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I. IlongaTne JuHeiiHOrO IIPOCTPAHCTBA
MgI pacecMoTpesin HECKOJIBKO aaredp, B KOTOPBIX HCIIOJIb30Ba/IOCh 10~
HSTHE CJIOYKEHUS BEKTOPOB M YMHOYKEHHS BEKTOPa Ha YUCIO.



I. IlongaTne JuHeiiHOrO IIPOCTPAHCTBA

MgI pacecMoTpesin HECKOJIBKO aaredp, B KOTOPBIX HCIIOJIb30Ba/IOCh 10~
HSTHE CJIOYKEHUS BEKTOPOB M YMHOYKEHHS BEKTOPa Ha YUCIO.

[Tpu sTOM MHOTHE cBoOficTBa 9THX Ollepalliii B pasHbIX ajredpax oju-
HAKOBDI:



I. IlongaTne JuHeiiHOrO IIPOCTPAHCTBA
MnI paccMoTpenn HECKOIBKO aaredp, B KOTOPBIX HCIOJIb30BaJIOCh I10-
HATHE CJIO’)KEHUSI BEKTOPOB U YMHOYKEHUsI BEKTOpa Ha YUCJIO.
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I. IlongaTne JuHeiiHOrO IIPOCTPAHCTBA
MnI paccMoTpenn HECKOIBKO aaredp, B KOTOPBIX HCIOJIb30BaJIOCh I10-
HATHE CJIO’)KEHUSI BEKTOPOB U YMHOYKEHUsI BEKTOpa Ha YUCJIO.

BekTopnas anreopa | MarpudHasi aareopa
. X+y=y+x; |[LX+Y=Y+X;
2.X+¥Y)+ 7z = |2 X+Y)+Z=

=X+ (y+72); =X+ (Y + Z);
3.+ 0 =X 3.X +0=X;
LX+(-%)=0; |[4.X+(-X)=0;
5AX+Y) = 5. AX+Y) =

= \X + \Y; = AX + \Y;
6. A4+ u)X = 6. (A4 p)X =

= \X +4X; = \X + pX;
7. (A)X = ApX); |7 ()X = A(uX);
8.1-X =% 8.1-X=X




I. IlongaTne JuHeiiHOrO IIPOCTPAHCTBA

MnI paccMoTpenn HECKOIBKO aaredp, B KOTOPBIX HCIOJIb30BaJIOCh I10-

HATHUE CJIOZKCHUS A BEKTOPOB U YMHOXKEHNM A BEKTOPa Ha YUCJIO.

BekTopnHas anreopa | MarpundHas ajareopa| Ajredbpa MHOTroO4J/I€HOB
L. X4+¥Y=y+X; LX+Y=Y+X;, [Lp)+qk) =q)+px);
2.X+¥Y)+ 7z = |2 X+Y)+Z= 2. (p(z) + q(x)) +r(z) =

=X+ (¥ +7); =X+ (Y +2); = p(2) + (q(z) + r(2));
3.X 4+ 0 =X, 3.X4+0=X; 3. p(z) + 0 = p(x);
LX+(-%)=0; |[4.X+(-X)=0; 4. p(z) + (—p(z)) = 0;
5AMX+Y) = 5AMX4Y) = 5. Mp(x) + q(z)) =

= \X + \Y; = AX + \Y; = \p(z) + Ag(2);
6. A+ )X = 6. (A4 p)X = 6. (A + p)p(x) =

= A\X + X = AX + pX; = \p(z) + up();
7. (A)X =ApX); [T )X =ApX); |7 (Awp(z) = Mup());
8.1-X =% 8.1-X=X 1-p(x) = p()




I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-
CTBO»

dopMaamn3yeM IIOHATHE JUHEINHOTO HPOCTPAHCTBA WK Cpa3y
nepeiigem K popmMyanpoBKe”?



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIunetrvim npocmparcmeom Ha3vleacmmcA. ..

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIunetrvim npocmparcmeom Ha3vleacmmcA. ..

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Mbr dopmMympoBain cBOCTBA JIIst:
— MHOYKECTBA TEOMETPUYIECKUX BEKTOPOB (MPSIMOI, MIOCKOCTH UJIH TTPO-
CTPAHCTBA);
— MHOKECTBa MATPUI] PABMEPHOCTH M X N;
— MHOTOJICHOB.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIuretinoim npocmparcimeom Ha3vteacmcia MHOHCECTNEO

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Mbr dopmMympoBain cBOCTBA JIIst:
— MHOYKECTBA TEOMETPUYIECKUX BEKTOPOB (MPSIMOI, MIOCKOCTH UJIH TTPO-
CTPAHCTBA);
— MHOKECTBa MATPUI] PABMEPHOCTH M X N;
— MHOTOJICHOB.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIuretinoim npocmparcimeom Ha3vteacmcia MHOHCECTNEO

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

B cBoiicTBax, MOMIMO 3JIEMEHTOB I, Y, 2 (PUIYPUPYIOT 0D03HAUECHUSI
oleparuni.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIuretinoim npocmparcimeom Ha3vteacmcia MHOHCECTNEO

C ONEPAUUAMY + U -

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x; 4)r+(—2)=0; S)A-(x+y) =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

B cBoiicTBax, MOMHMO 3JIEMEHTOB I, Y, 2 (PUIYPUPYIOT 0D03HAUECHUI
oleparmni.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
UHEUHDIM TVPOCTPAHCINEGOM HA3DLEAETCA MHOHCECITNEO

C ONEPAUUAMY + U ?

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x; 4)r+(—2)=0; S)A-(x+y) =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Ho ymuO)KeHuEe Az = \ - & He sBJsIeTCs omeparmeil, MoCKOIbKY



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIuretinoim npocmparcimeom Ha3vteacmcia MHOHCECTNEO

C ONEPAUUAMY + U ?

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x; 4)r+(—2)=0; S)A-(x+y) =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Ho ymuO)KeHuEe Az = \ - & He sBJsIeTCs omeparmeil, MoCKOIbKY
IIEPBBIIl COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»

JIuretrvim NPoOCMPaHCMEOM HA3BLEALNCA MHONHCECTNEO

c onepauuAMu + u -
paty S~~~

?

Axcuomovr: 1) x+y=y+z; 2)(x+y
3)r+0=1x; 4)r+(-2)=0; 5) A (z+y
6) Ap)-x=X-adp-x; 7)) (N-p)-x=A-(p-x);
8)1-x=ux.

Ho ymuO)KeHuEe Az = \ - & He sBJsIeTCs omeparmeil, MoCKOIbKY
IIEPBBIIl COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.

KcraTn, 570 0CHOBHOE MHOZKECTBO HaJI0 KAK-TO 0003HAYUTH, YTOOBI OT-
JIN9aTh €ro 0T MHOXKECTBA, U3 KOTOPOIr'o DepyTcs .



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»

JIunetrvim NPoOCMPaHCMEOM HA3BLEALNCA MHONHCECTNEO U

c onepauuAMu + u -
paty S~~~

?

Axcuomor: 1) x+y=y+z; 2)(x+y
3)r+0=1x; 4)r+(-2)=0; 5) A (z+y
6) Ap)-x=X-adp-x; 7)(N-p)-x=A-(p-x);
8)1-x=ux.

Ho ymuOX)KeHue Az = \ - & He sBJsIeTCs ormeparmeil, MoCKOIbKY
IIEPBBIII COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.

KcraTn, 570 0CHOBHOE MHOZKECTBO HaJI0 KAK-TO 0003HAYUTH, YTOOBI OT-
JIN9aTh €ro 0T MHOXKECTBA, U3 KOTOPOIr'o DepyTcs .



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JIuretinvim npocmparcimeom Ha3vteacmca MHOHCECTNEO U

C ONEPAUUAMY + U _ -

?

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Ho ymuOX)KeHue Az = \ - & He sBJsIeTCs ormeparmeil, MoCKOIbKY
IIEPBBIII COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.

Cumraercss, YTo A — JefcTBUTEIbHOE YKCI0, HO B ODIIEM ciydae A
MOTYT OBITH SJIEMEHTaMU JIPYTUX TTOJIET.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinowm npocmparcmeom wad nosem K waswveaemes mroorce-

cmeo U ¢ onepavuamu + u _ -

?

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Ho ymuOX)KeHue Az = \ - & He sBJsIeTCs ormeparmeil, MoCKOIbKY
IIEPBBIII COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.

Cumraercss, YTo A — JefcTBUTEIbHOE YKCI0, HO B ODIIEM ciydae A
MOTYT OBITH SJIEMEHTaMU JIPYTUX TTOJIET.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepauusamu + u . -
pe ~

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Ho ymuOX)KeHue Az = \ - & He sBJsIeTCs ormeparmeil, MoCKOIbKY
IIEPBBIII COMHOXKUTE/Ib HE SIBJIIETCS 9JIEMEHTOM OCHOBHOI'O MHOYKECTBA.



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepauusamu + u . -
pe ~

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

HpI/IMeHHeTCH ABa BbIXO/a:

— CUYHUTATb 3TO «YMHOXKEHNE» TaK Ha3bIBAEMOIl BHEIITHEN Ollepaliuei;



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepavuamu + u _ -

?

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

[IpumeHnsieTcst aBa BBIXOIA:
— CYMTATb 9TO «YMHOXKEHHE» TaK Ha3blBaeMOil BHEIITHEH oIlepalueii;
— CYNTATh olepalueil He -, a A-, T.e. YMHOXKEHHIE Ha CKaJsIp .



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepauusamu + u . -
pe ~

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Mgr OyaeM cunTaTh, YTO y HAC HE JIBE OIEPAIH, a OIePaIs CJI0XKe-
HIsl BEKTOPOB JIMHeiiHOTO mpocTpancTBa U 1 Habop omeparuii A-, BooOIe
TOBOPSI, PA3JIMIHBIX JIJIT PA3HBIX .



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepavyuamu + u A

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

Mgr OyaeM cunTaTh, YTO y HAC HE JIBE OIEPAIH, a OIePaIs CJI0XKe-
HIsl BEKTOPOB JIMHeiiHOTO mpocTpancTBa U 1 Habop omeparuii A-, BooOIe
TOBOPSI, PA3JIMIHBIX JIJIT PA3HBIX .



I.1. Popmasm3anusi MOHATHUA <«JUHETHOEe NPOCTPaH-

CTBO»
JTunetinvm npocmparcmeom nad noaem K wmazvieaemes mroorce-

cmeo U ¢ onepavuamu + u A-.
06 onepayuAT U36ECTHO AUULD, MO OAA HUT GUNOAHANMCA CACIYI0-
WUE AKCUOMDL.

Axcuomw: 1) x+y=y+x;, 2)(x+y)+z=x+ (y+2);
)rx+0=x;, 4)r+(—2)=0; S)A-(x+y =A-x+ Xy,
6) AN+p) z=Axz+p-x; 7)A-p)-x=X(u-x);
8)1-x=u.

SBYYUT KaK-TO KOPABO...



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Omnpenenenne 1. JImHeiltHOe mpocTpaHcTBO HaJ 1mojem K — amo
mmooicecmeo U (e20 anemenmol Ha3vi6a10mces BEKTOPAMM ), Ha KOMOPOM
onpedesena onepavus + u, 0aa wascdozo N u3 noss K, onepayus -

YMHOHCEHUA HA N, NPUYEM BBINOAHANMCA CACOYULUE S8 COOMHOULEHUT]
(axcuom Aunetinozo npocmpancmea):

I.x+y=y+2x (KomMmymamueHocmy);



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I x4+y=y+2x (Kommymamuenocms);

2. (x4+y)+z=x+ (y+2) (accoyuamusnocmy);



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. cywecmeyem maxoti eexmop 0, wmo dan awbozo eexmopa x usz U
suinoAnACCA pasencmeo T + 0 = x (cywecmseosanue HYae6020 6ek-

mopa);

He crout 3amnmceBaTh TPOMO3JIKYIO CJIOBECHYIO (POPMYJIUPOBKY 3TOi
AKCUOMBI. ..



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa);

Teneps apyroe jgeno...



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa);

4. 0asa 06020 sexmopa x u3 U cywecmeyem sexkmop —x maxot, 4mo
r+(—z)=0;

ONAThb CJANUIIKOM MHOI'O CJIOB...



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa); 4Nz eU 3J(-z)eU (x+(—2)=0);

Bot Tenepn Jyuie...



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa); 4Nz eU 3J(-z)eU (x+(—2)=0);
SN (x4+y)=A-z+ Ay,



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa); 4Nz eU 3J(-z)eU (x+(—2)=0);

S (x+y)=A-z+A-y; 6. N+ p)-x=X\a+p-x;



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa); 4Nz eU 3J(-z)eU (x+(—2)=0);

S (x+y)=A-z+A-y; 6. N+ p)-x=X\a+p-x;
T(A-p)-z=A(p-x)



I.2. Onpenesienne JuHeiiHOro NpocTpaHCTBA

Onpepnesnienne 1. JImHeltHOe mpocTpaHCTBO HaAd 1oJieM K — amo
mmoorcecmeo U (e20 anemenmol, Ha3vl6a10MCA BEKTOPAME ), HA KOMOPOM
onpedeaena onepayus + u, das xaxcdozo A u3 noaa K, onepauus A
YMHOHCEHUA HA N, NPUYEM BVINOAHANWMNCA CACOyULUe 8 COOMHOULEHUT
(axcuom AuHetinozo npocmparcmea):

I.x+y=y+2x (Kommymamusrnocmy);
2. (x+y)+z=x+ (y+ 2z) (accoyuamusrocmy);

3. 0elU VexelU (33' +0 = :U) (cyuwecmeosanue Hyae6020 6EKMO-
pa); 4Nz eU 3J(-z)eU (x+(—2)=0);

S (x+y)=A-z+A-y; 6. N+ p)-x=X\a+p-x;



1.3. IIpenBapureiibHble BHIBOIbI

Bo-1niepBbIx, MbI abcTparupyeMcst OT KOHKPETHOMN «IIPUPOJIbI» 3JIeMEeH-
TOB JIMHEHHOIO IPOCTPAHCTBa, IoJydas Oojiee aOCTPAKTHYIO U YHHUBEp-
caJibHyIio Teopuio. Jliobast TeopemMa TeOpUN JMHEHHBIX TPOCTPAHCTB MPHU-
MEHIMa K .12000MY TUHEHHOMY TIPOCTPaHCTBY!



1.3. IIpenBapureiibHble BHIBOIbI

Bo-1niepBbIx, MbI abcTparupyeMcst OT KOHKPETHOMN «IIPUPOJIbI» 3JIeMEeH-
TOB JIMHEHHOIO IPOCTPAHCTBa, IoJydas Oojiee aOCTPAKTHYIO U YHHUBEp-
caJibHyIio Teopuio. Jliobast TeopemMa TeOpUN JMHEHHBIX TPOCTPAHCTB MPHU-
MEHIMa K .12000MY TUHEHHOMY TIPOCTPaHCTBY!

Bo-BTOpbIX, ecii MbI XOTUM NPUMEHAMS ITY TEOPUI0 K KOHKPETHO-
MY TTPUJIOXKEHUIO CIIPABEJTUBOCTH aKCUOM JIMHEHTHOTO TTPOCTPAHCTBA JIIsT
9TOI0 MHOYKECTBaA C PACCMATPUBAEMbBIMU OIlEPAIMAME HAJIO JI0KA3bIBATD.
Ho «enympu meopuu» 3T aKCHOMBI CIUTAIOTCST NCTHHHBIME 110 OIIPE/Ie-
JICHUIO.



1.3. IIpenBapureiibHble BHIBOIbI

Bo-1niepBbIx, MbI abcTparupyeMcst OT KOHKPETHOMN «IIPUPOJIbI» 3JIeMEeH-
TOB JIMHEHHOIO IPOCTPAHCTBa, IoJydas Oojiee aOCTPAKTHYIO U YHHUBEp-
caJIbHYI0 Teopuio. JIobas Teopema Teopuu JIMHEHHBIX ITPOCTPAHCTB IIPH-
MEHIMa K .12000MY TUHEHHOMY TIPOCTPaHCTBY!

Bo-BTOpbIX, ecii MbI XOTUM NPUMEHAMS ITY TEOPUI0 K KOHKPETHO-
MY IPUJIOZKEHHUIO CIIPABEIIMBOCTb aKCHOM JIMHEIHOTO IPOCTPAHCTBa, J1JIsl
9TOI0 MHOYKECTBaA C PACCMATPUBAEMbBIMU OIlEPAIMAME HAJIO JI0KA3bIBATD.
Ho «enympu meopuu» 3T aKCHOMBI CIUTAIOTCST NCTHHHBIME 110 OIIPE/Ie-
JIEHUIO.

PaccmoTrpers npumep?



1.3. IIpenBapureiibHble BHIBOIbI

Bo-1niepBbIx, MbI abcTparupyeMcst OT KOHKPETHOMN «IIPUPOJIbI» 3JIeMEeH-
TOB JIMHEHHOIO IPOCTPAHCTBa, IoJydas Oojiee aOCTPAKTHYIO U YHHUBEp-
caJIbHYI0 Teopuio. JIobas Teopema Teopuu JIMHEHHBIX ITPOCTPAHCTB IIPH-
MEHIMa K .12000MY TUHEHHOMY TIPOCTPaHCTBY!

Bo-BTOpHBIX, eciii Mbl XOTUM NPUMEHAMD ITY TEOPUIO K KOHKPETHO-
MY IPUJIOZKEHHUIO CIIPABEIIMBOCTb aKCHOM JIMHEIHOTO IPOCTPAHCTBa, J1JIsl
9TOI0 MHOYKECTBaA C PACCMATPUBAEMbBIMU OIlEPAIMAME HAJIO JI0KA3bIBATD.
Ho «enympu meopuu» 3T aKCHOMBI CIUTAIOTCST NCTHHHBIME 110 OIIPE/Ie-
JIEHUIO.

B-Tperbux, yKazaHHasl «yHUBEPCAJIbHOCTb» TEOPHUM NMPUBOIUT K HEKO-
TOPBIM IIPOOJIEMaM B CO3JaHUU MaTeMaTHIeCKOro alinapara. Ham Hy»K-
HbI (POPMYJIBI JIJIsT BBIYUCICHUST BEJIMUNH 1 38JIaHIs «00beKTOB». TPyIHO
IpeJICTaBUTh ceOe HeTPUBUAJIBLHYIO POPMYJTY, KOTOPYIO MOXKHO C OJIIHA-
KOBBIM YCIIEXOM HPUMEHSITh 1 K MaTpHUilaM, 1 K MHOIOYJIeHAM 1 T.II.



1.3. IIpenBapureiibHble BHIBOIbI

[TosToMy MBI BECh BBLIYUCIUTENLHBINA amapar OyjieM pasBUBAThL TOJIb-
KO JIJIg OJHOI'O TUIla ITPOCTPaHCTB! JIJIA TaK Ha3bIBA€MOI'O apI/I(l)MeTI/IIIe-
CKOI'0 JIMHEHOro npocrpaHcTBa R™, TO ecTh NPOCTPAHCTBA MATPUII-
crosbnoB (MaTpui] pasmeproctu n X 1). [Tpu arom Mbl paspaboraem «Me-
XaHU3M», C [OMOIIBIO KOTOPOTO 33J1a4y /ISl IIPOU3BOJILHOIO JIMHEHHOrO
IIPOCTPAHCTBA MOYKHO OyJIeT «IIepeajpecoBaTby B apuMETUIeCKOe I1Po-
CTPAHCTBO, TaM Mbl €€ PEIIUM C IOMOIIbIO CO3JIaHHONO HAMU BLIYUCIH-
TeJILHOTO allllapara, a IOTOM PE3YJILTAT ¢ HOMOIILIO HEKOi cTan1apTHOI
IPOLEAYPHI «IIepeBeieM» 00PaTHO «HA NCTOPUYECKYIO POJMHY », Ha A3bIK
FICXO/IHOTO JIMHEHHOrO IIpocTpatcTBa. « Mexanusmy, obecrieunBalomme me-
PEBOJ| C A3BIKA UCXOIHOIO JIMHEHHOIO HPOCTPAHCTBA Ha SI3bIK apudme-
TUYECKUX JIMHEHHBIX IIPOCTPAHCTB U 0OpaTHO, Oa3upyercsd Ha HOHATHN
130MOpQU3Ma, KOTOPLIM Mbl 3aiiMEMCsI CYIIECTBEHHO II03/IHEE.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Teopema 1. [kpurepuii mynesoro sextopa] y =0 < (v x4y = x).
Teopema 2. [06 ymuoxenun va nyms] 0 -2 = 0.

Teopema 3. [kpurepuii o6parsoro Bekropa] Yy = —T & x + 1y = 0.
Teopema 4. [06 ymuowenun na 1]  (—1) - = —=z.

TeopeMa 9. [06 ymuOxenun Ha (—\)] (—)\) - = —()\ . 33) =\ (—QZ’)



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).
HeobOxoguMmocTh yTBep:K1aeTcs: B akcuome 3.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).
HeobOxoguMmocTh yTBep:K1aeTcs: B akcuome 3.

Ocraercst oKa3aThb JOCTATOUHOCTD.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).
HokaxkeMm j1ocTaTodHOCTD. [TycTh



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).
HoxaxkeMm JjocTaTounocTh. IlycTh © + ¢y = .



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):

= (~2) +(z +y) = (~2) + 2 =



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):

= ((—2)+a) +y = (~2) + (x +9) = (=) +a =



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):

=0+y=((—2)+z)+y=(—2)+(z+y)=(—z)+z=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):

y=0+y=((-2)+z)+y=(-2)+(@+y) =(—2)+z=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepuii nyineBoro Bektopa: y=0< (dr z+y=1).

Hokazkem joctarounocts. [lycth x 4+ y = x. K obenm vactsam paBen-
cTBa j100aBUM (—I):

y=0+y=(—2)+z)+y=(-2)+(@+y)=(-z)+2=0.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymHox«KkeHuu Ha HyJab: (-1 = 0.

r+0-2=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymHox«KkeHuu Ha HyJab: (-1 = 0.

r+0-x2=1-24+0-x =



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymHox«KkeHuu Ha HyJab: (-1 = 0.

r+0-2=1-2+0-2=(140) -z =



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymHox«KkeHuu Ha HyJab: (-1 = 0.

r+0-z=1-240-2=(1+40)-z2=1-2=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymHox«KkeHuu Ha HyJab: (-1 = 0.

r+0-z=1-240-2=(1+40)-2=1-2=u.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O06 ymHoxkeHum Ha HyJab: (-1 = 0.

r+0-z=1-240-2=(1+40)-2=1-2=u.

[To kpurepuio nyseBoro BekTopa noiaydaeM 0 -z = 0.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
Kpurepuii obparsoro Bektopa: y=—r < r+y=0.
J1oCcTaTOYHOCTD.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Hocrarounocts. Ilycrs x +y = 0. JlobaBum K obenm dacTsdM paBeH-
cTBa BeKTOp (—x).



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Hocrarounocts. Ilycrs x +y = 0. JlobaBum K obenm dacTsdM paBeH-
cTBa BeKTOp (—x).

(—2)+(x+y) =(-2)+ 0=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Hocrarounocts. Ilycrs x +y = 0. JlobaBum K obenm dacTsdM paBeH-
cTBa BeKTOp (—x).

(—z)+ (x+y)=(—x)+0=(—x).



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Hocrarounocts. Ilycrs x +y = 0. JlobaBum K obenm dacTsdM paBeH-
cTBa BeKTOp (—x).

(=) +2) +y = (~2) + (2 +y) = (—2) + 0 = (=)



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Hocrarounocts. Ilycrs x +y = 0. JlobaBum K obenm dacTsdM paBeH-
cTBa BeKTOp (—x).

O+y=((=2)+z)+y=(=2)+(@+y)=(-2)+0= (=)



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Heobxopumocts. Ilyers o+ y = 0. lobaBum K obenm dacTsdMm paBeH-
cTBa BeKTOp (—x).

y=0+y=((-2)+x)+y=(-2)+(x+y)=(-2)+0=(—x)



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Heobxopumocts. Ilyers o+ y = 0. lobaBum K obenm dacTsdMm paBeH-
cTBa BeKTOp (—x).

y=0+y=((-2)+x)+y=(-2)+(x+y)=(-2)+0=(—x)

Takum obpasom y = —.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

Kpurepnii ooparHoro Bektopa: y=—zv < x+y=0.

Heobxopumocts. Ilyers o+ y = 0. lobaBum K obenm dacTsdMm paBeH-
cTBa BeKTOp (—x).

y=0+y=((-2)+x)+y=(-2)+(x+y)=(-2)+0=(—x)

Takum obpasom y = —.
JocTaTouHOCTD Cile/lyeT 13 aKCUOMBI 4.



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymHoxkenuu Ha (—1): (—1)-x = —u.

(=1)-x+x=



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymHoxkenuu Ha (—1): (—1)-x = —u.

(=) -z4+zx=(-1)-z+1-x=



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymHoxkenuu Ha (—1): (—1)-x = —u.

(—)-z+z=(-1)-z+1-2=(-1+1)-z=



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymHoxkenuu Ha (—1): (—1)-x = —u.

() z4+z=(-1)-z2+1l-2=(-14+1)-2=0-2=



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymHoxkenuu Ha (—1): (—1)-x = —u.

(=) z4+zx=(-1)-z2+1l-2=(-14+1)-2=0-2=0,



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxenuu Ha (—1): (—1) -2 = —=.

(=) z4+zx=(-1)-z2+1l-2=(-14+1)-2=0-2=0,

1 110 KPUTEPUIO 0OpATHOTO 3j1eMeHTa nojydaem (—1) - x = —u.



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).

IlepBoe J0Ka3aTE/ILCTBO:



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxkenuu Ha (—A): (=A)-z=—(A-z) =\ (—2x).

[lepBoe moKa3aTE/ILCTBO: MO0 AKCUOME 7 U TeopeMe 00 yMHOXKEHUN
Ha (—1) nosydaem:



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxkenuu Ha (—A): (=A)-z=—(A-z) =\ (—2x).

[lepBoe moKa3aTE/ILCTBO: MO0 AKCUOME 7 U TeopeMe 00 yMHOXKEHUN
Ha (—1) nosydaem:

(A =



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxkenuu Ha (—A): (=A)-z=—(A-z) =\ (—2x).

[lepBoe moKa3aTE/ILCTBO: MO0 AKCUOME 7 U TeopeMe 00 yMHOXKEHUN
Ha (—1) nosydaem:

(=A) -z =((=1)-A) -z =



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxkenuu Ha (—A): (=A)-z=—(A-z) =\ (—2x).

[lepBoe moKa3aTE/ILCTBO: MO0 AKCUOME 7 U TeopeMe 00 yMHOXKEHUN
Ha (—1) nosydaem:

(~A) @ =((=1) - A) -z = (1) (A 2) =



I.4. DyemenrapHble TeOpeMbl TEOPUU JIMHEIHBIX IIPO-
CTPAHCTB

Jloka3aTeabCcTBA.

06 ymuoxkenuu Ha (—A): (=A)-z=—(A-z) =\ (—2x).

[lepBoe moKa3aTE/ILCTBO: MO0 AKCUOME 7 U TeopeMe 00 yMHOXKEHUN
Ha (—1) nosydaem:

(=A@ =((=1)- )z = (1) (A-2) = —(A- ).



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).
Hpyroe 10Ka3aTeabCTBO.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).
Hpyroe 10Ka3aTeabCTBO.

(=N x4+ A-x=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).
Hpyroe 10Ka3aTeabCTBO.

(=N -z+ A z=(=A+]N)-x=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).
Hpyroe 10Ka3aTeabCTBO.

(=N -z+A-z=(-A+N)-2=0-2=



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.
O6 ymuoxkenuu Ha (—A): (=) -z =—(A-x)=A-(—x).
Hpyroe 10Ka3aTeabCTBO.

(=) -2+ X z=(-A+A)-2=0-2=0,



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB
Jloka3aTeabCcTBA.

06 ymuoxkenun Ha (—)\): (=) -2=—(\-2)=\-(—x).
Hpyroe JloKa3aTe/bCTBO.

(=) -2+ X z=(-A+A)-2=0-2=0,

11 110 KPUTEPUIO 00PATHOrO 3JIeMeHTa mojtydaeM —(\ - x) = (=) - x.



[.4. DinemenTapHble TeopeMbl T€OPUU JIMHEHAHBIX IIPO-
CTPAHCTB

3ameuanue 1. Becoma 6epoammo, 4mo 6v. He OUEHUA 68 J0CMamoy-
HOTL MEPE 3HAMEHUE KPUMEPUSA HYNEB020 BEKMOPA U KPUMEPUA 00PamMH020
sexmopa. Ha camom deae 00no3navunocms 6v00pa Kasicdoz2o u3 amux ek-
MOPO6 03HAYAEM, IO MbL MOACEM PACCMAMPUBLND 6 AUHETUHOM NPO-
CMPAHCMBE UL 06€ «BMOPUYHBLT> ONEPAUUL: HYALMECTVHYIO ONEPAUUIO

(KOHCW(ZHmy) «HyﬂBGO’fZ 6ERMOP» U OdHOJ\/owHy?O onepayur <«63AMuUeE
05pamH020 6eERMOPa».



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
ITPOCTPAHCTB

[ToHsiTie JIMHEIHOTO MPOCTPAHCTBA SABJISIETCS PE3YJIbTaTOM adCTparu-
poBaHus 1 0000IIEHN s, lajibHelilee JIBUXKEHNE 110 9TOMY IIyTH B JIAHHBII
MOMEHT OyJeT BecbMa 3aTpyJIHUTENbHBIM. V3ydeHue ocobeHHOCTE OT-
JIeJIbHBIX BEKTOPOB JIMHEHOI'O MPOCTPAHCTBa U JlajibHelilnee n3ydeHue
CBOICTB Ollepalinii TaKyKe 3aTPYIHEHO B CBSI3U C TeM, 9TO Y HAC CJIUIIKOM
Masio nHGopMann 00 ITHX 06bEKTAX: HEeM3BECTHA UX MPHUPOJA (MbI OT
Hee abCTParnpoBaINCh ), KOHKPETHBIH CII0C00 3a/IaHusT OlePAIUN.



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
ITPOCTPAHCTB

zyuyenne obbekTa o3Hadaer mocrpoeHue ero Mmojenaun. CrieioBareib-
HO, HAM HEOOXOIMMO COIIOCTABUTDH JUHEIHOMY IPOCTPAHCTBY HEKOTOPOE
MHOZKECTBO. O,ZLHI/IM N3 OY€BUAHDBIX BapUaHTOB ABJIACTCA COIIOCTABJICHUE
JIMHETHOMY IIPOCTPAHCTBY MHOXKECTBa BEKTOPOB, HO, BUJIMMO, OyIeT 3a-
TPYIHATEIBHO HOJYIUTH 9TO-JTN00 CYIIECTBEHHOE, KPOMe PaCcCMOTPEH-
HBIX BBIIIE 9JIEMEHTAPHBIX TEOPEM TEOPUN JIMHERHBIX ITPOCTPAHCTB. B Ka-
qecTBe ele OJHOI'O BapUaHTa IIOCTPOEHMA MOJE/JIM MOXKHO PaCCMOTPETDb
HEKOTOPbIC IIOJIMHOZKECTBa HOCUTEJIA JINHENHOTIO IMPOCTpPaHCTBa.



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
IIPOCTPAHCTB

Ha paccmarpuBaeMom Hamu 3Talle pa3BUTHUsl Teopun BecbMa 3 dek-
TUBHBIMU OKa3aJIMCh CTPATEI'NN «IIOMCKa aHAJIOI'MN» N «I1€PEXO/a OT U3Y-
qeHnud oTACJ/IbHOT'O O6'beKTa K U3YYCHNIO CUCTEMbI O6'beKTOB>>.



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
ITPOCTPAHCTB

B kauecTBe aHaAJIOTUN PACCMOTPUM CTPYKTYPY apMeiicKoro Imoapasie-
sennsi. C 0JIHOM CTOPOHBI, 110JIpa3/e/eHue COCTOUT U3 BOEHHOCTYYKAIUX.
OnHako, ¢ Tex Mop Kak Iojpasje/leHnsd CTaJil JOCTaTOIHO KPYIHBIMH,
X CTaJau pasjie/isiTh Ha Oojee MeJIKKMe YacTH, [TOXOXKHE 110 CTPYKTYpe
Ha MCXOJHbIEC: TI0OJIK ITOAPa3/d€C/IA€TCA Ha 6&TaﬂbOHbl 1 HEKOTOPbIE ApPYyTue
JaCcTH, KaykJblil OarajJboH — Ha poThl U T.JI. Jpyroit BapmaHT cocTo-
UT, HalIpUMEP, B BbIJACJICHUNW I'DYIIII BOECHHOCJ/IYZKalllUX B COOTBETCTBUU C
X BOMHCKHNMM CIICIIMAJIBHOCTAMM, MJIM BbBIJIC/JICHUC PAJTOBOI'O, MJIa/JIIIEIO
KOMAaH/IHOTO cocTaBa U JIp. B cooTBeTcTBUM ¢ 9TOH aHasiorneil oJmH u3
BapnaHTOB IIPOJOJIZKEHUA NCCJICJOBaHA COCTOUT B TOM, tITO6I)I BbI6paTb
IIOJAMHOZKECTBA, IIO3BOJIAINOIINE ITOCTPOUTD O6’])€KTE>I7 I[TOXO2KNE Ha NCXO/I-
HOE JIMHEeHOE IIPOCTPAHCTBO — ITOT BAPUAHT PACCMOTPEH HIKe (ajredpa
ITO/IIIPOCTPAHCTB).



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
ITPOCTPAHCTB

OJ1HaKO pacCMOTpPEHHas AaHAJIOTUSI ¢ BOMHCKUM ITOAPa3/ie/IcHIeM B JlaH-
HbIIl MOMEHT He siBJisieTcsi HauboJiee 1epcieKTuBHOl. Bojiee ecrecrBeH-
HOI sIBJIsIeTCS 1Jest OOPATUThCS 3a WJIESIMU K PACCMOTPEHHBIM IIPUMe-
paMm JinHefHbIX npocTpaHeTB. OpHuM 13 Hanbosiee 3PEeKTUBHBIX METO-
JIOB pelleHns] 3a/a4 110 BEKTOPHOM ajredpe siBJIsSIeTCsl MeTO[ KOOPIUHAT.
3ajlaHre BeKTOPa CTPOKOI ero KOOpJAuHAT B HEKOTOPOM Dasuce siBjisgeT-
cd OJIHMM M3 CTaHJIaPTHBLIX CIIOCODOB 3aJaHusl BeKTopa. Takasi popMma
IpeJICTaB/IeHIs] BEKTOpa I103BOJIMJIA IIPUMEHUTH MOIIHBI U 9P )eKTuB-
HBII armmapaT MaTpUIHOi aaredphl, 9TO B HEMAJIONH CTeeHN 00YC/IOBIIO
YCIIEITHOCTh KOOPJIMHATHOTO MeToja. MbI MoIbITaeMcs IepeHecTH COOT-
BETCTBYIOIINE KOHCTPYKINKM Ha CJaydail IPOM3BOJILHOIO JIMHEHHOIO IIPO-
CTPaHCTBA.



I.5. BeibepeMm HaIpaBJ/ieHIs MCCJIeJOBaHUI JINHEITHBIX
IIPOCTPAHCTB

B ocHoBe 3ToOr0 amnmapata JIEXKAT cjAeAyionias nujed: B JUHERHOM ITPO-
CTPaHCTBE Mbl HAXO/IMM HEKOTOPLIE «3jJeMeHTapHble KUPIUINKIY, U3 KO-
TOPBIX C IIOMOIIBIO «CTaHJIAPTHBIX IIPOLEAYP» CTPOSITCSI MHTEPECYIONNe
HacC <<O6'bGKTbI>>. B Ka4deCTBe «3JIEMEHTAaPHbLIX KHPIIMYUKOB» €CTECTBEH-
HO B35Tb HEKOTOPBIE BEKTOPBI JIMHEHHOTO MPOCTPAHCTBa (B BEKTOPHOI
a_J>1re6pe B 9TOM KadeCcTBe HEPEeJIKO BBLICTYIAIOT 0A3MCHBIE OPTHI _i>, T,
k). «CoemHUTEILHBIM MATEPUATIOM» JIJIsT «3JIEMEHTAPHBIX KHPIIHIU-
KOB» OYIyT, pa3yMeeTcd, ollepalu JUHEHHOro mpocTpaHcTBa. Haunem
MBI C TOTO, YTO KOPPEKTHO copMyaupyeM olIlee ompejeseHne JImHe-

HOI KOMOWHAITMY 3JIEMEHTOB 1 JIMHEIHOM (DYHKIINH.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB
s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATETruio NpPeaBKYIIIEHUS.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATETruio NpPeaBKYIIIEHUS.

HomycTuM, 9TO MBI y»Ke BBIOpaIn HADOP <«3JIeMEHTAPHBIX KHPINIU-
KOB», HAIIPUMEpP, CUCTEMY BEKTOPOB U, U9, U3.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPaTEruio NpeJIBKYIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAITPUMEP, CUCTEMY BEKTOPOB U1, Uz, Uz 13 U. Kak ¢ ux moMonibio
MOYKHO «COCTPSIIIATh» ITPOU3BOJILHBIN BeKTOp 13 U7



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAITPUMEP, CUCTEMY BEKTOPOB U1, Uz, Uz 13 U. Kak ¢ ux moMonibio
MOYKHO «COCTPSIIIATh» ITPOU3BOJILHBIN BeKTOp 13 U7

I3 onpeaesieHns IMHENHOT'O ITPOCTPAHCTBA CJIEAYeT, YTO JIJIs 9TO-
IO Mbl MOKEM BOCIIOJIB30BATbCs TOJILKO OllepallisiMi +, A-, IIPOIEypoit
HAXOKJIeHUsT 0OPATHOIO0 BEKTOpa W HYJIEBBIM BEKTOPOM.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAITPUMEP, CUCTEMY BEKTOPOB U1, Uz, Uz 13 U. Kak ¢ ux moMonibio
MOYKHO «COCTPSIIIaThy» IIPOU3BOJIbHBIN BeKTOp U3 U7

3 onipeiesieHnst IMHEITHOTO IIPOCTPAHCTBA CJIEJIyeT, YTO JJIsd 3TO-
IO Mbl MOKEM BOCIIOJIB30BATbCs TOJILKO OllepallisiMi +, A-, IIPOIEypoit
HAXOKJIeHUsT 0OPATHOIO0 BEKTOpa W HYJIEBBIM BEKTOPOM.

CorjtacHo Teopeme 00 yMHOXKeHU Ha (— 1) mpore/Iypa Hax0yK JeHHsT
0OpaTHOrO BEKTOpA CBOJUTCS K YMHOXKeHHO Ha (—1).



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAITPUMEP, CUCTEMY BEKTOPOB U1, Uz, Uz 13 U. Kak ¢ ux moMonibio
MOYKHO «COCTPSIIIaThy» IIPOU3BOJIbHBIN BeKTOp U3 U7

3 onipeiesieHnst IMHEITHOTO IIPOCTPAHCTBA CJIEJIyeT, YTO JJIsd 3TO-
IO Mbl MOKEM BOCIIOJIB30BATbCs TOJILKO OllepallisiMi +, A-, IIPOIEypoit
HAXOKJIeHUsT 0OPATHOIO0 BEKTOpa W HYJIEBBIM BEKTOPOM.

CorjtacHo Teopeme 00 yMHOXKeHU Ha (— 1) mpore/Iypa Hax0yK JeHHsT
0OpaTHOrO BEKTOpA CBOJUTCS K YMHOXKeHHO Ha (—1).

B cuny Teopembl 00 yMHOXKeHUU Ha HYJIb IOJy4YeHUE HYJIEBOIO
BEKTOpa TaKyKe CBOJUTCS K YMHOYKEHWIO Ha CKaJIAp (B JIAHHOM CJIydae,

na 0).



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.

HomycTnm, MbI TpeJICTaBUIN HEKOTOPBIN BeKTOp v n3 U B BHUjE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.

HomycTnm, MbI TpeJICTaBUIN HEKOTOPBIN BeKTOp v n3 U B BHUjE

v = (—2) (3u; — 4uz) + 3 (ug — 5 (us —uy)).

Breipakenue B IIpaBoii YaCTU 3TOI'0 PaBEHCTBA B CUIY aKCUOM JIMHEli-
HOI'O IMIPOCTPAHCTBA MOYKHO YIIPOCTUTH:



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.

HomycTnm, MbI TpeJICTaBUIN HEKOTOPBIN BeKTOp v n3 U B BHUjE

v = (—2) (3u; — 4uz) + 3 (ug — 5 (us —uy)).

Breipakenue B IIpaBoii YaCTU 3TOI'0 PaBEHCTBA B CUIY aKCUOM JIMHEli-
HOI'O IMIPOCTPAHCTBA MOYKHO YIIPOCTUTH:

v = —6u; + 8ug + 3uy — 1dug + 15u; =



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.

HomycTnm, MbI TpeJICTaBUIN HEKOTOPBIN BeKTOp v n3 U B BHUjE

v = (—2) (3u; — 4uz) + 3 (ug — 5 (us —uy)).

Breipakenue B IIpaBoii YaCTU 3TOI'0 PaBEHCTBA B CUIY aKCUOM JIMHEli-
HOI'O IMIPOCTPAHCTBA MOYKHO YIIPOCTUTH:

v = —6u; + 8ug + 3uy — 1bug+ 15u; = v = uy + 3uy — Tus.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

s cosmanns mpaBuI BRIOOPa «3JIeMEHTaPHBIX KUPITMIUKOBY, ITPUMe-
HUM CTPATEruio NpeaBKYIIIeHNs.

HomycTumM, 9TO MBI y2Ke BLIOpa i HabOp <«3JIeMEHTAPHbIX KUPIUYN-
KOB», HAIIPUMED, CUCTEMY BEKTOPOB U1, U9, U3 13 U. MbI mokazaaun, 910
JIJTS TIOCTPOEHUS ¢ UX MTOMOIIBIO TPOU3BOJIBLHOTO BeKTOpa n3 U joctarod-
HO UCII0JIB30BaTh TOJIBKO OlepalusaMi + U A-.

HomycTnm, MbI TpeJICTaBUIN HEKOTOPBIN BeKTOp v n3 U B BHUjE

v =(—2) (Bu; — 4us) + 3 (uy — 5 (uz — uq)).

Boiparkenne B mpaBoii yacTu 3TOTO paBeHCTBa B CUIYy aKCUOM JIMHET-
HOT'O IIPOCTPAHCTBA MOYKHO YIIPOCTUTD:

v = —06uy + 8ug + 3us — 1bus + 15u; = v = 9uy + 3uy — Tus.

Takmm  obOpazom,  Hambojee  MHTEPECHBI  BBIpaKeHHUS  BUJA
au + Pus + Yyus.



II. /Iuneiinass koMOuUHAaIIs BEKTOPOB

Omnpenenenne 2. [fycmv U — aunetinoe npocmpancmeo Had 1n0AEM

K. JImaeiiHoit KoMOMHAIINEH 54EMEHMO6 UT, U, . .., Uy AUHETHO20
npocmparcmea U ¢ xoaduyuenmamu A, No, ..., Ay, u3 K nasvieaemcs
BULPANCEHUE

A cULF AU+ A Uy



I1.1. OgHo3HAYHOCTDh Pa3JI02KEHUd
Tor dakT, 9TO pazioKeHne BEKTOpa U sABJISIeTCsl OJIHO3HATHBIM, O3HAa-
4aeT, 4To



I1.1. OgHo3HAYHOCTDh Pa3JI02KEHUd
Tor dakT, 9TO pazioKeHne BEKTOpa U sABJISIeTCsl OJIHO3HATHBIM, O3HAa-
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’

ar = Bi;
V=1 UL Qg Uty Uy o = Ba;
= 1
{vzﬁl-u1+ﬁg-m+...+ﬁm-um < . (>
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A1 = 0;
AMul+Xu+...+A, u,=0 = (2)
Ay, = 0.

Kak MBI yBUJIMM, €CJIi XOTs ObI JIJIsT OJIHOIO BEKTOPa U pas3/ioXKeHue He
SIBJISIETCsl OJTHOBHAYHBIM, TO HEOJHO3HATYHBIM OYylIeT U pas3/ioXKeHhe BCex
BEKTOPOB JIMHEHOI'O IIPOCTPaHCTBA.



I1.1. OgHo3HAYHOCTDh Pa3JI02KEHUd

p
ai = [
V=1 UL Qg Uty Uy = o = Ba; 1)
vzﬁl-u1+ﬁ2-u2+...+ﬁm-um .
\amzﬁm-
)\120;
AMul+Xu+...+A, u,=0 = (2)
A, = 0.

Kak Mbl yBUJIMM, ecin XOTst Obl /IS OJIHOIO BEKTOPA ¥ Pa3JIOyKEHHe He
SIBJISIETCS OJIHO3HAYHBLIM, TO HEOJAHO3HAYHBLIM OYIeT U Pas3jIoyKeHUe BCeX
BEKTOPOB JIMHEIHHOIO IPOCTPAHCTBA.

[TosTOMY MBI B OCHOBY CO3aBAEMOI0 HOHSTHIHOIO allllapaTa HOJI0XKAM
bopmyity (2), Ha OCHOBaAHUK KOTOPO# MBI C(HOPMYIUPYEM OIpeJIeIeHne
NUHETUHO He3a8UMOT CUCMEeMb, 6EKMOPOS.
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p
ai = [
V=1 UL Qg Uty Uy = o = Ba; 1)
v=01-u+ B us+ ...+ By U,
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)\120;
AMul+Xu+...+A, u,=0 = (2)
A, = 0.

B nanbHefineM, Kak 3TO MPUHATO B TEOPUHN JIMHEMHBIX ITPOCTPAHCTB, MBI
OyJleM KCII0JIb30BaTh BMECTO CJIOBOCOUYCTAHUS NOOMMHONCECMBO BEKMOPOS
TEPMUH CUCTEMAa BEKTOPOB. B HEKOTOPLIX NCTOTHUKAX B 9TOM K€ CMBIC-
JIe UCIIOJIB3YeTCd CJIOBO «CeMecTBOY.



11.2. JImHelinag 3aBucnMOCTbD 11.2. JIuneiinas 3aBUCUMOCTD

Omnpenenenne 3. Cucmema eekmopos {ay, ag, . .., a} Aunednozo npo-
cmpancmea U nad nosem K wasvieaemcs TuHEHHO He3aBUCUMOIL
(coxpawenno JIHC) mozda u moavko moeda, xoeda

AMap+Xas+ ...+ ap =0 = M= =...=)\ =0,

m.e. cnpasedausa hopmyaa (2).
Mpl  cymTaeM, YTO IpHM  3aJaHAM  MHOYKECTBA  CIIMCKOM  3Jle-
MEHTOB BCe 9JIEMEHThl CIIMCKa IOIapHO  DPasiM4HbI, TO €CThb

{ {p,q} €{1,2,...,m}

= a, # a.

p#q



11.2. JInneitHag 3aBUCUMOCTD

Omnpenenenne 3. Cucmema eekmopos {ay, ag, . .., a} Aunednozo npo-
cmpancmea U nad nosem K wasvieaemcs TuHEHHO He3aBUCUMOIL
(coxpawenno JIHC) mozda u moavko moeda, xoeda

AMap+Xas+ ...+ ap =0 = M= =...=)\ =0,

m.e. cnpasedausa hopmyaa (2).
B nporusHOM citydae cucrema BeKTOPOB {ag, ds, ..., Qg } HA3BIBACTCH
JIMHEMHO 3aBUCUMOWA.



11.2. JInneitHag 3aBUCUMOCTD

Omnpenenenne 3. Cucmema eekmopos {ay, ag, . .., a} Aunednozo npo-
cmpancmea U nad nosem K wasvieaemcs TuHEHHO He3aBUCUMOIL
(coxpawenno JIHC) mozda u moavko moeda, xoeda

AMap+Xas+ ...+ ap =0 = M= =...=)\ =0,

m.e. cnpasedausa hopmyaa (2).

B nporusHOM citydae cucrema BeKTOPOB {ag, ds, ..., Qg } HA3BIBACTCH
JIMHEITHO 3aBUCUMOIi. DTO onpejecHue HOCUT «HEraTHUBHBIN XapaK-
Tepy» (ecyn He ..., TOrJa ...). MbI JajiuM «IIO3UTHBHOE» OIIpE/Ie/ICHNe JTi-
HEHO HE3aBUCUMOI CUCTEMbl BEKTOPOB:



11.2. JInneitHag 3aBUCUMOCTD

Omnpenenenne 4. Cucmema sexkmopos' {ay, as, ..., a,} aunetinozo npo-
cmparncmea U nad nosem K nazvieaemes JIMHEITHO 3aBUCUMOI mo20a
U MOALKO Mo20a, K020a HAGIYMCA MAKUE INEMEHMBL A1, Aa, . . ., Ak NOAS
K, ne sce pastwvie 0, wmo umeem mecmo pagencmaso

a1 + Aoas + ...+ Meap. = 0.

Paccmorpers npumep?

1Bce aj 1monapHoO pa3IuvHbI.
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reOpbl, OIPEJIEIACTCA MOHATHE JIMHEHO HEe3aBUCUMOI CUCTEMBI BEKTO-
POB /It GECKOHEUHBIX CHCTEM BEKTOPOB (HampuMep, B PyHKIMOHAILHOM
anasmse, Teopun psijioB Pypwe).

1Bce aj 1monapHoO pa3IuvHbI.
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Omnpenenenne 4. Cucmema sexkmopos' {ay, as, ..., a,} aunetinozo npo-
cmparncmea U nad nosem K nazvieaemes JIMHEITHO 3aBUCUMOI mo20a
U MOALKO Mo20a, K020a HAGIYMCA MAKUE INEMEHMBL A1, Aa, . . ., Ak NOAS
K, ne sce pastwvie 0, wmo umeem mecmo pagencmaso

a1 + Aoas + ...+ Meap. = 0.

Bo MuOrnmx objacTsx HayKu, UCIOJIB3YIOMNX allllapar JUHEHHON aJl-
reOpbI, OIpeJIe/IsieTCsl IOHSITHE JIMHETHO He3aBUCUMON CHUCTEMbl BEKTO-
POB J1J1sT DECKOHEYHBIX CHCTEM BEKTOPOB (HAIpUMeEp, B PYHKITMOHATILHOM
anasinse, Teopun psiyioB Oyphe). OOBITHO B 9TOM CJIyUae ONpeJIe/IseTcst
HOHATUE CYMMDL DECKOHEYWHO20 YUCAA BEKMOPOG.

1Bce aj monapHoO pa3IuvHbI.



11.2. JInneitHag 3aBUCUMOCTD

Onpenenenne 4. Cucmema sexmopos' {ay1, as, .. ., ar} aunetinozo npo-
cmparcmsa U nad nosem K nasvisaemes IMHETHO 3aBUCUMOIT mozda
U MOALKO Mo20a, K0206 HaTIYMCA MAKUE IAEMEHBL A1, Aa, . . ., Ak NOAA
K, ne sce pasrwvie 0, wmo umeem mecmo pagencmaso

a1 + Aoas + ...+ Aeap. = 0.

Bo muorux o0jacTsdxX HayKu, UCIOJb3YIONMMX alapaT JUHEIHol aJ-
reOpbl, Olpee/IdeTcsd MOHITHE JUHEHHO He3aBUCHUMON CHCTEMbl BEKTO-
POB J1J1sT DECKOHEUHBIX CHCTEM BEKTOPOB (HAIpUMeEp, B PyHKITMOHATBLHOM
anasinse, reopun psiyioB Pyphe). OOBITHO B 9TOM CJIyUae ONpeIe/IseTcst
MOHATHE CYMMD, OECKOHEWHO20 “UCAG 6eKMOpos. KoppeKTHOe BBejIeH1e
TaKoOro MOHSTHS TpeOyeT BIaJeHUs allapaToM TOIOJIOMUN, ITO9TOMY Mbl
He OyJleM B paMKax 3TO#l IiaBbl yIVIYOJIATHCS B JAHHYIO TEMY.

1Bce aj monapHO pa3IuvHbIL.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

JloKa3aTebCTBO.
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mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{a1,aq, ..., a} nuneitno 3aBuCHMA.
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Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{a1,aq,...,a} nuueitno 3aBucuma. Hajo jgokasars, aro 77777
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Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{ai,aq, ..., a} muneiino 3aBucumMa. Hajio jjokazaTh, 9T0 OJUH U3 BEKTO-
POB CUCTEMBI sIBJIsIeTC JIMHEHHON KOMOUHAIME! OCTaIbHbIX.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{ai,aq, ..., a} muneiino 3aBucumMa. Hajio jjokazaTh, 9T0 OJUH U3 BEKTO-
POB CHCTEMBI SIBJIETCs JIMHEeTHOMT KoMOmHaImeil octaiabubix. [1o onpee-
JIEHUIO JIMHEMHON 3aBUCUMOCTU I10JIyYaeM, YTO



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{ai,a9,...,a;} smueitno zaBucuma. Hajo JokazaTh, 49TO OJMH U3
BEKTOPOB CUCTEMBI dBJIFEeTCs JIMHEeHHo# KomOuHamueil octaabHbIX. 1o
OIPEIeCHUIO JIMHEMHON 3aBUCUMOCTH II0JIydaeM, 4YTO JJIsi HEKOTOPBIX
A1, A9, ..., A\p ©IMEEeT MeCTO PaBEHCTBO

Ataq + Aoag + ...+ Apap = 0,

puyiem



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JokazarebcTBO. Heobrodumocms. llycTh cucrema  BEKTOPOB
{ai,a9,...,a;} smueitno zaBucuma. Hajo JokazaTh, 49TO OJMH U3
BEKTOPOB CUCTEMBI dBJIFEeTCs JIMHEeHHo# KomOuHamueil octaabHbIX. 1o
OIPEIeCHUIO JIMHEMHON 3aBUCUMOCTH II0JIydaeM, 4YTO JJIsi HEKOTOPBIX
A1, A9, ..., A\p ©IMEEeT MeCTO PaBEHCTBO

Ataq + Aoag + ...+ Apap = 0,

IpUYUeM OJUH U3 KO3POUIMEHTOB \g OTJIMYEH OT HYJISI.
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Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

JlokazaTeabcTBO. Heobxodumocmo.

)\1a1+/\2a2+...—|—)\kak20, )\3#0



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JlokazaTeabcTBO. Heobxodumocmo.

)\1a1+)\2a2+...—|—)\kak20, )\S#O

Torna
A1 A2 As—1 Ast1 Ai

s = ——Q] — —Qg — ... — g1 — —Agp1 — ... — —aAj
>\8 )\s )\s )\s )\k ,




11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

CMemvl ABAAEMCA NUHEUHOT, KOMOUHAUUET, 0CMANbHBLE 6EKMOPOS

IMOU CUCTNEMDL.
JlokazaTeabcTBO. Heobxodumocmo.

A1 + Aoao + ...+ Apap = 0,

Torna
A1 A2 As—1
aS:—A—Sal—)\—Sag—...— N (g1 —
A

T.€., 1HoJlarasd ; = —>\—
S

Ay # 0.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

JlokazaTeabcTBO. Heobxodumocmo.

)\1a1+)\2a2+...—|—)\kak20, )\S#O

Torna
. >\1a >\2a )\s—1a >\s+1a >\¢a
s— — 5y @1 — U2 —...— s—1 — —~ Ugy1 — ... — 7T UL
>\8 )\s )\s )\s )\k ,
.Y
T.C., HOJIArasd fIj = —y-
s

A5 = (101 + (202 + ...+ [hs—10s—1 T fs10s41 + .. T+ Q.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

Hoka3zaTeabcTBO. Jocmamourocmao.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim
ar = )\1@1"‘



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim

ar = )\1&1 + )\2&2"‘



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim

ar = )\1&1 + )\2&2 + )\3a3—|-



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim

ar = )\1&1 + ...+ )\t_lat_1+



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim

ar = Aiar + ...+ N1 + Mg+



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

Hoka3zareabcTBO. Jocmamourocms. Ecim
ar = Aar + ...+ No1ai—1 + A1 + Appaai ot



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

Hoka3zareabcTBO. Jocmamourocms. Ecim
ap = A1a1 + ...+ N1t + M@t + Moy + Ap3aigst



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

Hoka3zareabcTBO. Jocmamourocms. Ecim
a; = Mai+ ...+ N_1ai—1 + Mp1ap1 + ..+ Agag,



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-

cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
Mol cucmembt.

Hoka3zareabcTBO. Jocmamourocms. Ecim
a; = Mai+ ...+ N_1ai—1 + Mp1ap1 + ..+ Agag,
TO (IIepeHocst a; B MPaBYIO 9acTh)

Aar+ .o+ Noqap— + (—1) cay + Mp1ape1 + ..o+ Apag = 0.



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim
a; = Mai+ ...+ N_1ai—1 + Mp1ap1 + ..+ Agag,
TO (IIepeHocst a; B MPaBYIO 9acTh)

Aag+ .o+ Noqa— + (—1) ‘ap + Np1Qia1 + ..o+ Apap = 0.
20

B sTtom paznoxkennn ko3 UITUEHT 1epe)i BEKTOPOM a; oTiudeH ot 0,
[IO3TOMY



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim
a; = Mai+ ...+ N_1ai—1 + Mp1ap1 + ..+ Agag,
TO (IIepeHocst a; B MPaBYIO 9acTh)

Aag+ .o+ Noqa— + (—1) ‘ap + Np1Qia1 + ..o+ Apap = 0.
20

B sToMm pasioxkenunn ko3 UIUEnT mnepes BeKTOpoM a; orjnder or 0,
[MO9TOMY CHUCTEMA {ay, .. ., ag} JIMHEHHO 3aBUCHMA,



11.3. Kpurepnii jiuHeiiHOII 3aBUCUMOCTH

Teopema 6. Cucmema 6exmopos Aeasemca AUHEUHO 3A8UCUMOTL
mozda 1 moavko moezda, koeda xoms Ov. 00uH U3 BEKMOPO8 IMOT Cu-
cmemul ABAAEMCA NUHETHOT KOMOUHAUUETL 0CAAbHOIE 6EKMOPOS
IMOU CUCTNEMDL.

Hoka3zareabcTBO. Jocmamourocms. Ecim

a; = Mai+ ...+ N_1ai—1 + Mp1ap1 + ..+ Agag,

TO (IIepeHocst a; B MPaBYIO 9acTh)

Aag+ .o+ Noqa— + (—1) ‘ap + Np1Qia1 + ..o+ Apap = 0.
N~

£0
B sToM paziokennn Ko3(hOUIMEHT 1epej BeKTOPoM a; oTinder oT 0,
nosToMy cucrema {ay,...,ag} JUHEHHO 3aBUCHMA, YTO U TPEDOBAIOCDH

JI0Ka3aTh.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cn.1: o jJmHeltHOIT 3aBUCUMOCTHI cUCTeMbBI ¢ HyJieM. CucremMa Bek-
TOPOB, CojieprKalliasl HyJIeBOil BEKTOD, JMHEITHO 3aBUCUMA.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cn.1: o jJmHeltHOIT 3aBUCUMOCTHI cUCTeMbBI ¢ HyJieM. CucremMa Bek-
TOPOB, CojieprKalliasl HyJIeBOil BEKTOD, JMHEITHO 3aBUCUMA.

CB.2 0 HE3aBUCUMOCTH T10/icrcTeMbI. Ec/n cucrema BEKTOPOB sIBJIs-
eTcs JIMHEIHO He3aBUCUMOIl, To 1odas ee TOoJICuCcTeMa TaKxKe J1-
HEIHO HE3aBUCUMA.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cn.1: o jJmHeltHOIT 3aBUCUMOCTHI cUCTeMbBI ¢ HyJieM. CucremMa Bek-
TOPOB, CojieprKalliasl HyJIeBOil BEKTOD, JMHEITHO 3aBUCUMA.

CB.2 0 HE3aBUCUMOCTH T10/icrcTeMbI. Ec/n cucrema BEKTOPOB sIBJIs-
eTcs JIMHEIHO He3aBUCUMOIl, To 1odas ee TOoJICuCcTeMa TaKxKe J1-
HEIHO HE3aBUCUMA.

CB.3 o0 3aBUcuMoOcCTH HajicucTeMbl. Eenmn 1ojcucrema BekTopoB B
CHCTEMBI BeKTOPOB A aBjsieTcs Juneiino 3apucumoii, o u A — -
HEHO 3aBUCHMAasl CUCTEMa BEKTOPOB.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

CsB.1: o JuHEITHOII 3aBUCUMOCTHI CUCTEMBI ¢ HyJieM. CucremMa Bek-
TOPOB, cojieprKalllast HYyJIeBOil BEKTOp, JUHEITHO 3aBUCUMA.

CB.2 0 HE3aBUCUMOCTHU IHoacCncCreMnl. Ecim cucrema BEKTOPOB ABJIA-
eTcsd JIMHEHO H€3aBI/ICI/IMOI7’I, TO J100asd ee [HoJgcucreMa TakKzKe JIN-
HEMHO He3aBUCUMA.

CB.3 o0 3aBUcuMocTH HajcucTembl. Eeimm nojcucrema BekTopoB B
crCTeMBI BeKTOPOB A dBjsieTcst JuHeiino 3apucumoii, o u A — Ju-
HellHoO 3aBUCHMAasl CUCTEMa, BEKTOPOB.

Cs.4 06 omuo3HauHocTu pasjioxkeHus o JIHC. Eciu A — -

n
HEHO He3aBUCHMAasi CUCTEMA BEKTOPOB U & = Y ApUg, TJe
k=1
up € A, — pasiiozKeHue BEKTOpa T B JIMHEHHYI0 KOMOUHAIINIO T1011ap-

HO Pa3JIndHbIX BeKTOPoB u3 A, 10 KosdpduimenTer N\, omnpe/ie-
JISTIOTCSI OJTHO3HAYHO.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

CB1: o IuHEIHOIT 3aBUCIMOCTH CUCTEeMBI ¢ HyJeM. Cucmema gex-
Mopoes, codepacau,an Hyaecoli eKMOP, AGAACMCA NUHETHO 3a6UCUMOT.

HokazarenbctBo. Ilycrs A = {0,a,b,...,c}. Torga B JsmHeiiHoi
koMmOuHaruyu BekTopoB 1-0+0-a+0-b+ ...+ 0-c =0 He Bce KOID-
cunmentor Hysesbie (nepes 0 crout Koapdurment 1).



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

CB2: 0 HE3aBUCUMOCTHU HNOJACUCTEMBI. Fcau cucmema 6eKkmopos A6-
AAEMCA AUHETHO HEe3a8UCUMOT, mo 10bas ee nodcucmema maxice
AUHETHO HE3ABUCUMG.

CB.3: 0 3aBUCHMOCTU HAJCHUCTEMBI. Fcau nodcucmema 6exmopos
B cucmemwv, sexmopos A sasasemesa aunetino 3asucumotd, mo u A —
AUHETHO 3a6UCUMAA CUCTIEMA BEKMOPOE.

Jloka3aTeabCTBO.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

CB2: 0 HE3aBUCUMOCTHU HNOJACUCTEMBI. Fcau cucmema 6eKkmopos A6-
AAEMCA AUHETHO HEe3a8UCUMOT, mo 10bas ee nodcucmema maxice
AUHETHO HE3ABUCUMG.

CB.3: 0 3aBUCHMOCTU HAJCHUCTEMBI. Fcau nodcucmema 6exmopos
B cucmemwv, sexmopos A sasasemesa aunetino 3asucumotd, mo u A —
AUHETHO 3a6UCUMAA CUCTIEMA BEKMOPOE.

Jloka3zaTeabCcTBO. /JoKasbiBaeM OT IIPOTUBHOIO, «IIPOJIOJIZKAEM» KOM-
onnaruio, jatoiryio 0, ymMHOXKas BeKTOpbl HajcucTeMmbl Ha 0. 1 Beelll



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

n n
Z AU = Z ppty =
=1 =1



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

Z)\kuk = Z,ukuk = Z ()\k — ,LLk) up = 0.
k=1 k=1 k=1



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

Z)\kuk = Z,ukuk = Z ()\k — ,LLk) up = 0.
k=1 k=1 k=1

Tak kak A — JMHEIHO He3aBHUCUMAag CHUCTEMa BEKTOPOB, TO BCE
KO PUITMEHTHI B 9TOM Pas3/IoKeHn paBHbI (.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

Z)\kuk = Z,ukuk = Z ()\k — ,LLk) up = 0.
k=1 k=1 k=1

Tak kak A — JMHEIHO He3aBHUCUMAag CHUCTEMa BEKTOPOB, TO BCE
KO PUITMEHTHI B 9TOM Pas3/IoKeHn paBHbI (.
CuetoBarenibio, A\ — up = 0, T.e.



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

Z)\kuk = Z,ukuk = Z ()\k — ,LLk) up = 0.
k=1 k=1 k=1

Tak kak A — JMHEIHO He3aBHUCUMAag CHUCTEMa BEKTOPOB, TO BCE
KO PUITMEHTHI B 9TOM Pas3/IoKeHn paBHbI (.
CuentoBarenbHo, A\ — up = 0, T.e. A\ = g,



I1.4. CBoiictBa JI3 u HJI3 BekTOpOB

Cg.4.: 06 ogHo3HauHOCTU pasJjoxkeHus 1o JIHC. Feau A — au-

n

HeTHO He3aA8UCUMAS CUCTEMA BEKMOPO8 U T = > Apui, 2de
k=1

ur € A, — pasaoorcenue sexmopa T 6 AUHETHYI0 KOMOUHAUUIO NONADIHO

pasaunoir cenmopos us A, mo xoapduyuenmor A\ onpedessiomes oo-
HO3HAYHO.

HokazareabcTBO. MBI OIIycTUM «TeHEpaIuio J10Ka3aTeIbCTBay, IPU-
BeJIeM TOJIBKO pe3yabTaT — oOpPMJICHHOE JI0Ka3aTe/bCTBO. MTax,

Z)\kuk = Z,ukuk = Z ()\k — ,LLk) up = 0.
k=1 k=1 k=1

Tak kak A — JMHEIHO He3aBHUCUMAag CHUCTEMa BEKTOPOB, TO BCE
KO PUITMEHTHI B 9TOM Pas3/IoKeHn paBHbI (.
CuentoBarenbio, A\ — ur = 0, T.e. A\ = . CBOICTBO JI0Ka3aHO.



I11. bazuc

[lenb mannoro pasjesna — MOUCK TaKoil CUCTEMbI BEKTOPOB, ¢ TIOMOIIIHIO
KOTOPOII MOXKHO OBLIO Obl OJIHO3HAYIO MIPEJCTABISITH BCE OCTAJIbHBIC
BeKTOpa npocTpancTBa. OOpa3HO roBopsi, Mbl HaiijgeM «HabOOp OA3MCHBIX
3JIEMEHTOBY, M3 KOTOPBIX BCE OCTAbHbIE 3JIEMEHTHI (BEKTOpA) JINMHEHO-
I'0 ITPOCTPAHCTBA MOXKHO OYJIET 10JIy4YaTh ¢ IOMOIIbIO KaKOi-1100 cTaH-
JApPTHOI Ipolieypbl. B KadecTBe Takoil Mpoleypbl eCTECTBEHHO B3Th
JIMHEHYI0 KOMOMHAIINIO «0a3UCHBIX 3/IeMeHTOBy. OCTaI0Ch OIPEJIE/INTh,
KaKoil HaDOP BEKTOPOB MOYKHO B34Tb B KauecTBe «HabOpa OA3UCHBLIX dJIe-
MEHTOB», M3YUYUTH X CBOHCTBA, B YACTHOCTH, BBISICHUTD, CKOJILKO TaKNX
«HabOPOB OABUCHBIX JIEMEHTOBY.



I11. bazuc

OOBIYHO NPU OIpeaeacHuN Oa3nca MOJIL3YIOTCA OJHUM U3 JIBYX II0JI-
x0j10B. C 0/1HOI1 CTOPOHBI, MOXKHO 3a OCHOBY B34Tb TpeboBaHUEe, YTOOLI
JII00011 BEKTOP JIMHEHOIO MPOCTPAHCTBA IPEJCTABIIANICA B BUJIE JIMHEH-
HOI KOMOMHAIMN OA3UCHBIX BEKTOPOB (I0JIX0/I, OCHOBAHHBII Ha OTpe/ie-
JIEHHOM HIKE TIOHSITHH <«CHCTeMa ITOPOXKJIAIONINX 3JeMeHTOBy ). Toraa
B KauecTBe «Habopa 0A3UCHBIX BEKTOPOBY» MOYKHO B3SITh MUHUMAALHYNO
CUCTEMY TOPOXKJIAIOMNX 37eMeHTOB. OKa3blBaeTCsl, YTO 11 MUHUMAJIb-
HOCTH TaKOil cucTeMbl TpebyeTcst TOJIbKO ee JIMHeliHasl He3aBUCUMOCTD.



I11. bazuc

C Jpyroit cTOPOHBbI, MOXKHO OCHOBBIBATLCs Ha TPeOOBaHUU 00HO3HAY-
HOCTAU PA3JIOYKEHUsI BEKTOPa 110 DA3UCHBIM BEKTOpaM, TOIJla B KayecTBe
«Habopa 0a3MCHBIX BEKTOPOB» CJEyeT OpaTh MAKCUMAALHLE JTMHEITHO
He3aBUCHMbIE CHCTEMbl BEKTOPOB JIMHEIHOro npocrpancTsa. Onnn
13 OCHOBHBIX PE3YJILTATOB COCTOUT B TOM, 4TO 00a 9TU II0JIX0JIa IIPUBO-
JISIT K OJJTHOMY U TOMY 2Ke pe3y/ibrary. «bor xurep, HO He 3/10BpeJieH».



I11. bazuc

Onpenenenne 5. Cucmema sexmopos B aunetino2zo nmpocmpat-
cmea U wasvisaemcs CACTEMOIl IOPOXKIAIOIUX BEKTOPOB Ul
CHCTEMOI MOPOXKJIAIONINX AUHETHO020 npocmparcmaa U, eciu

searuti sexmop us U asasemes AUHETHOT KoMbUuHAUUuetl 6exmopos
us B.

Paccmorpum npumep?



I11. bazuc

Onpenenenne 5. Cucmema sexmopos B aunetino2zo nmpocmpat-
cmea U wasvisaemcs CACTEMOIl IOPOXKIAIOIUX BEKTOPOB Ul
CHCTEMOI MOPOXKJIAIONINX AUHETHO020 npocmparcmaa U, eciu

searuti sexmop us U asasemes AUHETHOT KoMbUuHAUUuetl 6exmopos
us B.

Onpenenenne 6. Maxcumarvras AUHETUHO HE3ABUCUMAS CU-
cmema 8eKmopos sunetlinozo npocmparncmea U, ecau maxas cyue-
cmeyem, nadvieaemcs 6azom aunetinozo npocmparcmea U.



I11. bazuc

Onpenenenne 5. Cucmema sexmopos B aunetino2zo nmpocmpat-
cmea U wasvisaemcs CACTEMOIl IOPOXKIAIOIUX BEKTOPOB Ul
CHCTEMOI MOPOXKJIAIONINX AUHETHO020 npocmparcmaa U, eciu

searuti sexmop us U asasemes AUHETHOT KoMbUuHAUUuetl 6exmopos
us B.

Onpenenenne 6. Maxcumarvras AUHETUHO HE3ABUCUMAS CU-
cmema 8eKmopos Aunelinozo npocmparcmea U, ecau maxas cyuie-
cmeyem, Hadvieaemcs 6a3o0i aunetinozo npocmparcmea U .

NubiMu ciioBami, cucteMa BekTopoB B = {eq, ey, ...} smuHeiiHoro mpo-
crpancTBa U HaswIBaeTcs 06a30ii, eciiu, Bo-IepBLIX, cucreMa b jammeii-
HO He3aBHCHUMAa U, BO-BTOPBIX, IPU JI0OABJICHUN B 3Ty CUCTEMY XOTs
OBI OJIHOI'O BEKTOPa JIMHEHHOro mpocTpaHcTBa U, He IpUHAIICYKAIIETO
cucreme b, nonyuennasi cucreMa CTAaHOBUTCS JIMHEHO 3aBUCHMOIL.



I11. bazuc

OTMeTnM, 9TO 4acTO Hapsly ¢ TEPMUHOM 0a3G B 9TOM K€ CMBbIC/IEe UC-
oJIb3yeTcss TepMun 6a3uc. Mbl, ojHaKo, 0OBITHO OYJIeM HCIIOJb30BATD
TepMUH «0a3uc» B HECKOJIBKO JIDYIOM CMBICJIE, & UMEHHO, B CMbICJIE Yno-
PAJOUEHHOT, CUCTEMBI BEKTOPOB.



I11. bazuc

Omnpeneaenue 7. Vnopadouennas 6a3a 6eKmMoOpos AUHETHO-

20 npocmparcmaa U nasvieaemces 6a3MCOM AUHETH020 NPOCMPaH-
cmea U.



I11. bazuc

Omnpeneaenue 7. Vnopadouennas 6a3a 6eKmMoOpos AUHETHO-
20 npocmparcmaa U nasvieaemces 6a3MCOM AUHETH020 NPOCMPaH-

cmea U.
B naibreiimeM Mbl Oygem 0asuc u 6a3y 3alucbiBATh OJIMHAKOBBIM

obpasom: {eq,es,...,€,}, IpU ITOM B CIydae, KOTJa pedb HJET
o Gaszuce, OyjeM IpeanosaraTb, 9TO IHOPAJOK CJIeJ0BaHIA BEK-
TOPOB CyllecTBeHeH (B HapylleHne oObIYHOTO IpaBUa 3a/aHusl
MHOZKECTBa CIIICKOM 3jIeMeHTOB). Kpome Toro, Mbl OyjieM Beerja
npejoaaraTb (KpoMme CrenuaabHO ONOBOPEHHBIX CIyYaeB), 4To B

TaKOM CIIMCKe BCE 3JIEMEHTbI MOoNapHO pa3 tutHbl.




I11. bazuc

Omnpeneaenue 7. Vnopadouennas 6a3a 6eKmMoOpos AUHETHO-
20 npocmparcmaa U nasvieaemces 6a3MCOM AUHETH020 NPOCMPaH-

cmea U.
B naibreiimeM Mbl Oygem 0asuc u 6a3y 3alucbiBATh OJIMHAKOBBIM

obpasom: {eq,es,...,€,}, IpU ITOM B CIydae, KOTJa pedb HJET
o Gaszuce, OyjeM IpeanosaraTb, 9TO IHOPAJOK CJIeJ0BaHIA BEK-
TOPOB CyllecTBeHeH (B HapylleHne oObIYHOTO IpaBUa 3a/aHusl
MHOZKECTBa CIIICKOM 3jIeMeHTOB). Kpome Toro, Mbl OyjieM Beerja
npejoaaraTb (KpoMme CrenuaabHO ONOBOPEHHBIX CIyYaeB), 4To B

TaKOM CIIHCKE BCE 3JIEMEHTHI NOTNAPHO PA3AUHHDL’.

IlocmoTpers mpuMepkI?
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I11. bazuc

Omnpeneaenue 7. Vnopadouennas 6a3a 6eKmMoOpos AUHETHO-
20 npocmparcmaa U nasvieaemces 6a3MCOM AUHETH020 NPOCMPaH-
cmea U.

OKasbIBaeTcs, KaK MBI cefivac YBUJIUM, ecu 0a3a CyIecTByeT, To 0a3y
1 6asuc (ec/u MopsiJIoK «IePeInc/ieHrsi» BEKTOPOB CYIECTBEHEH ) MOYKHO
B3sITh B KadecTBe HADOpPa OCHOBHBIX «KUPIUYMKOBY, U3 KOTOPBIX «CTPO-
nTCst» (PUTOM OJIHO3HAMHBIM 06pa3oM!) 060t BEKTOP 9TOr0 JTMHEHHOTO
npocrpancTBa. OCHOBOI JIJIsSI TAKOTO YTBEPyKJIEHUS SBJISIIOTCS CJIEJTYI0-
[1111e JIBe TeOPEMBI.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-

xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

Jloka3aTeabCcTBO.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-

xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.
Heobxodumocmo.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-

xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.
Heobxodumocms. BosbMeMm nponspBoibHbIE BeKTOp & u3 U



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-
xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.
Heobxodumocms. BosbMmem npousBosibHbIl BekTop = u3 U. Torna

{e1,... ey, T} — JIUHEHHO 3aBUCHMasi CHCTEMa BEKTOPOB (B CHUJIY Mak-
cumasibHOCTH B).



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemca cucmemoti nopoastcdarowux s U, mo ecmov 6cs-
xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.

Heobxodumocms. BosbMmem npousBosibHbIl BekTop = u3 U. Torna
{e1,... ey, T} — JIUHEHHO 3aBUCHMasi CHCTEMa BEKTOPOB (B CHUJIY Mak-
cumasibioct B). Tlosromy jist ojixoagamux smementos mosist K nmeem
Aer+ ...+ e, + px = 0, u He Bce kKoaddunmrenThl paBHb (.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-
xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.

Heobxodumocmy. Eciau Obl B BblpaykeHun Ajeq + ...+ e, +pur =0
ob110 Ob1 4 = 0, To B ObL710 OBI JTMHEHO 3aBUCUMOIT CUCTEMOI, cIea0Ba-
TeJIbHO, 1 # 0.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Kowneunas ynopadouennas cucmema B eexmopos npo-
cmparncmea U ssasemesn ba3ducom mozda u moavko mozda, xkoz2da 6vi-
NOAHAIOMCA YCAOBUA:

1. b — aunelino He3asuUCUMASA CUCTNEMA,

2. B asasemca cucmemoti nopoastcdarouwux das U, mo ecmov 6cs-
xutl eexmop npocmpancmea U npedcmasum 6 sude aunetinot xom-
ourayuy 6exmopos cucmemo, b.

HokazarenbctBo. [lycrs B = {ey,... e, }.

Heobxodumocmy. Eciam 6b1 B BelpaykeHun Ajeq + ...+ Ae, + ur =0
obL10 661 =0, To B 66110 OB JIUHEHHO 3aBUCHMOIT CHCTEMOI, CJIeI0-
BaTe/IbHO, 1t # 0. SHAYUT, T SBJISIETCs JIMHEHO KoMOnHalneit BEKTOpOB

3 b:



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Kowneunas ynopadouennas cucmema B eexmopos npo-
cmparncmea U ssasemesn ba3ducom mozda u moavko mozda, xkoz2da 6vi-
NOAHAIOMCA YCAOBUA:

1. B — aunelino He3zasuCcuUMas CuCMeMa,

2. B asasemca cucmemoti nopoastcdarouwux das U, mo ecmov 6cs-
xutl eexmop npocmpancmea U npedcmasum 6 sude aunetinot xom-
ourayuy 6exmopos cucmemo, b.

HokazarenbctBo. [lycrs B = {ey,... e, }.

Heobxodumocmy. Eciam 6b1 B BelpaykeHun Ajeq + ...+ Ae, + ur =0
obL10 661 =0, To B 66110 OB JIUHEHHO 3aBUCHMOIT CHCTEMOI, CJIeI0-
BaTe/IbHO, 1t 7 0. SHAYUT, T SBJISIETCs JIMHEHO KoMOnHalneit BEKTOpOB

us b: x:(—ﬁ>€1+...+(—&)en
Iz f



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-

xuti eexmop npocmparncmea U npedcmasum 6 sude Aunetinotl xom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.
Jlocmamourocms.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-
xuti sexmop npocmpancmea U npedcmasum 6 sude aunetinoti Kom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.

HHocmamourocme. Tor daxr, uro B — MakcuMaJsibHasi IMHEITHO He3a-
BUCHUMAad CUCTEeMa — O4YeBUJICH, [IOCKOJIbKY BCAKUN JIPYTOil BEKTOD BbI-
parkaeTcs: depe3 BeKTophl 3 b.



I11.1. Teopema o JUHENHBLIX KOMOMHAINIX OA3MCHBIX
BEKTOPOB

Teopema 7. Komneunas ynopsadouennas cucmema B eexmopos npo-
cmpancmea U asasemesn 6a3ucom mozda u moavko mozda, xozda 6vi-
NOAHAIOMCA YCAOBUA.

1. B — auHnelino He3asuCuUMas CUCMEMAa,

2. B asasemesn cucmemoti nopoatcdarowux s U, mo ecmov 6c-
xuti sexmop npocmpancmea U npedcmasum 6 sude aunetinoti Kom-
ounayuu 6exmopos cucmemo, b.

HHokazarenbctBo. [lycts B = {ey,... e, }.

HHocmamourocme. Tor daxr, uro B — MakcuMaJsibHasi IMHEITHO He3a-
BUCHUMAad CUCTEeMa — O4YeBUJICH, [IOCKOJIbKY BCAKUN JIPYTOil BEKTOD BbI-
parkaeTcs: depe3 BeKTophl 3 b.

Teopema goKazaHa.



I11.2. Ilonnasa cucremMa BEKTOPOB

Omnpenenenue 8. I[lycmv V' — nodmMHOHCECMBO HOCUMENS NUHETHO20
npocmpancmea (U, F), mo ecmv V. C U. Toeda 2o6opam, wmo cucmema
W eexmopos u3 V' aeasemcs mMoJtHOM B V' mozda u moavko moeada,
Kozda 110001 sexmop u3 V' asasemcesa AuneiHot KomMOuHauuet 6exmopos
cucmemve W. Eeau V. =U, mo 2060pam, wmo cucmema W noana (ne
ymounaA, wmo 6o ecem U ).

B wactHOCTH, TeopeMa O JANMHEHBIX KOMOMHAIMAX Oa3MCHBIX
BEKTOPOB I'OBOPUT O TOM, UTO CHCTEMa BEKTOPOB SIBJIFETCA DA3UCOM TO-
r/1a U TOJIBKO TOTJIa, KOrJla OHa JIMHENHO He3aBUCUMA U I0JIHA.



I11.3. Teopema o0 e TMHCTBEHHOCTHU Pa3JIoXKeHUd 1o Oa-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
Jloka3aTeabCTBO.



I11.3. Teopema o0 e TMHCTBEHHOCTHU Pa3JIoXKeHUd 1o Oa-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.

JlokazaTeabCTBO. JTO ciejcTBe n3 cpoiicTBa CUn.4. Bocponsseiem
JTIOKa3aTe/ILCTBO JIJI JJAHHOTO CJIydas.



I11.3. Teopema o0 e TMHCTBEHHOCTHU Pa3JIoXKeHUd 1o Oa-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
JlokazaTeabCTBO. JTO ciejcTBe n3 cpoiicTBa CUn.4. Bocponsseiem
JIOKa3aTeILCTBO JIJIsl JJAHHOIO CJIydasi.
[Tycte B = {ey, e9,...,e,} — 0Gasuc juneitnoro npocrpatcrsa U, n
rT=Me1+ ...+ e, = pie1 + ...+ fpey.
Haio jokasarh, 9To



I11.3. Teopema o0 e TMHCTBEHHOCTHU Pa3JIoXKeHUd 1o Oa-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
JlokazaTeabCTBO. JTO ciejcTBe n3 cpoiicTBa CUn.4. Bocponsseiem
JIOKa3aTeILCTBO JIJIsl JJAHHOIO CJIydasi.
[Tycte B = {ey, e9,...,e,} — 0Gasuc juneitnoro npocrpatcrsa U, n
rT=Me1+ ...+ e, = pie1 + ...+ fpey.
Hajno jpokazarh, 910 A, = Uy,



I11.3. Teopema o0 e TMHCTBEHHOCTHU Pa3JIoXKeHUd 1o Oa-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
JlokazaTeabCTBO. JTO ciejcTBe n3 cpoiicTBa CUn.4. Bocponsseiem
JTIOKa3aTe/ILCTBO JIJI JJAHHOTO CJIydas.
[Tycte B = {ey, e9,...,e,} — 0Gasuc juneitnoro npocrpatcrsa U, n
rT=Me1+ ...+ e, = pie1 + ...+ fpey.
Hano jpokazarh, uto A, = u,. Ho

0= MNer+. ..+ en— (e + ..o+ ppen) = A—pr)er+. .+ (An—fin)én.



II1.3. Teopema o eauHCTBEHHOCTH Pa3JoXKeHusd 1Mo ba-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
JlokazaTeJIbCcTBO. DTo cjejcTBre u3 cpoiicTea Cp.4. Bociponspejiem
JTIOKa3aTe/ILCTBO JIJI JJAHHOTO CJIydas.
[Tycte B = {ey, e9,...,e,} — 0Gasuc juneitnoro npocrpatcrsa U, n
rT=Me1+ ...+ e, = pie1 + ...+ fpey.
Hano jpokazarh, uto A, = u,. Ho

0= MNer+. ..+ en— (e + ..o+ ppen) = A—pr)er+. .+ (An—fin)én.

Tak kak B — 6a3uc, To 3170 JIMHEITHO HEe3aBUCUMasl CHICTEMa BEKTO-
POB, CJIeJIoBaTE/IbHO Bee KOIMDMUIIMEHTHI B IOCIETHEM BbIPpaXKCeHUU HY-
JIeBBIE: A\ — (4] = ... = A — i, = 0.



II1.3. Teopema o eauHCTBEHHOCTH Pa3JoXKeHusd 1Mo ba-
3UCY

Teopema 8. Koapguuyuernmor neped 6a3ucbvMu 6EXKMOPAMU 6 Pa3A0IAHCE-
HUU 6eKMOPa N0 6a3ucy onpedessromces 00HO3HAYHO.
JlokazaTeJIbCcTBO. DTo cjejcTBre u3 cpoiicTea Cp.4. Bociponspejiem
JTIOKa3aTe/ILCTBO JIJI JJAHHOTO CJIydas.
[Tycte B = {ey, e9,...,e,} — 0Gasuc juneitnoro npocrpatcrsa U, n
rT=Me1+ ...+ e, = pie1 + ...+ fpey.
Hano jpokazarh, uto A, = u,. Ho

0= MNer+. ..+ en— (e + ..o+ ppen) = A—pr)er+. .+ (An—fin)én.

Tak kak B — 6a3uc, To 3170 JIMHEITHO HEe3aBUCUMasl CHICTEMa BEKTO-
POB, CJIeJIoBaTE/IbHO Bee KOIMDMUIIMEHTHI B IOCIETHEM BbIPpaXKCeHUU HY-
JIeBBIE: A\] — i1 = ... = A — i, = 0. Takum obpazoMm \; = p;, 9TO 1 Tpe-
00BaJIOCH JIOKA3aTh.



111.4. KoopaunnaTrsl BeKTOpa

Omnpenesienne 9. Feau B ={ey,....e,} — 6asuc auneiinozo npo-
cmparncmea U, mo das 06020 eexmopa x u3 U xosgpdpuvyuernmor N; pas.no-
orcenus eexkmopa T no obazucy B nasvisaromes KoopaAmHATAMU 6EKMOPA
x 6 bazuce B. Ilpu smom cmonbey xoopduram eexmopa x 6 bazuce B

bydem obosnaqams uepes [T)g.



111.4. KoopaunnaTrsl BeKTOpa

Omnpenesienne 9. Feau B ={ey,....e,} — 6asuc auneiinozo npo-
cmparncmea U, mo das 06020 eexmopa x u3 U xosgpdpuvyuernmor N; pas.no-
orcenus eexkmopa T no obazucy B nasvisaromes KoopaAmHATAMU 6EKMOPA
x 6 bazuce B. Ilpu smom cmonbey xoopduram eexmopa x 6 bazuce B

bydem obosnaqams uepes [T)g.

Buumanune! 310 Ba)kHO!

Cronbey koopauHaT [z|f BekTopa x B basuce B = {ey,..., e, } onpege-
NSETCS CaefyommMm obpasom:



111.4. KoopaunnaTrsl BeKTOpa

Omnpenesienne 9. Feau B ={ey,....e,} — 6asuc auneiinozo npo-
cmparncmea U, mo das 06020 eexmopa x u3 U xosgpdpuvyuernmor N; pas.no-
orcenus eexkmopa T no obazucy B nasvisaromes KoopaAmHATAMU 6EKMOPA
x 6 bazuce B. Ilpu smom cmonbey xoopduram eexmopa x 6 bazuce B

bydem obosnaqams uepes [T)g.
Brumanrue! 31o BaxkHo!

Cronbey koopauHaT [z|f BekTopa x B basuce B = {ey,..., e, } onpege-
NSETCS CaefyommMm obpasom:

A1
zlg =1 --- & = \ep+ Ager + .+ e (3)
An

ITocmoTpers mpuMepkI?



I11.5. PazmepHocTh

Omnpenenenne 10. [osopam, umo cucmema eexmopos A TNHENNHO BbI-
paxkaerca® wepes cucmemy eexmopos B, ecau ecaxuti sexmop us A
npedcmasum 6 ude AuHelinotl xomounauuy eexmopos us B. Cumeoniu-
wecku amo sanucvieaemcs max: A 4 B.

Paccmorpum npumep?

s]lo moBoLy JIMHEHOI areOphl BhIpazKaiiTech, moxkaJsyiicra, JUHEHHO!



I11.5. PazmepHocTh

Omnpenenenne 10. [vsopsam, umo cucmema sexmopos A JINHEITHO BbI-
paxkaerca' wepes cucmemy eexmopos B, ecau ecaxuti sexmop us A
npedcmasum 6 ude AuHelinotl xomounauuy eexmopos us B. Cumeoniu-

HeCKU Mo 3anucuvleaemcsAa makx. ./4 -1 B.

JlemMa 1. [o rpansurusnocru ornomenus 4] Fcau cucmema A aunetino eui-
pastcaemes weped B, xomopas, 6 c6010 ouepeds, AUHETHO GuPANCACNCA
wepes C, mo cucmema A aunetino evipascaemes wepes C. Unvimu crosa-
mu, us A4 B uB-C caedyem, wmo A -C.

JloKa3aTeabCTBO.

4o moBoy JTMHENHON areOphl BhIpayKaiTech, moxKaJryiicra, JuHeiHo!



I11.5. PazmepHocTh

JlemMa 1. [o rpansurusnoctu ornomenus 4] FcAu cucmema A aunetino eui-
paosicaemcs weped B, xomopas, 6 c6010 ouepedv, AUMETHO Sbipadtcaemcs
wepes C, mo cucmema A aunetino svipaxcaemcs vepes C. Urvimu crosa-
mu, us A4 B u B -C caedyem, wmo A -C.

HokazareabcTBo. [lyctb a € A. Ilo ycjioButo HaiilyTcsi Take BeK-
TOPEL by, ... b, u3 B 1 Takue 31eMeHThl Aj, ..., A, 1o K| 4To

a = \by —|—)\2b2—|—...—|—)\pbp.



I11.5. PazmepHocTh

JlemMa 1. [o rpansurusnoctu ornomenus 4] FcAu cucmema A aunetino eui-
paosicaemcs weped B, xomopas, 6 c6010 ouepedv, AUMETHO Sbipadtcaemcs
wepes C, mo cucmema A aunetino svipaxcaemcs vepes C. Urvimu crosa-
mu, us A4 B u B -C caedyem, wmo A -C.

HokazareabcTBo. [lyctb a € A. Ilo ycjioButo HaiilyTcsi Take BeK-
TOPEL by, ... b, u3 B 1 Takue 31eMeHThl Aj, ..., A, 1o K| 4To

a= Aby+ Xobo+ ...+ )\pbp.
Hagee, Tak kaxk B = C, To HailgyTcst TaKe BEKTOPHI

Cll;---;clqlacﬂa---702q27---7cp17---;cpqp7



I11.5. PazmepHocTh
JloKka3aTebCTBO.

a = Aby + Xoby+ ...+ )\pbp.
Taxk kak B 4 C, To HajiijlyTcsl TaKiie BEKTOPbI
C115,--+5C1q1,C215 - - -y C2g95 - - -, Cpl,y - - '7cqu7

qTo
y

q
by = piicip + ...+ H1g,Clq; = Z H1kCik
k=1

o
by = fo1C21 + - .. + [ogCogy = D, H2kC2U
=1

dp
bp = pp1Cp1 + - -+ Hpg Cpgp = kZl HpkCpk
K p—



I11.5. PazmepHocTh
JloKka3aTebCTBO.

a = Aby + Xoby + . .. —l—)\pbp.

( q1

b1 = pi1C11 + - .. + H1g,Clgy = Y H1kC1k
k=1

q2
by = po1Co1 + ... + H2q,C2q9 = Z 2k Cof;
k=1

dp
bp = pp1Cp1 + - -+ fpg Cpgp = kz:l HpkCpk
\ P—

Ciie10BaTe/IbHO,

TN q2 dp
a= M\ Z [15Cli + Ao Z UorCop + ... + )\p Z HpkCp -



I11.5. PazmepHocTh
JloKka3aTebCTBO.

q1 q2 dp
a= A\ Z UikClE + A2 Z UorCop + ... + Ay Z LplCpk -
k=1 k=1 =1

Takum obpazom, 1060t BekTop n3 A siBjisiercst JnHeRHO KoMOnHaIIelt
BekTopoB u3 C. Takum obpasom, 1o onpejenenuio, A - C, aro 1 Tpedo-
BaJIOCh JI0KA3aTh.



I11.6. Teopema lllTeitHuna

Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

okazareabcTBO. MbI IpUBeIeM JIBa JOKA3aTENILCTBA 3TON TEOPEMDI.
[TepBoe, B HallleM ciydae, siBjIsieTcst 0oJiee CTPOIUM, a BTOPOE OIIUPAaeTCsI
Ha PE3YJILTAT, «IIOUYTH JIOKAa3aHHbI» HaMU.



I11.6. Teopema lllTeitHuna

Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

IlepBoe nokazarenbcTBo. Ob603HAUNM depe3 D Takyio JIMHEHO
HE3aBUCUMYI CHUCTEMY 13 m BeKTOpos, 4To A - D u 4ncio BEKTO-
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
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I11.6. Teopema lllTeitHuna
IlepBoe pokaszaresibcTBO. Ob603HAYMM Yepe3 D Takyio JIMHEITHO
HE3aBUCUMYIO CUCTeMY u3 m BeKTopos, 4To A - D 1 9ucjio BeKTopoB
Bo MHOKeCcTBe A N D — MakcuMaJIbHOE U3 BO3MOXKHBIX. [yeTh mpu 9ToM
A & D. Bosbmem BektTop x € A, He npunajexaiuii D. [lo yeiaosuio
m
r =Y Abp. Urak, ne Bce A pasubl 0. CreoBaTesibHO, JITsT HEKOTO-

k=0
poro HoMepa p uMeeM A, # 0. ObosnaunM uepes C cuCTEMy BEKTOPOB,

nostyuyennyio us D 3amenoil Bekropa b, Ha x.
Herpyano npoBeputs, 4To Bo-11epBbIX, C COCTOUT U3 M IITYK BEKTOPOB,
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IlepBoe pokaszaresibcTBO. Ob603HAYMM Yepe3 D Takyio JIMHEITHO
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A & D. Bosbmem BektTop x € A, He npunajexaiuii D. [lo yeiaosuio
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k=0
poro HoMepa p uMeeM A, # 0. ObosnaunM uepes C cuCTEMy BEKTOPOB,

noJrydenmyio u3 D 3amenoit BekTopa b, Ha .
Herpyino nposeputsb, 4To Bo-11epBbix, C COCTOUT U3 M HITYK BEKTOPOB,
Bo-BTOpBIX, A - C,
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IlepBoe pokaszaresibcTBO. Ob603HAYMM Yepe3 D Takyio JIMHEITHO
HE3aBUCUMYI CUCTEeMY U3 m BeKTopos, 4To A - D u 4mcjio BEeKTOpoB
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nostyueHnyto u3 D 3amenoit Bektopa b, Ha .
HerpyiHo poBepuTh, 4T0 BO-11epBbIX, C COCTOUT U3 M IMITYK BEKTOPOB,
BO-BTOPLIX, A 1 C, B-Tperbux, cucrema C JINHEITHO He3aBUCUMA,
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IlepBoe pokaszaresibcTBO. Ob603HAYMM Yepe3 D Takyio JIMHEITHO
HE3aBUCUMYIO CUCTeMY u3 m BeKTopos, 4To A - D 1 9ucjio BeKTopoB
Bo MHOKeCcTBe A N D — MakcuMaJIbHOE U3 BO3MOXKHBIX. [yeTh mpu 9ToM
A & D. Bosbmem BektTop x € A, He npunajexaiuii D. [lo yeiaosuio
m
r =Y Abp. Urak, ne Bce A pasubl 0. CreoBaTesibHO, JITsT HEKOTO-

k=0
poro HoMepa p uMeeM A, # 0. ObosnaunM uepes C cuCTEMy BEKTOPOB,

nostyueHnyto u3 D 3amenoit Bektopa b, Ha .

Herpyiao mpoBeputb, 4T0 Bo-11epBBIX, C COCTOUT U3 M IITYK BEKTO-
poB, Bo-BTOPEIX, A - C, B-Tperbux, cucrema C JMHENHO HE3aBUCUMA,
B-UETBEPTLIX, YICJI0 BEKTOPOB BO MHOKecTBe A M C OoJIbIle, 1eM BO MHO-
xkecrse AN D.
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IlepBoe pokaszaresibcTBO. Ob603HAYMM Yepe3 D Takyio JIMHEITHO
HE3aBUCUMYIO CUCTeMY u3 m BeKTopos, 4To A - D 1 9ucjio BeKTopoB
Bo MHOKeCcTBe A N D — MakcuMaJIbHOE U3 BO3MOXKHBIX. [yeTh mpu 9ToM
A & D. Bosbmem BektTop x € A, He npunajexaiuii D. [lo yeiaosuio
m
r =Y Abp. Urak, ne Bce A pasubl 0. CreoBaTesibHO, JITsT HEKOTO-

k=0
poro HoMepa p uMeeM A, # 0. ObosnaunM uepes C cuCTEMy BEKTOPOB,

nostyuyennyio us D 3amenoil Bekropa b, Ha x.

Herpynno npoeputhb, 9To Bo-1epBbiX, C COCTOUT U3 M IITYK BEKTO-
poB, Bo-BTOpBIX, A - C, B-Tperbux, cucrema C JIMHEITHO He3aBUCH-
Ma, B-9eTBEPTBIX, YHCJI0 BEeKTOpoB BO MHOKecTBe A N C 0oJIbIle, UeMm
Bo mHoxkectBe A N D. Ho nociemee TpeboBanne IpoOTUBOPEIUT BBIOO-
py D. 3unauut, Hamte upejnosoxenrne A € D ObLIO HEBEPHBIM, TO €CTh
A C D. B yacranocru, n < m, 9T0 U TpebOOBAJIOCH JIOKA3ATD.
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

Bropoe pokazarenbcrBo. [lo ycioBuio cucrema A JIMHEHO
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.
Bropoe pokazarenbcrBo. [lo ycioBuio cucrema A JIMHEHO
n
HE3aBHUCUMA, TO €CTh PABEHCTBO Y Aya, = 0 BO3MOXKHO TOJBKO 1pHU

p=1
AM=...= ), =0. Tak kak A - B, 10, 110 onpeejeHnI0 OTHOIIEHNS —,

m
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

Bropoe mokazaresnncTBo. Ho B spisiercs: amHeiino He3aBUCMOI
CUCTEMOI, 1103TOMY
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

Ecin ObI m > m, TO YUCIO HEU3BECTHBLIX B 9TOI CUCTeMe JIMHEHHBIX
ypaBHeHuit OoJiblie unciia ypapHenuii. [loib3ysack merojiom ['aycca, MOXK-
HO II0Ka3aTh, 9YTO B 9TOM CJIydae TaKas CHCTeMa ypaBHEHUII umeer Oec-
KOHEYHO MHOT'O PEIIeHUIA.
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Teopema 9. Fcau aAurnetino HE3ABUCUMAS CUCTTIEMA BEKIMOPOB
A =Aay,as,...,a,} sunetno svipasicaemesn uepes AUHETHO HE3ABU-
cumyro cucmemy B = {by, by, ..., by}, mon < m.

Ecin ObI m > m, TO YUCIO HEU3BECTHBLIX B 9TOI CUCTeMe JIMHEHHBIX
ypaBHeHUi Ooblle uncia ypaBHenuii. [lonb3ydck meTogom [aycca, MOXK-
HO T10Ka3aTh, 9YTO B 9TOM CJydae TaKasl CUCTeMa ypaBHEHUII nmeeT Oec-
KOHEYHO MHOro pemntennii. Ho n3 jmmHeiiHoil He3aBUCUMOCTH CUCTEMbI BEK-
TopoB A cjiejiyeT, 9To 9TO pelleHne J0JXKHO ObITh €JIMHCTBEHHBIM — HY-
neBbIM. [losryuentoe (Todnee, «IOYTH MOJTYYEHHOE ) IPOTUBOPEYINE T10-
Ka3bIBaeT, UTO HAIlle IPEeJoJoxKeHne ObLIO HEBEPHBIM, TO €CTh 1 < M,
9TO U TPebOBAJIOCH JT0KA3aTh.



I11.7. Teopema o0 KoJmmdecTBe 0A31CHBIX BEKTOPOB

Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAUUECTNBO 6exmopos 6 basuce By pasro xoauvwecmsy
sexmopos 6 basuce Bo.

JlokazaTeabcTBO. Mbl He OyJeM MOJHOCTBIO IPUBOJIUTH PACCYXKIC-
HUsI 9Talla «IeHepalliil JI0Ka3aTe/lIbCTBay, a IPUBEJIEM JIUIIb «O(pOpM-
JIEHHOE JIOKA3aTe/IbCTBOY.
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Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAMUYECTNBO 6eKkMOpos 6 basuce By pasho xoauvwecmey
sexmopos 6 basuce Bo.

JlokazaTeabcTBO. Mbl He OyJeM MOJHOCTBIO IPUBOJIUTH PACCYXKIC-
HUsI 9Talla «IeHepalliil JI0Ka3aTe/lIbCTBay, a IPUBEJIEM JIUIIb «O(pOpM-
JIEHHOE JI0KA3aTeTHCTBOY.

OTMeTnM JTUIIhL, 9TO HaM HaJI0 JOKA3aTh PaseHCmeE0 Uncia BEKTOPOB
B cucremax by u By, u Mbl Bociosb3yemcs «uHOpMalueii 0 MeTopax
JI0Ka3aTeIbCTBA PABEHCTBAY, & UMEHHO, JOKaKeM, 9TO UHUCJIO BEKTOPOB
B By He nIpeBoCcXoauT 4ncia BeKTOpoB B By, 1 HA0O0POT.
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Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAMUYECTNBO 6eKkMOpos 6 basuce By pasho xoauvwecmey
sexmopos 6 basuce Bo.

JlokazaTeabcTBO. [lo TeopeMe o JMHENHBIX KOMOMHAIUSAX Oa-
3UCHBIX BEKTOPOB J1000#1 BekTOop m3 U sBisercs JuHEiHON KoMOu-
Haruell BeKTopoB u3 by. B wactrocTH, M1000i1 BekTOp M3 By siBiIsIeTCS
JHeiiHo# KoMmOuHamueil Bekropos u3s by, t.e. by 4 By.
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Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAMUYECTNBO 6eKkMOpos 6 basuce By pasho xoauvwecmey
sexmopos 6 basuce Bo.

JlokazaTeabcTBO. [lo TeopeMe o JMHENHBIX KOMOMHAIUSAX Oa-
3UCHBIX BEKTOPOB J1000#1 BekTOop m3 U sBisercs JuHEiHON KoMOu-
Haruell BeKTopoB u3 by. B wactrocTH, M1000i1 BekTOp M3 By siBiIsIeTCS
JHeiiHo# KoMmOuHamueil Bekropos u3s by, t.e. by 4 By.

[To Teopeme IllTeiitnuia 4ucio BeKTopoB B cucreme By He MeHblie,
yeM B cucreMe bs.



II1.7. Teopema o0 KojmuecTBe OA3UCHBIX BEKTOPOB

Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAMUYECTNBO 6eKkMOpos 6 basuce By pasho xoauvwecmey
sexmopos 6 basuce Bo.

JlokazaTeabcTBO. [lo TeopeMe o JMHENHBIX KOMOMHAIUSAX Oa-
3UCHBIX BEKTOPOB J1000#1 BekTOop m3 U sBisercs JuHEiHON KoMOu-
Haruell BeKTopoB u3 by. B wactrocTH, M1000i1 BekTOp M3 By siBiIsIeTCS
JHeiiHo# KoMmOuHamueil Bekropos u3s by, t.e. by 4 By.

[To Teopeme IllTeiitnuia 4ucio BeKTopoB B cucreme By He MeHblie,
geM B cucreMe Bo.  AHAJIOrMYHO MOYXKHO I0Ka3aTh, UYTO MMEET MECTO
obpaTHOoe (HecTporoe) HepaBeHCTBO, OTKY/a ciejayer, 910 B By u B By
OJINHAKOBOE KOJIMYECTBO BEKTOPOB, YTO U TPeOOBAJIOCH JI0KA3ATD.
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Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAUUECTNBO 6exmopos 6 basuce By pasro xoauvwecmsy
sexmopos 6 basuce Bo.
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II1.7. Teopema o0 KojmuecTBe OA3UCHBIX BEKTOPOB

Teopema 10. ITycmvs By u By — dsa 6a3uca auretinozo npocmpancmea
U, npuvem By — woneunoe mmoocecmeo. Toeda By — maxoice xoneuroe
MHOIHCECTNBO, U KOAMUYECTNBO 6eKkMOpos 6 basuce By pasho xoauvwecmey
sexmopos 6 basuce Bo.

He nmporuBopeunT jin 9Ta TEOpeMa COOTBETCTBYIOIIEN 3a1atde’

B sroii 3a1aue cucrembl B u B’ sBisiorcea 6asucaMu JIMHEITHOTO IPO-
CTpaHCTBa BCeX MaTPUIl pa3MEpPHOCTH 2 X 2, a yIopsijiouennas cucrema B
— 6a3MCcoM APYToro MpoCTpPaHCcTBa — JUHEHHOIO NPOCTPAHCTBA CHMMET-
PUYHBIX MaTpUIl pa3MepHOCTH 2 X 2.



I11.8. Onpenesienne pa3MepHOCTU IIPOCTPAHCTBA

Omnpenenenue 11. FEcau xoasuvecmseo 6ekmopos 6 basuce AUHETHO20
npocmparcmea U KoHewrno, mo 3mo KOAUMECTNB0 SEKMOPOE HA3bLEAET -
cA pa3MepPHOCTBIO AuHetinoz2o npocmpancmea U. B npomusrom cayvae
eocopam, wmo U — 6ecKoOHedHOMepHOoe JIMHeITHOe ITPOCTPAaHCTBO.



I11.9. Teopema o gomoJjiHgeMoOCTH 10 Oa3uca

Teopema 11. Jhobyw auretiHO HE3AB8UCUMYN CUCTNEMY Gek-
mopoa B = {uy,...,u,} roneunomeprozo auneiinozo npocmpan-
cmea U moscro donoanums do 6asuca B' = {uy, ... Umy Uit .o, Up}
Aunetinozo npocmpancmea U.

Jloka3aTeabCTBO.



I11.9. Teopema o gomoJjiHgeMoOCTH 10 Oa3uca

Teopema 11. Jhobyw auretiHO HE3AB8UCUMYN CUCTNEMY Gek-
mopoa B = {uy,...,u,} roneunomeprozo auneiinozo npocmpan-
cmea U moscro donoanums do 6asuca B' = {uy, ... Umy Uit .o, Up}
Aunetinozo npocmpancmea U.

Jloka3aTeJIbCTBO. DTa TeopeMa SBJIsIeTCs CYNMEeCTBEHHON 1 HeTPUBHU-
aJIbHOM B cJIydae, Korja 6a3uc onpejieseTcs, KaK MUHIMaJIbHast CUCTEMa,
MOPOXKTAIONINX BEKTOPOB JinHelinoro npoctpanctsa U. Ilpu npunarom
HAMW OTpejieIeHH Da3nca TeopeMa O4eBU/IHA.



I11.9. Teopema o gomoJjiHgeMoOCTH 10 Oa3uca

Teopema 11. Jhobyw auretiHO HE3AB8UCUMYN CUCTNEMY Gek-
mopoa B = {uy,...,u,} roneunomeprozo auneiinozo npocmpan-
cmea U moscro donoanums do 6asuca B' = {uy, ... Umy Uit .o, Up}
Aunetinoz2o npocmpancmsa U.

Jloka3aTeJabCTBO. JTa TeopeMa SIBJIFETCS CYIIECTBEHHON M HETPH-
BUAJIbHOI B cjydae, Korja 6a3uc olpejie/isiercs, Kak MUHUMaJIbHas CU-
cTeMa TTOPOZKJIAIONIUX BEKTOPOB JnHelHoro npocTpancTtBa U. Ilpn npn-
HSITOM HaMM OIlpejieJieHnH 6a3uca Teopema odeBujaHa. JleficTBuTeabHo,
JIONIOJIHUM cucteMy B 10 MakcuMalsibHO JIMHETHO He3aBUCUMO ch-
crembl B’ BekTopos simneitnoro npocrpancrsa U. Ho rorna B’ apisiercs
OazucomM JmHeiiHoro mpocTpancTa U.



I11.10. IlpmopurerHas 1esb MccieJOBaHUl B JMHel-
HOITl ajredpe

[TonsiTue 6a3uca Mo3BOISET IEPEBOAUTH BOITPOCHI OTHOCUTEIHEHO MCXO/-
HOI JIMHEHHOTO MPOCTPAHCTBA Ha S3bIK MaTPUIHON a/ireOphbl, ITO I03-
BOJIZET, C OJHOIl CTOPOHDI, MCIOJIH30BATH MOIIHLIN aniaparT MaTpUIHONI
aJINeOPHI JIJI PelIeHus Tpo0JIeM, BOSHUKAIONINX B TEOPUN JIMHEHHBIX TTPO-
CTPaHCTB U, ¢ APYTOii CTOPOHBI, 00OTAIIATE allllapaT MaTPUIHON aareOpbl
C IIOMOIIBIO KOHCTPYKIINI, pe3yJbTaTOB M METOJOB JIMHEIHON aareOphl.
Otrcrosia cjaeayeT, 9To B Ipollecce N3ydeHnsd JMHEHHBIX TPOCTPAHCTB ITPH-
OPUTETHON ABJISIETCS CJEAYIONasd 1e/Ih.



I11.10. IlpmopurerHas 1esb MccieJOBaHUl B JMHel-
HOITl ajredpe

[TonsiTue 6a3uca Mo3BOISET IEPEBOAUTH BOITPOCHI OTHOCUTEIHEHO MCXO/-
HOI JIMHEHHOTO MPOCTPAHCTBA Ha S3bIK MaTPUIHON a/ireOphbl, ITO I03-
BOJIZET, C OJHOIl CTOPOHDI, MCIOJIH30BATH MOIIHLIN aniaparT MaTpUIHONI
aJINeOPHI JIJI PelIeHus Tpo0JIeM, BOSHUKAIONINX B TEOPUN JIMHEHHBIX TTPO-
CTPaHCTB U, ¢ APYTOii CTOPOHBI, 00OTAIIATE allllapaT MaTPUIHON aareOpbl
C IIOMOIIBIO KOHCTPYKIINI, pe3yJbTaTOB M METOJOB JIMHEIHON aareOphl.
Otrcrosia cjaeayeT, 9To B Ipollecce N3ydeHnsd JMHEHHBIX TPOCTPAHCTB ITPH-
OPUTETHON ABJISIETCS CJEAYIONasd 1e/Ih.

Henw 1. Ilpu ssedenuu Hoswvix KoHcmpykuul 6 Aunelinotl arzedbpe 00nol
U3 NPUOPUMEMHDLT UEAET] ABAACTNCA NOAYYEHUE OMBEMA HA ONPOC <KAK
IMA KOHCMPYKUUA MOHCEM OBIMD BULPAAHCEHA CPEICMBAMU MAMPUYHOT]
a.n2ebpvls. Mo No3BOAAEM 8 MEPMUHAL MAMPUYHOT AN2EODVL POPMYAU-
POBAMD BONPOCHL, BOZHUKANWUE 6 MEOPUL AUHETIHLT NPOCTMPAHCMNE.



IV. OcHoBHbIe pe3ysibTaThbl IV. OcHoBHBIE Pe3y/IbTaThI
OcHOBHBIE OIIPEJIe/ICHUS:

— oIIpejie/ieHne JIMHEITHOro MPOCTPaHCTBA;

— JINMHEMHO He3aBUCUMAad U JIMHEMHO 3aBUCUMAas CUCTEMbI BEKTO-

pOB;

— cHCTeMa MOPOXKJAFOIIIX JTUHEHHOTO IIPOCTPAHCTBA;

— Da3zuc;

— CTOJIOEI KOOPIMHAT BEKTOPa JUHEHHOrO IPOCTPAHCTBA.

OcHOBHBIE PE3YJILTATHI:
— 3JIeMeHTapHbIe TeoOpPeMbl TeOPUHU JINHEHHBIX ITPOCTPAHCTB;
— cBoticTBo 1.4 0OJTHO3HAYHOCTU PA3JIOXKEHUS 110 JTUHENHO 3aBUCUMON
cucTeMe BEKTOPOB;
— KPUTEpUil JJUHENHON 3aBUCUMOCTMU;
— TeopeMa O JIMHEMHBbIX KOMOMHAITAX 0a3MCHBIX BEKTOPOB.



V. IlognpocTpaHCTBO

B coorBercTBUM € JTOMMKO#T pa3BUTUA MaTeMaTUYIECKOI TECOPHUHN MBI 110-
CTEIICHHO IIEPEXOAUM OT M3Y4dCHUA OTAC/IBHOI'O 00bEKTA (B JaHHOM CJIY-
qae — JIMHEHOrO MPOCTPAHCTBA) K U3YUEHUIO CHCTEM TaKuX 00bEKTOB.
Haunbosiee ecrecTBEeHHBII IYTh COCTOUT B TOM, YTOOBI CHaYaJa PaccMOT-
pPETH HEKOTOPLIE JIMHEHbIEe I[IPOCTPpaHCTBa, KOTOPbIE MOZKHO IIOJITYIUTDb,
HCIIOJIb3YAd B Ka9€CTBE «CTPOUTE/ILHOI'O MaTeE€puaJia» HMCXOJIHOE JIMHEHOe
IIPOCTPaAHCTBO.



V. IlognpocTpaHCTBO

B coorBercTBUM € JTOMMKO#T pa3BUTUA MaTeMaTUYIECKOI TECOPHUHN MBI 110-
CTEIICHHO IIEPEXOAUM OT M3Y4dCHUA OTAC/IBHOI'O 00bEKTA (B JaHHOM CJIY-
qae — JIMHEHOrO MPOCTPAHCTBA) K U3YUEHUIO CHCTEM TaKuX 00bEKTOB.
Haunbosiee ecrecTBEeHHBII IYTh COCTOUT B TOM, YTOOBI CHaYaJa PaccMOT-
pPETH HEKOTOPLIE JIMHEHbIEe I[IPOCTPpaHCTBa, KOTOPbIE MOZKHO IIOJITYIUTDb,
HCIIOJIb3YAd B Ka9€CTBE «CTPOUTE/ILHOI'O MaTeE€puaJia» HMCXOJIHOE JIMHEHOe
IIPOCTPaAHCTBO.

Omnpenenenue 12. [lodmnooicecmeo V  aunettHo2o npocmpar-
cmea U nasvieaemcs IIOIIIPOCTPAHCTBOM AUHEUHO20 NPOCMPAHCNGE
U, ecau V' asaaemca Aunetinoim npocmparcmeom 0mHOCUMeNbHO MET
oice onepavuti. Tom ¢arxm, wmo V. — nodnpocmparcmeo, 0003Ha4aemcs

xax V < U.



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12. Ilodmnoocecmeo V' aunetinozo npocmparcmea U Had no-
aem K saeasemes nodnpocmparncmeom mozda u moavko mozada, Koz2da
ona mobvlr sexkmopos x,y € V. eexmop x + y npunadaescum V', u daa
2100020 anemenma A noas K u aoboz2o sexmopa x us V. eexmop Ax npu-
nadaeorcum V.

CAMIIKOM MHOI'O CJIOB...

Omnpenenenune 12. I[lodmnooicecmso V  aunetiHo2o0 nmpocmpar-
cmea U nazvieaemcs MOIITPOCTPAHCTBOM AUHETH020 NPOCMPAHCMEA
U, ecau V' asasemcsa Aunetinoim npocmparncmeom 0mHoCuUmenvbHo mex

otce onepavudi. Tom daxm, wmo V' — nodnpocmparcmeo, obosnavaemcs
xax V < U.



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12.

reV A €V
< 9 9 4
V_U@(Vx,y VA <{y€V :>{:U+y€V.>) (4)

MoykKHO TTPeJI/IOXKUTH SKBUBAJICHTHYIO (POPMYIUPOBKY IMOCTIEHEN TEo-
PEMBbI:



V.1. Kpurepmnii noanpocrpaHcTBa
Teopema 12.

reV A €V
< 9 9 4
V_U@(Vx,y VA <{y€V :>{:U+y€V.)) (4)

Teopema 13. [lodmnoocecmeo V' aunetinozo npocmparcmea U +ad no-
aem K saeasemes nodnpocmparncmeom mozda u moavko mozda, Koz2da
s M00vix sexkmopos x,y € V. u mobwx ssemernmos X, 1 € K sexmop
AX + py npunadaescum V.

OIgTh MHOI'O CJIOB...



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12.
r eV e €V,
V<U \ VA ’ ’ 4
- (:)(x’y ({yev :>{:E+y€V.>) (4)

Teopema 13.

V<U & <Vaz,y V)\,,u({g:“;’ = AaH—,uyEV.)) (5)



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12.
r eV e €V,
V<U \ VA ’ ’ 4
- ﬁ(fc’y ({yev :>{:U+y€V.)) (4)

Teopema 13.
r eV,
V<U & <Vaz,y V)\”u({yév = AaH—,uyEV.)) (5)

Hoka3zaTenbcTBO. Hajio npoBepuTh BBIIOJIHEHNE aKCUOM JIMHEHHOIO
nmpocTpancTBa Jid V. Ho 9Ta mpoBepKa TpuBHaJibHa, TaK KaK, HAIIPUMeED,
PaBeHCTBO T + Y = Y + & BEPHO 044 10001 BeKTOPoB X,y € U, 0HO, KO-
HEYHO, OCTaHETCsl BEPHBIM U B cjIydae, Korja &,y OyIyT BbIOMPATbCs He
3 «Bcero U», TOJIBKO «U3 €ro JacTuy, u3 V.



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12.
r eV e €V,
V<U \ VA ’ ’ 4
- ﬁ(x’y ({yev :>{:U+y€V.>) (4)

Teopema 13.
r eV,
V<U & <Vaz,y V)\”u({yév = AaH—,uyEV.)) (5)

Joka3zaTeabcTBO. [IpoBepuTh HALO JUIIL, YTO OIPAHUYEHUSI Ollepa-
Uit +, A+ Ha MOJMHOXKECTBO V' SIBJISIIOTCS ollepalusiMi Ha V'



V.1. Kpurepmnii noanpocrpaHcTBa

Teopema 12.
x eV A eV
< ? J 4
V_U@(Vx,y VA ({yGV :>{:E+y€V.)) (4)

Teopema 13.
r eV,
V<U & <Vaz,y V)\”u({yév = AaH—,uyEV.)) (5)

JokazareabcTBO. [IpoBepuTh HAJIO JIUIIL, YTO OIPAHUYEHUS Ollepa-
Uit +, A+ Ha MOJMHOXKECTBO V' SIBJISIIOTCS ollepalusiMi Ha V'
1) omepaitust + oTobpazkaer mnapbl 37eMeHToB u3 V' B s1emeHT u3 V;
2) st ioboro A w3 K onepanust A otrobpazkaeT sieMeHTol u3 V' B 9J1e-
MEHTHI U3 V.



V.1. Kpurepmnii noanpocrpaHcTBa
Teopema 12.

r eV e eV
< 9 )
V<U & (Vx,y VA ({yEV = {x—l—yEV.)) (4)

Teopema 13.
V<U & <‘v’x,y V)\,M({:;gg’ :>)\x+,uy€V.>> (5)

HokazareabcTBO. Ho BhIIOIHEHNE 9TUX YCJIOBUIL:
1) onepaitust + oTobpazkaer napbl 37eMeHToB u3 V' B s1emeHT u3 V;
2) st ioboro A w3 K omnepanust A orobpazkaeT sieMeHThl u3 V' B 9J1e-
MeHTBI 13 V'
1 SIBJISIETCST COJIEPZKAHNEeM JIOKAa3bIBaeMOii TeopeMbl (U B TOIl, 1 B JpPYToif

hopmypoBKe).



V.2. Teopema 0 pazMepHOCTH IOANPOCTPAHCTBA

Teopema 14. [lycmo V' — nodnpocmparcmeo Aunetinozo npocmpa-
cmea U. Tozda cnpasedausvl caedyroujue ymeeparcoeru:

1. dim(V) < dim(U);

2. dim(V') < dim(U) mozda v moavko moeda, koeda V < U, mo ecmy

V£U.



V.2. Teopema 0 pazMepHOCTH IOANPOCTPAHCTBA

Teopema 14. [lycmo V' — nodnpocmparcmeo Aunetinozo npocmpa-
cmea U. Tozda cnpasedausvl caedyroujue ymeeparcoeru:

1. dim(V) < dim(U);

2. dim(V') < dim(U) mozda v moavko moeda, koeda V < U, mo ecmy

V£U.

JloKa3aTebCTBO.



V.2. Teopema 0 pazMepHOCTH IOANPOCTPAHCTBA

Teopema 14. [lycmo V' — nodnpocmparcmeo Aunetinozo npocmpa-
cmea U. Tozda cnpasedausvl caedyroujue ymeeparcoeru:

1. dim(V) < dim(U);

2. dim(V') < dim(U) mozda v moavko moeda, koeda V < U, mo ecmy

V£U.

JlokazaTeabcTBO. D10 ciejicrBue u3 teopembl I[llTeitauma unnm
TeopeMbIll 0 JOmoOJIHIEMOCTH 0 Oa3muca.



V.3. JInHelitHasg 000JI0YKA

Omnpenenenne 13. Jluneitnasi obosiouka L(A) uau (A) cucmemy
6eKMOPO6s A — MO MUNHUMAALHOE (N0 6KAN0%EHUI0) MmaKkoe Noonpo-
cmpancmeo npocmpancmea V', komopoe codepotcum ece eexmopul u3 A.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Onpenenenue 13. Jluneiitnas obosiouka L(A) uau (A) cucmemo
gexmopos A — amo MuHUMAALHOE (N0 BKAOUENUI0) MAKOE NOINPO-
cmparcmeo npocmpancmea V', Komopoe codepotcum. ece sexmopul u3 A.

Teopema 15. Jlunetinaa oboroura (A) cucmemv, 6exmopos A aunetino-
20 npocmparcmea V- nad nosem K cocmoum us ecesosmoorchois aumeri-

HOLE KOMOUHAUULT 8eKmopos cucmemvl, A ¢ xospduvuenmamu u3 noas
K:

<A> = {)\1@1—1—...—1—)%% ke N X €K, a; EA}
B wacmmnocmu, L(A) - A.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.
JloKka3zaTeabCTBO.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.
Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.
O0603HaYMM MHOYKECTBO B JIEBOIl 4acTH JIOKa3bIBAEMOI'0 paBEHCTBA, 1e-
pe3 V', a MHOXKecTBO B mpaBoil yactu — depe3 W.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.
Bxmiodenune V' O W odeBniHo, Tak Kak



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.
Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.
Brrowenne V' O W odeBuugno, Tak kak a; € A C (A), mosromy
AMa1 + ...+ Apap € V', TOCKOIBKY IOAIIPOCTPAHCTBO COJEPXKUT BCE JIH-
HeffHble KOMOMHAIIMN CBOUX BEKTOPOB.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.
Bxitouenne V' O W 1okazano.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.

Bxitouenne V' O W 1okazano.

s noxazarenberBa BKIodeHus V- C W goctaTouHo IpOBEPUThH, UTO,
BO-TIepBBIX, W — MOAIPOCTPAHCTBO JUHEHOTo npocTpancTBa U, u, Bo-
BTOpbIX, W comep:kuT Bce BeKTOpa u3 A.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.

s noxazarenberBa BKIodenus V- C W noctaTodno IpoBepuTh, UTo,
BO-1IepBBIX, W — HOAIIPOCTPAaHCTBO JMHEHOro npocTpancTsa U, u, Bo-
BTOpLIX, W cogep:xkut Bce BekTopa m3 A. [emo B Tom, dato (A) —
HaMMeEHbIIIee MOIIPOCTPAHCTBO C STUMK CBOMCTBAMU, ITOITOMY IOy IUM

TpebyeMoe BKIodenue V. C W,



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Joka3zaTenbcTBO. Hajio q10Ka3aTh paBeHCTBO MHOYKECTB.

s noxazarenberBa BKIodenus V- C W noctaTodno IpoBepuTh, UTo,
BO-1IepBBIX, W — HOAIIPOCTPAaHCTBO JMHEHOro npocTpancTsa U, u, Bo-
BrOpbIX, W conep:kut Bce BekTopa u3 A. Yreepxkaenue, uro W — 1oj-
IIPOCTPAHCTBO JUHERHOro mpocTpancTsa U, ciejlyeT n3 Kpurepus Io/I-
ITPOCTPAHCTBA!



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.

<A>:{)\1a1+...+)\kak keN,AieK,aieA}.

B wacmmnocmu, L(A) H A.

JlokazareabcTBO. Y TBepXkKIenne, 4To W — IMoAmpoCcTpanCcTBO JTUHEN-
HOTO npocTpancTBa U, cieayeT u3 KpuTepus IOAIPOCTPAHCTBA

a(Aay+ ...+ Ngag) + B (al + ...+ ppal,) =



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.

<A>:{)\1a1+...+)\kak keN,AieK,aieA}.

B wacmmnocmu, L(A) H A.

JlokazareabcTBO. Y TBepXkKIenne, 4To W — IMoAmpoCcTpanCcTBO JTUHEN-
HOTO npocTpancTBa U, cieayeT u3 KpuTepus IOAIPOCTPAHCTBA

a(Aay+ ...+ Ngag) + B (al + ...+ ppal,) =
= (aX) ay + ...+ (o) ap + (Bua) all + .+ (Bm) alm



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.

<A>:{)\1a1+...+)\kak keN,AieK,aieA}.

B wacmmnocmu, L(A) H A.

JlokazareabcTBO. Y TBepXkKIenne, 4To W — IMoAmpoCcTpanCcTBO JTUHEN-
HOTO npocTpancTBa U, cieayeT u3 KpuTepus IOAIPOCTPAHCTBA

a(Ajar + ..+ Mag) + B (piay + ..o+ ppar,) =
= (aX) a1+ ...+ (aXp) ap + (Bur) a) + ... + (Bpm) al, € W.



V.4. Teopema o BHyTpeHHell XapakKTepu3aliii JnHe-
HOI1 000JIOUKH

Teopema 15.
(A) = {A1a1+...+)\kak ke N\ €K, aq; EA}.

B wacmmnocmu, L(A) H A.

Caencrteue 1. Ecau A — cucmema sexkmopos u B — makaa ee nod-
cucmema, wmo A =4 B, mo L(A)= L(B). B wacmnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo

L(A) = L(B).



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

Jloka3aTeabCTBO.



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

,HOKaSaTeJ'II)CTBO. Hago JOKa3aTb pPaceHCIME0 MHOMHCECING.



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

HoxkazarenbcTBo. Hajo jokasars paserncmeo mmoscecms. Corac-
HO onpedesenuto PABeHCTBa MHOYKECTB, JIJIs 9TOTO HEOOXOIUMO JI0Ka3aTh

sriouennst L(A) C L(B) un  L(A) D L(B).



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMANDHAA AUHETHO HEe3ABUCUMGA nodcucmema cucmemos A, mo
L(A) = L(B).

HHokazarenbcTBo. Hajio jokasats pasencmeo mmoscecms. Corac-
HO onpedeseruto PaBeHCTBA MHOYKECTB, [IJIs1 9TOr0 HEOOXOJNMO JIOKA3aTh
sriodenust L(A) C L(B) u L(A) D L(B). Bropoe Bkiouenue ciie-
JIyeT HeloCPEeCTBEHHO U3 OlpeJie/IeHIs] JTUHEHON 000/JI0UKH.



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMANDHAA AUHETHO HEe3ABUCUMGA nodcucmema cucmemos A, mo
L(A) = L(B).

HoxkaszaresibeTBo. Hajyo jokazatsh pasencmeo mmoocecms. Cornac-
HO onpedenenuro PaBeHCTBA MHOMKECTB, JIJIst 3TOT0 HEOOXOJINMO JIOKA3aTh
sriodennst L(A) C L(B) u L(A) O L(B). Ilostomy ocramnoch JT0Ka-
sarb Br/ovdenne L(A) C L(B).
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cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMANDHAA AUHETHO HEe3ABUCUMGA nodcucmema cucmemos A, mo
L(A) = L(B).

HoxkazarenbcTBo. Hajo jokasars paserncmeo mmoscecms. Corac-
HO onpedesenuto PABeHCTBa MHOYKECTB, JIJIs 9TOTO HEOOXOIUMO JI0Ka3aTh
sriodennst L(A) C L(B) u  L(A) O L(B). Ilo onpedeaenuio BKiote-
HUS JIJIs 9TOTO CJIeyeT YOeUThbCsi B HCTHHHOCTH (hOPMYJIbI

v € L(A) = L(B).
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cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
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L(A) = L(B).

JHokazareabcTBO. Tax, ocranoch 1oKa3aTh, 9TO

v € L(A) = L(B).
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Torna KaxkKaplilt BeKTOp 13 A siBjisieTcs TNHEeHON! KoMOnHAInell BeKTO-
poB n3 B:
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Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

JHokazareabcTBO. Tax, ocranoch 1oKa3aTh, 9TO
r € L(A) = L(B).
[Iycrs € L(A).

Torna KaxkKaplilt BeKTOp 13 A siBjisieTcs TNHEeHON! KoMOnHAInell BeKTO-
poB u3 B: 3T0 ciegyeT anOO0 HEOCPEACTBEHHO U3 YCJIOBUSI,



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

JHokazareabcTBO. Tax, ocranoch 1oKa3aTh, 9TO
r € L(A) = L(B).
[Iycrs € L(A).

Torma kaxk/plit BeKTOp 13 A sIBjIsieTcs JIMHEHOI KoMOMHAIel Bek-
TopoB u3 B: ymbo, ecan npo B M3BECTHO JIMIIL, YTO 3TO MaKCUMaJ/lbHasl
JINHETHO He3aBUCHMas IoJIchcTeMa cucTeMbl A, To n3 TeopeMbl 6.
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Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

JHokazareabcTBO. Tax, ocranoch 1oKa3aTh, 9TO
r € L(A) = L(B).
[Iycrs € L(A).

JokaszaHo, 4TO KarK/Iblil BeKTOp u3 A siBjsiercs JinHeiiHoit KoMOnHaIm-
eit BekTopos u3 B. Uubivu cioBamu, A 4 B.
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r € L(A) = L(B).
[Iycrs € L(A).

JokaszaHo, 4TO KarK/Iblil BeKTOp u3 A siBjsiercs JinHeiiHoit KoMOnHaIm-
eit BekTopos 3 B. Wuabimu ciopamu, A 4 B. Tlo Teopeme o BHyTpeHHei
xapakTepusannu JuHeiinoi obosouknu L(A) - A.
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CorytacHo JieMMe O TpaH3UTUBHOCTH OoTHOIeHus —, Biaeder L(A) 4 B.



V.5. CinencrBue o JuMHENHOI 000JI0UYKe IIOACUCTEMBI

Caencrteue 1. Ecau A — cucmema sexmopos u B — makaa ee nod-
cucmema, wmo A= B, mo L(A)= L(B). B wacmwnocmu, eciu B —
MAKCUMAAOHAA NUHETHO HE3ABUCUMAA Nodcucmema cucmemv, A, mo
L(A) = L(B).

JHokazareabcTBO. Tax, ocranoch 1oKa3aTh, 9TO
r € L(A) = L(B).
[Iycrs € L(A).

JokaszaHo, 4TO KarK/Iblil BeKTOp u3 A siBjsiercs JinHeiiHoit KoMOnHaIm-
eit BekTopos 3 B. Wuabimu ciopamu, A 4 B. Tlo Teopeme o BHyTpeHHei
xapakTepusannu JuHeiinoi obosouknu L(A) - A.

CorytacHo JieMMe O TpaH3UTUBHOCTH OoTHOIeHus —, Biaeder L(A) 4 B.
[To TeopeMe o BHyTpeHHEll XapakKTepusanun JUHEHHOH 000JI09KHN 1T0JTy-
qaeM JlokasbiBaemoe Briodenue L(A) C L(B).



V.6. CtapgapTHBIE CIIOCOOBI 3aJaHIsI IIOJIIPOCTPAHCTB

OOBIYHO NpPUMEHsIeTCsl OJIMH M3 JIBYX CIOCODOB 3aJlaHusl IIOJIPO-
CTPAHCTB:

e B Buje nHeiiHONl 000/10UKM CHCTEMBI BEKTOPOB, YKeJIaTe/JIbHO — KakK
JIMHEIHYI0 000/10UKYy Dasuca;

V= (v, vo, ..., Ug). (6)
e C 1IOMOIIbIO  CHUCTEMbl JIMHEHHBIX  ypaBHeHHiI B  Oasuce
B = {ey, e, ..., e,} nuneitnoro npocrpancrsa U:
n
g rrer €V &

k=1



V.6. CtapgapTHBIE CIIOCOOBI 3aJaHIsI IIOJIIPOCTPAHCTB
OOBbIYHO IIpUMEHsIeTCsI OJUH M3 JABYX CIIOCO00B 3aJaHusl IIOIIPO-
CTPaHCTB:

e B Bujie JimHeitHOI 000JI0UKM CUCTEMbI BEKTOPOB, YKeJaTeJbHO — KaK
JIMHEITHYI0 000/109KYy Oa3uca;

V= (v, vg, ..., k). (6)
e C 1OMOIIBIO  cHCTeMBbI  JIMHEHHBIX — ypaBHeHuii B Oasnce
B = {e, ey, ..., e,} muneiinoro npocrpancrsa U
n
E xXer €V &

k=1



V.6. CtapgapTHBIE CIIOCOOBI 3aJaHIsI IIOJIIPOCTPAHCTB
OOBbIYHO IIpUMEHsIeTCsI OJUH M3 JABYX CIIOCO00B 3aJaHusl IIOIIPO-
CTPaHCTB:

e B Bujie JimHeitHOI 000JI0UKM CUCTEMbI BEKTOPOB, YKeJaTeJbHO — KaK
JIMHEITHYI0 000/109KYy Oa3uca;

V = (v, vo, ..., Ug). (6)
e C 1OMOIIBIO  cHCTeMBbI  JIMHEHHBIX — ypaBHeHuii B Oasnce
B = {e, ey, ..., e,} muneiinoro npocrpancrsa U
n a11X1 + aj9xs + ...+ appx, =0,
E xer €V &

k=1 Am1X1 + amoXo + ...+ apypXn = 0.



V.6. CtapgapTHBIE CIIOCOOBI 3aJaHIsI IIOJIIPOCTPAHCTB
OOBbIYHO IIpUMEHsIeTCsI OJUH M3 JABYX CIIOCO00B 3aJaHusl IIOIIPO-
CTPaHCTB:

e B Bujie JimHeitHOI 000JI0UKM CUCTEMbI BEKTOPOB, YKeJaTeJbHO — KaK
JIMHEITHYI0 000/109KYy Oa3uca;

V = (v, vo, ..., Ug). (6)
e C 1OMOIIBIO  cHCTeMBbI  JIMHEHHBIX — ypaBHeHuii B Oasnce
B = {e, ey, ..., e,} muneiinoro npocrpancrsa U
n ari + apre+ ...+ apx, =0,
E rrer €V &

k=1 Am1T1 + oo + ... + aGppy, = 0.

Paccmorpers npumep?



VI. Anrebpa nmoanpocTpaHCTB

B coorBercTBUn CO CTpaTeFI/Ieﬁ Inepexoaa OoT Um3y4deHud OTAE/Ib-
HOTO 00BLEeKTa K nccijie J0BaHnio CHUCTeEeMbI 00BLEKTOB eCTeCTBEHHO
paccMOTPETh



VI. Anrebpa nmoanpocTpaHCTB

B coorBercTBUn CO CTpaTeFI/Ieﬁ Inepexoaa OoT Um3y4deHud OTAE/Ib-
HOTO 00BLEeKTa K nccijie J0BaHnio CHUCTeEeMbI 00BLEKTOB eCTeCTBEHHO
paccMOTPETh
orepalnuy ajaredpsl MOANPOCTPAHCTB U OTHOIICHUS Ha MHOYKECTBE I10/I-
[IPOCTPAHCTB.



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16. ITycmv V. W — nodnpocmparcmea suretinoz2o npocmpan-
cmea U nad nosem K. Toeda nepecevenue V-NW nodnpocmpancme V
u W aesasemes nodnpocmpancmeom.

CIHMIIKOM MHOI'O OyKaB...



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16.

<
{V—U’ = VnWw <U.

W <U

Bot Teneps xoporio!
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<
{V—U’ = VnWw <U.

W <U

Jloka3aTeabCTBO.



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16.

<
{V—U’ = VnWw <U.

W <U

Jloka3zaTeJabCTBO. DTO OYEBUJIHOE CJICJICTBUEC KPUTEPHUs TIOITPO-
CTPAHCTBA.



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16.

<
{V—U’ = VnWw <U.

W <U

HokazaresibeTBo. [lyctb x e VW, ye VNIW, A\ ue K.
Torua



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16.

<
{V—U’ = VnWw <U.

W <U

HokazaresibeTBo. [lyctb x e VW, ye VNIW, A\ ue K.
Torna Ax+py €V, tak xak x,y €V, nu Ar+puy € W, mak kax
x,y e W.
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Teopema 16.

<
{V—U’ = VnWw <U.

W <U

HokazaresibeTBo. [lyctb x e VW, ye VNIW, A\ ue K.
Torna Ax+py €V, tak xak x,y €V, nu Ar+puy € W, mak kax
x,y e W.
CaenoBaTeibHO, AT + py npuHauiexkuT u V', u W, nosromy, 1o omnpe;e-
JICHUIO TIepecedeHnst MHOXKeCTB, Ax + uy € VN W.



VI1.1. Ilepecedyenne noirpocTpaHCTB

Teopema 16.

<
{V—U’ = VnWw <U.

W <U

HokazaresibeTBo. [lyctb x e VW, ye VNIW, A\ ue K.
Torna Ax+py €V, tak xak x,y €V, nu Ar+puy € W, mak kax
x,y e W.
CaenoBaTeibHO, AT + py npuHauiexkuT u V', u W, nosromy, 1o omnpe;e-
JICHUIO TIepecedeHnst MHOXKeCTB, Ax + uy € VN W.

Teopema nmokazana.



VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-

cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)
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Teopema 17. Cymma nodnpocmpancms AGAAEMCA NOONPOCTPAHCEOM.
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Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

JloKka3aTebCTBO.



VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wv€\/,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

JloKa3aTeJIbCTBO. DTO OYEBUJIHOE CJIEJCTBHE KPUTEPU IIOJIIPO-
CTPAHCTBA.



VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazarenbcTBo. Ilyets vi+w € VAW, v4+weV+W,
A€ K.



VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazareabcTtBo. Ilyctb vi+w € V+W, v+wyeV+W,
A, € K. Torna

)\(vl+w1)+,u(v2+w2) =



VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazarenbcTBo. Ilyets vi+w € VAW, v4+weV+W,
A, € K. Torna

A (’Ul + ’LUl) + U (Ug + ’LUQ) = ()\’Ul + ,LLUQ) + ()\wl + ,LLUJQ)
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Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazarenbcTBo. Ilyets vi+w € VAW, v4+weV+W,
A, € K. Torna

A (’Ul + ’LUl) + U (Ug + UJQ) = g)\’Ul + ,LLU22+£)\’LU1 + ,LL"LUQ)
ev el
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Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazarenbcTBo. Ilyets vi+w € VAW, v4+weV+W,
A, € K. Torna

A (’Ul + ’LUl) + U (Ug + UJQ) = g)\’Ul + ,LLU22+£)\’LU1 + ,U/UJQ) eV +W.
ev el




VI.2. Cymma noaipocTpaHCTB

Omnpenenenue 14. [lycmo V. W — nodnpocmparcmea sunetinozo npo-
cmparncmea U nad nosem K. Cymmoit mognpoctpancts V' u W na-
3bL6AECMNCA MHONHCECTNEO

V+W:{v+wvev,w€W}. (7)

Teopema 17. Cymma mnodnpocmpancme ABAAECMCA  NOONPOCMPAH-
CMBOM.

HokazarenbcTBo. Ilyets vi+w € VAW, v4+weV+W,
A, € K. Torna

A (’Ul + ’LUl) + U (Ug + UJQ) = g)\’Ul + ,LLU22+£)\’LU1 + ,U/UJQ) eV +W.
ev el

Teopema JjloKazaHa.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. I[fycmo V. W — nodnpocmparcmea KoHeuHomepHo20 Au-
netinozo npocmparcmea U nad nosem K. Tozda

dim(V + W) = dim(V) + dim(W) — dim(V N W).

Mmuoro oykadd...



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
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W< U = dim(V + W) = dim(V) + dim(W) — dim(V N W).



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.

{Vga

W< U = dim(V + W) = dim(V) + dim(W) — dim(V N W).

v

JloKa3zaTebCTBO.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-

CTPaHCTB
Teopema 18.

VU o dim(V 4+ W) = dim(V) + dim(W) — dim(V A W)

W <U B '

ar az ---0p—1 ag
V BVﬂW
W

HokazarenbctBo. Ilyecrs Byaw = {a1,as,...,ar} — 6azuc nopampo-

ctpancTBa V N W.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
vV <U, : . . .
= dim(V + W) =dim(V) + dim(W) — dim(V N W).
W <U
By
by by --- bp ap Gy ---Qap—1 Qg
V BVﬂW
W
HHokazarenbctBo. Ilycrs Byaw = {a1,as,...,ar} — 6azuc nopampo-
crpancTBa V N W. HormoHuM ero Jio 6asuca JUHEHHOTO
npocrpanctsa V', nosyunm 6asuc By = {ay, ag, ..., ag, b1, be, ..., b,}

(aTOT Basuc ompejeaeTcs, BOOOIe TOBOPs, HE OJIHO3HATHO).



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
V< U, . . . _
= dim(V + W) = dim(V) + dim(W) — dim(V N W).
W <U
By
by by --- bp ap az ---Qp—1 ag cp Cp --- Cqg
V BVﬂW
W
HHokazareabctBo. [lycrs Bynw = {a1,a9,...,ar} — 6asuc mommpo-
ctparncTa V N W. HomoHuM ero 10 6asuca JUHEHHOro
npoctpatcrsa V', nostyunm 6asuc By = {ay, ag, ..., ag, b1, ba, ..., b,}.

Teneps jonosHUM 6aszuc By 10 6as3uca nunHeiiHoro npocrpancrsa W,
nostyunm 6asuc By = {ay, ag, ..., ag, c1,¢0, ..., ¢4}



VI.3. Teopema o0 pa3MepHOCTH CYMMBI

CTPAHCTB

Teopema 18.

V <U,
W <U

IO PO-

= dim(V + W) =dim(V) + dim(W) — dim(V N W).

V ~

by
g ---Qp—1 aj C1 C Cq
VO
By P
~
by %4
JlokazareabcTBO. OcTa/I0Ch TPOBEPUTH, YTO CUCTEMA,
Gy b1, boy by Cr Coy )

By.w ={a1,a9,..

siBJIsieTcs basncoMm cymMmbl V' + W, T.K.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
pem p+k+gq p+k k+q I
< ~ - ~  —~— A~ -\ ~
r=v = dim(V + W) =dim(V) +dim(W) —dim(V N W),
W <U
by,
bl bg bp 91 as ---Qp-1 CL@ Ci Cy --- (g
V « BVOW -— P
by W

JlokazareabcTBO. OcTajioch IPOBEPUTD, YTO CUCTEMA

Byiw ={ai,a9,...,a5,b1,ba, ..., by, c1,¢0,...,¢4}

sBJisteTcst 6asucom cyMmMbl V 4+ W T.K. (eM. bOPMYINPOBKY TEOpeMbl)



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

T 18.
eopema bkt ok - .
< - -\ ~ P U — A .
v<U = dim(V + W) = dim(V) +dim(W) — dim(V N W).
W <U
By
bl b2 bp 91 as ---Qk-q CL@ Ci1 Cy --. (Cq
V « BVQW ~— P
by W

JlokazaTeabcTBO. OcTagoCh MPOBEPUTH, YTO CUCTEMA

BV+W = {al,ag,.. .,ak,bl,bg,.. .,bp,Cl,CQ,.. .,Cq}

spiistercst 6asucom cyMmMbl V + W T.K. (eM. (OPMYINPOBKY TEOpeMbI )
p+k+qg=p+k)+(k+q -k



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.

p+k+q p+k k+q k
< Ve -\ R /_/H Ve s R Ve - RY
{ ;/2% = dim(V + W) =dim(V) +dim(W) —dim(V N W) .

HokazareabcTBO. [IpoBepum, UTo cucrema
Byiw =A{a1,a9,...,a5,b1,ba, ..., by, c1,¢0,. .., ¢} saABIIETCA Ga3UCOM
cymmbl V 4+ W.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
V < U - N\ ~\ /.—/P\ Ve - ~ -~ N ~
— 0 = dim(V+ W) =dim(V) +dim(W) — dim(V N W)
W <U
HokazareabcTBO. [IpoBepum, UTo cucrema
Byiw =A{a1,a9,...,a5,b1,ba, ..., by, c1,¢0,. .., ¢} saABIIETCA Ga3UCOM
cymmbl V 4+ W. [To Teopeme o

JNHEMHBIX KOMOMHANUIX 0a3MCHBIX BEKTOPOB (KpI/ITepI/H‘/’I 6a31/10a)
JIJIT 9TOIO JOCTATOYHO YOEJIUThCs B TOM, YTO, BO-IIEPBBIX, 9Ta CHCTEMA
BEKTOPOB JIMHENHO HE3aBUCUMa, U, BO-BTOPbIX, YTO BCAKUU BEKTOP U3
V + W gapnserca nuHelinoit komOnHaIeilr BeKTopoB 13 By .



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
V < U - N\ ~\ /.—/P\ Ve - ~ -~ N ~
— 0 = dim(V+ W) =dim(V) +dim(W) — dim(V N W)
W <U
HokazareabcTBO. [IpoBepum, UTo cucrema
Byiw =A{a1,a9,...,a5,b1,ba, ..., by, c1,¢0,. .., ¢} saABIIETCA Ga3UCOM
cymmbl V 4+ W. [To Teopeme o

JIMHEHbIX KOMOMHAIMAX Oa3MCHBIX BEKTOPOB (Kpurepuit basuca)
JIJIT 9TOIO JOCTATOYHO YOEJIUThCs B TOM, YTO, BO-IIEPBBIX, 9Ta CHCTEMA
BEKTOPOB JIMHENHO He3aBUCUMAa, U, BO-BTOPLIX, YTO BCAKHUN BEKTOD U3
V + W gapnserca nuHelinoit komOnHaIeilr BeKTopoB 13 By .

Oba yTBepK/IeHus oueBrIHbL. [IpoBepum?



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< - N\ Ny N - - N\ 7 N N\
VU L G 30 = Gmiv) + Gm() — Gm(v 0.
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

aa1t+aoas+. . . tagap+ G101+ Gabo+. . .+5pbp+’7161+7202—|—. o YeCq = 0.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. ptk+g Dk k+q .
V S U7 7. S Y o 7. - N 7. n N [ - N
{ W< U = dim(V 4+ W) =dim(V) +dim(W) — dim(V N W).
HokazarenbctBo. By ={ay,...,a5,b1,...,bp,¢1,..., ¢} sBIIS-

ercst bazucoM cyMmbl V + W7
[IpoBepumM JimHeiliHyO HE3aBUCUMOCTb:

101 +0Qoa9+. . .—|—Oékak—|—ﬁlbl—|—62b2—|—. . .—|—6pbp+’}/161—|—’)/202—|—. T YgCq = 0.
Torna
91@1+C¥2G2+...+C¥kak+ﬁ1b1+ﬁ262+...+ﬁpb82

= N6 — 720 — ... 7 Yl S

ew



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. ptk+g Dk k+q .
V S U7 7. S Y o 7. - N 7. n N [ - N
{ W< U = dim(V 4+ W) =dim(V) +dim(W) — dim(V N W).
HokazarenbctBo. By ={ay,...,a5,b1,...,bp,¢1,..., ¢} sBIIS-

ercst bazucoM cyMmbl V + W7
[IpoBepumM JimHeiliHyO HE3aBUCUMOCTb:

101 +0Qoa9+. . .—|—Oékak—|—ﬁlbl—|—62b2—|—. . .—|—6pbp+’}/161—|—’)/202—|—. T YgCq = 0.
Torna
91@1+C¥2G2+...+C¥kak+ﬁ1b1+ﬁ262+...+ﬁpb82

v (3)

ew



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. D+ k+q p+k k+q L
< - - =N —N— ~— ]l 7 -\
P S GV W) = (V) + @ (W) — TV ).
W <U
HokazareabcTBO. by = {@1, NN T bpa Cly- -y Cq} ABJLA

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JinHeliHYO HE3aBUCUMOCTb:

a1a1+aoao+. . . +agag+ G101+ Gobo+. . .—|—ﬁpbp—|—’}/161—|—’}/262+. o FYeCq = 0.

[To TEeopemMe O JIMHEMHBIX KOM6I/IHaHI/IﬂX DaA3MCHBIX BEKTOPOB
oqal+042a2+...+akak+ﬁ1b1+ﬁ2b2+...+ﬁpbp:

v (3)

ew



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. D+ k+q p+k k+q L
< - - =N —N— ~— ]l 7 -\
P S GV W) = (V) + @ (W) — TV ).
W <U
HokazareabcTBO. by = {@1, NN T bpa Cly- -y Cq} ABJLA

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JinHeliHYO HE3aBUCUMOCTb:

a1a1+aoao+. . . +agag+ G101+ Gobo+. . .—|—ﬁpbp—|—’}/161—|—’}/262+. o FYeCq = 0.
HO TEeopemMe O JIMHEMHBIX KOM6I/IHaHHﬂX 6a3I/ICHI)IX BEKTOPOB
9&1&1+042a2+...—f—akak—l—ﬁlbl—|—ﬁ2b2+...+ﬁpb82
< 8
:Q1a1+@2a2+...+9;€%:\—%q—7202— L= YqCq € Vnw.
VAW R




VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< - N\ Ny N - - N\ 7 N N\
VU L G 30 = Gmiv) + Gm() — Gm(v 0.
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

aa1t+aoas+. . . tagap+ G101+ Gabo+. . .+5pbp+’7161+7202—|—. o YeCq = 0.

Urax, —yic1 — Y2c2 — ... — V¢ = bhay + Oras + . .. + Oray, oTKyna



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< - N\ Ny N - - N\ 7 N N\
VU L G 30 = Gmiv) + Gm() — Gm(v 0.
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

aa1t+aoas+. . . tagap+ G101+ Gabo+. . .+5pbp+’7161+7202—|—. o YeCq = 0.
Urax, —yic1 — Y2c2 — ... — V¢ = bhay + Oras + . .. + Oray, oTKyna

(91@1+92a2+...+9kak—|—’y101+’y202—|-...—|—fchq:O.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18. p+k+q p+k k+q L
< 'e 7N N —N— 7 7 N I A \
P Gy r W) = Tn(v) + Emw) - dm(v A
W <U
HokazarenbcrBo. By = {a,...,ax,b1,... by, c1,... ¢} apis-

eTcd OGazucom cymMmbl V' + W7
IIpoBepuM JTUHENHYIO HE3aBUCUMOCTh:

a1a1+aoas+. . . tagar+ G101+ Gobo+. . .+ﬁpbp+7161+’Y202—|—. .+, = 0.
Urax, —yic1 — Y2c2 — ... — Yo¢q = bhay + Oras + . .. + Oray, oTKyRA
01a1 + Oray + ...—|—(9/{;(1]§—|—’7101 + Y2C2 ... A VgCq = 0.

Ho cucrema BekTOpoB By JinHeliHO He3aBUCUMA, 1109TOMY, B HaCTHO-
cTu, Y1 = ... =7, = 0.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< - N\ Ny N - - N\ 7 N N\
VU L G 30 = Gmiv) + Gm() — Gm(v 0.
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

a1y + ... +ogap + b+ ...+ By e+ oo+ 9,0, =0 =
= a1a1+a2a2+...+akak+ﬁlb1+ﬁgb2+...+ﬁpbp20.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+Ek k+q k
< Y - ™ — 7 g N\
VU L G ) = Gm(v) + Gm(W) — Gm(v 0 ).
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,¢1,...,¢,} aABis-

eTcd Oazucom cymMmmbl V' + W7
[IpoBepum JIMHEIHYI0 HE3aBUCUMOCTD:

ajar + ...+ ogap + Biby + ..o+ Bby e+ 0, =0 =
= a1a1—l—agag—l—...—l—&kak—l—ﬁlbl—I—ﬁgbg—l—...—l—ﬁpbpzo.

Ho B ={ay,...,ax,b1,...,b,} — Oasuc, nosromy

041:042:...:ak:[il:ﬁg:...:[fp:().



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< - N\ Ny N - - N\ 7 N N\
VU L G 30 = Gmiv) + Gm() — Gm(v 0.
W <U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

a1y + ... +ogap + b+ ...+ By e+ oo+ 9,0, =0 =
= a1a1+a2a2+...+akak+ﬁlb1+ﬁgb2+...+ﬁpbp20 >

= 0512052:...:O{k:ﬂlzﬁQZ...:ﬁp:’yl:’)@:...:’yp:



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< Ve N\ ~\ N Ve - ~ r N ~
=t = dim(V + W) =dim(V) + dim(W) —dim(V N W)
W< U
HoxkazarenbcrBo. By = {ay, ..., a5, b1,...,b0,,¢1,...,¢,} sABIS-

ercst bazucoMm cyMmbl V + W7
[IpoBepuM JimHeiiHYO HE3aBUCHMOCTb:

a1y + ... +ogap + b+ ...+ By e+ oo+ 9,0, =0 =
= a1a1+a2a2+...+akak+ﬁlb1+ﬁgb2+...+ﬁpbp:O >

= Gfl2042:...:O{k:ﬁlzﬁQZ...:ﬁp:’yl:’)@:...:’yp:

CuaenoBaresibHO, cucremMa by muHeiiHo He3aBucuMa.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q p+k k+q k
< 7 N\ Ny f—/R - 7" ~\ Ve 7 ~\
{ D = Ty W) = (V) + G () Tm(v ).

HokazareabcTBO. VTax, cucrema BekTopoB By JnHEiHO He3aBU-
cumMma.

OcTasioch JIoKa3aTh, 9TO cucTeMa BEKTOPOB By 4y MojHa, TO ecTh, 4To
mo0oit BekTop n3 V' + W dgBngercs nuHeiinoit KomOuHaIell BEKTOPOB U3

By w.



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+gq p+k k+q k
< 7 ~N\ N e N 7 ~ N 7 7N N
{ v _<(?J7 = dim(V + W) = dim(V) + dim(W) — dim(V N W) .

JlokazaTeabcTBo. CoryiacHo TeopeMe O JIMHENHBIX KOMOMHAIIIX
0a3MCHBIX BEKTOPOB U OIIPEJIe/IEHIIO CyMMbI IIOJIIIPOCTPAHCTB, IOy da-
eM, 49To J1000it BekTop n3 V + W M0XKHO IIpe/icTaBUThL B BUJIE

Ut =
% ew



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q ptk  ktgqg k
< 7 ~N\ N e N 7 ~ N 7 7N N
{ sz% = dim(V + W) = dim(V) +dim(W) — dim(V N W).

JlokazaTeabcTBo. CoryiacHo TeopeMe O JIMHENHBIX KOMOMHAIIIX
0a3MCHBIX BEKTOPOB U OIIPEJIe/IEHIIO CyMMbI IIOJIIIPOCTPAHCTB, IOy da-
eM, 49To J1000it BekTop n3 V + W M0XKHO IIpe/icTaBUThL B BUJIE

. ’li/,—i—, ’LIL/IJ/,:(Clal—i—...+Ckak+771b1+...+77pbp)+
€ S

+ (pra1 + ...+ prap +1c1+ ... F T, =



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q ptk  ktgqg k
< 7 ~N\ N e N 7 ~ N 7 7N N
{ sz% = dim(V + W) = dim(V) +dim(W) — dim(V N W).

JlokazaTeabcTBo. CoryiacHo TeopeMe O JIMHENHBIX KOMOMHAIIIX
0a3MCHBIX BEKTOPOB U OIIPEJIe/IEHIIO CyMMbI IIOJIIIPOCTPAHCTB, IOy da-
eM, 49To J1000it BekTop n3 V + W M0XKHO IIpe/icTaBUThL B BUJIE

. ’li/,—i—, ’LIL/IJ/,:(Clal—i—...+Ckak+771b1+...+77pbp)+
€ S

+ (pra1 + ...+ prap +1c1+ ... F T, =
= (G +p)ar+ ...+ (G +pr)ar +mbi + ...+ by + Ticr + ..+ Tyey



VI.3. Teopema o0 pa3MepHOCTH CYMMBI IIOJIIPO-
CTPAHCTB

Teopema 18.
p+k+q ptk  ktgqg k
< 7 ~N\ N e N 7 ~ N 7 7N N
{ sz% = dim(V + W) = dim(V) +dim(W) — dim(V N W).

JlokazaTeabcTBo. CoryiacHo TeopeMe O JIMHENHBIX KOMOMHAIIIX
0a3MCHBIX BEKTOPOB U OIIPEJIe/IEHIIO CyMMbI IIOJIIIPOCTPAHCTB, IOy da-
eM, 49To J1000it BekTop n3 V + W M0XKHO IIpe/icTaBUThL B BUJIE

. ’li/,—i—, ’LIL/IJ/,:(Clal—i—...+Ckak+771b1+...+77pbp)+
€ S

+ (pra1 + ...+ prap +1c1+ ... F T, =
= (G +p)ar+ ...+ (G +pr)ar +mbi + ...+ by + Ticr + ..+ Tyey

TeopeMa JOKa3aHa.



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
/11

Teopema 19. Ecaub = {eq, ..., e,} — basuc aunetinozo npocmpan-
cmea U u
anr1 + ... +ax, =0,
V={(v1,...,0,...) = z161 + ...+ Tpe, ,
ap1T1 + ...+ AppTy =0
b11$1 + ...+ blnflfn = O,
W ={(wy,...,Wn,...) =< T161 + ...+ Tpe, . ,

bqlxl + +bqnxn =0

— nodnpocmpancmaea aunetinozo npocmparcmea U, mo

VAW =(01,.. yUnyee s Wi,y Wiy o) 9)
( ( a11m1+...—|—a1nmn:0, )
VAW = ae +. . +ae, | d @I O =0, (10)

bllxl + ...+ blnxn = O,

\ \bqlxl—i-...—b—bqnxn:() )



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:

V:<1}1,...,Uk,...>, B
{W:<w1,...,wm7.”> = V+W=(v,...,wq,...). (9)

Hoka3areabcTBo. Hajio nokaszars...



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:

V:<1}1,...,Uk,...>, B
{W:<w1,...,wm7.”> = V+W=(v,...,wq,...). (9)

,ZLOKaBaTeJIbCTBO. H&,ZLO J0Ka3aTb paceHCIME0 MHOMNCECTNG.



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:
{ V = <1}1,...,Uk,...>,
W = <w1,...,wm,...>
Jloka3aTeJabCTBO paBeHcmea MHoAHCeCme TPOBEJIEM 110 OIpejesie-
HUIO, TO €CTh JOKAaXKeM, 9TO

:>V—|—W:<U1,...,’LU1,...>. (9)



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:

V = (1 Uy« - )

ey Uy ),
W — :>V—|—W:<U1,...,’LU1,...>. (9)
= <w1,...,wm,...>
Jloka3aTeJabCTBO PageHcmea MHoAHCECME IPOBEIEM T10 OITPeIeIeHUIO,

TO €CTb JIOKaXKeM, 4TO
VAW C(v1,. .o Uy, W, ey Wiy - - )
1 9TO



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:
V = <Ul,...,1}k,...>,
W= :>V—|—W:<U1,...,’LU1,...>. (9)
= <w1,...,wm,...>
JToka3aTeabCTBO PaGeHCMEa MHONCECTNE TIPOBEJIEM 110 OIIPEJICJICHUIO,
TO €CTh JIOKAZKEM, 9TO
VAW C(v1,. .o Uy, W, ey Wiy - - )
naro V 4+ W D (U1, ..., Unyee oy Wiy ooy Wiy - -)
Britouenne V + W C (v1, ..., Up, oo, Wi,y oo, Wiy - . .)  CTEIYET W3



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:
V = (1 Uy« - )
e Uy
W= :>V—|—W:<U1,...,’LU1,...>. (9)
= <w1,...,wm,...>
JToka3aTeabCTBO PaGeHCMEa MHONCECTNE TIPOBEJIEM 110 OIIPEJICJICHUIO,
TO €CTh JIOKAZKEM, 9TO
VAW C(v1,. .o Uy, W, ey Wiy - - )
naro V 4+ W D (U1, ..., Unyee oy Wiy ooy Wiy - -)
Britouenne V + W C (v1, ..., Up, oo, Wi,y oo, Wiy - . .)  CTEIYET W3
olpeAe/IeHUsI CYMMBbI IIO/IIIPOCTPAHCTB.



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:
{ % :<z’;1”’zum>> = V+W={v,...,w1,...). (9

JToKa3aTeJIbCTBO PAGEHCMEA MHONCECTNE TPOBEJIEM 110 OLIPE/IC/ICHUIO,
TO €CTh JIOKAZKEM, 9TO
VAW C(v1,. .o Uy, W, ey Wiy - - )
1 aro V 4+ W D (Vg ..., Up,y ooy Wi,y e o, Wiy -2 ).

Britouenne V + W C (v1, ..., Up, oo, Wi,y oo, Wiy - . .)  CTEIYET W3
olpeAe/IeHUsI CYMMBbI IIO/IIIPOCTPAHCTB.

O6parnoe Bryouerne V +W D (U1, ..., Upy ooy Wiy ey Wiy - - -)
BBLITEKACT U3



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. Jlaa cymmol:
{ ‘V/V =<@1Ufum>> = V+W={v,...,w1,...). (9

JloKa3aTeJIbCTBO PaGeEHCMEa MHOHCECE TIPOBEJIEM 110 OIIPEJIC/ICHITO,
TO €CTh JIOKarKeM, 4TO
VAW C(v1,. .o Uy, W, ey Wiy - - )
1 aro V 4+ W D (Vg ..., Up,y ooy Wi,y e o, Wiy -2 ).

Britouenne V + W C (v1, ..., Up, oo, Wi,y oo, Wiy - . .)  CTEIYET W3
onpeJieJJeHNsI CyMMBbI IIOJITPOCTPAHCTB.

O6parnoe Bryouerne V +W D (U1, ..., Upy ooy Wiy ey Wiy - - -)
BBITEKAET N3 TEOPEMBI O BHYTPEHHEN XapaKTepu3alnuu JIMHENHOMN
000JIOYKI.



VI1.4. Teopema 0 BbIYMCJIEHUN CYMMBbI U IlepecedyeHusd
IOAIPOCTPAHCTB

Teopema 19. /laa nepecevenu:
( ’a11x1+...+a1nxn:O, )

.a'p'lxl—l—...—i—apnq:nzo, ' (10)

VAW = qzier + ...+ znep 611(E1+...+bln$n:07

\ bqll‘l—i_‘ +bqnxn_0 )
,ZLOKaBaTeJIbCTBO TOZKE ITPOBOJIUTCA C IOMOIIBIO JIBYX BKJIIOUCHUIA:

JIeBOI JacTu TpedyeMoro paBeHCTBa B MPaBYIO €ro 4acTb U 0OpaTHOIO
BKJIIOUEHUSI.
PaccmoTrpers npumep?



VL.5. IIpamag cymma 1oJJIpocTpaHCTB
Kakue CuTyaluu, HaI/I6OJI€€ MHTEPECHbIE IJId M3YYCHUA, MOXKHO BbIAE-
JINTH C IIOMOIIbIO PACCMOTPEHHBIX ollepaliuii ajareOpbl HOIIIPOCTPAHCTB?



VL.5. IIpamag cymma 1oJJIpocTpaHCTB

Kakue CuTyaluu, HaI/I6OJI€€ MHTEPECHbIE IJId M3YYCHUA, MOXKHO BbIAE-
JINTh C IIOMOIIBIO PACCMOTPEHHBIX Ollepalinii ajaredpbl HOIPOCTPAHCTB?
EcrecrBenno BBIJC/INTH TaKNE CUTYallluX C IIOMOIIbIO CTpaTermm 1mpmno-
PUTETHOI'O N3y4YeHNHA IKCTPEMAJIbHbIX CUTYaIlUN.



VL.5. Ilpsamag cymMmma noampocTpaHCTB

K&KI/IG CuTyaluu, H&H60ﬂee MHTEPECHbIE IJId M3YYCHUA, MOXKHO BbIAE-
JINTh C IIOMOIIBIO PACCMOTPEHHBIX Ollepalinii ajaredpbl HOIPOCTPAHCTB?
EcrecTBenno BBIJC/INTH TaKNE CUTYallluX C IIOMOIIbIO CTpaTermm 1mpmno-
PUTETHOI'O N3y4YeHNHA IKCTPEMAJIbHbIX CUTYaIlUN.

Mozkno BbIACJINTL CUTYyalllIO, KOI'Zla pe3y/ibTaT ollepalnm COBIIa-
daeT C OJJHUM N3 OIIE€EPaH0B.



VL.5. IIpamag cymma 1oJJIpocTpaHCTB

Kakue CuTyaluu, HaI/I6OJI€€ MHTEPECHbIE IJId M3YYCHUA, MOXKHO BbIAE-
JINTh C IIOMOIIBIO PACCMOTPEHHBIX Ollepalinii ajaredpbl HOIPOCTPAHCTB?
EcrecrBenno BBIJC/INTH TaKNE CUTYallluX C IIOMOIIbIO CTpaTermm 1mpmno-
PUTETHOI'O N3y4YeHNHA IKCTPEMAJIbHbIX CUTYaIlUN.

MoKHO BBLIE/INTL CUTYAINIO, KOIJa Pe3YJILTAT Olepaliui COBIIA-
daeT C OJJHUM N3 OIIE€EPaH0B.

3ac/y’KUBaeT pacCMOTPEHMs CJydail, Korja cymMMma IOJIPOCTPAHCTB
COBIIa/la€T CO BCEM IIPDOCTPaHCTBOM. HpI/IMepOM TaKOI'O pe3dyJibTaTa AB-
JiileTcsl pacCMOTpPeHHasl HUXKe TeopeMa O Pa3JIOKEHUUW B IIPAMYIO
CyYMMY OAHOMEPHBIX HOJIPOCTPAHCTB.



VL.5. IIpamag cymma 1oJJIpocTpaHCTB

Kakue CuTyaluu, HaI/I6OJI€€ MHTEPECHbIE IJId M3YYCHUA, MOXKHO BbIAE-
JINTh C IIOMOIIBIO PACCMOTPEHHBIX Ollepalinii ajaredpbl HOIPOCTPAHCTB?
EcrecrBenno BBIJC/INTH TaKNE CUTYallluX C IIOMOIIbIO CTpaTermm 1mpmno-
PUTETHOI'O N3y4YeHNHA IKCTPEMAJIbHbIX CUTYaIlUN.

MoKHO BBLIE/INTL CUTYAINIO, KOIJa Pe3YJILTAT Olepaliui COBIIA-
daeT C OJJHUM N3 OIIE€EPaH0B.

3ac/y’KUBaeT pacCMOTPEHMs CJydail, Korja cymMMma IOJIPOCTPAHCTB
COBIIa/la€T CO BCEM IIPDOCTPaHCTBOM. HpI/IMepOM TaKOI'O pe3dyJibTaTa AB-
JiileTcsl pacCMOTpPeHHasl HUXKe TeopeMa O Pa3JIOKEHUUW B IIPAMYIO
CyYMMY OAHOMEPHBIX HOJIPOCTPAHCTB.

Baxkobim [MpuMepom «SKCTpeMaﬂbHOﬁ CUTYalllun» ZABJIACTCA Cﬂyqaﬁ,
KorJa cCJiaraeMbl€e MMEIT MMHUMAaAJIbHOE IIepeCevdecHue.



VL.5. IIpamag cymma 1oJJIpocTpaHCTB

Omnpenenenue 15. FEcau V,W — nodnpocmparcmea auretinozo npo-
cmpanemea U nad nosem K u'V NW = {0}. Toeda cymma V-+ W noo-
npocmparcme V- u W nasveaemces paMoit cyMmoit. [Ipamas cymma
nodnpocmparcmse obosnavaemcs wepes Ve W.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20. ITycmo V, W — nodnpocmparcmea sunetinozo npocmpa-
cmea U nad nosem K. Tozda cymma V. + W asasemea npamoti cym-
MO, mozda u moavko moeda, xoeda ecarxutli eexmop us V + W o00-

HO3HAYHBLM 00pa3om npedcmasasemes 6 sude v+ w, 2de v €V,
weW.

Mmuoro Oykas...



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V <U, 1% W
W < U, S lzeV+W = ao="v " +"w
VnWw = {0} 00H031HAHO

Yro-1o0... Kak-To... «He dporTanm...



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//+w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

Bor Tenepr dopMmynmnpoBKa «Ha s3bIKe PABEHCTB, HEPaBEHCTB
TEOPETUKO-MHOKECTBEHHBIX BKIHOUEHUI» !



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
CHaugaJia JIOKayKeM OJJHO3HAYHOCTh Pas3/IozKeHUsI BEKTOPA.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7

[lyctsb v1 + wy = v9 + wo, T1E
y 1 1 2 2 ﬂ{{?ﬂl,ﬂ]Q}gW



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//+w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7
{wy, wa} CW.

«Cobepem» Bce BeKTOPHI U3 V' B JIeBOIT YaCTH PaBEeHCTBa, a BCE BEKTOPHI

Ilycrs v1 + wy = vy + wo, T1E {

3 W — B 11paBoil qacTu.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//+w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7
{wy, wa} CW.

«Cobepem» Bce BeKTOPHI U3 V' B JIeBOIT YaCTH PaBEeHCTBa, a BCE BEKTOPHI

Ilycrs v1 + wy = vy + wo, T1E {

3 W — B nipaBoit gactu. [losydaem

U] — Uy =
N——
2%



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.

V <U, x=v+uw =v"+w", C
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,

(%] 7}2} Q V.

H _ { 3 3

VCTb V1 + W1 = Vg + Wa, IV { {’w1, wg} CW

«CobepeMs Bce BeKTOPHI 13 V' B JIeBOil 4YacTH paBEeHCTBA, & BCE BEKTOPHI
3 W — B nipaBoit gactu. [losydaem
V] — Vo = Wy — W1 €
—— N
eV eWw



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//+w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7
{wy, wa} CW.

«Cobepem» Bce BeKTOPHI U3 V' B JIeBOIT YaCTH PaBEeHCTBa, a BCE BEKTOPHI

Ilycrs v1 + wy = vy + wo, T1E {

3 W — B nipaBoit gactu. [losydaem

V] — Uy =wos —w L €EVNW =
—— =
eV eWw



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7
{wl, ’UJQ} Q W.

«Cobepem» Bce BeKTOPHI U3 V' B JIeBOIT YaCTH PaBEeHCTBa, a BCE BEKTOPHI

Ilycrs v1 + wy = vy + wo, T1E {

3 W — B nipaBoit gactu. [losydaem

Vi —vo=wr—w €EVNW =10
1 9 9 1 {0},
ev eWw



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//+w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IokazareabcTBOo. Heobxodumocms. Ilyecrs V +W =V G W,
{'Ul, UQ} g V7
{wy, wa} CW.

«Cobepem» Bce BeKTOPHI U3 V' B JIeBOIT YaCTH PaBEeHCTBa, a BCE BEKTOPHI

Ilycrs v1 + wy = vy + wo, T1E {

3 W — B nipaBoit gactu. [losydaem

Vi —vo=wr—w €EVNW =10
1 9 9 1 {0},
ev eWw

TO €CTh U] = V9, U Wi = Wy. HeobXouMocTh JIoKa3aHa.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

JlokazaTeabCcTBO. /[ocmamounocmo.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

JlokazaTeabCcTBO. /[ocmamounocmo.
Mpu1 ipuBejieM 2 Jl0Ka3aTeIbCTBRA.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IlepBoe moKa3aTEabBCTBO JJOCTATOYHOCTM.
[TycTh Kaxknpiil BekTop m3 V' + W npejcrapisercsa B Buje CyMMbBI BeK-
topa u3 V' u W ognosnaqno.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

IlepBoe moka3aTesIbCTBO JJOCTATOYHOCTH.
[Tycth Kaxxawii BekTop u3 V' + W npencrapisieTcss B BUjie CyMMBbl BEK-
topa u3 V u W oxnosnauno. Bosbmem x € V N IW.

W — nopnpocrpanctso, nostomy x € W = (—z) € W.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

ITepBoe m0Ka3aTEJILCTBO JOCTATOYHOCTH.
[Tyers kaxxapiii Bekrop n3 V + W npejcrapingercss B BUJEC CYMMBI BEK-
topa u3 V u W oxnosnauno. Bosbmem x € V N IW.
W — nopnpocrpanctso, nostomy x € W = (—z) € W.
CoreoBarenbno, (T_+ (;Q = 0.
& oW



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

ITepBoe m0Ka3aTEJILCTBO JOCTATOYHOCTH.
[Tyers kaxxapiii Bekrop n3 V + W npejcrapingercss B BUJEC CYMMBI BEK-
topa u3 V u W oxnosnauno. Bosbmem x € V N IW.
W — nopnpocrpanctso, nostomy x € W = (—z) € W.
CJ1eJ10BaTeIbHO, \QZJJF(;Q = 0. Tax kax  0_+.0_ =0, 10
eV cW eV ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
vV <U, r=v+w =v"+w", r_
TR (ST Fl
VNnWw = {0} {w W'} CW -

IlepBoe moKa3aTeabCTBO JJOCTATOYHOCTM.
[Tycth kaxapilt BekTop u3 V' + W nipejicraBisieTcss B BUjie CyMMBbl BEK-
topa u3 V u W onnosnauno. Bosbmem x € VN W.

W — nonmpocrpatcrso, noaromy x € W = (—x) € W.

Cuenosarenbio, _x + (—x) = 0. Tak kax _0 4+ _0_=0, 10
ev cw eV ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
VSU, xzv’+w’:v”+w”, ,
o, e (fomer T (0,
VW ={0} {w' W'} CW -

IlepBoe moKa3aTeabCTBO JJOCTATOYHOCTM.
[Tycth kaxapilt BekTop u3 V' + W nipejicraBisieTcss B BUjie CyMMBbl BEK-
topa u3 V u W onnosnauno. Bosbmem x € VN W.

W — nonmpocrpatcrso, noaromy x € W = (—x) € W.

Cuenosarenbio, _x + (—x) = 0. Tak kax _0 4+ _0_=0, 10
ev cw eV ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
VSU, xzv’+w’:v”+w”, ,
o, e (fomer T (0,
VW ={0} {w' W'} CW -

IlepBoe moKa3aTeabCTBO JJOCTATOYHOCTM.
[Tycth kaxapilt BekTop u3 V' + W nipejicraBisieTcss B BUjie CyMMBbl BEK-
topa u3 V u W onnosnauno. Bosbmem x € VN W.

W — nonmpocrpatcrso, noaromy x € W = (—x) € W.

Cuenosarenbio, _x + (—x) = 0. Tak kax _0 4+ _0_=0, 10
eV cw eV ew
VAw ~ _0_+0 =0,
T € = \CU/—F(—CL’)—V—FV =\ _.—o0



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
vV <U, r=v+w =v"+w", r_
TR (ST Fl
VNnWw = {0} {w W'} CW -

IlepBoe moKa3aTeabCTBO JJOCTATOYHOCTM.
[Tycth kaxapilt BekTop u3 V' + W nipejicraBisieTcss B BUjie CyMMBbl BEK-
topa u3 V u W onnosnauno. Bosbmem x € VN W.

W — nonmpocrpatcrso, noaromy x € W = (—x) € W.

Cuenosarenbio, _x + (—x) = 0. Tak kax _0 4+ _0_=0, 10
ev cw eV ew

x =0, Ypal

xeVAW = 2 _+(-2)=_0_+_0_ = {_x_o



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

BTopoe gokazareabcTBO JOCTATOYHOCTMH.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

BTopoe nokazaresibcTBO JOCTATOYHOCTMH.
[TycTh Kaxknpiil BekTop m3 V' + W npejcrapisercsa B Buje CyMMbBI BeK-
topa u3 V' u W ognosnaqno.



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

BTopoe nokazaresibcTBO JOCTATOYHOCTMH.
[TycTh Kaxknpiil BekTop m3 V' + W npejcrapisercsa B Buje CyMMbBI BeK-
topa u3 V' u W oxnosnauno. Toria



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, ZE:U/—I—w/:U”—Fw”, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

BTopoe mokazareibCTBO JOCTATOYHOCTMN.
[Tycres Kayknpri BekTop u3 V' + W npejcrapisiercsa B BUje CyMMbI BeK-
topa u3z V u W oxgnosnauno. Torma
xeVnNW = 2 + 0 =x2=_0 +_ 2 6 =

<~ =~ =~~~
eV eWw eVv ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, x:v’+w’:v”+w”, .,
o, e (fomer s (0,
VnWw = {0} {w' W'} CW -

BTopoe mokazareibCTBO JOCTATOYHOCTMN.
[Iycrs Kaxkapril BekTop n3 V' + W npeacrapisieTcss B BUJE CYMMBI BEK-
topa u3z V u W oxgnosnauno. Torma
xeVnNW = 2 + 0 =x2=_0 +_ 2 6 =

<~ =~ =~~~
eV eWw eVv ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, x:v’+w’:v”+w”, .,
o, e (fomer s (0,
VnWw = {0} {w' W'} CW -

BTopoe mokazareibCTBO JOCTATOYHOCTMN.
[Iycrs Kaxkapril BekTop n3 V' + W npeacrapisieTcss B BUJE CYMMBI BEK-
topa u3z V u W oxgnosnauno. Torma
xeVnW = « + 0 =2x2=_0 4+ 2z, 6 = x=0.

<~ =~ =~~~
eV eWw eVv ew



VI1.6. Kpurepuii npsiMoii cyMMbI HOJITPOCTPAHCTB

Teopema 20.
V<U, $:U/+w/:?)//—|—w//, ;o
vz e (o T e (e
VnWw = {0} {w W'} CW -

BTopoe nokazaresibcTBO JOCTATOYHOCTMH.
[TycTh Kaxknpiil BekTop m3 V' + W npejcrapisercsa B Buje CyMMbBI BeK-
topa u3 V' u W oxnosnauno. Toria

xeVAIW= 2+ 0 =2=_0 +.z = x=0.

eV eWw % eW

TeopeMa JOKa3aHa.



VI.7. Ilpgamasg cymMMa HeCKOJIbKUX IIOJIPOCTPAHCTB
[TorsiTre TpsiMOiT CyMMBI IIOJIIIPOCTPAHCTB €CTECTBEHHBIM 00pa30M
obob1IaeTcs Ha caydail cyMMBI Tpex U 6oJiee MOAIPOCTPAHCTB.



VI.7. Ilpgamasg cymMMa HeCKOJIbKUX IIOJIPOCTPAHCTB
[TorsiTre TpsiMOiT CyMMBI IIOJIIIPOCTPAHCTB €CTECTBEHHBIM 00pa30M
obob1IaeTcs Ha caydail cyMMBI Tpex U 6oJiee MOAIPOCTPAHCTB.

Onpenenenne 16. Cymma nodnpocmpancme Vi, ..., Vi nasvieaemcs
IpAMOiT mozda u moavko moezda, kozda nepecevenue Awbozo u3 Vi ¢
CYMMOT OCNANOHBIL CAA2AEMBLT ABNACTNCA HYNEBBLM NPOCTNPAHCITNEOM.

Vin(Vi4+ Vot .+ Vi +Vig +...+ Vi) = {0}.

ITodnpocmparcmeo, AssAOUECECA NPAMOT  CYMMOT MOONPOCMPAHCNE
Vi, ..., Vi, 3anucoisarom caedyroujum obpadom:

VioV,o...oV,.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. Koneunomeproe auretinoe npocmpancmeo packaadviea-
eMCA 8 NPAMYIO CYMMY 00OHOMEPHBIT NOONPOCMPAHCMNSE.

Muoro oykadd...



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
Jloka3aTeJabCTBO.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
HokazarenbctBo. [Iycts B = {e1,...,e,} — 6azuc jqmneiinoro mpo-
crpancTsa U.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).

HokazarenbctBo. [Iycts B = {e1,...,e,} — 6azuc jqmneiinoro mpo-
crpancTsa U.

I3 TeopeMbl O JMHENHBIX KOMOMHAIUSIX Oa3MCHBIX BeK-

TOPOB U oNOpeJejeHnss CyMMbl IOIIPOCTPAHCTB  UMeeM
U= <61>+...+<6n>.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).

HokazarenbctBo. [Iycts B = {e1,...,e,} — 6azuc jqmneiinoro mpo-
crpancTsa U.

I3 TeopeMbl O JMHENHBIX KOMOMHAIUSIX Oa3MCHBIX BeK-
TOPOB U oOHOpedeJeHnus CyMMBbI IIOANPOCTPAHCTB  HMeeM
U= <61>+...+<6n>.

OcraJjioch TPOBEPUTD, UTO 9Ta CyMMa — IIpsiMasi.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
HokazarenbcTBo. OcTanoch MPOBEPUTH, UTO Ta CyMMa — IPSIMAast.
[TycTn

x € (ex) N({e1) + ...+ {ep—1) + {err1) + ...+ (en)).



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
HokazarenbcTBo. OcTanoch MPOBEPUTH, UTO Ta CyMMa — IPSIMAast.
[TycTn

x € (ex) N({e1) + ...+ {ep—1) + {err1) + ...+ (en)).

Torna

A =T =MNe1+ ...+ p_1€p_1+ App1€pi1 + ... + Apén,



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
HHokazarenbcTBo. OCTaoch MPOBEPUTH, ITO ITA CyMMa — IPSIMAast.

A =T =MNe1+ ...+ p_1€p_1+ App1€pi1 + ... + Apén,

B cuny smmHefinoi He3aBucIMOCTH ba3uca mojydaeM, 9To Bece Koadhuiiu-
eHTBhI B CyMMe — HYJIEBBIE.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
JokazateabcTBo. OcTanoch NPOBEPUTD, YTO 9Ta CyMMa — IpsAMasl.
A =T =MNe1+ ...+ p_1€p_1+ App1€pi1 + ... + Apén,

B cuny smmHefinoi He3aBucIMOCTH ba3uca mojydaeM, 9To Bece Koadhuiiu-
eHTBhI B CyMMe — HYJIEBBIE. B wactnoctn, A = 0, oTKy1a
r=0-¢e.=0.



VI1.8. Teopema o pa3jioxkeHUHN B IIPSIMYIO CYMMY OJIHO-
MEPHBIX IOANPOCTPAHCTB

Teopema 21. U = (u1) @ (ug) ® ... B (uy).
HHokazarenbcTBo. OCTaoch MPOBEPUTH, ITO ITA CyMMa — IPSIMAast.

A =T =MNe1+ ...+ p_1€p_1+ App1€pi1 + ... + Apén,

B cuny smmHefinoi He3aBucIMOCTH ba3uca mojydaeM, 9To Bece Koadhuiiu-
eHThl B cyMMe — HyseBble. B gactnoctn, Ay = 0, otkyga x = 0 - e, = 0.
Takum obpazoM, JIoKa3aHo, 9TO CyMMa

ey + ...+ (en) =(e1) D ... D (en)

sIBJIsieTCs IpAMOil cyMmoii. Teopema jjoKazaHa.



B maHHOM MecTe yMeCTHO OBLIO OBl PACCMOTPETH IPUMEP BBLIUMCICHUSA
CYMMBI U IIepecedenust noipocrpancTs. Ho perenne mpumepa 3arpy/iHs-
eTCsl TeM, UTO MbI [I0Ka IIOYTH HE BJIaJIeeM BbIUMCAUTEIbHbBIM AIIIIapPaTOM
JIMHEIHON ajiredOpbl. Kak Mbl yBUJUM 13 MaTepuaJsa Cjeayioliero pas-
Jlejla, B KOHEYHOMEPHBIX JIMHEHHBIX MPOCTPAHCTBAX €CTh BO3MOYKHOCTH
3P OEKTUBHO IPUMEHSITh allapaT MampuuHot anzeopol.



VII. OcHoBHBIE pPe3yJIbTAThI
K CIINCKY paHee OIIMCAaHHBbIX I'JIaBHbBIX ,B;OCTI/I}KeHl/If/Jl Teopun Jin-
HEMHBIX [MPpOCTPaHCTB ILO6&BHHIOTCH CJieAyrolme pesyjibTaThl.
OcHOBHBIE OIIPEJIeTICHUSI
— olipejeJsieHue IoAIIpoCTpPpaHCTBaA;
— olpeJiesieHne JIMHeIHOl 000JI0UKM CUCTEMbI BEKTOPOB;
— cTaHJapHbIe CIOCOOBI 3aJaHNsA HOAIIPOCTPAHCTB;
— CMBICJI 3aJIaHUs TIOIIPOCTPAHCTBA CUCTEMOI ypaBHEHNIA;
— onpejiejieHne CyMMbI HOJIIPOCTPAHCTB U HNPSAMOIl CyMMbI IOJI-
ITPOCTPAHCTB.



VII. OcHoBHBIE pPe3yJIbTAThI

[Torydensl cieytoniue TeopeMbl:

— KPUTEPUil MMOAIIPOCTPAHCTBA;

— TeopeMa 0 BHYTPEeHHell xapaKTepu3aliun JIMTHEITHOI 000JI09YKMT,
— TeopeMa O pa3MEPHOCTU CYMMBbI MOJIIPOCTPAHCTB;

— TeopeMa O BBIYUCJIEHUU CYMMblI W [epecedeHusd IOoAIpo-
CTPAHCTB;

— KpUTepuii NpsaMOil CyMMBbI HOITPOCTPAHCTB.



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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