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I. Munop marpuiibl

a1l ... Qipn
Onpenenenne 1. Muaopom wmampuuoe A = , no-
am1 .o Amn
cmpoernvim Ha cmpokax {iy, g, ..., g} U cmoabuar {1, Jo, .-,k t
Qiyjy Aiggy -+ - Qiggy,
Qigjy Qiggy -+ -+ iggy,
nazosem onpedesumenv M mampuuyve M =
Qipjr Gigge -+ Qiggy,

IIpu amom camy mampuuy M mor 6ydem nasvieams mampuueti, COOT-
BeTcTBYyIOITIeit Munopy M. Taxum obpazom, M = det M. Koauvecmeo
cmpor mampuyv, M (mo ecmv nopadox demepmunanma M = det M)
HA3VLBAENCA TIOPATKOM 31020 MUHOPA.

Kaxk pazobparbes ¢ onpejiesieHneM ?
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I. Munop marpuiibl

a1l ... Qipn
Onpenenenne 1. Muaopom wmampuuoe A = , no-
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AHa/us onpejiesieHlsT W PacCMOTPEHIe TPUMEPOB (MoJIeIeit ).
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CTpOKax ¢ HoMmepamu 2, 4 5 4 -9 1
u 1 3 -8 5




I. Munop marpuiibl

PaccemoTpum MuHOP MarT-
pUIlbI, ITOCTPOEHHbIN Ha
CTpoKax ¢ HoMepaMu 2, 4

u cTojbiax ¢ HoMmepa-
mu 1, 3.
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II. Okaiimisrouiit MUHOP MaTPUILbI

Omnpenenenune 2. [lycmv M — munop mampuuve A, nocmpoen-
WOl Ha CMPOKAT € HOMEPAMU T, ..., 1k, U CMOAOUAT € HOMEPAMU
Ty ey Jks  bhp1 — MOMED cmpoku mampuuvt A, ne srodawutl 6 MHo-
orcecmeo {i1, ... 0k}, Jrki1 — HOMED CMOAOUG, He STOJAWULT 6 Chu-
cok {j1, ..., jrx}- Toeda murop mampuyw, A, nocmpoennviii na cmpoxax
Uy vvns Uy Tpg1 U CMOAOUAT J1, - .+ Jhy Jht1 HA3DIBAEMCA OKATMIISIONITIAM
oas munopa M.

Paccmorpum MuHOP MAaT- 9 _1 5 7\ 3 9

PHUIIbI, [OCTPOEHHbIN Ha _3 ‘1 —8‘

n CcTojdIax ¢ HoMepa-

CTpPOKax ¢ HoMepamu 2, 4 5 4 -9 1
M 1, 3. K4_7 3_5)
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OxkaiimisieM 5-i1 CTPOKOI 1 4-M CTOJIOIIOM.
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Onpenenenne 3. Henyaesoti murop mampuust A, umerouwuts Haubossb-
wutl nopadok, nasvieaemces 6a3MCHBIM MIHOPOM Mampuiv, A.
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B Marpune moxkeT OBITH HECKOJBKO Oa3MCHBIX MUHOPOB, T.€. HEHYJIE-
BbIX MUHOPOB IMOPSIJIKA 7", IIPUUEM 6Ce MUHOPDI IOpsijIKa 7 + 1 1 BbIIIIe,
HYJIEBBIE.



III. Onpenesenns paHra MaTPUIlbI

Omnpenenenne 4. PanroMm marpuiibl A 1a3vi6aemcsa MaxcuMasbHolil
NoPAJOK HEHYAEBVLT MUHOPOS. Pane Hyses0l Mampuubl NPUHUMAEMCA
PAGHBLM HYAI0.
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1120 | paBen aBywm.

—1 100
Iesio B TOM, 4TO NMEIOTCs HEHYJIEBbIE MUHOPHBI, ITIOCTPOCHHBIE Ha OJIHOI

Hanpumep, panr MaTpuiib

CTPOKE U OJTHOM CTOJIOIE (TAKUX MHOTO), MOSTOMY PAHI 9TOH MATPHIIHI
He Menbliile 1. KceTh HenyseBble MUHOPBI, TTOCTPOEHHBIE Ha JBYX CTPOKaX
1 JIByX CTOJIOIAX, HAIpUMEp, IepPBOil M TpeTbeil CTPOKaX M IePBOM U

1 1[20 |1
BTOPOM CTOJIOIE (eCTh U JpyTHe): 1120 ], 1 11= 2 0.
—1 1{0 0




III. Onpenesenns paHra MaTPUIlbI

Omnpenenenne 4. PanroMm marpuiibl A 1a3vi6aemcsa MaxcuMasbHolil
NopAJOK HEHYAEBVIT MUHOPOS. Pane myaresotli mampuyvt npuHUMaemcs
PABHHIM HYAT0.
1120
1120 | paBen aBywm.
—1 100

JI1000i1 MUHOD, TOCTPOEHHBII Ha TPEX CTPOKAX MCXOJTHON MaTPHIILI, pa-
Ber (. JleficTBUTEHHO, YeTBEPTHIN CTOJIOEI NCXOIHON MaTPHUIILI — HYJIe-
BOI1, TI03TOMY J11000I1 MUHOD, ITIOCTPOCHHBIN Ha, CHCTEME CTOJIOIOB, BKJIIO-

Hanpumep, panr MaTpuiib

qaroreil B cebd 4eTBepThIil cTosiber, OyaeT HyaeBbIM. OcTajoch 3aMe-

TUTb, YTO MUHOP, IOCTPOEHHBIII Ha IIePBOM, BTOPOM 1 TPEThEeM CTOJI0IAX
112

HCXOJHON MaTpUIIbL: 1 12]=0.
—1 10



III. Onpenesenns paHra MaTPUIlbI

Omnpenenenne 4. PanroMm marpuiibl A 1a3vi6aemcsa MaxcuMasbHolil
NoPAJOK HEHYAEBVLT MUHOPOS. Pane Hyses0l Mampuubl NPUHUMAEMCA
PAGHBLM HYAI0.

Omnpenesienne 5. CTpouHbIM (CTOJIOIIOBBIM) PAHTOM MaMpuub. A
HA306EM MAKCUMANDHOE YUCAO CMPOK (CMOAOY08) Mampuyvl, 06pa3yio-
UWUT AUHETHO He3a8UCUMYI0 cucmemy. Unvimu ciro8amu, cmpoy-
HoLll pare MAMPUUb, — Padmeprocmsv NUHETHOT 000A0KU cucmembl
MAMPUY-CTPOK (MAMPUL-CMOAOU08) Mampuube A

Paccmorpers npumep?



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Omnpenesienne 5. CTpouHbIM (CTOJIOIIOBBIM) PAHTOM MaAMPuuyb: A
HA306EM MAKCUMAALHOE YUCAO CMPOK (CMOAOU06) Mampuyvl, 00pa3iyio-
WULT NUHETHO He3a8UCUMYIO cucmemy. Hnvmu crosamu, cmpo-
HOUl PaH2 MAMPUUDL — PASMEPHOCTVG AUHETLHOT, 000A0YKU cUCmeMbl
MAMPUY-CMPOK (MAMPUL-CMOAOY08) mamputv, A

JlemMma 1 (o cBoiicTBe cTpok «ba3mcHOro» MuUHOPA.). [lycmv mu-
nop M mampuuve A = A, xpn, NOCMPOEHHBIT HA CMPOKAT € HOMEPAMU
us I = {iy,...,ix} ucmondbuax J = {j1, ..., Jr} maxos, wmo M # 0, no
BCAKUL ORAUMAANOULUTL €20 MUuHOp — nysesoli. Toeda mmoocecmso
cmpox ¢ nomepamu u3 I asasemesa basucom NUHETHOT 000404k
MHOHCECTNBA CcMPoK mampuuvt A. Ananro2unmno muosxcecmso cmosbuyos
¢ Homepamu us J asasemces 6a3ucom NUHETHOT 000A0YUKU MHOMCE-
cmea cmoabuos mampuuot A.

MorkHo chopMyIMPOBATDH 9TY JIEMMY HHAUE.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ HoMepamu u3 I obpasyem AUHETIHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).
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MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

Jamevanue x na3sanuro semmo,. PaKTHIECKN 9TO CBOMCTBO He Da3nc-
HOTO MHUHOPa, a MUHOpa, (hopMaabHO Oojee 00IIero BUa - HEHYJIEBOI'O
MUHOpPAa, BCe OKANMJISIOIIE MIHOPBI KOTOPOI'o HyJieBbie. MbI JJoKazkeM
II0TOM, 9TO TAaKOl MUHODP 00s13aTe/IbHO SBJISIeTCsI OA3UCHBIM.

Paccmorpers npumep?
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AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
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JlokazarebcTBO. COrIaCHO TCOPEME O JIMHEITHBIX KOMOMHATIIX Oa-
SHCHBIX BEKTOPOB (KpuTepiio 6asimca) HaJlo MPOBEPUTD, YTO, BO-IEPBHIX,
BCe CTPOKHU MaTpulibl A ¢ HoMepaMu u3 [ JIMHEIHO HE3aBUCUMBbI M, BO-
BTOPBIX, JIH0Dasi CTPOKa MaTpUllbl A sIBJIsieTCs JIMHETHO KOMOMHAII-
eil cTpok MaTpuilbl A ¢ Homepamu us 1.
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JlokazaTeabcTBO. [IycTh HAOOP cTPOK Marpullbl A ¢ Homepamu u3 [
SIBJISIETC JIMHENHO 3aBUCUMOI crcTeMOil BeKTOPOB. Torjga cyImecTBYIOT
TaKue Yncaa Ai, Ag, ..., Ag, 9TO
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JloKka3aTeabCTBO.
A1 ( Aip1 Qg2 -+ Qigp ) + A9 ( Aig 1 iy 2 - Qjyp ) + ...+
—|—/\]€(aik,1 aikg aik,n):(o 0 ... O)



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ Homepamu u3 I obpasyem AUHETHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

HokazarenbctBo. Torja st siroboro Homepa j € {1,2,...,n} cipa-
BEJJIMBO PABEHCTBO — A1@;, j + Aoy j + ... + Apag, j = 0.
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B wacTHOCTH, 9TO PABEHCTBO CIIpaBEIJIMBO JIJIsI JIF0OOro HOMEpa j € J.
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MHOAHCECTNBO CMPOK ¢ Homepamu u3 I obpasyem AUHETHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

HokazarenbctBo. Torja st siroboro Homepa j € {1,2,...,n} cipa-
BEJJIMBO PABEHCTBO — A1@;, j + Aoy j + ... + Apag, j = 0.

B wacTHOCTH, 9TO PABEHCTBO CIIpaBEIJIMBO JIJIsI JIF0OOro HOMEpa j € J.
[TosTomy cucrema ctpok marpuilbl M, cooTBercTByIomeii Munopy M,
JIMHENHO 3aBUCHUMA.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpoK «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, wn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jk} maxos, wmo M # 0,
HO BCAKUT OKRATUMAAOULUTL €20 Murop — Hy.aesotl. Tozda, 6o-nepsui,
MHOAHCECTNBO CMPOK ¢ HoMepamu u3 I obpasyem AUHETIHO He3a8UCU-
MYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeisemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu086).

HokazarenbcTBo. Torja jiist siroboro Homepa j € {1,2,...,n} cipa-
BEJJINBO PABEHCTBO — A1a;, j + Aoy j + ... + Apag, j = 0.

B yacTHOCTH, 9TO PABEHCTBO CIIpaBEIJIMBO JIJIsI JIF0OOIo HOMEpa § € J.
[TosTomy cucrema ctpok marpuilbl M, cooTBercTByIomeii Munopy M,
nuneitno 3apucuma. Criegosarensio, M = det M — nyeBoit MuHOp, UTO
IIPOTUBOPEYUT BIOOPY M.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ HoMepamu u3 I obpasyem AUHETIHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

Hoka3zarenabcTBO. HaMm ocrasnoch jjoKazaTh, 9TO Jirobas CTpoKa MaT-
punbl A siBjisieTcs JIMHeHO KoMOuHalmeil cTpoK ¢ HoMepaMu u3 1.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ HoMepamu u3 I obpasyem AUHETIHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

Hoka3zarenabcTBO. HaMm ocrasnoch jjoKazaTh, 9TO Jirobas CTpoKa MaT-
punbl A siBjisieTcs JIMHeHoi KoMOuHanmeil ¢cTpok ¢ Homepamu ns 1.
[TycTb ¢ — HOMEDP IPOU3BOJILHOI CTPOKM MaTpHUIlbl A.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ HoMepamu u3 I obpasyem AUHETIHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

JlokazareabcTBOo. Ecim ¢ € I, TO 1-9 cTpoKa MaTpuilbl A dBjisieT-
¢ JIMHENHo KoMOmHalmeil ¢rpok Marpuibl A ¢ KoddduimeHTamm
0, npu j#1,

Alyeovoy Ay D€ Aj = 1 mpn g =i



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Jlemma 1 (o cBoiicTBe cTpok «b6a3mcHOro» MuHOPA.). [lycmv mu-
nop M mampuuve A = A, xn, nocmpoennviii Ha cmpoxkaxr ¢ HOMepPaMU
us I ={iy,...,ix} v cmoabuax J = {j1,...,Jx} maxos, wmo M # 0,
Ho 8CAKUl OKRATUMAANOULUT €20 Murop — Hy.aesotl. Toeda, 6o-nepsuit,
MHOAHCECTNBO CMPOK ¢ Homepamu u3 I obpasyem AUHETHO He3a8UCU-
MUYI0 CUCTNEMY, U, B0-6MOPLLT, A100GA CMPOKG Mampuyb, A aeiiemcs
AUHETHOT KoMbuHawuet: cmpox ¢ nomepamu us 1 (ananrozuymno o
cmoabu08).

HokazareabcTtBo. Ocraercst paceMmorpersb ciaydait ¢ & 1. Ilyers j —
HOMED IPOU3BOJIBLHOIO CTOJIONA MaTpuIlbl A.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

( Qiyjr Qije - iy, %y’\
, Qigjy Gigjo - -+ Qigjy, Qigj
Monoxum MU = . Takum obpa3zom,
Qigy Giggy - Qiggp Aigg
Aijy - Gigy -+ Qigy, Qi

MUl nomydaena nz M jgobasiienieM CTPOKH CHH3Y H CTOJIONA CIIpaBa,
COCTOSIIIUX U3 COOTBETCTBYIOIIMX 3JIEMEHTOB 2-ii CTPOKU U j-I'0 CTOJIOIA
maTpuiibl A. SamernMm, 9o det (M[ﬂ) = 0. B camowm gene, ecnua j € J, TO
B MU mveercst aBa onmnmakoBbix crosbia, mosromy det (M[J’]) = 0. Ecin
xe j & J, 1o MUl — marpuiia, coorsercrByonias MuHOpY, OKaMIIsIO-
mmemy Muaop M, nmostomy det (MU]) = (0 o BBIOOPY MuHOpa M.



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

Mrak, jokazano, 4ro det (M[J]) = 0. A ceityac Hac OKuj1aeT NPUATHDII
cioprpus. «Packpoem» 3TOT JeTepMUHAHT 110 [OCJIEHEMY CTOJIOIY:

O = det (M[J]) = afz'ljBl + CLZ‘2jBQ 4+ ...+ aiijk + aijM, (1)

iy 5y Aiyjo -+ - iy jp.

Qigjy  Qigjy -+ Qigjy,

iy, _oj1 Aip_gjo -+ Qiy_gjy

B - (_1)p+k+1 Aip,_1j1 Aip_1ja -+ Qip_1jy
Ip+1J1 p+1J2 tp4+-1Jk

Wipyroji Qiprojo -+ - Qip gy

iy 1 Qigjo -+ - iy i

aijl CLZ']'Q .. aijk




IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

A Tenepb — obemannblil clopupus: wucaa B, ne sasucam om 6wi00-

pa j. HelicTBUTEIbHO, OT BBIOOPaA HOMEpPA j 3aBUCAT TOJHKO

rocJie/iero crobia marpuisr MU =

iy 5y

Qiyjy

Ay Qi jo

Aijy

Qi jo
g jo

jjq

iy jy,
Aiojp,

Qi i
gy

QJIEMCHTDI

@iy j \

Aiyj

iy

CLZ'j )

HO

npu 6vt4YUCAEHUU donosnumenbHvLr MUHOPOEB K INEMEHTNAM nocaednez2o

cmonbua mampuyse MU cam amom cmonbey ewueprusaemen. Bol e

BUJINTE TIOBOJIA /IS JIMKOBaHUs! BOT OH: Mbl mOJTyduin paBenctso (1),

13 KOTOPOI'O CJIEJIYET, HYTO

By By

al-j:——-w '——'Cli2j—...

M "M

Bj,

M

Q.55



IV. Jlemma o cBoiicTBe CTPOK 0a3MCHOro MHHOPA

By By By,
(i = —— * Qjyi — = Qjoyi — « oo — — * O,
J M 1J M 2] M kJ?
B, :
IIpUYEM B 9TOM paBEHCTBE KOI(PDUIINEHTHI —] Me sasucim om j. 11 BoT
3 pexTHas KOHIIOBKA: 110 OIPEAeICHUI0 MATPUUIHBIX OIlepallndil «CJI0xKe-
HUEe» U «YMHOXKEeHHMe Ha CKaJspy» IoJydaeM PaBeHCTBO
k
} : B,
(aﬂ...am): —M -(aipl...aipn),
p=l1
TO €CThb %-s1 CTpOKa MaTpuibl A JIefiCTBUTEIBHO ABJISAETCSA JIMHEHO
KoMmOuHanmeit crpok Marpuiibl A ¢ Homepamu u3 . Jlemma jgoxkazaHa.



V. Kpurepmnii 6a3ncHoro MmHopa

TeopeMa 1 (KpHTepMﬁ 6a3MCHOro0 MUHOPA). MUHOp MAMPUYDBL A sseasemces
ba3ucHbLM Mo20a U MOALKO moe@a, Ko2da on HeHy,/LGGO’Ij U 6ce MUHOPYL,
e20 okaUuMaarouwue, pasrv 0.

JlokazaTeabCTBO.



V. Kpurepmnii 6a3ncHoro MmHopa

TeopeMa 1 (KpHTepMﬁ 6a3MCHOro0 MUHOPA). MUHOp MAMPUYDBL A sseasemces
ba3ucHbLM Mo20a U MOALKO moe(?a, Ko2da on HeHy,/LGGO’Ij U 6ce MUHOPYL,
e20 okaUuMaarouwue, pasrv 0.

JlokazaTeabcTBO. HeoOXouMoCTh cieiyeT u3 onpejiesiens Oasme-
HOI'O MUHODA.

Joctarounoctsb. IlycTh y paccMaTpuBaeMoro Hemysesoro muxopa MO
BCe MUHOPBI, ero okaliMmJisitonue, pasabl 0. B kauecrBe M B yciioBun
JIEMMbI O CBOMCTBE CTPOK «Da3MCHOr0» MHHOPA MOXKHO B3ATb U MUHOD
M?°, u moboit 6asucublit MuHOp. [1o JleMMe 0 CBOHCTBe CTPOK «HA3UCHO-
ro» MIHOpa, 1 TeOPEeMe 0 KOJIMIeCcTBe Da3NCHBIX BEKTOPOB Y 9TUX MIUHOPOB
OJIHAKOBAs Pa3MepHOCTh. TakmmM obpasom, MY — MakcuMabHbIH HEHy-
JIEBOII MUHOP, TO eCcTh basucHbIil. TeopeMa JoKazaHa.



VI. Teopema o coBHa/ieHUM Tpex PaHIOB

Teopema 2 (o cosnagenun tpex panros). Pare mampuus, A coenadaem c ee
CMPOUHBIM U CMONOUOBIM PAH20M.

Jloka3aTeJbCTBO T€OPEMbI O COBIIaJIEHNN TPEX PAHIOB.



VI. Teopema o coBHa/ieHUM Tpex PaHIOB

TeopeMa 2 (o COBIIAJIEHUM TPEX PAHIOB). Pane MATMPUYDBL A cosnadaem c ee
CMpPo1UHbBIM U Cm0ﬂ6?406?)6,/\/6 pareoMm.

JloKa3aTeJIbCTBO T€OPeMbl O COBIIQJIEHUM TpeX paHroB. /loka-
YKeM, 4TO CTPOYHBIN paHr paBeH paHry MaTpuilbl. IlycTh ¢Tpokn ¢ HO-
mepamu [ = {iy, 19, ..., i} 00pazytoT 6azuc JuHeinoii 000JI09KN MHO-
yKecTBa cTpoK MaTpunsl A. Ilycrs M — GaszucHblil MUHOD MATpUIbl A.
Tora 1o jieMMe 0 CBOMCTBE CTPOK «OA3MCHOI0» MUHOPA U TeOPEeMe O KO-
JngecTBe 6a3UCHBIX BEKTOPOB MOJIyYaeM, YTO KOJMIECTBO CTPOK MUHOPA
M (70 ecTh paHr MaTpuIilsl A) PaBHO Pa3MEPHOCTH JIMHEHOH 000J101-
K1 MHOYKECTBa CTPOK MATPUIlbl A (TO €CTh CTPOYHOMY PAHTY MATPHIIDI
A). AHAJIOrUYIHO JIOKA3bIBAETCST U YTBEP:K/ICHIE O PABEHCTBE paHTa MaT-
puiibl A 1 crosidbnosoro panra marpuibl A. Teopema jiokazaHa.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Teopema 3 (06 unsapnantaoctn panros marpuupt). [Ipu A1006LT IAEMEHMAD-
HOLE NPE0OPA30BAHUAL MAMPULDL €€ CTNPOUHDBLTL U CTNOADU08BLTL PaH-
eu ne menaromes. He mensrom parea maxotce caedyrousue npeobpasosa-
HUA MATPULUDL.

1) ydasenue nynresot cmpoku;

2) ydaserue nyae6020 cmosbua;

3) ydasenue cmporu, AcAMOWENCA AUHETHOT KOMOUHALUEeT
OCMANLHBIT CMPOK MAMPUUDL,

4) ydasenue cmoabua, ABAANOUE0CH AUHETHOT KOMOUHAUUET
OCMANLHBLT CMOAOU0E MAMPULDL,

5) MPancnoHuposaHue Mampubl;

0) YMHOAHCEHUE HA HEBBLPOHCOEHHYIO MAMPULY.

Jloka3aTeabCTBO



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Jloka3aTeJabCTBO, UYTO HE MEHAIOT paHra MaTpPHIbl IIpeodpas3oBa-
Hust: 1) yjaaseHue HyJIeBOM CTpOKH, 2) ylajeHue HyJeBOro CToJbIa,;
3) yjiajieHne CTPOKH, SABJISIONIEHCsT JIMHeiiHoil KomOunameil octaib-
HBIX CTPOK MATPHUIB; 4) yuajeHne cTojona, sBJIsOIerocst JnHeinnoi
KOMOMHAIMEl OCTAJIbHBIX CTOJIOIOB MATPHIILI; ) TPAHCIIOHIPOBAHIE
MaTpUIIbl — CJEJYET U3 TeOPEMbI 2 O COBIIaJICHUN TPeX PAHI'OB U CBOICTE
JIMHEHO 3aBUCUMbIX U JIMHEMHO HE3aBUCUMbIX CUCTEM BEKTOPOB.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

OcraJjioch 1oKasaThb, YTO YMHOXKEHIE Ha HEBBIPOYKEHHYIO MATPUILY He
MeHseT paHra UCXOJAHOI MaTPUILbI.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

OcraJjioch 1oKa3aTh, YTO YMHOXKEHHE Ha, HEBBIPOXKEHHYIO MATPUILy He
MeHdeT paHra ncxo/iHoit Marpuiibl. CHavda a JJOKaXKeM 3TO JI/Is Caydasd,
KOIJIa YMHOYKeHNEe Ha HEeBBLIPOXKJIEHHYIO MATPUILy MPOBOJUTCA CJIEBA.
Nrak, mycThb



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Ocrasioch 110Ka3aTh, YTO YMHOKEHUE HA HEBLIPOKEHHYIO MATPUILY HE
MeHsieT paHra UCXoAHoil Marpuiibl. CHavasia J0KayxKeM 3T0 JIjId Caydasi,
KOTJIA, YMHOYKEHUE Ha HEeBLIPOYKICHHYIO MATPUIY IPOBOJUTCH CJICBA.
Wrak, mycrs A = (aij), ..., B = (bi) det A # 0. Hajo nokazars,
aro Rg (AB) = Rg (B).

Paccmorpum smHeitnoe npoctpancrBo U pasMepHOCTH M, W BhIOepeM
B HeMm Oasuc B = {ey, ..., e,}. Tonokum € = aye; + ... + apiey, s
i €{1,2,...,m}, rie aj; — xkoabdunuents marpuipr A. Torya cucre-
va B’ = {e],... el } asmgerca 6asucom smmeitnoro mpocrpancrsa U,

mxn’

IpUYeM, coryiacHo (bopMysie U3 OIpejie/IeHusT MATPUILI [IepPexo/ia, s
MaTpulpl iepexoa umeem Ty g = A.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Pacemorpum munHeiinoe npoctpanctBo U pasMepHOCTH M, U BbIOEpPEM
B HeM Gasuc B = {ey, ..., e} Homoxum € = aye; + ... + apiem s
i€ {1,2,...,m}, rie aj; — xoabduruents Marpuipl A. Torya cucre-
vma B’ = {e],... el } aBngerca 6asucom smneitnoro npocrpancrsa U,
IIPUYEM, COIJIACHO (bopMyJie U3 OlpeJle/IeHnsl MATPUIILI IIepexojia, sl
MaTpuipl nepexoga nmeem Ty g = A. Obosnaunm uepes V' jmneii-
HYI0 0D0JIOUKY CHCTEMBI BEKTOPOB BHJIa v; = byje) + ... + byel,, re by,
— KoappurmenTsl MaTpuiisl B. CoryiacHo Teopeve o KOop/mHaTax BeK-
Topa B pasibix Oaszncax, crojaonamu Marpunbl AB sBigrorcs cTos101b!
KOOpP/IMHAT BEKTOPOB v; B Obasuce bB.

Taxum obpazom, marpunbl B 1 AB cocrosiT 13 ¢10/10110B KOOPUHAT
BEKTOPOB v; B Oasucax, coorsercreenno, b u b’.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Pacemorpum munHeiinoe npoctpanctBo U pasMepHOCTH M, U BbIOEpPEM
B HeMm Oasuc B = {ey,..., e, }. Mbl BBesI 0603Havenus: A = (aij), .. .
B = (b@'j)mxn, 6; = ajie1 + ...+ Qmi€m, b = {6/1, Ce G;n}, V — nn-
HefiHas 000JI0TKa CHCTEMbI BEKTOPOB BUjia v; = by;e] + ... + byel .

Marpunst B u AB cocrogaT n3 c¢TosidbIoB KOOpUHAT BEKTOPOB v;
B Oasucax, coorBercrBeHHo, B u B’. Bribepem B cucreme BeKTO-

poB {v1, ..., Uy} MAKCUMATIBHYIO JIMHETHO HE3ABUCUMYIO MOJCUCTEMY

O o) N () S nee : yiola - 1 N T n
{Vpys Upgy - - -, Up, }. CorutacHo Teopeme o crangapriom nzomodusme B R”)
cucreMa MaTpui-cToatnos { (v |g .- -, Uy, ]g} ABIsETCH MaKCHMATL-

HOM JIMHENHO He3aBUCUMON MOJICHCTEMON CUCTEMbI CTOJIONOB MATPH-
net B, u cucrema marpun-crononos { (v, g, - - -, [Up, ] } ABIsIeTCE Mak-
CHMAJILHOI JIMHEIHO He3aBUCUMO MOJCUCTEMOIl CUCTEMBI CTOJIOIOB
maTpuiibl AB.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Pacemorpum munHeiinoe npoctpanctBo U pasMepHOCTH M, U BbIOEpPEM
B HeMm Oasuc B = {ey,..., e, }. Mbl BBesI 0603Havenus: A = (aij), .. .
B = (b@'j)mxn, 6; = ajie1 + ...+ Qmi€m, b = {6/1, Ce G;n}, V — nn-
HefiHas 000JI0TKa CHCTEMbI BEKTOPOB BUjia v; = by;e] + ... + byel .

Cucrema Mmarpui-cronbuos {[v,]g,---,[vp,]g} aB1serca maxcu-
MAJILHOI JIMHEITHO He3aBUCUMOI HOACUCTEMOl CUCTEMbBI CTOJIOIOB
Marpuilbl B, u cucrema MaTpui-cTosionos {[vpl]Ba e [vpr]Ba} SIBJISI-
eTcsd MaKCUMaJIbHOI JIMHENHO He3aBUCHUMOM II0JCUCTEeMOIl CUCTeMbl
cro1610B MaTpuiibl AB. [Tosromy, 1o Teopenie o Jinneiinnbix KoMOmmari-
sx ODasucnpix sekTopos 1 = RgB = Rg (AB). Mnbivu ciioBamu, yMHOZKe-
HI€ CJIeBa HA HEBLIPOXKICHHYIO MATPUILY He MEHsieT paHra HCXOJHOI
MATPUILLL.



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

Teopema 3 (06 unsapnantaoctn panros marpuupt). [Ipu A1006LT IAEMEHMAD-
HOLE NPE0OPA30BAHUAL MAMPULDL €€ CTNPOUHBLTL U CTNOADU08BLTL PaH-
2u e menaromen. He menarom panea:

1) ydansenue 1ynresot cmpoku;

2) ydanenue nyae6020 cmorbya;

3) ydanenue cmporu, AssAowelcs AUHETHOT KoMbOUHaUUe
OCMANOHDLT CMPOK MAMPULDL,

4) yodanrernue cmoabua, ABAAOUE20CH AUHETIHOT KOMOUHAUUET
OCMANDHBLT CMOAOU0E MAMPULDL,

5) MPancnoHuposarue Mampul;

6) ymHoocerue na HeBbLPOAHCICHHYIO MAMPULY.

IIpoponxkenne gokasareabcTBa. Lcin yMHOXKEHNE Ha, HEBBIPOYKEH-
HYIO MaTpUILy HPOBOJUTCA CIpaBa, TO ¢ MOMOIIbIO TPaHCIIOHUPOBAHUA
CUTYyalus CBOJUTCH K YK€ PACCMOTPEHHOMY CJIYYalo:



VII. Teopema 06 mHBaApMaHTHOCTI PAHIOB MaTPUIILI

ITpomosnkenne qokazaTeabcTBa. Eein yMHOKEHNE HA HEBBIPOXKEH-
HYIO MATPHILY TIPOBOJIUTCSA CIPABA, TO € MOMOIIBIO TPAHCIOHHPOBAHHST
CUTYAIHsl CBOJIUTCS K y2Ke PACCMOTPEHHOMY CJIYUAIO: B CUJTY U3BECTHOIO
Toxiecrsa nveeM (BA) = A'B!, mveem

RgB = Rg (B') = Rg (A'B') = Rg ((BA)') = Rg (BA).

Haxonen, ecim A u C — KBaJpaTHble HEBLIPOXKICHHLIC MaTPHUILI U
npoussejienrie ABC ornpejiesieHo, To, COIIACHO ACCOIMATNBHOCTU OTle-
panuy YMHOYKEeHNs MaTPUIL 1 JIOKA3aHHBIM BbIIIE PABEHCTBAM, NMEEM

Rg (ABC) = Rg((AB)C) = Rg(AB) = RgB.



VIII. Kpurepuii BbIpOKJI€HHOCTU MaTPUIIbI

Teopema 4 (Kputepuii BBIPOXKJIEHHOCTH MaTpUIlbl). /i k6a0-
pammots mampuuybe A caedyrousue Yeaosus IKGUGANCHIMHDL

1. Xomas 6v, 00na us cmpox mampuyot A asasemces AUHETHOT, KOM-
OuHauets ocmasbHulT CMpPoK;

2. xoms Ovl 00ur u3 cmoabuos A asasemcs AUHETHOT KOMOUHG-
uueth 0cmasbrvlr cmoadyos;

3. det(A) = 0.

DTO CJIEACTBUE U3 TEOPEMbI O COBIIaJCHNN TPEX PAaHI'OB.



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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