(s) =g(t) & s=1

,HOK&S&TGJIBCTBO B3aMMHOI1 O/ITHO3HAYHOCTN:

9(f(2)) = g(f() = flz)=fly) = z=y.

= (9(f(@) =g(f(y) & z=1y).



I.4. JIlemma o Tpan3uTUBHOCTII OTHOHIEHUS M30MOPQ-
HOCTU

f
U?V, :>UfggI/V.
V s W

JleMMa JiokasaHa.

Jlemma 2. {



I.5. Jlemma 06 obpaTtHOM M30MOpdU3MeE

Jlemma 3. Ecau f — wusdomoppudm auneiinozo npocmparcmea U
ra_aunetinoe npocmpancmeo V., mo obpammnas ¢dyrruus - ae-
AAEMCA U3OMOPPHU3MOM.

Muoro HemaremMaTrn4ecKnux CUMBOJIOB...
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I.5. Jlemma 06 obpaTtHOM M30MOpdU3MeE
f 1
Jlemma 3. U »V = V '~ U.
JokazareabcTBo. OyuKius [ gB/sieTCsl B3aANMHO OJIHO3HATHOI,

[IO3TOMY
r=y & f(z)=f(z)
) =1y < F(fl@)=F"(fl2)

[To onpenenennto obpaTHoit hyHKIINN

i) =fy) & z=y.



I.5. Jlemma 06 obpaTtHOM M30MOpdU3MeE
~1
TMemma 3. U 4V = V '~ U

JlokazarebcTBO. OyHKIMs f sIBIgETCH B3aNMMHO OJIHO3HATHOINM,
[IO3TOMY

v=y < flz)=fl2)
fH @) =fy) & FH(f@) = f1(f@)
[To onpenenennto obpaTHoit hyHKIINN
fHa)=f"y) & z=y.

CirenoBaresnbho, GYHKIUA f 1 gABISETCS B3AUMIO OJIHO3HATHOIN.
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—1
TMemma 3. U 4V = V '~ U
JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

fHaw + .. F o) =

Oyukiust f orodbpazkaer [ ma /.
[Tosromy y Kaxkjoro sjeMenta u3 V' ectb npoobpas B U.
CuleioBaTe/IbHO, HAMIyTCs TaKie BeKTOphI u; € U, 910

v = flw), s v = flw)
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—1
TMemma 3. U 4V = V '~ U
JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

f oo+ . ) = 71 (alf(u1)+... +04kf(uk)) =

Oyuknus f orodpaxkaer [/ ma V.
[ToaTomy y Kaxkjoro sjementa u3 V' ecrb rnmpoobpas B U.
CitesioBaTe/IbHO, HalIyTCs TaKe BeKTophl u; € U, 910

vr = flw), s v = flw)
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TMemma 3. U 4V = V '~ U

JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

F1 (aqvy + ... 4+ apug) = 1 (Oz1f(u1) +...+ akf(uk)) =
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B cuny nunaelinocTun GyHKIUI f UMeeM. ..
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1
TMemma 3. U 4V = V '~ U

JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

f oo+ . ) = 71 (alf(u1)+... +04kf(uk)) =

= (f(oqul +o —|—ozkuk)> —

[To onpenenennio ooOpaTHO OYHKITNAN. ..
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1
TMemma 3. U 4V = V '~ U

JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

f oo+ . ) = 71 (alf(u1)+... +04kf(uk)) =

= f_l (f(oqul + ...+ ozkuk)> = Uy + ... + arup =

[To onpenenennio oopaTHO OYHKITNAN. ..
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1
TMemma 3. U 4V = V '~ U

JTokaszaTeabcTBo. OcTanoch IPOBepUTh JUHeiHOCThL dyHkunn f L

F1 (aqvy + ... 4+ apug) = 1 (Oflf<ul> +... + akf(uk)) =

= f_l (f(oqul + ...+ ozkuk)> = Uy + ... + arup =

= Ozlf_l (’Ul) + ...+ Oékf_l ("Uk) .

JlemMMa 1oKazaHa.



I.6. OcHoBHOII BoIIpoc aImiapara JIMHEITHOI aJaredpbl
Tak Kax «mpaB/ly» Mbl Bcerja 0OylIeM «HIcKaTby B IpocTpaHcTBe R”, To

OTHBIHE TVIABHOM HaIllell 3ajiaveil NPpU U3YUYEHUUN 3TOU TECOPUU ABJIAETCS
OTBET Ha BOIIPOC:

Kax ma uasu unad KOHCMPYKUUA <BbIPAIICAE -
CA» 6 <«CMAHIAPMHOM> NPOCPAHCNEE MAMPUL-
cmoabuos (npocmpancmee koopdunam)?



I.7. Teopema 06 obpa3e cucteMbl BEKTOPOB IIPU N30-
Mopdusme

Teopema 1. IIycmv f — usdomoppudm AUuHeTTHO20 NPOCTNPAH-
cmea U 6 aunetinoe npocmparcmeo V. Toz2da cucmema eexmopos

A = {uy,us, ..., ur} auneiinozo npocmpancmea U aunetino He3asu-
CUMQA eCAU U MONDKO ECAU NUHETUHO HEe3A8UCUMA CUCTEMA BEKMO-

pos B ={f(u1), f(u2),..., [ (up)}.
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Teopema 1. IIycmv f — usdomoppudm AUuHeTTHO20 NPOCTNPAH-
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A = {uy,us, ..., ur} auneiinozo npocmpancmea U aunetino He3asu-
CUMQA ECAU U TOADKO eCAU AUHETHO He3A8UCUMA CUCTEMA 6EKMO-
pos B ={f(u1), f(u2),..., [ (up)}.

Mokno nepedopMyInpoBaTh TEOpPEMYy 00Pa3HO: C80UCME0 Obimb AU-
HeTHO HE3ABUCUMOT, CUCMEMOT HACACOYEMCA NPU NEPET0IE K U3OMOPPH-
HOMY 00pa3y.
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HokazareabcTBo. Hao qokazaTh, 4T0

TOI'Ta 1 TOJIBKO TOI'la, KOI'/Ia
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Mopdusme

Teopema 1. IIycmv f — usdomoppudm AUuHeTTHO20 NPOCTNPAH-
cmea U 6 aunetinoe npocmparcmeo V. Toz2da cucmema eexmopos
A = {uy,us, ..., ur} auneiinozo npocmpancmea U aunetino He3asu-
CUMQA ECAU U TOADKO eCAU AUHETHO He3A8UCUMA CUCTEMA 6EKMO-

pos B ={f(u1), f(u2),..., [ (up)}.

JokaszaTeabcTBo. Hajlo Jloka3arh, 4To
MUl +Xus+...+ur =0y © AMi=X=...= =0
TOI'Ta 1 TOJIBKO TOI'la, KOI'/Ia

Alf(ul)—|—>\2f(U2)+...—|—)\kf(uk):OV S AN=X=...= )\ =0.
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Teopema 1. IIycmv f — usdomoppudm AUuHeTTHO20 NPOCTNPAH-
cmea U 6 aunetinoe npocmparcmeo V. Toz2da cucmema eexmopos
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HokazareabcTBO. Mui+ ...+ \upr =0y & M =...= X =0
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BEKTOPa PaBHOCUILHO

f(>\1u1+)\2u2+...+)\kuk) :f(OU>:OV S A\ =\ = ...:/\]{;:0,
qT0, Oytarojapst JUHENHOCT! f, SKBUBAJICHTHO POpMYJIe

Alf(u1)+...+)\kf(uk):OV S )\1:)\2:---:)\14320- B/pa!



I.8. Kpurepuii unusomopdHOCT JMHENHBIX IIPO-
CTPaHCTB

Teopema 2. Fcau U vV — KoHewHOMEPHDIE AUHETHDIE NPOCNPAHCNEE
nad nosem K, mo U u V uszomopdrv, mozda u moavko mozda, xozda
Y UL 00UHAKOBAA PASMEPHOCTG.

CIMIIKOM MHOI'O CJIOB €CTECTBEHHOI'O A3bIKA...
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{dimU<oo,

AV < oo = U~V < dimU =dimV). (1)

JloKka3aTebCTBO.
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JokazareabcTBo. HeobxoammocTsb.



I.8. Kpurepuii unusomopdHOCT JMHENHBIX IIPO-
CTPaHCTB

Teopema 2.
dim U < oo, : L
{dimV<oo = U~V < dimU =dimV). (1)
HoxkazareabcTtBo. Heobxomumocts. Ilycts f: U —V — wuso-
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HefiHoro mpocTpaHcTBa, V.
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dim U < oo, : L
{dimV<oo = (U~V < dimU =dimV). (1)
HoxkazareabcTtBo. Heobxomumocts. Ilycts f: U —V — wuso-

MopdusM JmHeitHoro mpoctpancTBa U Ha JMHeliHoe POCTPaHCTBO
V. BosbMmem mnpousBosibHBINE  6Oaszuc smHeiinoro mpocTtpancTBa U
By ={e1,...,en}. lposepum, uto By = {f(e1), ..., f(e,)} — 6asuc ju-
Hefinoro mpocTpaHcTBa V. g sToro, 1o Kpurepuio Oasmca, HaJlo
POBEPUTDH, 9TO By, BO-TIEPBBIX, JUHENHHO He3aBHUCHMAas CUCTEMa, U, BO-
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Teopema 2.

dim U < oo,

. = (U~V & dimU =dimV). 1

Ly <o = B

IokazareabcTBo. JlocTtarounocTs. HerpyiHo nokazarhb, 4To 0T00-

paykenue f, BCIKOMY BEKTOPY T = Ajeq + ...+ \,e, € U crapsdiiee B co-
OTBETCTBUE BEKTOD

fer+ ...+ en) =M fi+ .o+ Aafa, (2)

SIBJISIETCSL I3OMOPPU3MOM.
B3anMHast 0/JTHO3HAYHOCTD CJIEAyeT U3 TEOPEMBI O €/ IMHCTBEHHO-
CTU pazJjioykKeHus 110 da3ucy, a JUHeHHOCTL OUYeBUIHA.



1.9. Teopema o crangapTaom m3omocpusme B R”
+

Teopema 3. Qynxuyus [, waoscdomy eexmopy JI.II. U cmassawan 6 co-
omeemcmeue cmoabey, e2o koopduHam 6 basuce B:

f inei :(33’1 o ... l’n)t: inei , (3)
1=1 1=1 B

ABNAECNCA U3OMOPPUIMOM.
Jloka3aTeJabCTBO.
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Hus 1o baswucy. Teopema jrokazana.
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Onpenenenne 3. [Hycmo B ={ey,...,e,}, B’ ={e},...,e,} — dsa
basuca aunetinozo npocmparcmea U. Martpuiieit mepexona u3 basuca
B 6 6asuc B’ nasvweaemca mampuua T =T 5> = (tji)nxn, K03pduyu-
eHmol KOmopoti Onpedessaromcs paseHcmeamiL:

6; = thiej. (4)
J=1

[lepsast 3aj1a4a, B KOTOPOI MbI IPUMEHUM MATPHILY II€PEX0/ia U PABEH-
cTBO (4), Oyser 3aja1a 0 KOOPJAMHATAX BEKTOPA.



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

JloKa3aTeabCTBO.



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Hoka3aTeibcTBO.Bocpon3BoinTcest U3 onpe/ie/eHuii.
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Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6

bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Hoka3zaresibcTBO. Ham Ha10 HAITH CBSI3b MEXK/Ty KOODIMHATAMHI BEK-
topa x B basucax B = {ey,...,e,f ub’ = {e},..., e, }. [lo onpenenenuio
KOOD/IHAT, NMEeM
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

HokazareabcTBo.llo onpeneneHnio KOOpAMHAT, ITMEEM

n
=T = E )\j@j.
J=1
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba T]E)—>B’ . [EC}B = TB’—>B . [SI}]B (5)

HokazareabcTBo.llo onpeneneHnio KOOpAMHAT, ITMEEM

Zx\e —:L‘—zn:Ajej.
j=1
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[x]Ba T]E)—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Jloka3aTesibCTBO. z Nel =z = Z Aj€;.
Venosnbsys onpegeﬂeﬂme MAaTPUIBI Hepexogi;a, MoJTy 4aem

Z)\ €j = Z)\;e;:

1=1
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba T]E)—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Jloka3aTesibCTBO. z Nel =z = Z Aj€;.
Venosnbsys onpegeﬂeﬂme MAaTPUIBI Hepexogi;a, MoJTy 4aem

Z)‘ €= Z)‘é’@; = zn:)\ézn:tﬂ@j =
=1 j=1

1=1
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba T]E)—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Jloka3aTesibCTBO. z Nel =z = Z Aj€;.
Venosnbsys onpegeﬂeﬂme MAaTPUIBI Hepexogi;a, MoJTy 4aem

Z A BJ Z )\;6; = zn: )\; zn:tjiej = zn: (271: )\;tﬂ> e

i=1 i=1  j=1 j=1 \i=1



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba T]E)—>B’ . [EC}B = TB’—>B . [SI}]B (5)

Jloka3aTesibCTBO. z Nel =z = Z Aj€;.
Wenosbays onpegeﬂeHHe MaTPUIIBI Hepexoaa, MOJTy 9aeM
n n n n
/ / D— / .. . D— / ..
g Ajej = E € = E A g tjie; = g g Aitji | e
i=1 =1 j=1 j=1 \i=1I

n
_ /
Xoreoch Obl OTCIOA TIOIYUUTh PABEHCTBO A = Y Aitj;. OjHako...
i=1



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

n n
JlokazaTrenbcTBO. Y MNe, =2 = > \e;.
i=1 j=1

n
_ /
Xoresoch Obl 0TCIOjA TOIYUUTh PABEHCTBO Aj = > Aitj;. OjHaxo, Bo-
i=1
ob111e TOBOPSI, U3 TOTO, YTO PABHBI CYMMBbI, HE CJIe/IyeT, YTO PaBHbI CJlara-

emble. Hanmpumep, 3-4+5-2=2-44+7-2, H03#2ub#7.



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

v =T g5 [*IB =TB_B " [l ()

n n
JlokazaTrenbcTBO. Y MNe, =2 = > \e;.
i=1 j=1

n n n
— / .. . —
Ho B paBencrBe ) Ajej = )| (Z Aﬁﬂ) e; Mbl HMEeM JiBa Pa3Jo
YKeHHsI BEKTOpa T 110 OJHOMY U TOMY Ke Oasucy. 11lodTomy paBeHCTBO
n
_ /
Aj = Y Aitj; cllelyeT U3 TeOpeMbl O €IMHCTBEHHOCTU Pa3JIOXKEeHNs
i=1
1o 6azucy. Imo paccyotcoernue AsALEMCA cmardapmmuovim npu dokasa-

meavcmee Mmeopem meopuu AUHEUHDLT npocmparcme.
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6

bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)

n n
JlokazaTrenbcTBO. Y MNe, =2 = > \e;.
i=1 j=1

n
_ /
Jokazainoe paBeHcTBO \j = Y t;;\; B MATPUIHOM BU/JI€ BAIMIIETCS,
i=1
xak [7]g = Tg_,B’lz]g>- U3 9T0ro pasencrsa moydaeM JJOKA3bIBACMYTO

bopmyay (5).



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

g =T 5 l2lp = Tp_B " 7B ()

JlokazaTeabcTBO. C IOMOIIBIO VMHOZKCHIS MATPUIL <«Ha MaKPO-
VPOBHE» DTO JI0KA3aTeIbCTBO OCHOBAHO Ha TEOpeMe O CTaHJIapHOM H30-
n n
Mocdusme B R" u dpopmysie n3 onpejesenns n3omopdpusma B R”, a
TaKyKe YMHOYKEHUU MaTpPUI] «Ha MaKpPOypPOBHE.



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

g =T 5 l2lp = Tp_B " 7B ()

JlokazaTeabcTBO. C IOMOIIBIO VMHOZKCHIS MATPUIL <«Ha MaKPO-

VPOBHE» DTO JI0KA3aTeIbCTBO OCHOBAHO Ha TEOpeMe O CTaHJIapHOM H30-
n n

Modusme B R" u dpopmysie m3 onpegenenusi n3omopdpusma B R”, a

TaKKe YMHOKEHUM MaTPUIl, «Ha MaKPOYPOBHE».
/
Ly

B camom gene, Tor daxr, uro |xjg> = | ... |, osHauaer, coriaco

!

L,

dbopmyiie u3 onpeaeaeHnss cTOJIONA KOOPANHAT, YTO



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobozo eexmopa x cnpasediusa hopmiyia

[il?]Ba = T]§)1—>B’ . [EC]B = TB’—>B . [QL’]B (5)

JlokazaTeabcTBO. C IOMOIIBIO VMHOZKCHIS MATPUIL <«Ha MaKPO-
VPOBHE» DTO JT0KA3ATEJIHLCTBO OCHOBAHO Ha TEOpeMe O CTAHIaPHOM U30-
Mocdusme B R" u dhopmysie m3 onpegenenusi n3omopdusma B R”, a
TaKyKe YMHOYKEHNN MaTPHI] «Ha MaKpoypoBHe». B camoMm serte, TOT daxr,

)
uto [z|g = | ... |, osnHadaer, cormacno hopmysie us onpejeseHns

!

L

CTOJIOIa KOOpAMHAT, YTO

!/ !/



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6

bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[ZU]Ba = T]E)1—>B’ . [EE]B = TB’—>B . [:L’]B (5)

HokazarenbcTBo. [lepeitiem B pasencrBe x = xje] + ...+ 2l el K
obpazaM BEKTOPOB IIPU CTaHIAPTHOM H30MOPQU3Me, MOPOXKIEHHOM 0Oa-
3ucoM B, no dopmysie n3 onpeaenenus n3omopdpudma B R™:



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[ZU]Ba = T]E)1—>B’ . [EE]B = TB’—>B . [:L’]B (5)

HokazarenbcTBo. [lepeitiem B pasencrBe x = xje] + ...+ 2l el K
obpazaM BEKTOPOB IIPU CTaHIAPTHOM H30MOPQU3Me, MOPOXKIEHHOM 0Oa-
3ucoM B, no dopmysie n3 onpeaenenus n3omopdpudma B R™:

Zlg = [zel + ...+ xe)g =
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia

[ZU]Ba = T]E)1—>B’ . [EE]B = TB’—>B . [:L’]B (5)

HokazarenbcTBo. [lepeitiem B pasencrBe x = xje] + ...+ 2l el K
obpazaM BEKTOPOB IIPU CTaHIAPTHOM H30MOPQU3Me, MOPOXKIEHHOM 0Oa-
3ucoM B, no dopmysie n3 onpeaenenus n3omopdpudma B R™:

Zlg =[zel+ ... +aelg =2 ellg+.. -+, lelp -



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia
[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [SI}]B (5)
JloKa3aTeabCTBO.

zlg = (el +... + x;e;]B =zilellg +..-+ ), [GHB =
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia
[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [ZL']B (5)
JloKa3aTeabCTBO.

zlg = (el +... + x;e;]B = 1] [6’1]]3 + ..t [GHB =
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31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia
[a?]Ba = T]E)1—>B’ . [EC}B = TB’—>B . [ZL']B (5)
JloKa3aTeabCTBO.

zlg = (el +... + x;e;]B = 1] [6’1]]3 + ..t [GHB =



I1.2. Teopema o KoopJuHaTaxX BEeKTOpa B pPa3HBLIX Oa-
31cax

Teopema 4. Ecau Ty 5> — mampuuya nepexoda us basuca B 6
bazuc B’, das nobo20 eexmopa x cnpasediusa hopmiyia
[x]Ba = T]E)1—>B’ . [EC]B = TB’—>B . [SI}]B (5)
JloKa3aTeabCTBO.
2lp =[ze1+ ...t anelp =i e]p + ..+ [e)p =
)
= ( [6’1]5 [6%]]3 ) ../. = TB%B’ . [aj]Ba,

x

oTKy/1a ciejayer dopmyia (5). Teopema joxkasana.
PaccmoTrpers npumep?



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?

BepnyTbcsa K orjaBjieHuio pasjgesa «JImHelinble mpocTpaH-
crBay !
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