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I. EBKJIMI0BO IIPOCTPaHCTBO

Ompenenenne 1. JIunetinoe npocmparcmeo U 1ad R nasvieaem-
¢A €BKJMJIOBBIM IIPOCTPAHCTBOM mozda u moavko moezda, xozda 6
nem onpedesena pymnkyua (,) : U x U — R, ydosaemsopaowas mpem
aKCoMaM CKaJISPHOT'O MIPOM3BeJIeHNs B €BKJIMIOBOM IIPOCTPAaH-
CTBE:
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JokazareabcTBO. B cmiy IOJIOXKUTEJIbHOI Olpeae/IeHHOCTU

CKaJIAPHOI'O IIpoun3BeJcHN A

0<(y,y) (w - My,ﬂv (x’y)y)

(v, v) Y,

S wy’)
= (¥, 9) ((fv, r) =2 W g ) ¢ %(y, y)) =

(v, ) Y,y
= (z,2)(y,y) — (z,y)
[Mostomy (z,y) < \/(z,2)(y,y)

,  4TO 1 TPebOBAJIOCH JJOKA3aTh.



I.2. Marpuna I'pama

B coorBercrBUM €O chOpMYINPOBAHHBIM HAMU IIPUHIIMIIOM, MbI JIOJIYK-
HbI IIOHATDH, KaK «II€peaJpeCoOBaThb» BOIIPOCHI O CKaJIAPHOM IIPOU3BCJICHNNU
B NPOU360AbHOM €BKJIMJIOBOM ITPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C 4ero Havyarn?



I.2. Marpuna I'pama

B coorsercTBum co ¢chopMyIMpOBAHHBIM HAME IPUHIUIIOM, MbI JIOJIK-
HBI IIOHATD, KaK <IIepeapecoBaThby BOIPOCHL O CKAJIAPHOM IIPOU3BE/ICHNIN
B NPoU360ALHOM €BKJIMIOBOM TIPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C gero nadarn? EcrecrBenno, navwunaem ¢ eeedenusn 6asuca. Ilyern
b = {e1, ey, ..., e,} — Oasuc eBkumona npocrpancrsa U. Torja



I.2. Marpuna I'pama

B coorsercTBum co ¢chopMyIMpOBAHHBIM HAME IPUHIUIIOM, MbI JIOJIK-
HBI IIOHATD, KaK <IIepeapecoBaThby BOIPOCHL O CKAJIAPHOM IIPOU3BE/ICHNIN
B NPoU360ALHOM €BKJIMIOBOM TIPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C gero nadarn? EcrecrBenno, navwunaem ¢ eeedenusn 6asuca. Ilyern
b = {e1, ey, ..., e,} — Oasuc eBkumona npocrpancrsa U. Torja

(.CU,y) -



I.2. Marpuna I'pama

B coorsercTBum co ¢chopMyIMpOBAHHBIM HAME IPUHIUIIOM, MbI JIOJIK-
HBI IIOHATD, KaK <IIepeapecoBaThby BOIPOCHL O CKAJIAPHOM IIPOU3BE/ICHNIN
B NPoU360ALHOM €BKJIMIOBOM TIPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C gero nadarn? EcrecrBenno, navwunaem ¢ eeedenusn 6asuca. Ilyern
b = {e1, ey, ..., e,} — Oasuc eBkumona npocrpancrsa U. Torja

(z,y) = Z%ez,zy]‘ey‘ =
i=1 j=1



I.2. Marpuna I'pama

B coorsercTBum co ¢chopMyIMpOBAHHBIM HAME IPUHIUIIOM, MbI JIOJIK-
HBI IIOHATD, KaK <IIepeapecoBaThby BOIPOCHL O CKAJIAPHOM IIPOU3BE/ICHNIN
B NPOU360AbHOM €BKJIMJIOBOM ITPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C gero nadarn? EcrecrBenno, navwunaem ¢ eeedenusn 6asuca. Ilyern
b = {e1, ey, ..., e,} — Oasuc eBkumona npocrpancrsa U. Torja

n

(z,y) = inei, Zyjej = Z in(ei, e;)y;. (0)

i=1 j=1



I.2. Marpuna I'pama

B coorsercTBum co ¢chopMyIMpOBAHHBIM HAME IPUHIUIIOM, MbI JIOJIK-
HBI IIOHATD, KaK <IIepeapecoBaThby BOIPOCHL O CKAJIAPHOM IIPOU3BE/ICHNIN
B NPOU360AbHOM €BKJIMJIOBOM ITPOCTPAHCTBE B pocTpancTBo R” (To
eCTh «IIPOCTPAHCTBO KOODJIMHATS ).

C gero nadarn? EcrecrBenno, navwunaem ¢ eeedenusn 6asuca. Ilyern
b = {e1, ey, ..., e,} — Oasuc eBkumona npocrpancrsa U. Torja

n

(z,y) = inei, Zyjej = Z in(ei, e;)y;. (0)

i=1 j=1

3aMeTHM, 4TO BeJUUNHBL (€;, €;) He 3aBUCAT OT BEKTODOB X,Y, & Ipejl-
CTABJIAIOT CODOI XapaKTepUCTUKY Oasuca.



I.2. Marpuna I'pama

(e1,e1) (e, ea) ...
(e2,€1) (e2,€2) ...

Omnpegenenue 3. Mampuya I'g =

(enyel) (en,ez) e

naswveaemes marpuneit I'pama 6asuca B.
Paccmorpers npumep?



I.2. Marpuna I'pama

(e1,€1) (e1,e2) ... (e1,en)
Onpegenenne 3. Mampuya I'g = (e, 1) (€2,€2) - (e2,€n)
(€n7 61) (ena 62) - (€n7 en)
naswveaemes marpuneit I'pama 6asuca B.
[Tonyuennoe panee paBeHCTBO

MOXKHO 3aIllCAaTh B MATPUYIHOM BIJIE, YTO MBI ¢jejaaeM, 0pOPMUB pe-
3yJbTaT B BHUJIE TEOPEMDI:



I.3. Teopema o0 BbIUHMCJIEHUN CKAJSIPHOI'O IIPOU3Be]ie-
HUSA

Teopema 2. Ecau B — basuc eekaudosa npocmpancmea U, ul'g
— mampuua I'pama smozo basuca, mo ors sobvix sexmopos x,y € U
UMeem MECMO PaseHcmeo:

@)= | Dwend yes | =det (lelgTBll) . (1)



I.3. Teopema o0 BbIUHMCJIEHUN CKAJSIPHOI'O IIPOU3Be]ie-
HUSA

Teopema 2. Ecau B — basuc eekaudosa npocmpancmea U, ul'g
— mampuua I'pama smozo basuca, mo ors sobvix sexmopos x,y € U
UMeem MECMO PaseHcmeo:

Zn:%'ez', Zn:yjej = det ([x]%FB[y]B) : (1)

DTa TeopeMa, y»Ke JIoKa3aHa paHee:

n n

n n
E ﬂﬁi@z,g Y€ E L 62769
i=1 j=1

1=1 j=1



I.3. Teopema o0 BbIUHMCJIEHUN CKAJSIPHOI'O IIPOU3Be]ie-
HUSA

Teopema 2. Ecau B — basuc eekaudosa npocmpancmea U, ul'g
— mampuua I'pama smozo basuca, mo ors sobvix sexmopos x,y € U
UMeem MECMO PaseHcmeo:

@)= | Dwend yes | =det (lelgTBll) . (1)

YauThiBas, 4T0 MaTpUIla, [a;]’jSFB ly|p — o/lHOKOMIIOHEHTHAs, YacTo B
npaBoii dactu pasenctsa (1) dyuknuio det He nuiyT, nosydas GopMmyIry

(z,y) = [z]5'BlYIB:



I.3. Teopema o0 BbIUHMCJIEHUN CKAJSIPHOI'O IIPOU3Be]ie-
HUSA

Teopema 2. Ecau B — basuc eekaudosa npocmpancmea U, ul'g
— mampuua I'pama smozo basuca, mo ors sobvix sexmopos x,y € U
UMeem MECMO PaseHcmeo:

@)= | Dwend yes | =det (lelgTBll) . (1)

[Ipu zammcn dbopmysnet (1) B Buze (2, y) = ([:U]%FB[y]B> OJIHOKOMITO-
HEHTHYIO MATPUILY OTOXKJIECTBIISIOT C €€ e/IMHCTBEHHBIM 9JIEMEHTOM. DTO,
B IPUHITATIC, MOYKET IPUBECTH K TTPOOJIEMAM MTPH 3aIHCH MATPHIHBIX OI1e-
paruit (cKajstp MOXKHO YMHOYKUTBH Ha MaTPHUILy JiI000# pasMepHOCTH, a
MaTpPHUILy pasMepHocTH 1 X 1 MOXKHO yMHOXKHUTH HA MaTPHILY JIAJTCKO He
710601 pasMepHOCTH ).



I.3. Teopema o0 BbIUHMCJIEHUN CKAJSIPHOI'O IIPOU3Be]ie-
HUSA

Teopema 2. Ecau B — basuc eekaudosa npocmpancmea U, ul'g

— mampuua I'pama smozo basuca, mo ors sobvix sexmopos x,y € U
UMeem MECMO PaseHcmeo:

@)= | Dwend yes | =det (lelgTBll) . (1)

[Ipu samucu dbopmynet (1) B Buge (x,y) = ([x]’iSFB[y]B) OJIHOKOM-
IOHEHTHYIO MATPHILY OTOXKJIECTB/IAIOT C €€ €MHCTBeHHBIM 3JIEMEHTOM.
OJIHaKO B paccMaTpUBaeMOil TEOPUU 3Ta HEKOPPEKTHOCTDH MPAKTUIECKH
HUKOT/Ia, HE BBI3BIBACT HEJOPA3YMEHUI, NOIMoMy Mol modice Oydem 3a-
nucweams popmysy (1) 6 eude (x,y) = [az]’iSFB 58

Paccmorpers npumep?



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

2) Marpuia I'pama jmo6oro 6asuca eBKIHI0Ba' TPOCTPAHCTBA CHM-
MeTpuyHast, To ecth I'g = FB'

JloKa3aTeabCTBO.

LI yHuTapHbIX MPOCTPAHCTB MaTpulia ['pama jmoboro 6aszuca obmanaer ceoiicteom I'g = F'is
(31eCh ~ — KOMILJIEKCHOE COIPSI?KEHUE).



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npocrparctBa U, marpuiia ['pama B sTom 6aszuce. Pacemorpum CJIY

I 0

FB i) _ 0

T 0



I.4. CBoiicTBa MmaTpuiibl I'pama
1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.
HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem
T 0
x 0
FB 2 = =

T, 0



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

0 I

I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =

X

[NCRE.



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

T 0 1
I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =
Tn 0 Tn

=  (rie14 ...+ Tpen, T1E1+ ... F1pe,) =0 =



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

T 0 1
I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =
Tn 0 Tn

=  (rie14 ...+ Tpen, T1E1+ ... F1pe,) =0 =

= x1=x9=...=x,=0.



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

T 0 1
I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =
Tn 0 Tn

=  (rie14 ...+ Tpen, T1E1+ ... F1pe,) =0 =
= x1=x9=...=x,=0.

CnenoBaTesibHO, II0 TeopeMe O Pa3MepHOCTH MPOCTPAHCTBA
pemnenuiit OCJIY



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

T 0 1
I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =
Tn 0 Tn

=  (rie14 ...+ Tpen, T1E1+ ... F1pe,) =0 =
= x1=x9=...=x,=0.

CJIG,ZLOB&TGJH)HO, 1o TeopemMe O pPasMEpPHOCTH IIPOCTPaHCTBa

pentennit OCJIY Rg (FB) =n =



I.4. CBoiicTBa MmaTpuiibl I'pama

1) Marpuria I"'pama yiroboro 6asuca eBKJIMI0BA TPOCTPAHCTBA s1B-
JISIETCS HEBBIPO2K IEHHOIA.

HokazarenbctBo. [lycts B ={ey,...,e,} — 0Oasuc eBkimjoBa
npoctpanctBa U, marpuna ['pama B 3ToM Oazuce. meem

T 0 1
I'g aE - 0 = (z1w9 ... 7)) TR 2= 0) =
Tn 0 Tn

=  (rie14 ...+ Tpen, T1E1+ ... F1pe,) =0 =
= x1=x9=...=x,=0.

CJIG,ZLOB&TGJH)HO, 1o TeopemMe O pPasMEpPHOCTH IIPOCTPaHCTBa

pentennit OCJIY Rg (FB) =n = det (FB) = (.



I.4. CBoiicTBa MmaTpuiibl I'pama

2) Marpuia I'pama jo06oro 6asuca eBKIMI0Ba° IPOCTPAHCTBA CHM-
MeTpuYHag, T0 ecTh I'g = FB'

Jloka3aTeJabCTBO.

21151 yHUTAPHBIX IIPOCTPAHCTB, PACCMOTPEHHBLIX B pasjene V, crp.148, marpuna I'pama soboro

Gaszuca obyagaer ceoiictom I'g = I“is (31eCh T — KOMILIEKCHOE COIPSI?KEHHE).



I.4. CBoiicTBa MmaTpuiibl I'pama
2) Marpuna ['pama jo6oro 6a3mca eBK/III0BA TPOCTPAHCTBA CUM-
MeTpuYHag, To ecTh I'g = FB'
Jloka3aTeJabCTBO.
O‘IGBI/I,HHO, TaK KaK 10 aKCUOMaM CKaJIZApPpHOI'O IIPOU3BEIACHUA B €B-
KJINJ0BOM IIPOCTPAaHCTBE

Vi =



I.4. CBoiicTBa MmaTpuiibl I'pama
2) Marpuna ['pama jo6oro 6a3mca eBK/III0BA TPOCTPAHCTBA CUM-
MeTpuYHag, To ecTh I'g = FB'
Jloka3aTeJabCTBO.
O‘IGBI/I,HHO, TaK KaK 10 aKCUOMaM CKaJIZApPpHOI'O IIPOU3BEIACHUA B €B-
KJINJ0BOM IIPOCTPAaHCTBE

Vi = (€, €5) =



I.4. CBoiicTBa MmaTpuiibl I'pama
2) Marpuna ['pama jo6oro 6a3mca eBK/III0BA TPOCTPAHCTBA CUM-
MeTpuYHag, To ecTh I'g = FB'
Jloka3aTeJabCTBO.
O‘IGBI/I,HHO, TaK KaK 10 aKCUOMaM CKaJIZApPpHOI'O IIPOU3BEIACHUA B €B-
KJINJ0BOM IIPOCTPAaHCTBE

Yij = (eiej) = (ej,€) =



I.4. CBoiicTBa MmaTpuiibl I'pama
2) Marpuna ['pama jo6oro 6a3mca eBK/III0BA TPOCTPAHCTBA CUM-
MeTpuYHag, To ecTh I'g = FB'
Jloka3aTeJabCTBO.
O‘IGBI/I,HHO, TaK KaK 10 aKCUOMaM CKaJIZApPpHOI'O IIPOU3BEIACHUA B €B-
KJINJ0BOM IIPOCTPAaHCTBE

Yij = (i, ej) = (e5,€) = Vji-



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g UI};
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

JloKa3aTeabCTBO.



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

HHokazateabcTBo. MbI npuBe/ienM JiBa jlokazaTe beTBa (hopMyJibl (2).
B nepBoM cirydae rnepexoJ; K MaTpudHoOil ajarebpe mpoBeieM B OCIeTHH
MOMEHT, & BO BTOPOM CJIydae HAuYHEM C IIepexojia K MaTpUYHOIl ajredpe.



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

!/
HokazarenbctBo. [lycts B = {ey,e9,...,¢,}, B ={e},é,... e

n
r_
ne), = 21 typ€q-
q:



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zarenabcTBO. [lepsuviti cnocob. Hajio nokasarb pasencmeo mam-
puy. CiegoBaTeIbHO, HAJI0 JOKA3aTh PABEHCTBO COOTBETCTBYIOIIMX KOM-
IIOHEHTOB MaTPHIIbI.



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_ it
Hoka3zaTeabcTBO. [lepsuiti cnocob. Vmeem

/ —
Yi; =



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_ it
Hoka3zaTeabcTBO. [lepsuiti cnocob. Vmeem

I I\
%j—(ez'>6j)—



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zaTeabcTBO. [lepsuiti cnocob. Vmeem

%j_ z?j = thepvthjeq =



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_ it
Hoka3zaTeabcTBO. [lepsuiti cnocob. Vmeem

n n

%] = (e}, J - Ztmep,thjeq :Zztpitqj (€p, €q) =
p=1



I.5. Teopema o marpuiie I'pama B pa3HbIx 6a3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zaTeabcTBO. [lepsuiti cnocob. Vmeem

n n

n n
%{j = (627 6;') = Ztm@p, thjeq = Z thitqj (€p: €g) =
p=1 qg=1

p=1 ¢=1

= Z Z tpiVpalyj-

p=1 ¢=1



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

HokazareabcTBO. [lepsuiti cnocob. B marputinoii chopme 3anmcn
MOJTyIeHHOE PaBEHCTBO

n n
%(j = Z Z tpiYpqlyj-

p=1 ¢=1
«ripeBpaiiaercay B dopmysy (2). B gannom ciyuae «odopmienues Jjio-
Ka3aTeIbCTBa CBOIUTCS K «YIAJIEHUIO JIUITHUX PACCyzKIeHuil», cueaiire
9TO CaMHU.



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

HokazareabcTBO. Bmopoti cnocob. llepefineM B «IIpOCTPAHCTBO KO-
opJmHAT> Ha caMoM repBoM stare. Coryacuo opmyie (1) st Berauce-
HUSI CKaJIIPHOI'O IPOU3BEICHUS C TIOMOIIBIO MaTpHUIIbI [ pama, I JTI00bIX
BEKTOPOB &,y € U nmeeM, ¢ 0JHOII CTOPOHBI,

(z,y) =[5 TR g -



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

HokazareabcTBO. Bmopoti cnocob. llepefineM B «IIpOCTPAHCTBO KO-
opJmHAT> Ha caMoM repBoM stare. Coryacuo opmyie (1) st Berauce-
HUSI CKaJIIPHOI'O IPOU3BEICHUS C TIOMOIIBIO MaTpHUIIbI [ pama, I JTI00bIX
BEKTOPOB &,y € U nmeeM, ¢ 0JHOII CTOPOHBI,

(z,y) = 2] T Vg -
C 1pyroit CTOPOHBHI,
(z,y) = 2]g 'B Y]B -



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zarenbcTBO. Bmopoti cnocob. VTaxk,

2l Ty Wy = (z,9) = 25 T'g WE -



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_ it

Hoka3zarenbcTBO. Bmopoti cnocob. VTaxk,

2l Ty Wy = (z,9) = 25 T'g WE -

B Boipaxkenun [:1:]% I'p [yl nepeiiiem K KoopjHaTaM BEKTOPOB B 6a31-
ce B’ ¢ momormpo popMysibl /st BBIYUCIEHUS KOOPANHAT BEKTOPA
B IpyroM Oa3mce.



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zarenbcTBO. Bmopoti cnocob. VTaxk,

2l Ty Wy = (z,9) = 25 T'g WE -

CorsacHO CBOMCTBAM TPAaHCIIOHUPOBAHUA MAaTPUIL [x]’is g lvlg =



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zarenbcTBO. Bmopoti cnocob. VTaxk,

2l Ty Wy = (z,9) = 25 T'g WE -

CorsacHO CBOMCTBAM TPAaHCIIOHUPOBAHUA MAaTPUIL [x]’is g lvlg =

t
- (T5_p llp’) TBTH_ 5 Wlp =



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

Hoka3zarenbcTBO. Bmopoti cnocob. VTaxk,

2l Ty Wy = (z,9) = 25 T'g WE -

CorsacHO CBOMCTBAM TPAaHCIIOHUPOBAHUA MAaTPUIL [x]’is g lvlg =

t
_ _ t t
= (TBAB' MB’) I'pTs.p Wp = g T 5B B VB



I.5. Teopema o marpuiie I'pama B pa3HbIx 6a3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

JokazaTreabCcTBO. Bmopoti cnocob. VTak, moayInim paBeHCTBO

[ZC]%/ FB/ [y]B/ = [l’]%/ T:tB%B/FBTBﬁB/ [y]B/ .
Koneuno, xoresoch Obl «cokpaTnTh Ha Marpuipl> [xlgr n ylgr. K coxa-
JIEHUIO, 9TO HE TaK MPOCTO.



I.5. Teopema o marpuiie I'pama B pa3HbIx 6a3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_ ot
JokazareabcTBO. Bmopot cnocob. Hammpumep
11 1 2 —1 1
() () -o-00(E2) ()

11 2 —1
HO, pasyMeercs, | , 4 = 4 _g ) TO €CTb «COKPAIIaTh Ha MaTp-

LbI» ( 1 —1 ) 1 (;) HeJIb3s].



I.5. Teopema o marpune I'pama B pa3HbIx Oa3ucax

Teopema 3. IIycmv U — esraudoso npocmpancmeo, I'g u FB’
— mampuust I'pama 6asucos B u B’ coomsememsenno, TB—>B’ —
mampuua nepexroda us basuca B 6 6asuc B'. Tozda

_mit

JHokazareabcTBO. Bmopoti cnocob. B Haliem ciydae <«IIOJOXKEHUE
cracaeTy OJIMH «HIOAHCUK»: 00CyzK/laeMoe PaBeHCTBO

[x]%/ g lylg = [x]%/ TtB%B’FBTB%B' vlg
crpaseIuBo daa a00vr MaTpull [z]g 1 |ylgr cooTBercTByoniel pas-

MepHOCTH. [loaTOMy MBI MOYXKEM COCJIAThCI Ha JIEMMY O COKPAIIEHN
Ha ITPOU3BOJILHYIO MaTpuily. Teopema jlokasaHa.



II. OpToronajibHOCTb

Crparerusi IpUOPUTETHOIO M3YUYEHUsT SKCTPEMAIbHBIX CUTYAIUl 1103~
BOJIAET B '€COMETPUU (B TOM 4YUCJIe aHAJIUTUYECKON I‘eOMeTpI/H/I) BbIJIEJINTD
MapasiIeIbHOCTh U MEePIEeHINKYJISIPHOCTD 0ObEKTOB (BEKTOPOB, MPSIMBIX,
IJIOCKOCTEl) B KadecTBe KOHMUTYpaIuii, Hanboiee MeperieKTHBHBIX JIJIsT
N3y4d€HusA U HNCIIOJIb3OBAaHMI. B anasurndeckoit reoMerTpunum IOoHATHE OP-
TOrOHAJILHOCTU UTI'PaeT JaxkKe OOJIBIIYIO POJib, YeM HapaJlIeIbHOCTD.

Bgejienne ckajsipHOroO NPOU3BEJIEHUSI CO CBOMCTBAMU, 3aUKCUPOBAH-
HbIMM B OlIpele/ICHNN €BKJIN/J10Ba ITPpOCTpaHCTBa, IIO3BOJIACT IIEPEHECTU
Ha [TPOU3BOJIbHBIE €BKJINJ0BBI U YHUTAPHbIE TPOCTPAHCTBA FeOMeTpuYe-
CKO€ OTHOIIEHUE OPTOI'OHa/JILHOCTH M COOTBETCTBYIOIIWME MHCTPYMECHTDBI.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

B reomerpun orpoMHyI0 poJib HI'paer IpsSMOYTOJIbHAs JIeKapTOBa
cucrema KoopauuaT. CucreMa OPTOB KOODAMHATHBIX Oceil Has3biBaeT-
Csl, KaK M3BECTHO, OPMOHOPMUPOSAHHbIM ba3ucom. Ero riaBaas dep-
Ta: Oa3MCHbIE BEKTOPHI B3aMMHO OPTOrOHAJBHBI U UX JIJIMHA paBHa 1,
T0 ecThb +/(x,x)=1. Muorue BBIKJIaJKH B TAKOW CHCTEME KOOD/IH-
HAT 3HAYUTE/NbHO yrpomatorced. [emo B ToMm, uTto matpuiia I'pama
Takoro basuca — ejuHudHas, u opmyna (1) mpeobpasyercst K BHLY

(z,y) = det ([:U]’is[y]B) WJIH, C YI€TOM [TPUHSATOrO COTVIAIIEHUST 00 OTOXK-

JIECTBJIEHMU MaTpUIbl pasMepHocT 1 X 1 ¢ ee eJIMHCTBEHHBIM 3JIEMEH-
t

vom, (z,9) = [all5 [W]s.
B reomerpun o4eHb 110/1€3HBIM OKA3aJIOCH IIOHSITHE OPMOHOPMUPOEAH-
noz20 basuca, cokpaienno OHB. 910 nonsitre okasbiBaeTcs J10CTATOYHO

VIOOHBIM ¥ JIjIsI ITPOU3BOJIBLHOIO €BKJINI0BA ITPOCTPAHCTBA.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Omnpenesienne 4. Basuc b ={ej, ey, ..., e,} esrxaudosa npo-
cmparcmea U nasvieaemcs OPTOHOPMUPOBAHHBIM Oa3mcoMm
(OHE) mozda v moavko moeda, xozda das aobvix 1 <i,j <n umeem
(i, e;) = 05, 2de d;; = { U, npu ' #‘7 — MaK HA3v6aeMbIT CUMBOJI
I, npui=y
Kponekepa uau 0-cumBoJs Kponekepa.
Jloka3aTeJabCTBO.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Omnpenesienne 4. Basuc b ={ej, ey, ..., e,} esrxaudosa npo-
cmparcmea U nasvieaemcs OPTOHOPMUPOBAHHBIM Oa3mcoMm
(OHE) mozda v moavko moeda, xozda das aobvix 1 <i,j <n umeem
(i, e;) = 05, 2de d;; = { U, npu Z #‘7 — Max Ha3veaeMmvlli CUMBOJI
I, npui=y

Kponekepa uau é-cumBos Kponekepa.

Ho ceiiuac Bce yrmmpaercst B OTBET Ha BOIIPOC: 6 A1000M AU (KOHEUHO-
MEPHOM) EBKAUIOBOM NPOCTNPAHCINEE ECMb OPMOHOPMUPOEAHHHIT
basuc?



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Ho ceitqac Bce ymmpaercss B OTBET Ha BOIPOC: 8 A1000M AU (KOHEUHO-
MEPHOM) €B8KAUDOBOM NPOCTNPAHCMEBE €CMb OPMOHOPMUPOEAHHVIT
basuc?

Kak MoxkHO0 OBLIO OBI JOKa3aTh, YTO B €BKJINIOBOM IPOCTPAHCTBE
ectb OHB? Ectb 1Ba 1myTH: mepBbiii — «OT MPOTUBHOTO» (KOCBEHHBIIT
1y Th), 1 Bropoit — Haiitu OHB («1npsiMoii, KOHCTPYKTUBHBIN 1Ty Th» ).



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Ho ceitqac Bce ymmpaercss B OTBET Ha BOIPOC: 8 A1000M AU (KOHEUHO-
MEPHOM) €B8KAUDOBOM NPOCTNPAHCMEBE €CMb OPMOHOPMUPOEAHHVIT
basuc?

Kak MoxkHO0 OBLIO OBI JOKa3aTh, YTO B €BKJINIOBOM IPOCTPAHCTBE
ectb OHB? Ectb 1Ba 1myTH: mepBbiii — «OT MPOTUBHOTO» (KOCBEHHBIIT
1y Th), 1 Bropoit — Haiitu OHB («1npsiMoii, KOHCTPYKTUBHBIN 1Ty Th» ).

Bropoit 1yTh, pasymeercst, HpeaiiodTuTe/IbHee.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Ho ceitqac Bce ymmpaercss B OTBET Ha BOIPOC: 8 A1000M AU (KOHEUHO-
MEPHOM) €B8KAUDOBOM NPOCTNPAHCMEBE €CMb OPMOHOPMUPOEAHHVIT
basuc?

Kak MoxkHO0 OBLIO OBI JOKa3aTh, YTO B €BKJINIOBOM IPOCTPAHCTBE
ectb OHB? Ectb 1Ba 1myTH: mepBbiii — «OT MPOTUBHOTO» (KOCBEHHBIIT
1y Th), 1 Bropoit — Haiitu OHB («1npsiMoii, KOHCTPYKTUBHBIN 1Ty Th» ).

[To-Buanmomy, HAUMHATEL TPUJIETCA C IPOU3BOJILHOTO Oasuca. st To-
ro, 4To0bl «1peBparuThy ero B OHDB, ny:kna kaxas-1o npouenypa. Ta-
Kag Iporeaypa 10 UMeHaM aBTOPOB Ha3bIBaeTCsl ITPOIECCOM OPTOro-
najm3arun I'pama-1IMmuara.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Ho ceitqac Bce ymmpaercss B OTBET Ha BOIPOC: 8 A1000M AU (KOHEUHO-
MEPHOM) EBKAUIOBOM NPOCTNPAHCINEE ECMb OPMOHOPMUPOEAHNHLT
basuc?

CravaJjia Mbl IIOCTPOUM OPTOTOHAJILHBIN Oa3mc, To ecTh Oasuc, B
KOTOPOM BCE BEKTOPBI TOMAPHO OPTOrOHAJBHBI (HO UX MOJIY/Ib MOZKET
OBITH OT/IMIeH OT 1).



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

Ho ceitqac Bce ymmpaercss B OTBET Ha BOIPOC: 8 A1000M AU (KOHEUHO-
MEPHOM) €B8KAUDOBOM NPOCTNPAHCMEBE €CMb OPMOHOPMUPOEAHHVIT
basuc?

CravaJjia Mbl IIOCTPOUM OPTOTOHAJILHBIN Oa3mc, To ecTh Oasuc, B
KOTOPOM BCE BEKTOPBI TOMAPHO OPTOrOHAJBHBI (HO UX MOJIY/Ib MOZKET
OBITH OT/IMIeH OT 1).

[Tporeiypa nmocrpoenns OpToOroHaJIbHOTO Da3uca HOCUT WH/IYKTHBHbII
Xapakrep.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara
[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara
[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.
Mbt OyjieM cTpouTh opToroHasbHbI 6asuc B = {ey, €9, ..., ¢e,}.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara
[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.
Baza. [losoxkum e; = vy.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[MTar. Ilycts yKe MOCTPOEHBI BEKTOPBI €1, €9,. .., €y, HPHIEM I
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j <k <m cupaBe/yiuBbl YTBEP:KJCHUA (MPEIOIOKEHIE WH/TYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Eciun m = n, To nckomblil basnc y»ke moJIydeH.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[MTar. Ilycts yKe MOCTPOEHBI BEKTOPBI €1, €9,. .., €y, HPHIEM I
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j <k <m cupaBe/yiuBbl YTBEP:KJCHUA (MPEIOIOKEHIE WH/TYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

OcraJjioch paccMOTPeTh ciydail m < n.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

[TocTponM BEKTOD €,,41 TaKUM 00pa30M, ITOOBI COXPAHUTH BBITTOJIHE-
Hue Tpeboanuit 1)-2). [List aroro OyjiemM HCKaTh 9TOT BEKTOP B BUJIE

m+1 = Umt1l T Opy1,1€1 T Xy 12€2 1« oo+ Q1 mCm- (3)



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Umtl T Opt1,1€1 + Q1262 + « oo Q1 mCm- (3)

HepBoe YCJIOBUE IIPU 3TOM BBIIIOJIHAECTCH «aBTOMATUYICCKU>.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Umtl T Opt1,1€1 + Q1262 + « oo Q1 mCm- (3)

13 BTOPOTI'O YCJIOBUA NMEEM:

0= (em+17 Gk) -



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Umtl T Opt1,1€1 + Q1262 + « oo Q1 mCm- (3)

13 BTOPOTI'O YCJIOBUA NMEEM:

0= (emi1,er) = (Vi1 + Q1,161 T Qpi12€2 + oo o+ Qi 1.mCm, er) =



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Emtl = Umt1l + Qpa11€1 + Q1262 + . oo+ Q1 m€m- (3)
13 BTOPOro ycjaoBHSI NMEEM:
0= (emt1,€k) = (Um+1 + Omr11€1 + 1262+ . oo+ Q1 mEms €1) =

= (Um+1, €k) + amyra(er, ex) + amyr2(€,ex) + ...+ it mlem, ex) =



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Um+1 + Qumr11€1 + Qpy12€2 + .o 4 Q1 m€m- (3)

I/IS BTOpOFO yCﬂOBI/IH NMEeEM.
0= (emi1,er) = (Vi1 + Q1,161 T Qpi12€2 + oo o+ Qi 1.mCm, er) =

= (Um+1, €k) + amyra(er, ex) + amyr2(€,ex) + ...+ it mlem, ex) =

= (U1, €k) + Q1 k(er, €x).



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Umtl T Opt1,1€1 + Q1262 + « oo Q1 mCm- (3)

13 BTOPOTI'O YCJIOBUA NMEEM:

0 = (Vmg1, €) + Qg k(e €1).



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1l = Umt1 + Q1161 + Q1262 + - oo+ Q1 mem- (3)

13 BTOPOro ycaoBUsS UMEEM:

0 = (U1, €k) + a1 k(€r, €x).

Cu1e10BaTe/IbHO, NOAYUAEM DOPMYAY OAA GUUCLEHUA KOIPPULUEHMOE
6 popmyae (3):

U1, €

( m+1 k) (4)



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara

[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.

[Iar. Ilycth y:Ke MOCTPOEHBI BEKTOPLI €1, €9, ..., En,, IPUIEM [
moboro ¢ ¢ ycaouem 1 <¢<m u g JIOOLIX j,k C YyCJIOBUSAMU
1 <j<k<m cupaBejyIuBbl yTBep:KIeHUsT (IIPEJIOIOKEHNEe WHIYK-
nun): 1) ej € (vy,vg,...,v;); 2) (ej,ex) =0.

Em+1 = Um+1 + Qpy1,1€1 + Q1262 + oo+ Q1 m€m- (3)
(Um+17 ek)

il = ——F————- 4

m+ (ek;, 6k;) ( )

Herpynao noxkazaThb, 9TO IPH TaAKOM BbEIOOPE 3THX KOIMDPHUIIUEHTOB MIPe/I-
10JIOYKEHNEe WHJTYKIUK BbITIOJIHSIETCSI.



I11. IIponecc oproronanuzanuu I'pama-IlIMmuara
[Tycte B = {w1, vy, ...,v,} — npousBo/ibHbI 6a31C €BKJINI0BA MTPO-
crpancTBa U.
SHAYNT, Ha I1are ¢ HOMEPOM 1M = 7 TIOJIy UM MCKOMBII OpTOTOHAJIbLHBIT
Oa3uc, CoCTOSIINI U3 BEKTOPOB BUJIA

€mt1 = Umtl + Qmi11€1 + Qpi12€2+ ...+ Qi1 menm Tae  (3)

(Um—l—laek) (4)
(ek,ek)
Ocraercss HOPMHUPOBATH €ro, TO €CTb IIOCTPOUTH  Oasuc

B = {e}, e, ....e} tne e = S
(€i76i)

Am4-1.k = —



IV. Teopema o cymiectBoBanuu OHDB B eBkJmgoBoM
IIPOCTPAHCTBE

Teopema 4. Fcau U — xoneunomeproe e8KAUD080 NPOCTMPAH-
CMB0, Mo cyuecmsyem OPMOHOPMUPOBAHHDBLT, bazuc npocmpar-
cmea U.

Paccvmorpers npumep nocrpoeansa OHB?



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K HnacrosimeMy MOMEHTY CJIOXKIJIMCH YCJIOBHSI, OJIarONPUSTHBIC JIJIs
ITPUMECHEHN A
cTpaTerun



IV.1. OpTroronaapHoe JI0mOJHEHUE

K HnacrosimeMy MOMEHTY CJIOXKIJIMCH YCJIOBHSI, OJIarONPUSTHBIC JIJIs
[MTpUMEHEHN A
cTpaTerum iiepexoda OT m3ydeHud OTAC/ILHOI'O o0BbeKTa K n3y-
YeHUIO0 CUCTEMbl OOBHLEKTOB.



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K macrosmmemMy MOMEHTY CJIOKUJINCH YCJIOBUS, OJIArONpUATHBIE J1JIs1
IIPUMEHEHU s
CTpaTerum Iepexo/ia OT M3y4deHus OTAeIbHOIO O0beKTa K M3Yy-
4YEeHUIO CUCTeMblI OObEKTOB.

PaccmoTpum HekoTOpoe MHOXKecTBO M BEKTOPOB €BKJIMI0BA ITPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K macrosmmemMy MOMEHTY CJIOKUJINCH YCJIOBUS, OJIArONpUATHBIE J1JIs1
IIPUMEHEHU s
CTpaTerum Iepexo/ia OT M3y4deHus OTAeIbHOIO O0beKTa K M3Yy-
4YEeHUIO CUCTeMblI OObEKTOB.

PaccmoTpum HekoTOpoe MHOXKecTBO M BEKTOPOB €BKJIMI0BA ITPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !

Hanbosiee nepcieKTUBHBIM 1IPEJICTABIACTCA TPUMEHEHNEe
cTpaTerun



IV.1. OpTroronaapHoe JI0mOJHEHUE

K nacrosiliieMy MOMEHTY CJIOYKUJINCH YCJIOBUSI, OJIarONpUsITHBIE JIJIsT
MpUMEHEHW s
cTpaTeruu Iepexojia OT M3yUYeHUs OTAEeTbHOTO OObeKTa K M3Y-
YeHUIO0 CUCTEeMbl 00 HEKTOB.

Paccmorpum mexkoTopoe muoxkecTBO M BEKTOPOB €BKJIMI0BA TIPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !

Hanbosiee nepceKTUBHBIM TPEICTaB/ISeTCs TpUMeHeHne
cTpaTeruu Iepexojia OT U3Yy4YeHUs OTAeIbHOIO O0ObeKTa K M3Y-
YEeHUIO CHUCTeMbI 00 HEKTOB.



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K macrosmmemMy MOMEHTY CJIOKUJINCH YCJIOBUS, OJIArONpUATHBIE J1JIs1
IIPUMEHEHU s
CTpaTerum Iepexo/ia OT M3y4deHus OTAeIbHOIO O0beKTa K M3Yy-
4YEeHUIO CUCTeMblI OObEKTOB.

PaccmoTpum HekoTOpoe MHOXKecTBO M BEKTOPOB €BKJIMI0BA ITPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !

«DKCTpEeMabHBIMY PACIIOJIOKEHIEM BEKTOPOB ABJISICTCS KOJIJIMHEAP-
HOCTb 1 OPTOIOHAJILHOCTD.



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K macrosmmemMy MOMEHTY CJIOKUJINCH YCJIOBUS, OJIArONpUATHBIE J1JIs1
IIPUMEHEHU s
CTpaTerum Iepexo/ia OT M3y4deHus OTAeIbHOIO O0beKTa K M3Yy-
4YEeHUIO CUCTeMblI OObEKTOB.

PaccmoTpum HekoTOpoe MHOXKecTBO M BEKTOPOB €BKJIMI0BA ITPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !

«DKCTpEeMabHBIMY PACIIOJIOKEHIEM BEKTOPOB ABJISICTCS KOJIJIMHEAP-
HOCTb 1 OPTOIOHAJILHOCTD.

[TosTomy Hambosiee MHTEPECHBI BEKTOPHI, 110 OTHOMIEHUIO K BEKTOPaM
n3z M



IV.1. OproronaJjbHoe JOIIOJIHEHUE

K macrosmmemMy MOMEHTY CJIOKUJINCH YCJIOBUS, OJIArONpUATHBIE J1JIs1
IIPUMEHEHU s
CTpaTerum Iepexo/ia OT M3y4deHus OTAeIbHOIO O0beKTa K M3Yy-
4YEeHUIO CUCTeMblI OObEKTOB.

PaccmoTpum HekoTOpoe MHOXKecTBO M BEKTOPOB €BKJIMI0BA ITPO-
crpancTBa U. Kakoe pacrioyioxkenne BekTopoB n3 U orHocuTenbuo M
HanboJiee MHTEPECHO I N3YIeHd !

«DKCTpEeMabHBIMY PACIIOJIOKEHIEM BEKTOPOB ABJISICTCS KOJIJIMHEAP-
HOCTb 1 OPTOIOHAJILHOCTD.

[TosTomy manbosiee MHTEPECHBI BEKTOPHI, IO OTHOIIEHUIO K BEKTOpaM
u3 M opmozonaavHble.



IV.1. OproronaJjbHoe JOIIOJIHEHUE

Omnpenesienne 5. [ycmv M — nodmmosrcecmso (He 06A3amenvHo nood-
npocmpancmeo!) esrkaudosa mnpocmparncmea U. Tozda oproro-
HaJIbHBIM JornoHenneM x M nasvieaemes mmosicecmeo M+ 6cex 6ex-
mopos us U, opmozonasvnux ko eécem eexmopam us M, mo ecmo

ML_{U

wuelU nu Yve M (u,v)—O}. (4)




IV.2. CBoiicTBa OPTOroHAJILHOTO JIOHNOJIHEHNS
EcrecrBenno N3Yy4UTb CBOIICTBa OpPTOI'OHAJIbLHOI'O JOIIOJTHEHUMA.



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemea nodnpocmparcmeom eerkaudosa mpo-
cmpancmea U.
JloKa3aTeJabCTBO.



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemea nodnpocmparcmeom eerkaudosa mpo-
cmparcmeaa U.

JlokazaTeabcTBO. OUeBHIHOE CIEJICTBUE KPUTEPIs ITOAIIPOCTPAH-
CcTBA.



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemea nodnpocmparcmeom eerkaudosa mpo-
cmpancmea U.
JlokazaTeabCcTBO. /eiicTBUTEIbHO, HAJIO IPOBEPUTH, UTO €CJIH



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JokazaTeabcTBO. JleiicTBUTE/ILHO, HaJI0O MIPOBEPUTH, YTO €CJIH
r,y € M+, 10 N\t + py € M+



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmpancmea U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEHTa AT + 4y JIETKO TTPOBEPSIETCs:



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEeHTa AT + 1y JIErKO IIpoBepsieTcst: i Jioboro v € M



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEeHTa AT + 1y JIErKO IIpoBepsieTcst: i Jioboro v € M

(Az + py, v) =



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEeHTa AT + 1y JIErKO IIpoBepsieTcst: i Jioboro v € M

(Az + py,v) = Mz, v) + ply,v) =



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEeHTa AT + 1y JIErKO IIpoBepsieTcst: i Jioboro v € M



IV.2.1. Teopema 06 opTOroHaJILHOM JOHOJIHEHIU

Teopema 5. M* asasemca nodnpocmparncmeom eekaudosea mnpo-
cmparncmaa U.

JlokazaresibcTBO. [leiicTBuTe/IbHO, HAJ0 IIPOBEPUTH, UYTO €CJIN
z,y € M*, to \x + py € M+. Muoxkectso M~ 3a1aH0 Tapaxmepucmu-
yeckum c6oticmeom (CM. paBeHCTBO (4)) BBITOJIHEHE KOTOPOTO JIJIsT 9J1e-
MEeHTa AT + 1y JIErKO IIpoBepsieTcst: i Jioboro v € M

(Az + py,v) = AMax,v) + ply,v) =A-0+p-0=0.



IV.2.2. Teopema o monoJiHeHIU K JUHEMTHOI 000JI0UKe

Teopema 6. B a1060m KoneunomepHom €8KAUIOBOM NPOCTNDAH-
i
cmee umeem mecmo pasencmeo (vy, vy .. .)~ = {v,ve. .},
JloKa3aTeabCTBO.



IV.2.2. Teopema o monoJiHeHIU K JUHEMTHOI 000JI0UKe

Teopema 6. B a1060m KoneunomepHom €8KAUIOBOM NPOCTNDAH-
cmee umeem mecmo pasencmeo (v, vy .. ) = {vy,vg. .}

Jloka3aTeJIbCTBO. DTO OUEBUIHOE CJIEJICTBUE TEOPEMBI O BHYTPEeH-
Hell XapaKTepu3allini JNHeilHoii 000JI09KN.



IV.2.3. CaeacrBue 06 opTOroHAJHHOM JIOIIOJHEHUN K
0a3ucy MmoIIIPOCTPAHCTBA

CanenctBue 1. Ecau B — 6aszuc nodnpocmparncmea V- aunetinozo npo-
cmpancemea U, mo Bt = V.
Jloka3aTeabCTBO.



IV.2.3. CaeacrBue 06 opTOroHAJHHOM JIOIIOJHEHUN K
0a3ucy MmoIIIPOCTPAHCTBA

CaencrBue 1. Ecau B — 6aszuc nodnpocmparcmea V- aunetinozo npo-
cmpancemea U, mo Bt = V.

HokazareabcTBo. Haio okazaTh paBerncTBO MHOMKECTB.



IV.2.3. CaeacrBue 06 opTOroHAJHHOM JIOIIOJHEHUN K
0a3ucy MmoIIIPOCTPAHCTBA

CanenctBue 1. Ecau B — 6aszuc nodnpocmparncmea V- aunetinozo npo-
cmpancemea U, mo Bt = V.

JokazarejbcrBo. Coegyer jgokasarh Bkiodenns BT C V&
u V4t C Bt



IV.2.3. CaeacrBue 06 opTOroHAJHHOM JIOIIOJHEHUN K
0a3ucy MmoIIIPOCTPAHCTBA

CanenctBue 1. Ecau B — 6aszuc nodnpocmparncmea V- aunetinozo npo-
cmpancemea U, mo Bt = V.

JokazarejbcrBo. Coegyer jgokasarh Bkiodenns BT C V&
u V4t C Bt

CreJiaiiTe 970 CaMOCTOATEIBHO.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.
Jloka3aTeabCTBO.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

Jloka3zaTeabCcTBO. V', KaK MOAIPOCTPAHCTBO €BKJINI0BA ITPOCTPAH-
CTBA, SIBJISIETCSI €BKJIMJIOBBIM IIPOCTPpAHCTBOM. 3HAUUT, y Hero ecth OHDB.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. Ilycte By = {ej,es,...,e,} — OHB mnommpo-
cTpaHcTsa V.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. Ilycte By = {ej,es,...,e,} — OHB mnommpo-
crparncTBa V. Ilpomomxum ero jgo Oasuca npocrpanctsa U, mnomydmm

basuc B' = {e1, ..., ex, fost, - [u}



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. Ilycte By = {ej,es,...,e,} — OHB mnommpo-
crparncTBa V. Ilpomomxum ero jgo Oasuca npocrpanctsa U, mnomydmm
basuc B' = {e1, ..., ex, fost, - [u}

[IpumenuM K mojydeHHOMY 0a3ucy MPOIECC OPTOTOHAJIM3AIAN
I'pama-ITIMmuara. [Ipu 5TOM HepBble BEKTOPHI HE UBMEHSTCH, TTOITOMY
nosiyauM Oasuc B = {ey, ..., e, €pi1, .-, €n}.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.
HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.
Clie10BaTeIbHO (i1, ..., e,) C VL.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.

Clie10BaTeIbHO (i1, ..., e,) C VL.

[To ompenesnennio cyMMbl oanpocTpancts uMeeM U =V + VL. Jleit-
CTBUTEJIBLHO,



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.

Clie10BaTeIbHO (i1, ..., e,) C VL.

[To ompenesnennio cyMMbl oanpocTpancts uMeeM U =V + VL. Jleit-
CTBUTEJILHO, II0 TeopeMe O JIMHEHHBIX KOMOMHAINIX O0a3MCHBIX BEKTOPOB
JI7Td J1100oro BekTopa x n3 U
r=oo1e1+ ...+ e + Qpp1€p41 + ... + Qp€y.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.

Clie10BaTeIbHO (i1, ..., e,) C VL.

[To ompenesnennio cyMMbl oanpocTpancts uMeeM U =V + VL. Jleit-
CTBUTEJILHO, II0 TeopeMe O JIMHEHHBIX KOMOMHAINIX O0a3MCHBIX BEKTOPOB
JI7Td J1100oro BekTopa x n3 U
T =1+ ...+ ozk%ntgkﬂekﬂ + ...+ Ol Cr,.

-~

\Vr VJ_




I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.

Clie10BaTeIbHO (i1, ..., e,) C VL.

[To ompenesnennio cyMMbl oanpocTpancts uMeeM U =V + VL. Jleit-
CTBUTEJILHO, II0 TeopeMe O JIMHEHHBIX KOMOMHAINIX O0a3MCHBIX BEKTOPOB
JI7Td J1100oro BekTopa x n3 U
T =1+ ...+ ozk%ntgkﬂekﬂ + ...+ Ol Cr,.

v Vi
Bnaunt, pasencrso U = V + V+ noxazano.




I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
nipocrpancTBa U. O4eBHiHO, 4To 111 ¢ > k nMeeM e; € V.

Clie10BaTeIbHO (i1, ..., e,) C VL.

Mgel  jgokasajgyd, dYTO IO OIPEJIEJIEHNIO  CYMMBI  IIOJIIPOCTPAHCTE

U=V+V+,



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
npoctpancTsa U.

Mpl  JOKazajad, dYTO II0 OIPEJEJeHNI0 CYMMBI  IIOJ{IIPOCTPAHCTB
U =V + V=+. Ocranoch nposeputnb, uto V NV+ = {0}.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
npoctpancTsa U.

Mpl  JOKazajad, dYTO II0 OIPEJEJeHNI0 CYMMBI  IIOJ{IIPOCTPAHCTB
U =V + V=+. Ocranoch nposeputnb, uto V NV+ = {0}.

[Tycts £ € V NV+. Torna, Kak BeKTop u3 V', BEKTOp & OPTOTOHAJICH
K JIFOOOMY BEKTOpYy U3 V'©, B 4aCTHOCTH, K Z.



I1V.2.4. Teopema o cymmMe IOJIIPOCTPAHCTBA U €r0 Op-
TOI'OHAJILHOI'O JOHOJIHEHUS

Teopema 7. Ecau V < U, mo ecmv V. — nodnpocmpancmeo e8r.Al-
dosa npocmparncmea U, moU =V @ V+.

HHokazarenbctBo. [lonyaumn OHB B = {ey,... e, €ri1,...,€n}
npoctpancTsa U.

Mpl  JOKazajad, dYTO II0 OIPEJEJeHNI0 CYMMBI  IIOJ{IIPOCTPAHCTB
U =V + V=+. Ocranoch nposeputnb, uto V NV+ = {0}.

[Tycts £ € V NV+. Torna, Kak BeKTop u3 V', BEKTOp & OPTOTOHAJICH
K JIFOOOMY BEKTOpYy U3 V'©, B 4aCTHOCTH, K Z.

[Tostomy x oproronasien K x, TO ecThb (x,x) =0, 9TO 110 AKCHOMAM
eBKJIIJIOBA 1IPOCTPAHCTBa o3Ha4daeT, 4To © = 0.

Teopema noxaszana.



IV.2.5. Teopema o jomoJjHeHUN K JONOJIHEHIIO

Teopema 8. Ecau V' — nodnpocmparcmeo esraudosa npocmpar-
cwnealj,nu)(v¢)L::¥?

Jloka3aTeJabCTBO.



IV.2.5. Teopema o jomoJjHeHUN K JONOJIHEHIIO

Teopema 8. Ecau V' — nodnpocmparcmeo esraudosa npocmpar-
cmea U, mo (VL)L =V.

JlokazareabcTBo. OuUeBHJHO: HAJ0 JOKA3aTh J(Ba BKJIIOUEHUSI:

1 1
(Vi) CVu (VL) O V', 910 He BbI3bIBACT HUKAKUX ITPOOJIEM.
Paccemorpers mpuMep morcKka 0OpTOroHaIbLHOTO OO THEH IS !



IV.3. OproronaJjbHas NpoeKIs

Ompenesierne 6. [Tycmv U — esxaudoso npocmpancmeo u V. — ezo
nodnpocmpancmeo ux € U. [lo meopeme 7 0 cymme noonpocmpancmea u
€20 OPMO20HAALHO20 DONOAHEHUA CYULELCTNBYIOM maKue sexkmopotv € V u
w € VL, umo x =v+w. Tozda v nazwseaemes OPTOrOHAIBLHOM IIPO-
eKImeit sexmopa T na nodnpocmpancmeo V, a eexmop w — €20 OPTO-
TOHAJILHOII COCTaBJIAIOIIEN.



IV.3. OproronaJjbHas NpoeKIs

Ompenesierne 6. [Tycmv U — esxaudoso npocmpancmeo u V. — ezo
nodnpocmpancmeo ux € U. [lo meopeme 7 0 cymme noonpocmpancmea u
€20 OPMO20HAALHO20 DONOAHEHUA CYULELCTNBYIOM maKue sexkmopotv € V u
w € VL, umo x =v+w. Tozda v nazwseaemes OPTOrOHAIBLHOM IIPO-
eKImeit sexmopa T na nodnpocmpancmeo V, a eexmop w — €20 OPTO-

TOHAJILHOII COCTaBJIAIOIIEN.
Baxknyio poJsib urpaior HepaBeHCTBO Koinn-bByHsaKoOBCKOro, /s

CYMM Ha3blBacMO€ HEPABEHCTBOM Kommu:

(z;9) < V(z;2)V (). (3)




V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

FOBOpE[ O EBKJIMAOBLIX IIPOCTPaHCTBaX, Mbl OI'PaHHMYINBaAJIMCH TOJIBKO
CJIy4daeM II10JIA ﬂeﬁCTBI/ITeﬂbeIX quceJ1l R B Ka4deCTBEe OCHOBHOI'O I10JIA
qneiinoro npoctpancTsa U. OHAKO, BO MHOTUX ITPUIOXKEHUSAX (B 9acT-
HOCTH, B (bU3MKEe U B PaJMO3IEKTPOHNKE) BayKHYIO POJIb UI'paeT MoJjie
KOMIIJICKCHBIX YHCEJI C B Ka4eCTBE OCHOBHOI'O IT1OJIA. HOHHTHO, YTO TaKad
[10Jie3Hasd KOHCTPYKIMA, KaK CKaJIZIpDHOE ITPOU3BEJCHUE, B CJIydae ya9HO-
o [epeHoca ee Ha JuHeiiHbie mpocTpancTsa Hal C cylecTBeHHO 0boraTuT
COOTBETCTBYIOIINE TEOPUN U, B YaCTHOCTH, MaTeMaTHIeCKUil alapar.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?

fcHo, 9TO Tenepb CKaJSIpHOE IIPOU3BEJIEHNE JIOJIZKHO OTOOParKaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIAPHOI'O IIPOU3BEACHUI.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HAJIO UBMEHUTH B OIIPEJICJICHIN €BKJIMJI0BA IPOCTPAHCTBA, YTOObI
COXPAHUTb «BCE CAMOE IICHHOE» B CKaJSIPHOM IPOM3BEJCHUN JIJIsI TTPO-
crpancTs HaJl C7?

fcHo, 9TO Telepb CKaJsipHOE IPOU3BEJIEHUE JIOJIYKHO OTOOparkaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIPHOI'O IIPOU3BEJICHMSI.

KoMMyTaTUBHOCTE XOTe/I0Ch ObI COXpaHUTh. B KpafiHeMm ciydae, ecin
9TO He YJACTCsl, HAJIO XOTsI Obl ee «He 04eHb UCIOPTUTDHY.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?

fcHo, 9TO Tenepb CKaJSIpHOE IIPOU3BEJIEHNE JIOJIZKHO OTOOParKaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIAPHOI'O IIPOU3BEACHUI.

HHHeﬁHOCTB IIO0 IIEPBOMY MHOZKHUTEJ/IIO TOzKE ZKCEJIATC/JIbHO OCTaBUTL:

(Az + py, 2) = Mz, 2) + ply, 2).



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Yo Ha 0 U3MEHUTDH B OIPEEeJIEHUN eBK/INI0BA [IPOCTPAHCTBA, ITOOBI
COXPAHUTb «BCE CAMOE IICHHOE» B CKaJSIPHOM IPOM3BEJCHUN JIJIsI TTPO-
crpancTs HaJl C7?

fcHo, 9TO Telepb CKaJsipHOE IPOU3BEJIEHUE JIOJIYKHO OTOOparkaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIPHOI'O IIPOU3BEJICHMSI.

Haubousbie npobieMbl JOCTaB/IsIeT TPEThs aKCHOMA,:

(x,x) >0, npuyem (x,x) =0 moeda u mosvko moeda, xozda x = 0.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
IJIEKCHBIM, a JIJIsT KOMIJIEKCHBIX 9HCeJl OTHOIIEeHNE > He OIpeJeseHo!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
IJIEKCHBIM, a JIJIsT KOMIJIEKCHBIX 9HCeJl OTHOIIEeHNE > He OIpeJeseHo!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.

CJI02KHOCTD B TOM, YTO IOILITKA, HAIIPUMED, J0OaBUTL 3TO TpeboBaHue

B Ka9ecTBEe aKCHOMBI IIPU COXpaHEeHNN TIEPBBIX JABYX aKCHOM oOpeveHa Ha
IIPOBAJI.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
[JICKCHBIM, a JUIsl KOMILIEKCHBIX 4YKcesl OTHOIICHHE > He OIIPEJIesIeHO!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.

Ecm (x,2) =k € R, 10

(14+d)x, (1+i)x) =



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
[JICKCHBIM, a JUIsl KOMILIEKCHBIX 4YKcesl OTHOIICHHE > He OIIPEJIesIeHO!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.

Ecm (x,2) =k € R, 10

(14D, (1+d)z) = (14+19)*(z,2) =



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
[JICKCHBIM, a JUIsl KOMILIEKCHBIX 4YKcesl OTHOIICHHE > He OIIPEJIesIeHO!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.

Ecm (x,2) =k € R, 10

(1 +d)z,(144)2) = (1 +0)*(z,2) = 2i(z,2) =



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA
(x,z) >0, npuvem (x,x) =0 moeda u mosvko moeda, xozda r = 0.

Jlesio B ToM, 91O, BOODIIE TOBOPSI, YUCIO (X, ) Telephb sIBISIETCS KOM-
[JICKCHBIM, a JUIsl KOMILIEKCHBIX 4YKcesl OTHOIICHHE > He OIIPEJIesIeHO!
BHAYUT, U3 aKCHOM JIOJIKHO ¢JiejioBaTh, 1To (z, ) € R.

Ecm (x,2) =k € R, 10

(1+d)z,(14+9)2) = (14+4)* (2, 2) = 2i(z,2) = 2ki ¢ R(!?)



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?

fcHo, 9TO Tenepb CKaJSIpHOE IIPOU3BEJIEHNE JIOJIZKHO OTOOParKaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIAPHOI'O IIPOU3BEACHUI.

SHaUUT, JIJIsi COXpaHEHUSI TPETheil aKCHOMBI:

(x,x) >0, npuyem (z,x) = 0 moeda u moavko moeda, xoeda x = 0

PUJIETCA 0TKA3aThCA XOTA ObI OT OJHOI U3 MEPBBIX JIBYX aKCHOM.



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?

fcHo, 9TO Tenepb CKaJSIpHOE IIPOU3BEJIEHNE JIOJIZKHO OTOOParKaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIAPHOI'O IIPOU3BEACHUI.

SHaUUT, JIJIsi COXpaHEHUSI TPETheil aKCHOMBI:

(x,x) >0, npuyem (z,x) = 0 moeda u moavko moeda, xoeda x = 0

IPUJIETCST OTKA3ATHLC XOTsI ObI OT OJIHOI 13 MEPBBIX JBYX aKCHOM.
JIMHEHOCTD «2KaJIKO JI0 CJIe3», YK JIydIlle MBI «ACIIOPTUM» KOMMYTa-
TUBHOCTD!



V. VYuaurapHble (3pMUTOBBI) IPOCTPAHCTBA

Y10 HaJIO UBMEHUTDH B OIIPE/IeJICHIN €BKJINI0BA IIPOCTPAHCTBA, ITOObI
COXPaHUTb <«BCE CaMO€ LEHHOE» B CKaJIAPHOM IIPOU3BECACHUN HJIA IIPO-
crpancTs HaJl C7?

fcHo, 9TO Tenepb CKaJSIpHOE IIPOU3BEJIEHNE JIOJIZKHO OTOOParKaTh
U x U B C. IlosroMy OCHOBHOE BHUMAHWE CJIEJIyeT YIeJUTh aKCHOMaM
CKaJIAPHOI'O IIPOU3BEACHUI.

SHaUUT, JIJIsi COXpaHEHUSI TPETheil aKCHOMBI:

(x,x) >0, npuyem (z,x) = 0 moeda u moavko moeda, xoeda x = 0

MPUJIETCsT OTKA3aTHCsT XOTsT ObI OT OJIHOf U3 MEPBBIX JIBYX aKCHOM.
OKA3BIBAETCS, JOCTATOMHO 10/10XKuTh (2,%) = (y,z). B uacro-

CTH, MEHsisi MeCTaMH COMHOYKHTE/N B BbIpAXKeHUU (X, ), TOJIydaeM

(z,2) = (z,2), orkyna (z,x) € R. VTak, MOIYUIIN CICIYIONEE Olpe-

JIeJIeHNE.



V.1. Onpenesienne yHUTAPHOIO MPOCTPAHCTBA

Omnpenenenue 7. YHUTAPHBIM Al SPMUTOBBIM NPOCMPAHCMEOM
nasveaemcs sunetnoe npocmparcmso U nad nosem C xomniexcnvix -
cen, na Komopom onpedeaena pynxuusa (,): U x U — C, nasvieaemasn
CKAJISIPHBIM MTPOU3BEJCHUEM (6 YHUMAPHOM NPOCTPAHCNGE ), DA KO-
Mopoti BLINOAHANMCA CACOYIOULUE YMBEPHCOEHUA, HA3LIBAEMbIE AKCHO-
MaMM CKAaJISPHOIO IIPOM3BEIEHUS 68 YHUMAPHOM NPOCMPAHCMEE:

1 (ZL’,y) - W;

2. (nunetinocmy no nepeomy MHONACUMENI )
Az +py, 2) = Mz, 2) + uly, 2);

3. (:U x) >0, xpome moeo, (x,x) =0 mozda u moavko moeda, Ko2da
= 0.



V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN0BbIX

HOUITI/I BCE€ YTBCPZKIACHN A, KOTOPbIE MbI JTOKa3aJ/I1 IJI51 €BKJ/INIOBBIX 1IPO-
CTPpaHCTB, IIOCJIE H€60ﬂbHH/IX I/ICHpaBﬂeHI/HL/’I CTaHOBATCA CIIPpaBE/IJIMBbIMHI
JUI YHATAPHBIX ITPOCTPAHCTB. B 9TOM paszese Mbl YKaykKeM 9TH HCIIpaB-
JICHUA.



V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN0BbIX

BO—HGpBbIX7 CKaJIAPHOEC IIPON3BEACHNE B YHUTAPHDBIX
[IPOCTPaHCTBaX HE ABJIACTCA JINMHEUHBIM 110 BTOPOMY
MHOZKNUTEJIIO. TOLIHQQ BMECTO JIMHENHOCTU JJIL BTO-
pPOro MHOZKHTEJIA 110JIYVHacM CJIEAVYIOIIEE CBOICTBO:

(z, Ay + pz) = Mz, y) + Blz, 2). (4)




V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN0BbIX

Bo-BTopnix, maTpuiia ['pama g Oasuca b He aBid-

eTCsI, BOOOIIE TOBOPSI, CUMMETPUIHO, TOUHEee, NMe-

eM paBeHCTBO F% = E, rie JUIst MaTpuilbl Xmxn

1101 Xy xn HOHUMACTCS TaKas MaTpPUua Yy, xn, 9TO

st (2,7) € 4{1,2,...m} x{1,2,...,n} nmeem
Yij = Tjj.



V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT

CBKJIN10OBbIX
B-tperbux, dopmyia (1) a1 BeUUC/IeHNsT CKaJsip-

HOI'O NPOU3BEJAEHNs ¢ IIOMOIILI0 MaTpulbl | pama B
VHUTAPHOM IIPOCTPAHCTBE UMEET BU/I:

(z,y) = 25T B lW]B- ()




V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN0BbIX

B-tperbux, dopmyia (1) a1 BeUUC/IeHNsT CKaJsip-

HOI'O NPOU3BEJAEHNs ¢ IIOMOIILI0 MaTpulbl | pama B
VHUTAPHOM IIPOCTPAHCTBE UMEET BU/I:

(z,y) = [2]5BV]E. ()

Kak u mpexje, B 9Toit dpopMyse Mbl OIYCTHIN OIEPAINIO, U3BJICKA-

IOIIYIO U3 OJIHOKOMIIOHEHTHON MaTpHIIbI [x]%FB[y]B ee eJIMHCTBEHHYIO
KOMIIOHeHTy. B KadecTse Taxoii oneparun MOKHO B3dATh det um tr, To

ectb popmysia 5 Ha caMom Jeie umeer Bug (x,y) = det ([az]ﬁgFB [y]B)

i (x,y) = tr ([az]ﬁsFB%)



V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN10BbIX
B-1yeTBepThIX, IpU IIepexoJie B IPYToit basnc hopmy-

na (2) s YHETAPHOTO TIPOCTPAHCTBA M3MEHSETCsI
CJICTYIONINM 00PA30M:

el
'y =1pLp "B IBoB" (6)



V.2. HekoTophble oTiinyuns YHUTAPHBIX IPOCTPAHCTB OT
€BKJIN0BbIX

B-miareix, B hopmyiie (4) u3 mporecca OpTOroHaH-

zanun 1'pama-LIMmugra mopstjiok coMmHozKuTENEI /17151
VHUTAPHOTO IIPOCTPAHCTBA, B OTJINUNE OT €BKJINJI0-
Ba, BayKeH!



VI. HopmupoBaHHbIE 1 MeTpUYeCcKHe IIPOCTPaHCTBA
Muz1 paceMoTpumM 0000IIEHNsT TIOHATUH «PACCTOSTHAE MEYKJIy TOUKAMUY,
«JIJIAHA», <ILJIOIAJAby W JP.



VI.1. Merpudeckue npocTpaHCTBa

CkaJIsipHOe 1IPOU3BEJIeHNe [103BOJISIET HPUMEHATh B €BKJIMIOBBIX IIPO-
CTpAHCTBAX MATEMATHUIECKHUI alapaT MeTPUIecKIX 1 HOPMUPOBAHHBIX
IPOCTPaAHCTB. B 9THUX JIMHEIHBIX POCTPAHCTBAX BBEJEHBI ClIela/bHble
MaTeMaTHIecKue KOHCTPYKINM, 0000IIalole MOHATHE «JIJIMHBI BEKTO-
pay WM <«PACCTOSIHUSI MEXKJIy TOUYKaMu». B HEKOTOPBIX IPUIOZKEHUSIX
JIMHEIHON anreOpbl 0000IIeHNe TTOHSTUS «JJIMHA BEKTOPay», OCHOBAHHOE
na dopmyie ||z|| = \/(x, x) aBagerca ney00HbIM.

Paccrosiame Mexkjry Toukamu (KOHIIAME Pajinyc-BEKTOPOB) 0000IIaeT
ollpejie/IeHHasT HUZKe MempuKa.



VI.1. Merpudeckue npocTpaHCTBa

Omnpenenenue 8. Junetinoe npocmparncmeo U nad nosem R naszwvisa-
emcs MeTPUYECKNM HPOCTPAHCTBOM mozda U moavko mozda, xozda
6 nem onpedenena maxas dynkyua p . U X U — R, daa xomopoti 6vi-
NONHAIOMCA CACOYIOUUE YMBEPHCIENUA (AKCUOMDL MEMPUKL):

1. p(x,y) = ply,x) (cummempuynocmny);

2. p(x,y) > 0, npuvem p(x,y) = 0 mozda u mosvko moeda, xoeda r =y
(Hesuipooicdennocmy );

3. p(x,y) < plz, 2) + p(z,y) (nepasencmseo mpeyzoivrura).

IIpu smom ynruua p Hazvieaemcs METPUKOIA.



VI.1. Merpudeckue npocTpaHCTBa
MeTpudecKiMU POCTPAHCTBAMU SIBJISIIOTCS CJISJIYIONINE aJIreOpHhl.

1. ITpocTpancTBo reoMeTpuyecKinX BEKTOPOB, ,0(?, ?) = ]? — ?]



VI.1. Merpudeckue npocTpaHCTBa
MeTpudecKiMU POCTPAHCTBAMU SIBJISIIOTCS CJISJIYIONINE aJIreOpHhl.

1. ITpocTpancTBo reoMeTpuyecKinX BEKTOPOB, ,0(?, ?) = ]? — ?]

2. U — mpousBojbHOe KOHEYHOMEpPHOE JIMHEHHOe MPOCTPAHCTBO,

1
plx,y) = { O, pu T 7y Takoe MeTpu4ecKoe IPOCTPAHCTBO Ha-

npu T =1y
3bIBAETCS] AUCKPETHBIM.



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA

Onpejie/ieHHOE HUKE TOHATUE HOpMb, 00001IaeT JIMHY BeKTopa. OT-
METHUM, 9TO BO MHOI'lX CJIy4adX, KOI'/la p€db MACT O €BKJIMI0OBOM IIPO-
cTpaHCcTBe, TpebyeTcs, 9ToObl HopMa Obljla, «eCTECTBEHHO» JIJIsT TAKOI'o

IIPOCTPAHCTBa, TO ecTh ||z|| = v/ (x, 7).



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA

Onpenenenne 9. Jlunetdnoe npocmpancmeo U nasvieaemcs HOPMU-
POBAHHBLIM Mmoz2da U MoAbko mozda, Ko2da 6 Hem onpedesena Maxas

dynruusa || o] : U — R, wmo evnoansomesn caedyrougue ymeeporcde-
HUA (AKCUOMDL HOPMDL):

L || z|| = A - ||z]| (ednopodnocmy wopmot);

2. lz]] >0, npuyem ||z|| = 0 mozda u moavro mozda, xozda x = 0;

S|z +y|| < Ilz|| + ||y|| (nepasencmeo mpeyeorvrura);

IIpu smom pyrxyus || e || Hasweaemes HOPMOIA.



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
PacemoTpum JimHeitHOE HpPOCTPaAHCTBO BeKTOpoB Iiockoctu ¢ OHB
-

{ 1, ] } Ha sTom mpocTpancTBe 00OBIYHO OMPEIEIdioT OJHY U3 CJIeTy-

IOIUX HOPM:

-
Lz i +yjll=+22+y%



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
PacemoTpum JimHeitHOE HpPOCTPaAHCTBO BeKTOpoB Iiockoctu ¢ OHB
-

{ 1, ] } Ha sTom mpocTpancTBe 00OBIYHO OMPEIEIdioT OJHY U3 CJIeTy-

IOIUX HOPM:

-
Lz i +yjll=+22+y%

- 2
2l i +y gl = | + ]yl



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
PacemoTpum JimHeitHOE HpPOCTPaAHCTBO BeKTOpoB Iiockoctu ¢ OHB
-

{ 1, ] } Ha sTom mpocTpancTBe 00OBIYHO OMPEIEIdioT OJHY U3 CJIeTy-

IOIUX HOPM:
- =
Lz i +yjll=+22+y%
- >
2.l i +yjll =zl +yl;
- >
3. lri +yj || =max{|z],|y|}.



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
PacemoTpum JimHeitHOE HpPOCTPaAHCTBO BeKTOpoB Iiockoctu ¢ OHB
-

{ 1, ] } Ha sTom mpocTpancTBe 00OBIYHO OMPEIEIdioT OJHY U3 CJIeTy-

IOIUX HOPM:
- =
Lz i +yjll=+22+y%
- >
2.l i +yjll =zl +yl;
- >
3. lri +yj || =max{|z],|y|}.

J171s1 TOrO, 4TOOBI «PeOMEeTPUIECKI» IIPEJICTaBUTL cebe, ITO IpejicTaB-
JigeT coboit KarKiasd N3 3TUX HOPM, TIOCTPONUM «eJIMHUYHBIN MTaps : MHOZKe-
CTBO TOYEK, KOHIIBI PaJINYCOB-BEKTOPOB KOTOPBIX YJIOBJIETBOPSIOT YCJIO-
pito ||z 1 +y j || < 1. B cuny akcmombl 1 HOpMBI «opMay 9TOTO Tia-
pa He 3aBUCUT OT ero «pajuycay. s KaxK 1ot u3 nepeuncjieHHbIX BbIIe
HOPM TI0JTy9aeM:



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
-
Lflzi +yjll=+va*+y%
7 Y
2|z & +y il =zl + [yl
7 —~
3.z i 4y [l = max{[z], [y[}.
[TocTpouMm <«eAMHUIHBIN IIapy: MHOYKECTBO TOYEK, KOHIIBI PaJIyCOB-

BEKTOPOB KOTOPBIX yIOBIETBOPsitoT yeaosuio ||z i +y j || < 1. B cuny

AKCMOMBI 1 HOpMBI «OopMay 3TOro Iapa He 3aBUCUT OT €ro «pajguycasy.
1). 1

5



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
-
Lflzi +yjll=+va*+y%
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2|z & +y il =zl + [yl
7 —~
3.z i 4y [l = max{[z], [y[}.
[TocTpouMm <«eAMHUIHBIN IIapy: MHOYKECTBO TOYEK, KOHIIBI PaJIyCOB-

BEKTOPOB KOTOPBIX yIOBIETBOPsitoT yeaosuio ||z i +y j || < 1. B cuny

AKCMOMBI 1 HOpMBI «OopMay 3TOro Iapa He 3aBUCUT OT €ro «pajguycasy.
1). 1 2). 1

S



VI1.2. HopmupoBaHHbIE IPOCTPAHCTBA
-
Lflzi +yjll=+va*+y%
7 Y
2|z & +y il =zl + [yl
7 —~
3.z i 4y [l = max{[z], [y[}.
[TocTpouMm <«eAMHUIHBIN IIapy: MHOYKECTBO TOYEK, KOHIIBI PaJIyCOB-

BEKTOPOB KOTOPBIX yIOBIETBOPsitoT yeaosuio ||z i +y j || < 1. B cuny

AKCMOMBI 1 HOpMBI «OopMay 3TOro Iapa He 3aBUCUT OT €ro «pajguycasy.
1). 1 2). 1 3). .1

R A aE,
- - —1
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VI1.3. Teopema 0 HOpMe NPOTUBOMNOJIO2KHOT'O BEKTOP

Teopema 9. Jlaa 4100020 6exmopa & AUHETHO20 HOPMUPOSUHHO20 NPO-
cmpancmea U umeem mecmo paserncmeo || — x|| = ||z||.
Jloka3aTeabCTBO.



VI.3. Teopema o HOpMe HPOTMBOMNOJIO2KHOT'O BEKTOP
Teopema 9. /[asa mob020 exmopa T AUHETH020 HOPMUPOBAHHO20 NPO-

cmpancmea U umeem mecmo paserncmeo || — x|| = ||z||.
Jloka3aTeabCTBO.

CoriacHO aKcmoMe OJHOPOJHOCTA HOPMBI U aKCHOMAaM JIMHEeli-
HOI'O IIPOCTPAHCTBA, UMEEM

| ==l =



VI.3. Teopema o HOpMe HPOTMBOMNOJIO2KHOT'O BEKTOP
Teopema 9. /[asa mob020 exmopa T AUHETH020 HOPMUPOBAHHO20 NPO-

cmpancmea U umeem mecmo paserncmeo || — x|| = ||z||.
Jloka3aTeabCTBO.

CoriacHO aKcmoMe OJHOPOJHOCTA HOPMBI U aKCHOMAaM JIMHEeli-
HOI'O IIPOCTPAHCTBA, UMEEM

| =2l =[(=1) - 2]| =



VI.3. Teopema o HOpMe HPOTMBOMNOJIO2KHOT'O BEKTOP
Teopema 9. /[asa mob020 exmopa T AUHETH020 HOPMUPOBAHHO20 NPO-

cmpancmea U umeem mecmo pasencmeo || — z|| = ||x||.
Jloka3aTeabCTBO.

CorjiacHO aKCHMOME OJHOPO/IHOCTU HOPMbI 1 aKCHOMAaM JinHeli-
HOT'O TIPOCTPAHCTBA, UMEEM

| =2l =(=1)-zl[ = [ = 1] - ||l=]| =



VI.3. Teopema o HOpMe HPOTMBOMNOJIO2KHOT'O BEKTOP
Teopema 9. /[asa mob020 exmopa T AUHETH020 HOPMUPOBAHHO20 NPO-

cmpancmea U umeem mecmo pasencmeo || — z|| = ||x||.
Jloka3aTeabCTBO.

CorjiacHO aKCHMOME OJHOPO/IHOCTU HOPMbI 1 aKCHOMAaM JinHeli-
HOT'O TIPOCTPAHCTBA, UMEEM

| =2l = 1(=1) - 2l[ = [ = 1] - [lz|] = []]],



VI.3. Teopema o HOpMe HPOTMBOMNOJIO2KHOT'O BEKTOP
Teopema 9. /[asa mob020 exmopa T AUHETH020 HOPMUPOBAHHO20 NPO-

cmpancmea U umeem mecmo pasencmeo || — z|| = ||x||.
Jloka3aTeabCTBO.

CorjiacHO aKCHMOME OJHOPO/IHOCTU HOPMbI 1 aKCHOMAaM JinHeli-
HOT'O TIPOCTPAHCTBA, UMEEM

| =2l = 1(=1) - 2l[ = [ = 1] - [lz|] = []]],

YTO U TPeOOBAJIOCH JOKA3ATh.



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu| < e —yll.

Jloka3aTeabCTBO.



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

[zl = Iyl =



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = |z =y +yl| = ly]] <



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

x| = [yl = llz =y +yll = [l < |z =yl + Iyl = lly]| =



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],

= ([l=ll = llyll) =



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],
— (=[] = lly]l) = —=||=||+]|y—2+z|| <



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],
— (|z]| = llyl) = —l|z||+]ly—z+z|] < —||z||+||ly—z||+||z|| =



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.

CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
TUBOIIOJIO?’KHOT'O BEKTOPA

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],
— (||| = lwll) = =ll=||+|ly—z+2|| < —||z||+||ly—=||+|z|| = ||z—y]|.



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.
CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
THUBOIIOJIO2KHOTO BEKTOpPa

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],
— (||| = lwll) = =ll=||+|ly—z+2|| < —||z||+||ly—=||+|z|| = ||z—y]|.
Crenosarennno, ||z|| — ||y[| < ||z —y|| n —(||z|| = [|yl]) < ||z — ]l



VI1.4. Teopema o HOpMe pa3HOCTU

Teopema 10. Jlaa a06vix 6exmopos x, Y AUHETHO20 HOPMUPOBAHHO20
npocmparcmea U

el — ||yu\ < e —yll.

Jloka3aTeabCTBO.
CoryiacHO HEpaBEeHCTBY TPEYToJIbHIUKA 1 TEOpEME O HOpMe IIPO-
THUBOIIOJIO2KHOTO BEKTOpPa

z|| = [yl = llz —y +yl| = lyl] < [z —yl] + [yl =yl = |z —yl],
— (||| = lwll) = =ll=||+|ly—z+2|| < —||z||+||ly—=||+|z|| = ||z—y]|.
Crenosarensno, ||z|| — ||y[| < ||z —y|| n —([|z|| = [|yl]) < ||z —yll,

orkyna |||z|| — [|y||| < ||z — ||, 4ro u Tpebosamoch MOKazATE.



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

B HOpMIPOBAHHOM MPOCTPAHCTBE €CTECTBEHHBIM 00PA30M OIPEJIE/ISeT-
cst Metpuka: p(x,y) = ||z — y||. Ha nepBblit B31JIs1/1, B METPHUECKOM ITPO-
CTPAHCTBE MOYKHO ONpeJIeJIuTh HOpMy npasuioM ||z|| = p(x,0), ograxo
npuMep 2 MeTPUIECKOro MPOCTPAHCTBA, MOKA3BIBAET, UTO Ta (DYHKITHST
MOKeT He ObITh HOPMOIt, TaK KaK MOYKET HApYIIAThCst AKCHOMa, 1 HOPMBI.
[TosToMy HOHSATHE METPHUIECKOIO TTPOCTPAHCTBA CYIIECTBEHHO 0000IaeT
MOHSITHE HOPMUPOBAHHOTO TIpocTpaHcTBa. OKa3bIBACTCS, B €BKJIMIOBOM
MPOCTPAHCTBE HOPMY MOYKHO BBECTH €CTECTBEHHBIM 00PA30M, OITICAHHBIM
B CJIeJIyIONIeil TeopeMe (TeopeMe 0 HOpMe B €BKJIMJIOBOM ITPOCTPAHCTRE).



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Qyuxuyua ||x|| = /(z,x) 3adaem 6 esxiudosom npo-
cmparncmee U HOpMmY.
Jloka3aTeJabCTBO.



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Qyuxuyua ||x|| = /(z,x) 3adaem 6 esxiudosom npo-
cmparncmee U HOpMmY.

Jloka3aTeJabCTBO.

HerpuBnaabHbIM  SIBJISIETCA TOJBKO JIOKA3aTEJILCTBO HEPaABEHCTBA
TPEYTOJbHUKA.

ODTO  Jl0KazaTeJbCcTBO Oaszupyercss Ha HepaBeHcTBe  Kormm-
bynsikoBckoro. /leficrBurensbo,



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

|z +yll =



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lo+yll = V(z+yz+y) =



VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll = V(e +y,z+y) =(z,2)+2x,y) + (y,y) <
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Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll = V(e +y,z+y) =(z,2)+2x,y) + (y,y) <

< \/(af,x) +2v/ (2, 2)v/ (4, y) + (v, y) =




VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll=V(z+y,z+y) = (z,2) +2(x,9) + (y,y) <
< \/(af,x) + 2/ (2, 2)\/ (5, ) + (v, ) =
(VED V) -




VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll = Ve +y,2+y) = V(z,2) +2x,y) + (y,y) <
< \/(af,x) + 2/ (2, 2)\/ (5, ) + (v, ) =
= ¢ (Vo + Vivw) = Vi + Vi) =




VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll = V(e +y,z+y) =(z,2)+2x,y) + (y,y) <

< \/(af,x) +2v/ (2, 2)v/ (4, y) + (v, y) =

_W @)+ V) =V + V) = el + 1l




VI1.5. Teopema 0 HOpMe B €BKJINJOBOM HPOCTPAHCTBE

Teopema 11. Pyuxuyusa ||z|| =
cmpancmee U HOpMY.
Jloka3aTeJibCTBO.

(x,z) 3adaem 6 eskAUIOBOM NPO-

HeTrpupBnaiababiM dBJI€TCI TOJLKO J0Ka3aTeJLCTBO HepPaBEHCTBA
TPEeyroJibHUKA.

lz+yll = V(e +y,z+y) =(z,2)+2x,y) + (y,y) <

< \/(af,x) +2v/ (2, 2)v/ (4, y) + (v, y) =

_W @)+ V) =V + V) = el + 1l

CupaBeJI/INBOCTb OCTAJIbHBIX aKCHOM HOPMBI JIOKAYKUTE CAMOCTOSITEILHO.
Teopema joxkazana.




VI1.6. Teopema Iludaropa mjis eBKJIMJIOBBIX IIPO-
CTPaHCTB

Teopema 12. Jlaa 1006z 0pmo2oHaibHoT GEKMOPOS T,y e6KAUJ0-
6a npocmparcmea ¢ nopmot ||x|| = +/(x,z) cnpasediuso paserncmeo
lall? + Nyl = llz + Il

Jloka3aTeabCTBO.



VI1.6. Teopema Iludaropa mjis eBKJIMJIOBBIX IIPO-
CTPaHCTB

Teopema 12. Jlasa 110060 0pmo20HaADHIT BEKMOPOS T,Y E8KAUNO-

6a npocmparcmea ¢ nopmot ||x|| = +/(x,z) cnpasediuso paserncmeo
1]+ lly[1* = [z + yl>
Jloka3aTeabCTBO.

Tax xak 1o yciaoBuio Teopembl (x,y) = 0, TO

o+ yl* =
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CTPaHCTB

Teopema 12. Jlasa 110060 0pmo20HaADHIT BEKMOPOS T,Y E8KAUNO-

6a npocmparcmea ¢ nopmot ||x|| = +/(x,z) cnpasediuso paserncmeo
1]+ lly[1* = [z + yl>
Jloka3aTeabCTBO.

Tax xak 1o yciaoBuio Teopembl (x,y) = 0, TO

|z +yl)* = (z+y,z+y) =
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CTPaHCTB

Teopema 12. Jlasa 110060 0pmo20HaADHIT BEKMOPOS T,Y E8KAUNO-
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1]+ lly[1* = [z + yl>
Jloka3aTeabCTBO.

Tax xak 1o yciaoBuio Teopembl (x,y) = 0, TO

lz+yl)?=@+y,a+y) = (z,2)+2z,y) + (y,y) =



VI1.6. Teopema Iludaropa mjis eBKJIMJIOBBIX IIPO-
CTPaHCTB

Teopema 12. Jlasa 110060 0pmo20HaADHIT BEKMOPOS T,Y E8KAUNO-

6a npocmparcmea ¢ nopmot ||x|| = +/(x,z) cnpasediuso paserncmeo
1]+ lly[1* = [z + yl>
Jloka3aTeabCTBO.

Tax xak 1o yciaoBuio Teopembl (x,y) = 0, TO
|z +yll* = (x +y, 2 +y) = (2,2) + 2(2,9) + (4, y) =
- (CL‘,ZI}) + (yvy) -



VI1.6. Teopema Iludaropa mjis eBKJIMJIOBBIX IIPO-
CTPaHCTB

Teopema 12. Jlasa 110060 0pmo20HaADHIT BEKMOPOS T,Y E8KAUNO-

6a npocmparcmea ¢ nopmot ||x|| = +/(x,z) cnpasediuso paserncmeo
1]+ lly[1* = [z + yl>
Jloka3aTeabCTBO.

Tax xak 1o yciaoBuio Teopembl (x,y) = 0, TO
e +yll* = (@ +y,2+y) = (v,2) +2x,9) + (y,y) =

= (z,2) + (y,9) = ||=|]* + ||yl
qToO U Tpe6OBaﬂOCb ,ZLOK&B&TB.



VI.7. 9KBuUBaJIEHTHOCTH HOPM

[Tousgrue HOPMbI aKTHUBHO MCIIOJIb3YETCA IIPU O606LLL€HI/H/I HEKOTOPbIX
METOJO0B 1 [HOHATUI MaTeMaTUu4YeCKOro aHaJin3a Ha IMTPpOU3BOJIbHBIE JIN-
HeliHble TpocTpaHcTBa. 1109ToMy OJHMM M3 OCHOBHBIX BOIIPOCOB B 9TOI
00J1aCTHU SABJISIETCs CJIeIyIoIIas IpodeMa; BePHO JIM, YTO €CJIM JIBE TOUKU
«OJIN3KI» B CMBICJIE OﬂHOﬁ HOPMBbI, TO OHHA «OJIN3KUY» U B CMBICJIC BTOpOﬁ
HOPMBI?



VI.7. 9KBuUBaJIEHTHOCTH HOPM

[Tousgrue HOPMbI aKTHUBHO MCIIOJIb3YETCA IIPU O606LLL€HI/H/I HEKOTOPbIX
METOJO0B 1 [HOHATUI MaTeMaTUu4YeCKOro aHaJin3a Ha IMTPpOU3BOJIbHBIE JIN-
HeliHble TpocTpaHcTBa. 1109ToMy OJHMM M3 OCHOBHBIX BOIIPOCOB B 9TOI
00J1aCTHU SABJISIETCs CJIeIyIoIIas IpodeMa; BePHO JIM, YTO €CJIM JIBE TOUKU
«OJIN3KI» B CMBICJIE OﬂHOﬁ HOPMBbI, TO OHHA «OJIN3KUY» U B CMBICJIC BTOpOﬁ
HOPMBI?

«bimskuy He B cMbICTe KOHKPETHBIX 3HA4YEHU HOPMbI BEKTOPa, a
B CJcayromeM IIOHUMaHWW: IIYCTb Ui, U9, U3 ... — IOCJICA0OBATEC/IBHOCTD
BEKTOPOB JIMHEHHOTO TpocTpaHcTBa U, Ha KOTOPOM OlpeiesieHbl HOPMbI

ol m (] el



VI.7. 9KBuUBaJIEHTHOCTH HOPM

[ToHsiTie HOPMBI AKTHBHO WCIIOJIB3YETCsT P 0OOOIEHNN HEKOTOPbIX
METOJIOB W TOHSTHII MATEeMATHICCKOTO aHAM3a Ha MPOU3BOJILHBIE JTH-
HefiHbIe TTPOCTpaHCTBA. 1109TOMY OJHUM W3 OCHOBHBIX BOIIPOCOB B 9TOIf
00JTACTH SIBJISIETCST CJIEIyTOMAst TpOOJIeMa; BEPHO JIH, ITO €C/TH JIBE TOUKH
«OJIN3KI» B CMBIC/IE OJTHON HOPMBI, TO OHI «OJIU3KH» U B CMbIC/IE BTOPOI
HOPMBI?

«Bm3ku» He B CMbIC/ie KOHKDETHBIX 3HAUeHUil HOPMBI BEKTOpa, a
B CJIEJIYIOMEM MOHUMAHUU: TYCTh Up, Uz, U3 . .. — HOCTETOBATEIHBHOCTD
BEKTOPOB JIMHEHHOTO IpocTpancTBa U, Ha KOTOPOM OIPEJIeIeHbl HOPMBbI
lollinllell

Bepno s, 4ro nocsenosarebHocts ||uqlly, [|uelly s ||uslly, - - crpe-
MUTCST K HYJIIO TOTJ|a U TOJBKO TOTJA, KOJa MOCIE0BATEIbHOCTD
21 ly s [|Jually s [Juslly, - - - Taksxe crpemunTes K Hy1107?



VI.7. 9KBuUBaJIEHTHOCTH HOPM

Onpegenenne 10. Hopmw || e ||; u || |2 saunetinozo npocmpancmea
U na3vi6aromcs 3KBUBAJEHTHBIMU m0200 U MOoAbKo mo20a, k0204, CY-
wecmeylom makue noaodcumenvnvie wucaa A u B, wmo das ai060-

20 sexmopa x u3 U umerom mecmo nepasencmea ||x||1 < A- x|z w
|zlla < B - [l



VI.7. 9KBuUBaJIEHTHOCTH HOPM

Omnpenesienne 10. Hopmo, || e ||1 u || @ |2 aunedinozo npocmparncmsa
U nazw6aromes SKBUBAJEHTHBIMEU 1M020a U MOAbKO Mo2da, k020a cy-
WeCTEYIom makue nosodcumenvhue wucaa A u B, uwmo s a0bo-
20 sexmopa x u3 U umerom mecmo nepasencmea ||x||1 < A- x|z w
lello < B[]l

[esibro JIAHHOTO pasjieia siBJISeTCs JJ0KA3aTe/ILCTBO TEOPEMbI 00 3KBH-
BaJIEHTHOCTH HOPM B KOHEYHOMEPHOM POCTPAHCTBE.



VI.8. Jlemma o mpejejie HOpMBI IOKOOPJIUHATHO Oec-
KOHEYHO MAaJIoli MmocCJjieIOBATEeIbHOCTH

Jlemma 1. [lycmo V' — woneunomeproe HopMuposanmoe aunetinoe npo-
cmpanemeo, {xy,Ta,...,} — NOCAIOBAMEALHOCING BEKMOPOE IMO20
NPOCMPAHCMBa, NOKOOPIUHAMHO CTOOAUWAACA K HYAO (MO ecmb OAA A10-
6020 6asuca u aobozo 1 < m < dim(V') nocaedosamervrocms m-muix

koopdunam smux eexmopos cmpemumca x 0). Tozda ||xg|| — 0.
Jloka3aTeJabCTBO.



VI.8. Jlemma o mpejejie HOpMBI IOKOOPJIUHATHO Oec-
KOHEYHO MAaJIoli MmocCJjieIOBATEeIbHOCTH

JlemMma 1. [Tycmo V' — xoneunomeproe HOPMUPOSAHHOE AUuHElH0e npo-
cmpanemeo, {xy,Ta,...,} — NOCAIOBAMEALHOCING BEKMOPOE IMO20
NPOCMPAHCMBa, NOKOOPIUHAMHO CTOOAUWAACA K HYAO (MO ecmb OAA A10-
6020 6asuca u aobozo 1 < m < dim(V') nocaedosamervrocms m-muix
K0OPIUHAM IMUL BEKMOPOE cmpemumc,ﬂ K 0) Toeda l|lzk|| — 0.
HokazareabcTBo. llycts b = { €1, 4 9. 4 }

T = )\k’16>1 + ... +)‘k,n € ,.



VI.8. Jlemma o mpejejie HOpMBI IOKOOPJIUHATHO Oec-
KOHEYHO MAaJIoli MmocCJjieIOBATEeIbHOCTH

Jlemma 1. [lycmo V' — woneunomeproe HopMuposanmoe aunetinoe npo-

cmpanemeo, {xy,Ta,...,} — NOCAIOBAMEALHOCING BEKMOPOE IMO20

NPOCMPAHCMBa, NOKOOPIUHAMHO CTOOAUWAACA K HYAO (MO ecmb OAA A10-

6020 6asuca u aobozo 1 < m < dim(V') nocaedosamervrocms m-muix

koopduram smux eexmopos cmpemumes x 0). Toeda ||zi|| — 0.
Jloka3aTeJabCTBO. Tj = )\k’1€>1 +...+ )\m?n.

[xl] < Al - W€+ 4 il - 1€l = 0,

tak Kak || €1]],..., || €| — KomcTanTH M IS MOGOIO @ 1O YCIOBHIO



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

Jloka3aTeabCTBO.



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. [IpuMennm MeTo 1 JI0Ka3aTeIbCTBa «OT MTPOTHBHO-
ro».



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

HokazareabcTBo. [lycts V' — KoHTpHpumep, TO €CTh HOPMHUPOBAH-
HOE IIPOCTPAHCTBO, JJIg KOTOPOI'0 YTBEPXKJICHHUE JIOKA3bIBACMOI JIEMMBI
HE BBIIIOJIHAETCS.



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

HokazareabcTBo. [Iycth V' — KonTprpumep, TO €CTh HOPMUPOBAHHOE
IIPOCTPAHCTBO, JI/Ist KOTOPOIO YTBEP:KIeHIEe JOKA3bIBAEMOil JIEeMMBbI HE BbI-
nosHsiercd. Ilycts b = {?1, ?2, e ?n} — COOTBETCTBYIOIUIT Hasuc,
£ — COOTBETCTBYIOIEE TOJIOKUTETbHOE YNCI0. PaccMOTpuM MOHOTOHHO

BO3PACTAIONIYI0 HEOTPAHUIEHHYIO IocaenoBaTenbnoctb My, Mo, ... 1o-

JIOZKUTCJIbHBIX YUCEJI.



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

HokazareabcTBo. [Iycth V' — KonTprpumep, TO €CTh HOPMUPOBAHHOE
IIPOCTPAHCTBO, JI/Ist KOTOPOIO YTBEP:KIeHIEe JOKA3bIBAEMOil JIEeMMBbI HE BbI-
nosHsiercd. Ilycts b = {?1, ?2, e ?n} — COOTBETCTBYIOIUIT Hasuc,
£ — COOTBETCTBYIOIEE TOJIOKUTETbHOE YNCI0. PaccMOTpuM MOHOTOHHO

BO3PACTAIONIYI0 HEOTPAHUIEHHYIO IocaenoBaTenbnoctb My, Mo, ... 1o-
n
— .
JIOZKUTEJIbHBIX yuces. Obo3HadnM depes X, = > Ak € Taxoil BeKTOp,
i=1
qT0 Ji71sA HeKoToporo 1 < m < n BBINOJHAETCS HEPABEHCTBO | A | > M.



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

HokazareabcTtBOo. My, My, ... — MOHOTOHHO BO3pacTaloiias Heorpa-

n
HITYEHHAS! [I0CIEI0BATE/BHOCTD OJOKUTEIBHBIX YHCel, X = 3 A\pi €4
i=1
Takoil BekTop, uto (Im | Apm| > My).
1

NETERESTH
suimaior 1. Odesnno, uro || Y| = 0, rk. || X4 < e n

Y BCceX BEKTOPOB ?k = ?k BCE KOOPJIMHATHI HE Mpe-

VXX, > Dl > My = oo,



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

HokazareabcTtBOo. My, My, ... — MOHOTOHHO BO3pacTaloiias Heorpa-

n

—

HUYEHHAas [10CAeJ0BaTEIbHOCTD HOJIOKUTEIbHBIX YUCEI, ?k => Nii €
i=1

Takoil BeKkTop, uto (Im | Ap | > M), ?/{ = 1 X,
NIRRT

<1, ||3%|| = 0. Hosromy, 1o semme o exomsieiics

1
NIRRT

I[TOJAIIOC/ICIOBATEJIbHOCTU OFp&HquHHOﬁ I[IOCJIEAOBATC/IBHOCTH 110J1y9a€M,

qTOo CcymecrByeT IOKOOPAMHATHO CXOUAAIladACA ITOAIIOCJICJOBATC/IbHOCTD
[mocJjie 10BaTe/JIbHOCTHN BEKTOPOB ?k



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. Mpbl moOKazajau, 4TO CYIIECTBYET HOKOOPIMHAT-
HO CXOJIAIIALACS TI0JIIIOC/IEI0BATE/IbHOCTD I0C/Ie/I0BATE/IbHOCTH BEKTOPOB

Vi=— 2
NCTERESTH

TaTb, 9TO IIOCJI€EA0BATC/IBHOCTD ?/{ CXOIHUTCA K BEKTOPY ?

?k. YiaauB JUIIHUE BEKTOPHI, MOYXKHO CUM-



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B noneqnomepnom npocmparcmee V. oas 006020 basuca
b = {?1,?2, € } oaa 106020 € > 0 cyugecmeyem Maxoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. MbI 1oKa3a/nm, 4YTO CYIMIECTBYET ITOKOOPIUHAT-
HO CXOJIAIALACS HOLLHOCJIG,ZLOB&TGJIBHOCTB TOCJIEJIOBATEILHOCTH BEKTOPOB

?k—\/A A,

TaThb, YTO IIOCJIEJIOBATEIbHOCTD 7k CXOJUTCS K BEKTOPY Z . [lo temme o

?k. YiaauB JUIIHUE BEKTOPHI, MOYXKHO CUM-

InpeaeJjie HoOpMbl ITIOKOOPAMHATHO OeCKOHeYHO MAaJIoii IHocJjie10Ba-
TEJIbHOCTN BEKTOPOB KOHE€YHOMEPHOI'O IIPOCTPAHCTBaA I10JyYacM,

aro || Z — ¥ il = 0.



VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. Mbl oKaza u, 9TO CYIMIECTBYET IOCIeI0BATE b

HOCTb BEKTOPOB ?k’ = 1 ?k, [HOKOOPANHATHO CXO/AIa-

2 2
NETERESTH

acaik Z, upnden ||Z — Y || = 0. Cieposarensio, s moboro T > 0
Haiiercest Takoit IV, uro jist oboro k > N BBIIOJHSIOTCA HEpaBEHCTBA

1Z =¥Vl <T, ||Vl <T.




VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. Mbl oKaza u, 9TO CYIMIECTBYET IOCIeI0BATE b

HOCTb BEKTOPOB ?k’ = 1 ?k, [HOKOOPANHATHO CXO/AIa-

2 2
NETERESTH
acaik Z, upuies ||Z — Yu|| = 0. Cenosarensio, st mo6oro T > 0
Haifercs Takoit N, 910 jist j11060ro k > N BBIOJTHSIOTCS HEPABEHCTBA

1Z =¥l <T. [[¥sll T,
1Z]| < ||Z = Yul| + [Vl < T+ T =2T.




VI.9. JIemma 006 orpaHM4YeHHOCTU OKPECTHOCTU

Jlemma 2. B xoneumnomeprom npocmparcmee Vo oas 06020 basuca
b = {?1, ?2, e E)n} onaa mobozo € > 0 cywecmeyem makoe “uc-
20 M, wmo u3 mepasencmea ||M €1+ ...+ M\ €,|| < & credyem, wmo
A1 < M, ... |\ < M.

JokazareabcTBO. Mbl oKaza u, 9TO CYIMIECTBYET IOCIeI0BATE b

HOCTb BEKTOPOB ?k’ = 1 ?k, [HOKOOPANHATHO CXO/AIa-

2 2
NETERESTH

acaik Z, upnden ||Z — Y || = 0. Cieposarensio, s moboro T > 0
Haiiercest Takoit IV, uro jist oboro k > N BBIIOJHSIOTCA HEpaBEHCTBA

1Z =¥l <T. [[¥sll T,
1Z]| < ||Z = Yul| + [Vl < T+ T =2T.

Tak Kax 310 PaBE€HCTBO BBIIIOJIHACTCA IJI51 CKOJIb YI'OHO MaJIbIX TV7 TO

|z|| = 0, aTo mporuBopeunT BTOpOil aKcnmome HOPMBL. JlemMMma moKazana.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jhobvie dee Hopmovi, onpedeserie Ha KOHEWHOMEDHOM AU~
HETHOM MPOCMPAHCNEE, IKGUBAAEHTHL MEAHCAY COOOT.
Jloka3aTeabCTBO.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jobvie dee nopmol, onpedenetnvie 1a KOHEYHOMEPHOM AU-
HETHOM NPOCTPANCIMEE, IKEUBAAENNHDL MENHCIY 0001,

HokazarenbcTBo. «OT nporusroroy. [lycts || o ||, || @ ||o — Hesxsu-
BaJIeHTHBIC HOPMBI. Tor/1a, o OMpe/e/IeHuIo,



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jobvie dee nopmol, onpedenetnvie 1a KOHEYHOMEPHOM AU-
HETHOM NPOCTPANCIMEE, IKEUBAAENNHDL MENHCIY 0001,
HokazarenbctBo. «Otr nporusaoros. [lycers || e ||y, || @ |2 — Hesx-
BUBAJICHTHBIC HOPMBI. 1OTJIa, 10 OIPEIEICHNIO, CYIIECTBYET TaKoe I0-
JIOKUTEJIBHOE TUCJI0 €, 9TO JJisi JIOOBIX MOJOKUTEeIbHbIX ducen B, C

MHOZKECTBO {a; x|y < B} HE BKJIOUAETCS B {:1: l|z|]2 < 6}, VLT

{x |z]]2 < C’} HE BKJII0YAETCsT B {x |z|]; < 6}.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwve dse nopmol, onpedenernvie Ha KOHEYHOMEPHOM AU~

HETHOM NMPOCMPAHCNEE, IKEUBANEHMHBL MeHCIY 00O
JlokazaTeabcTBO. Bo3sbMem cxojsinyiocd K 0 10CIe10BaTEIbHOCTD

OJIOYKUTENbHBIX uncest Ay, As, ..., u nonoxum By, = C). = Aj.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwie dse Hopmol, onpedeseHtvie Ha KOHEYHOMEPHOM Al-
HETHOM NPOCMPAHCNEE, IKEUBAAECHMMHYL MENHCIY COO0T.
HokazareabcTBO. Bosbmem  cxojgsmiyiocss K 0 mocrienoBa-
TEeJILHOCTL — HOJIOZKUTEJLHBIX — uncen Ay, Ag,..., #W  IOJIOKUM
B.=C.=A,. Hua xaxjgoro nHomepa k BbiOepeM 110  3Jie-

MeHTy T W3 {xHxH1<Ak}\{:BH:UH2<E} Wi oy us

{ollall2 < A} \ {2 |ll2ll <<}



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jhobwvie dse nopmol, onpedeserrvie Ha KOHEYHOMEPHOM AU~

HETHOM NPOCMPAHCNEE, IKEUBAAECHMMHYL MENHCIY COO0T.
HokazareabcTBO. Bosbmem  cxojgsmiyiocss K 0 mocrienoBa-

TEeJILHOCTL — HOJIOZKUTEJLHBIX — uncen Ay, Ag,..., #W  IOJIOKUM

B.=C.=A,. Hua xaxjgoro nHomepa k BbiOepeM 110  3Jie-
MeHTy T W3 {xHxH1<Ak}\{:BH:UH2<E} Wi oy us

{x |z]]2 < Ak} \ {:L‘ 2] < 8}. Xorst OBl  OJIHO U3 MHOXKECTB
{xk ‘ k € N} NJIN {yk ‘ keN } beckoneuHno. IlycTb, s olpejie/ieH-

HOCTU, OECKOHEYHBIM ABJIAETCS MHOYKECTBO {azk ‘ keN }



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwve dse nopmol, onpedenernvie Ha KOHEYHOMEPHOM AU~
HETHOM NMPOCMPAHCNEE, IKEUBANEHMHBL MeHCIY 00O
IokazareabcTBo. BosbMem Aq, As, ... — 0, nonoxum B, = C), = Ay,

Ty € {x |1 < Ak}\{xHng < 5} il {xkk S N} SIBJISICTCS

OECKOHEUHBIM (Te UJIeHBI TTOCIeI0BATETLHOCTH Ay, JIIT KOTOPHIX BbI-
OUpaIN Yk, VAAJIUM, U HepEeHyMepPYeM WICHDI [OC/IeI0BATE/IbHOCTH ).



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwve dse nopmol, onpedenernvie Ha KOHEYHOMEPHOM AU~
HETHOM NMPOCMPAHCNEE, IKEUBANEHMHBL MeHCIY 00O
IokazareabcTBo. BosbMem Aq, As, ... — 0, nonoxum B, = C), = Ay,

Ty € {x |1 < Ak}\{xHng < 5} il {xkk € N} SIBJISICTCS

OeCKOHETHBIM (Te WJIeHBI MOC/IeJ0BATEIbHOCTH Ay, JIJIT KOTOPBIX BbI-
OUpaIN Yk, VAAJIUM, U HepEeHyMepPYeM WICHDI [OC/IeI0BATE/IbHOCTH ).

ITo 1emMe 06 orpaHNMYeHHOCTI OKPECTHOCTH, OIIpe iesisieMoil Hop-
MOI1, BCe KOOPJMHATHI BEKTOPOB &) OIPAHUYEHBI, TaK Kak JJIsi JII00OT0
HoMepa k umeeM ||zk|le < . 3HaumT, 1O JIeMMe O CXoJIIelics T10IITo0-
CJIeJI0OBATE/IbHOCTU OIPAHUYEHHOI I10C/1e/10BaTe/IbHOCTI 110JIydaeM, UTO

CYIIECTBYET IOAIIOC/IE0BATEIHHOCTD 110CIeI0BATEILHOCTI {:ck ‘ ke N },
ITOKOOP/IMHATHO CXOIAIIASACT K BEKTOPY Z.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwve dse nopmol, onpedenernvie Ha KOHEYHOMEPHOM AU~
HETHOM NMPOCMPAHCNEE, IKEUBANEHMHBL MeHCIY 00O
IokazareabcTBo. BosbMem Aq, As, ... — 0, nonoxum B, = C), = Ay,

Ty € {x |1 < Ak} \ {:C ‘ x| < 5} il {xk ‘ ke N} SIBJISICTCS
OECKOHETHBIM (Te WIEeHDI MOCIeI0BATEIbHOCTH Ay, JI7TsT KOTOPBIX BBIOHDPa-
JW Yk, VIATAM, U TIepeHyMepyeM WIeHbl T0CIe0BaTe IbHoCTH ). MoyKHO

CYNTATDH, YTO II0CJIEJOBATEILHOCTH {:ck ‘ keN } TOKOOPJUHATHO CXO-
JINTCSL K BEKTODY 2.



VI.10. Teopema 00 3KBUBaJIEHTHOCTU HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobwve dse nopmol, onpedenernvie Ha KOHEYHOMEPHOM AU~
HETHOM NMPOCMPAHCNEE, IKEUBANEHMHBL MeHCIY 00O
IokazareabcTBo. BosbMem Aq, As, ... — 0, nonoxum B, = C), = Ay,

Ty € {a:' |1 < Ak}\{xHng < 5} il {xkk € N} SIBJISICTCS

OECKOHETHBIM (Te WIEeHDI MOCIeI0BATEIbHOCTH Ay, JI7TsT KOTOPBIX BBIOHDPa-
T Yg, VAAJIUM, U TIePEHYMEepyeM WICHbBI MOC/IeI0BaTe/IbHOCTH ). MoxKHO

CYNTATDH, YTO II0CJIEJOBATEILHOCTH {xk/f eN } TOKOOPJUHATHO CXO-
JUTCA K BEKTOPY 2.

[To siemMe o Tipejiejie HOPMbI TOKOOPAMHATHO OECKOHEYHO Ma-
JIOM TIOCJIe/I0OBATEIbHOCTY BEKTOPOB KOHEYHOMEPHOTO TPOCTPaH-
cTBa ToJydaeM, 9to ||z — x|l — 0. Kpome Toro, o cBoficTBam mpe/ie-
na, Tak Kak A > 0, Ay — 0 u ||zk||1 < Ag 1o ||zK][1 = 0.



VI1.10. Teopema 00 3KBUBaJIEHTHOCTH HOPM B KOHEY-
HOMEPHOM ITPOCTPAHCTBE

Teopema 13. Jlobvie dee Hopmovl, onpedescrtbie Ha KOHEUHOMEPHOM AU-
HETHOM NPOCMPAHCNEE, IKEUBAAECHMMHYL MENHCIY COO0T.
HokazareabcTBO. [lo HepaBeHCcTBY TpeyroJbHNKA

12lle < Iz = il + |||

Ho Beipazkenwue B mpaBoii 9acTu 9TOT0 HepaBeHCTBa cTpeMutest K 0 mpu k
crpemsiiieMcst K 6eckorednoctn. [losromy, Tak Kak ||z||; — koHCTaHTA, TO
|z|l1 = 0. C apyroit cTopoHbl, X0Ts1 OBI OJIHA KOOD/MHATA BEKTOPA Z OT-
JIMYIHA OT HyJIs, TaK KaK, [0 BBIOOPY Ty, 1Jist JII0O0To k umeeM ||zk||e > €.
Takum obpasom, ||z|[1 = 0, Ho z # 0, 4TO TPOTUBOPETUT TIEPBOIT AKCHOME
HOPMBI.

Teopema jrokazana.
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