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I. OcnoBHbIe TOHATUA

Teopus rpadoB MHUPOKO MPUMEHSIETCS B CaMbIX Pa3JIMYIHbBIX 00JIacTsIX
MaTeMaTUKH W JAPYyruxX HayKax. K corkajgeHuio, mo-BUINMOMY, ee IIH-
pPOKOe IpUMEHEHNe MPeJIIecTBOBAIO JOCTATOIHO MOAPOOHON «CTaHIap-
TU3alUN» COOTBETCTBYIONINX MOHSTHI ¥ 00O3HAYEHUl, 1109TOMY B pa3-
HBIX YIeOHMKaX JAI0TCd CYIIECTBEHHO pas3anvdHbIe OollpeeacHnus rpadoB.
OrnpejiesieHnst CyIIeCTBEHHO pa3/nyialoTcsl B TOM CMBIC/IE, 9TO He COBIIA-
JIAIOT COOTBETCTBYIOIINE TTOHATHSI.



I. OcHoBHBIE TOHATUS
Bbibop pesyibraros 110 Teopun rpados, NPUBEICHHBIX B JAHHOM KOH-
CIIeKTe JIEKINT, 0OYC/IOBJIEH CJIEIYIONMUMU COODPaZKEHNSIMMU:



I. OcHOoBHBIE TOHATUA

1) MbI XOTUM TIPOJIEMOHCTPUPOBATH HEKOTOPbIE COOCTBEHHO TEOPETHKO-
rpaoBble METOJIBI U PE3YJIbTAThl (KPUTEPHil CBSI3HOCTH Tpaca, Teo-
peMa 0 CBSI3HOCTH JIONOJIHUTETHLHOTO rpada, Teopema Kénura u ip.);
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1) MbI XOTUM TIPOJIEMOHCTPUPOBATH HEKOTOPbIE COOCTBEHHO TEOPETHKO-
rpaoBble METOJIBI U PE3YJIbTAThl (KPUTEPHil CBSI3HOCTH Tpaca, Teo-
peMa 0 CBSI3HOCTH JIONOJIHUTETHLHOTO rpada, Teopema Kénura u ip.);

2) MBI TIBITAJIICH TAKZKE POJIEMOHCTPUPOBATH PE3YJIBTATHI, OCHOBAHHDIE
Ha MEeTOJIaX U IOHATHUSIX, «3aUMCTBOBAHHBIX» U3 JPYIHUX o0JacTeil
MaTeMATHKE (TeOpeMbl O KOJIMYeCTBE MaPIIIPYTOB MeXK/Ty Bep-
IIIUHAME, O KOPHSIX TTOJIMHOMa PeryssipHoro rpada);



I. OcHOoBHBIE TOHATUA

1)

MpbI XOTUM TTPOAEMOHCTPUPOBATH HEKOTOPHIE COOCTBEHHO TEOPETHKO-
rpaoBble METOJIBI U PE3YJIbTAThl (KPUTEPHil CBSI3HOCTH Tpaca, Teo-
peMa 0 CBSI3HOCTH JIONOJIHUTETHLHOTO rpada, Teopema Kénura u ip.);

MBI ITBITAJIMCh TAKKe IPOJIEMOHCTPUPOBATD PE3YJIbTAThI, OCHOBAHHbIE
Ha MEeTOJIaX U IOHATHUSIX, «3aUMCTBOBAHHBIX» U3 JPYIHUX o0JacTeil
MaTeMATHKE (TeOpeMbl O KOJIMYeCTBE MaPIIIPYTOB MeXK/Ty Bep-
IIIUHAME, O KOPHSIX TTOJIMHOMa PeryssipHoro rpada);

MBI IIPUBEJINA OlIpeJIe/IeHNs] HEKOTOPbIX U3 BayKHEHIINX IHOHATHI Teo-
pun rpacdosn. Pazymeercs, ciincok cchopMyInpoBaHHBIX HAMI OIIpe/ie-
JIEHUII HU B KO€U CTeleHU He IpeTeHyeT Jiarke Ha OTHOCUTEJILHYIO
IIOJTHOTY, U OOJIBIIMHCTBO IIMPOKO MCIIOJIb3YEMbIX IOHATUI TEOPUN
rpadoB 0CTaIOCh 3a paMKaMU JaHHOI PabOTHIL.



I.1. MBao>xkecTBO 1 HabOp 3/1eMEHTOB

Habopom saemenToB MHOXkKecTBa M MBI Ha30BeM HEYIIOPSII0YEH-
HYIO CHCTEMY 3JIEMEHTOB HEKOTOPOro MHOXKecTBa M, B KOTOPOi KaKIbIit
9JeMeHT MHoxKecTBa M MOXKeT BCTpedaThcsd HeCcKOJIbKO pa3. Ilpnm sTom
JI71s1 HaDOPOB onepanun 00beIMHEHN 1 IIepecedeHus OIPeIeIsIIoTCA aHar-
JIOTUYHO COOTBETCTBYIOIIUM OlepalisM JIJIsI MHOKECTB.



I.1. MBao>xkecTBO 1 HabOp 3/1eMEHTOB

Habopom saemenToB MHOXkKecTBa M MBI Ha30BeM HEYIIOPSII0YEH-
HYIO CHCTEMY 3JIEMEHTOB HEKOTOPOro MHOXKecTBa M, B KOTOPOi KaKIbIit
9JeMeHT MHoxKecTBa M MOXKeT BCTpedaThcsd HeCcKOJIbKO pa3. Ilpnm sTom
JI71s1 HaDOPOB onepanun 00beIMHEHN 1 IIepecedeHus OIPeIeIsIIoTCA aHar-
JIOTMIHO COOTBETCTBYIOMIUM OIEPAIMSIM JI/IsT MHOYKECTB.

MorxHao 000iiTHCh 6€3 Heoupeae/ deMOro MOHITHS «CHCTEeMa SJIeMEH-
TOB», U BBECTH IOHATHE Habopa, HAIIpUMep, cjaeayiomuM obpaszom. Pac-
CMOTPUM MHOYKECTBO BCEBO3MOXKHBIX KOpTerKeil ajmemenToB u3 M, u ornpe-
JIeJIUM OTHOIIIEHHUE T IIPABUJIOM: JIBa KOPTEXKa HAXOJIATCA B OTHOIIEHUH T
JIPYT C APYTOM TOI/Ia ¥ TOJIBKO TOrJIA, KOTJIa OJINH U3 HUX IOJIyJaeTcs 13
JIPYTOro MepecTaHOBKOI 3j1eMenToB. Torga MOXKHO OTOXKJIECTBUTH HAOOD
9JIeMEHTOB MHOXKecTBa M ¢ KjlaccaMy SKBUBAJIEHTHBIX 110 T 9JIEMEHTOB.
MbI HA30BEM 9TO TEOPETUKO-MHOX>KECTBEHHOII MHTepIpeTalueii 1mo-
HATHA «HAOOP>.



I.1. MBao>xkecTBO 1 HabOp 3/1eMEHTOB

MoO2KHO HIPUMEHNTDH elre OAWH IOJIXOM: BMeCTO MmHoxcecmea M n Ha-
bopa N paccmarpusath napy: (N’ 60), rie N’ HeKOTOpoe MHOMXKECTBO,
0: N — M — dyuxkuus. [ouarue «ipsernoro rpaday, 10 CyTH €A,
BOCXOJIUT K 9TOI MHTEPIPETAINN TOHATHI HabOop.



I.2. Onopenenenue rpada

Onpenenenue 1. I'pacpom nasvisaemes napa G = (V, E° U E™), 2de V
— nexomopoe mroocecmeo, E° — nabop snemenmos uz V-x V. u E" —
Habop INEMENMOB U3 00BEOUHENUA MHONCECTNGEA BCET O8YTINCMEHTMHLL
nooMHOdCECTNG MHodicecmea V' ¢ mHoocecmeom V. DaemMenmol MHOIICE-
cmea V' naswearom BepnmHaMu rpada G, asemenmo, nabopa E° —
AyTaMM .41 OPUEHTUPOBAHHBIMU pedpaMu 2pada, a SAeMEHMbL Hi-
bopa E" — HeopmeHTHMPOBaAHHBLIMU peOpamm zpaga G. Iaemenmor
obsedunenus E°U E™ nasvearom pedpamnm 2paga G.
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MuozkecrBo V' Bepiinn rpada G obosnaqaror, kak V (G), a Habopsl £°
n E" — uepes E°(G) n E"(G) coorsercrsenno. Habop E°(G) U E"(G)
MbI OyjieM obosHadaTh depes F(G).
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— nexomopoe mroocecmeo, E° — nabop snemenmos uz V-x V. u E" —
Habop INEMENMOB U3 00BEOUHENUA MHONCECTNGEA BCET O8YTINCMEHTMHLL
nooMHOdCECTNG MHodicecmea V' ¢ mHoocecmeom V. DaemMenmol MHOIICE-
cmea V' naswearom BepnmHaMu rpada G, asemenmo, nabopa E° —
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n E" — uepes E°(G) n E"(G) coorsercrsenno. Habop E°(G) U E"(G)
MbI OyjieM obosHadaTh depes F(G).

PaccmoTrpers npumep?



I.2. Onopenenenue rpada

Onpenenenue 1. I'pacpom nasvisaemes napa G = (V, E° U E™), 2de V
— nexomopoe mroocecmeo, E° — nabop snemenmos uz V-x V. u E" —
Habop INEMENMOB U3 00BEOUHENUA MHONCECTNGEA BCET O8YTINCMEHTMHLL
nooMHOdCECTNG MHodicecmea V' ¢ mHoocecmeom V. DaemMenmol MHOIICE-
cmea V' naswearom BepnmHaMu rpada G, asemenmo, nabopa E° —
AyTaMM .41 OPUEHTUPOBAHHBIMU pedpaMu 2pada, a SAeMEHMbL Hi-
bopa E" — HeopmeHTHMPOBaAHHBLIMU peOpamm zpaga G. Iaemenmor
obsedunenus E°U E™ nasvearom pedpamnm 2paga G.

MuozkecrBo V' Bepiinn rpada G obosnaqaror, kak V (G), a Habopsl £°
n E" — uepes E°(G) n E"(G) coorsercrsenno. Habop E°(G) U E"(G)
MbI OyjieM obosHadaTh depes F(G).

Pebpa Bujia (a,a) n {a} Ha3BIBAIOT METIASIMU.



I.3. KpaTHocTth pebpa

Onpenenenue 1. I'pacpom nasvisaemes napa G = (V, E° U E™), 2de V
— nexomopoe mroocecmeo, E° — nabop snemenmos uz V-x V. u E" —
Habop INEMENMOB U3 00BEOUHENUA MHONCECTNGEA BCET O8YTINCMEHTMHLL
nooMHOdCECTNG MHodicecmea V' ¢ mHoocecmeom V. DaemMenmol MHOIICE-
cmea V' naswearom BepnmHaMu rpada G, asemenmo, nabopa E° —
AyTaMM .41 OPUEHTUPOBAHHBIMU pedpaMu 2pada, a SAeMEHMbL Hi-
bopa E" — HeopmeHTHMPOBaAHHBLIMU peOpamm zpaga G. Iaemenmor
obsedunenus E°U E™ nasvearom pedpamnm 2paga G.

Jlst roboro pebpa x n3 Habopa E komudectBo pebep u3 FE(G), pas-
HBIX T Ha3bIBAETCsI KPATHOCTHIO pebpa (a,b). B npusejenHoii Boie
TEOPETUKO-MHOXKECTBEHHOII MHTepIpeTaluy Habopa KpaTHOCTb pebpa —
3TO MOIIHOCTD KJIacca IKBUBAJEHTHBIX 110 T 3JIEMEHTOB (KOJUIECTBO JJ1e-
MEHTOB B 9TOM KJIAcce).



I.4. Hekoroprle Tunb rpadosn

B HEKOTOPBIX NIPUIOKEHUSIX Teopun rpadoB 1, COOTBETCTBEHHO, B
HEKOTOPBIX MOHOIpaduax, 1o rpadoM IMOHUMAETCS OJIUH U3 CJIeJIyIO-
IMKUX YACTHBIX CJIYYaeB OIPECJCHHOIO BhIIIE IOHATUS «Ipad»:



I.4. Hekoroprle Tunb rpadosn

e Fciin Bce pebpa B rpade G uMeoT KpaTHOCTL 1, TO Takoil rpad Ha-
3bIBaloT IpacdoM 6e3 KpaTHBIX pedep.
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3bIBaloT IpacdoM 6e3 KpaTHBIX pedep.

e Ecyin nabop E°(G) — nycroit, To rpacd G Ha3bIBAIOT HEOPUEHTUPO-
BaHHBLIM rpadom. [1pu 3ToM 1101 c;10BOM pedpo IoHNMAETC sl HEOPU-
eHTHPOBaHHOE PEOPO.
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eHTHPOBaHHOE PEOPO.

e Ecyin nabop E"(G) — nycroit, To rpad G HasbiBaioT OpUEHTUPOBAH-
HbIM rpadom mim oprpadom. [Ipu 3ToM BMecTo TepMuHa «OpHeH-
TUPOBAHHOE PEOPO» OOBIYHO MCIOJIL3YIOT TEPMUH «JTyTa.



I.4. Hekoroprle Tunb rpadosn

e Fciin Bce pebpa B rpade G uMeoT KpaTHOCTL 1, TO Takoil rpad Ha-
3bIBaloT IpacdoM 6e3 KpaTHBIX pedep.

e Ecyin nabop E°(G) — nycroit, To rpacd G Ha3bIBAIOT HEOPUEHTUPO-
BaHHBLIM rpadom. [1pu 3ToM 1101 c;10BOM pedpo IoHNMAETC sl HEOPU-
eHTHPOBaHHOE PEOPO.

e Ecyin nabop E"(G) — nycroit, To rpad G HasbiBaioT OpUEHTUPOBAH-
HbIM rpadom mim oprpadom. [Ipu 3ToM BMecTo TepMuHa «OpHeH-
TUPOBAHHOE PEOPO» OOBIYHO MCIOJIL3YIOT TEPMUH «JTyTa.

Ecin G — opuentupoBanubiii rpad 0e3 KparHbIX pedep, TO HaboOp
E(G) = E°(G) MOXKHO cUNTATH MHOXKECTBOM, 1 TOrja rpad G MOXKHO
CYUTATD PEJAAIMOHHON CUCTEMOIA.



I.4. Hekoroprle Tunb rpadosn

e Fciin Bce pebpa B rpade G uMeoT KpaTHOCTL 1, TO Takoil rpad Ha-
3bIBaloT IpacdoM 6e3 KpaTHBIX pedep.

e Ecyin nabop E°(G) — nycroit, To rpacd G Ha3bIBAIOT HEOPUEHTUPO-
BaHHBLIM rpadom. [1pu 3ToM 1101 c;10BOM pedpo IoHNMAETC sl HEOPU-
eHTHPOBaHHOE PEOPO.

e Ecyin nabop E"(G) — nycroit, To rpad G HasbiBaioT OpUEHTUPOBAH-
HbIM rpadom mim oprpadom. [Ipu 3ToM BMecTo TepMuHa «OpHeH-
TUPOBAHHOE PEOPO» OOBIYHO MCIOJIL3YIOT TEPMUH «JTyTa.

B HexkoTophIX ciydasx 1oj1 rpadoM MoOHUMaeTCs: TOJIbKO I'pad 6e3 me-
TeJIb U KpaTHBIX pebep, a rpad 6e3 metTesib (B HaIlleM ONpe/le/IeHn ) Ha-
3bIBaCTCA MYJbTUTPadOM.



I.4. Hekoroprle Tunb rpadosn

e Fciin Bce pebpa B rpade G uMeoT KpaTHOCTL 1, TO Takoil rpad Ha-
3bIBaloT IpacdoM 6e3 KpaTHBIX pedep.

e Ecyin nabop E°(G) — nycroit, To rpacd G Ha3bIBAIOT HEOPUEHTUPO-
BaHHBLIM rpadom. [1pu 3ToM 1101 c;10BOM pedpo IoHNMAETC sl HEOPU-
eHTHPOBaHHOE PEOPO.

e Ecyin nabop E"(G) — nycroit, To rpad G HasbiBaioT OpUEHTUPOBAH-
HbIM rpadom mim oprpadom. [Ipu 3ToM BMecTo TepMuHa «OpHeH-
TUPOBAHHOE PEOPO» OOBIYHO MCIOJIL3YIOT TEPMUH «JTyTa.

B HexkoTophIX ciydasx 1oj1 rpadoM MoOHUMaeTCs: TOJIbKO I'pad 6e3 me-
TeJIb U KpaTHBIX pebep, a rpad 6e3 metTesib (B HaIlleM ONpe/le/IeHn ) Ha-
3bIBaCTCA MYJbTUTPadOM.

['pacd ¢ kparabIMU peOpaMy U IETJAMHU B 9TOH CHUTyallUld Ha3bIBAIOT
rceBzorpadgom.



I.5. Ilepexoa oTr opumeHTHPOBAHHOTO rpadpa K HeopH-
eHTUPOBAHHOMY W 0OpaTHO

HeopuentupoBattblii rpad MOXKHO OTOXKJIECTBUTH C OPUEHTHPOBAH-
HBIM I'padOM CJIeIYIOMIM 00pa30M: KaxKJI0My HECOPUEHTUPOBAHHOMY ped-
py {a,b} nmocraBum B coorBercTBHE Tapy jayr: (a,b) u (b, a), a KaxK ol
netsie {a} — ayry (a,a).

PaccmoTrpers npumep?



I.6. InnuneHTHOCTDh BEPINNH U pedbep

['oBopaT, 4To BepimHa £ MHIUAEHTHA pebpy e, a pedpo € MHIIAICHT-
HO BeprinHe x, ecan oo e = {x,y}, mmbo e = {z}, mmbo e = (x,y),
b0 e = (y, x) st HeKOTopoii BepuinHbl y rpada G. B atux ciydasx
BEPINUHY X HA3BIBAIOT WM HAYAJIOM JIyTH (I, ), WK KOHIIOM pebpa e

BO BCEX OCTAJIbHBIX CJTyYasiX.
B panbreiiem, ecan pebpo dBJIsieTcs JIyroii, To

roBopst 0 KOHITaX pebpa (BO MHOXKECTBEHHOM
anciie!) Mbl OyjeM MOHUMATH MO/ ITUM HAYAAO

1 KOHEeYy 3TON JIyIr'u




1.7. BajentHocTtb Bepimunbl. I3oMmopdu3m rpadosn

Onpenenenue 2. Crenenb uiu BaJeHTHOCTb BepiiuHbl © u3 V (G)
— 2MO KOAUMECTB0 PebeD, UHUUIEHMHBIT 6EPUIUHE X .

Bepwuna sanrenmmuocmu 0 nazvieaemcs N30JIMPOBAHHOMN, sepuiuna 6a-
AeHmHuocmu 1 - KOHIIEBOM, UAu BUCTYEI.

Pebpo, unyudenmmoe eucauetl eepuune, Ha3v6a10m KOHIIEBBIM.



1.7. BajentHocTtb Bepimunbl. I3oMmopdu3m rpadosn

Onpenenenue 2. Crenenb uiu BaJeHTHOCTb BepiiuHbl © u3 V (G)
— 2MO KOAUMECTB0 PebeD, UHUUIEHMHBIT 6EPUIUHE X .

Onpenenenne 3. I'pa¢p G m3omopden ezpapy H, ecau cyue-
cmeylom makue 63auMHO 00no3naunve dynryuu p: V(G) — V(H),
q: E(G) — E(H), wmo das mobvx sepuwun x,y € V(G)

e 1ecopuenmuposarnoe pebpo {x,y} codeporcumes ¢ E"(G) moeda u
moavko moezda, xo02da {p(a:),p(y)} =q ({az, y}), NPUYEM KDATMHOCTIV
peopa {x,y} 6 G pasna xpammnocmu pebpa q ({:U, y}) 6 H:

e dyea (x,y) codepocumcea ¢ E°(G) moeda u moavko mozda, xoeda

(p(x),p(y)) =q ((x,y)), npuvem kpamnocms dyeu (x,y) ¢ G pasna
kpammnocmu dyeu q ((z, y)) ¢ H.

PaccmoTrpers npumep?



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 4. [osopam, wmo H — moarpad eopaga G, ecau
V(H) CV(G), uw E(H) C E(G). Hodepagp H epagpa G nasvieaemcs
octoBubIM, ccau V(H) =V (G). Tosopam, wmo nodepap H epaga G
nopoxkaeH 6 G mnooicecmeom eepuun V (H), ecau scaxoe pebpo epada
G, 6ce Konuywr Komopozo codeporcames 6 V(H), codeporcumen ¢ E(H).



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.

Onpenenenne 6. Koauvecmseo pebep 6 mapupyme Ha3veaemcs €20
JIIAHOM (0AUHa Mapuwpyma 1a 1 MENbUE KOAUNECTNGA GEPUIUH 6 MAPUL-

pyme).



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.

MapmpyT mauabl 0 COCTOUT U3 OJIHON BEPIINHEL.



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.

Ecin B Mmapiipyre Bce pebpa pas3jiMyiHbl, TO OH Ha3bIBAETCs MEIbIO.



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.

Ecin B Mmapiipyre Bce pebpa pas3jiMyiHbl, TO OH Ha3bIBAETCs MEIbIO.
[lenb, B KOTOPOIT Bce BEPHINHBI pa3Hble, Ha3bIBACTCS ITPOCTOM 11ETIbIO.



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x;v1). Hpu smom x1 Ha3v6a0M HAYAJIOM MapIIPyTa,
a4 8EPWUHA Typy1 — KOHIIOM MapIOpyTa. Takxot mapuwpym Ha3b.earom
(Z1, Tny1)-Mapwpymom.

Ecin B Mmapiipyre Bce pebpa pas3jiMyiHbl, TO OH Ha3bIBAETCs MEIbIO.
[lenb, B KOTOPOIT Bce BEPHINHBI pa3Hble, Ha3bIBACTCS ITPOCTOM 11ETIbIO.
IMyuka — mapmpyT, y KOTOPOro Hada 0 COBIAIACT C KOHIIOM.



1.8. Iloarpadbl, MmapipyTbl

Onpenenenne 5. MapimpyTom 6 epage G Hazvieaemces wepedyrowa-
CA NOCACD0BAMENLHOCTIL

X1,A1,X2,A2,...,,Tp, Ap, Tntl,

ede x; — eepwunns, epaga, a; — pebpa, npuvem Aubo a; = {T;, T},
260 a; = (i, x41). Hpu smom x1 Ha3viear0m HAIAJIOM MapIIPyTa,
a4 6EPWUHA T,y 1 — KOHIOM MapHIpyTa. Taxotll mapupym Ha3vui6a10m,
(Z1, Tny1)-Mapwpymom.

Ecin B Mmapiipyre Bce pebpa pas3jiMyiHbl, TO OH Ha3bIBAETCs MEIbIO.
[lenb, B KOTOPOIT Bce BEPHINHBI pa3Hble, Ha3bIBACTCS ITPOCTOM 11ETIbIO.
IMyuka — mapmpyT, y KOTOPOro Hada 0 COBIAIACT C KOHIIOM.

Ecin nuK/ saBseTcs IPOoCTOoi Melbio, TO 9TO IIPOCTOM ITMKJI.
PaccmoTrpers npumep?



1.9. JlocTu>kMOCTh, CBA3HOCTD

Omnpenesienue 6. [osopam, wmo sepwuna y uz V(G) gocTukuAMA 6
epagpe G uz eepwuns x, ecau 6 G cywecmeyem (x,y)-Mapuspym.



1.9. JlocTu>kMOCTh, CBA3HOCTD

Omnpenesienue 6. [osopam, wmo sepwuna y uz V(G) gocTukuAMA 6
epagpe G uz eepwuns x, ecau 6 G cywecmeyem (x,y)-Mapuspym.

['pad mazbiBaeTcss CBA3HBIM, €CJIN JIJId JIIOOBIX JIBYX €I'0 BEPIIUH X, Y
CYIIIECTBYET MaPIIPYT, Ha9a/J0M KOTOPOT'O SABJIsIeTCsl BEPIINHA T, & KOH-
IIOM — BepIIIHA .



1.9. JlocTu>kMOCTh, CBA3HOCTD

[oBopsit, uro Bepmnua y uz V(G) noctukuma B rpade G u3 Bepiiu-
HbI x, ecin B G cy1iecTByeT (&, y)-MapIiipyT.

['pad mazbiBaeTcss CBA3HBIM, €CJIN JIJId JIIOOLIX JIBYX €I'0 BEPIIUH X, Y
CYIIECTBYET MapIIPYT, HAYaJI0M KOTOPOI'O sIBJISIETCsT BEpPIIUHA X, 8 KOH-
11oM — BepiinHa y. Takum obpasom rpad G ¢BsI3eH TOra 1 TOJIBKO TOTIA,
KOIJla B HEM Kaykjiasl BepIlnHa JOCTUXKUMa U3 J1I000i Jpyroil.



1.9. JlocTu>kMOCTh, CBA3HOCTD

[oBopsit, uro Bepmnua y uz V(G) noctukuma B rpade G u3 Bepiiu-
HbI x, ecin B G cy1iecTByeT (&, y)-MapIiipyT.

['pad mazbiBaeTcss CBA3HBIM, €CJIN JIJId JIIOOLIX JIBYX €I'0 BEPIIUH X, Y
CYIIECTBYET MapIIPYT, HAYaJI0M KOTOPOI'O sIBJISIETCsT BEpPIIUHA X, 8 KOH-
11oM — BepiinHa y. Takum obpasom rpad G ¢BsI3eH TOra 1 TOJIBKO TOTIA,
KOIJla B HEM Kaykjiasl BepIlnHa JOCTUXKUMa U3 J1I000i Jpyroil.

OTHomrenne J0CTUKUMOCTH B HEOPUEHTHPOBAHHLIX Ipadax, 0UeBUIHO,
SIBJISIETCST OTHOIIIEHNEM SKBUBAJIEHTHOCTH, 1103TOMY rpad G pasdbmBaercs
STUM OTHOIIEHHEM Ha HelepeceKalolnecsl KIaCChl, HA3bIBAEMble CBSI3-
HBIMUA KOMIIOHEHTAMM.



1.9. JlocTu>kMOCTh, CBA3HOCTD

[oBopsit, uro Bepmnua y uz V(G) noctukuma B rpade G u3 Bepiiu-
HbI x, ecin B G cy1iecTByeT (&, y)-MapIiipyT.

['pad mazbiBaeTcss CBA3HBIM, €CJIN JIJId JIIOOLIX JIBYX €I'0 BEPIIUH X, Y
CYIIECTBYET MaPIIPYT, HAYAJIOM KOTOPOI'O SIBJISIETC BEPIIUHA X, a KOH-
oM — BepiHa y. Takum obpaszom rpad G cBsI3eH TOrJia 1 TOJIBKO TOIjIa,
KOIJla B HEM Kaykjiasl BepIlnHa JOCTUXKUMa U3 J1I000i Jpyroil.

B cBasnom rpade G ecrecTBEHHBIM 00Pa3s0M BBOJIUTCA METPHUKA:
paccTogHEM MeXK/y BepIIMHAMM T,1y HAa30BeM MUHUMYM JIJINH

(z, y)-MapIIpyTOB.



II. HeopuenTupoBannubie rpadpbl 0e3 merejib U KpaT-
HBIX pedep

Besne najiee 1moj epagom rnmoHuMaeTcsi HEOpUEHTUPOBaHHbI I'pad 0e3
neTesib 1 KpaTHbIX pedep.



II. HeopuenTupoBannubie rpadpbl 0e3 merejib U KpaT-
HBIX pedep

['padp H HasbiBaercsd AOMOJHHUTENBHBIM K Tpady G, ecin
V(H)=V(G), u ajist 1I0OBIX JIByX Pas/JUIHBIX BEPIIUH X, Yy pedbpo {z, y}
copepxkutcs B F(H) Torga u To/bKo Toryia, Koryia {x, y} He comepKuTest

B E(G).



I1.1. Kpurepuii cBsg3HocTu rpada

Teopema 1 (xpurepnii cesiznoctu rpada). [ 'pagh G ceazern mozda u mosvko

moeda, Kozda cywecmeyem makas cepwuna ud V(G), us xomopot do-
cmudtcuma 110004 0py2aa GEPUIUNG.

JloKka3zaTeabCTBO.



I1.1. Kpurepuii cBsg3HocTu rpada

Teopema 1 (xpurepnii cesiznoctu rpada). [ 'pagh G ceazern mozda u mosvko
moeda, Kozda cywecmeyem makas cepwuna ud V(G), us xomopot do-
cmudtcuma 110004 0py2aa GEPUIUNG.

JlokazaTeabcTBO. HeoOxoauMocTh ciaeayeT HEIoCpeJCTBEHHO U3
olpejie/IeHnsl CBA3HOTO rpada.



I1.1. Kpurepuii cBsg3HocTu rpada

Teopema 1 (xpurepnii cesisnoctn rpada). ['pagh G cesazen mozda u moavko
moeda, Kozda cywecmeyem makas cepwuna ud V(G), us xomopot do-
cmudtcuma 110004 0py2aa GEPUIUNG.

JlokazarebcTBO. ocrarounocts. IlycTh Besikast Bepinta rpacda G
JIOCTUYKUMa, 13 BepiinHbl x. [IycTh Yy, 2 — NIPOU3BOJIbHBIE BEPIINHBI U3
V(G). Hajio mokaszaTh, 9T0O CyNmeCTBYeT MAPIIPYT ¢ HAYAIOM ¥ 1 ¢ KOH-

oM z. I1o ycJI0BHIO CYIIECTBYIOT MAPIIPYTHL T, A1, Y1, A2, Y2,y « « « , Gy, Y, 1
x,b1,21,...,by, z. Torna mapoipyT
Y, ny v Y1, A1, 2,01, 21, .., by, 2

— NCKOMBIIA.



I1.2. Teopema 0 CBI3HOCTHU JOHOJIHUTEJILHOIO I'pada

TeopeMa 2 (0 CBSI3HOCTHU JOTIOJIHUTEJLHOTO rpada). ﬂJLfL 2106020 epagia G au-
60 epap G, aubo donosnumenvnoili k G epagh H asasemcea c8A3HvIM.

JloKa3aTeabCTBO.



I1.2. Teopema 0 CBI3HOCTHU JOHOJIHUTEJILHOIO I'pada

TeopeMa 2 (0 CBSI3HOCTHU JOTIOJIHUTEJLHOTO rpada). ﬂJLfL 2106020 epagia G au-
60 epap G, aubo donosnumenvnoili k G epagh H asasemcea c8A3HvIM.

HokazareabcTBo. MoxkHO cunTtarh, 9To G — HecBsi3HbI rpad. Toria
OH COJIEPZKUT, KAaK MUHUMYM, JIBE CBSBHBIX KOMIIOHEHTDI. JloKarkeMm, uTo
JIOIIOJIHUTEIbHBI rpad H cBaseH.



I1.2. Teopema 0 CBI3HOCTHU JOHOJIHUTEJILHOIO I'pada

TeopeMa 2 (0 CBSI3HOCTHU JOTIOJIHUTEJLHOTO rpada). ﬂJLfL 2106020 epagia G au-
60 epap G, aubo donosnumenvnoili k G epagh H asasemcea c8A3HvIM.

HokazareabcTBo. MoxkHO cunTtarh, 9To G — HecBsi3HbI rpad. Toria
OH COJICPIKUT, KAK MUHUMYM, J[BE CBA3HBIX KOMIIOHEHTDI.

Bosbmem siBe mpousBosibHbie Beprinbbl x,y € V(G) = V(H). Ecmm
{z,y} ne npunagiexur E(G), o {x,y} asasgercs pedbpom rpada H, To
ecTh Y goctmkuMa u3 . Eenn {x, y} conepxurea 8 E(G), To Bepuune
n 9y JIeyKaT B OJHOI cBA3HOI KoMIoHeHnTe rpada G. BosbMem Bepiimny 2
13 JIpyroit cBst3Hoit komronenTs! rpada G. Torna z, {x, 2}, z, {z,y}, vy
— HUCKOMBII IIyTh B rpacde H.

Teopema mokazana.



I1.3. /JIBynosbHbIi rpadd

Omnpenenenune 7. ['pa) G nasvieaemcsa ABYAOJTIbHBIM, €CAU MHOIICE-
cmeo V(G) ezo sepwun mooicno pazdbumsv Ha 064 HENEPeceraOUUTCA
noommoocecmea X u Y maxum obpasom, wmo y ecex pebep epapa G
odun Konew, codepotcumes 6 X, a dpyeoti — 6 'Y . Ilpu smom epaghoi, no-
pootcdennoie mHoocecmeamu, X u 'Y , naaviearom goaaMmm zpaga G.



I1.3. /JIBynosbHbIi rpadd

Omnpenenenune 7. ['pa) G nasvieaemcsa ABYAOJTIbHBIM, €CAU MHOIICE-
cmeo V(G) ezo sepwun mooicno pazdbumsv Ha 064 HENEPeceraOUUTCA
noommoocecmea X u Y maxum obpasom, wmo y ecex pebep epapa G
odun Konew, codepotcumes 6 X, a dpyeoti — 6 'Y . Ilpu smom epaghoi, no-
pootcdennoie mHoocecmeamu, X u 'Y , naaviearom goaaMmm zpaga G.

Onpepnenenne 8. I'pa¢p G nasvieaemcs  MHOTOAOJBHBIM  UAU
n-JOJBHBIM, ecau Mmuoocecmeo V(G) e20 sepuun MonHcHO pasoumo
HA M HENEPECEKAIOWUTCA NodMHodicecms X; maxum o00pa3om, 4mo 6
epagpe G Hem nu 00H020 pebpa, Y KOMOPO20 006 KOHUG AeHCAAU ObL 6
odrotl done. Llpu amom epaghvl, nopootcdenmnovie mHoxcecmeamu, X;, Ha-
aviearom goJsamu 2paga G.

Paccmorpers npumep?



I1.4. Teopema Kénura (kputepuii JABYI0JILHOCTH T'Da-

da)

TeopeMa 3 (KéHI/II‘a, Kpurepuii AByoJbHOCTH rpada). [ pagﬁ G ¢ KoneunwvMm
HYUCAOM 6EPWUH ABNAACTIICA deydo./LbeL.M moeda U Mmoavro moeda, KO-
eda ece yurav, 6 2page G uMem wemmyo dAuHy.

Jloka3aTeabCTBO.



I1.4. Teopema Kénura (kputepuii JABYI0JILHOCTH T'Da-

da)

TeopeMa 3 (KéHI/II‘a, Kpurepuii AByoJbHOCTH rpada). [ pagﬁ G ¢ KoneunwvMm
HYUCAOM 6EPWUH ABNAACTIICA deydo./LbeL.M moeda U Mmoavro moeda, KO-
eda ece yurav, 6 2page G uMem wemmyo dAuHy.

JlokazaTeabcTBO. HeobxommmocTh oueBmIHA.



I1.4. Teopema Kénura (kputepuii JABYI0JILHOCTH T'Da-
Pa)

TeopeMa 3 (KéHI/II‘a, Kpurepuii AByoJbHOCTH rpada). [ pagﬁ G ¢ KoneunwvMm
HYUCAOM 6EPWUH ABNAACTIICA deydo./LbeL.M moeda U Mmoavro moeda, KO-
eda ece yurav, 6 2page G uMem wemmyo dAuHy.

JlokazareabcTBO. JloKakeM Tenepb JOCTATOUHOCTHL. PaceMoTpum
cHavaJsa ciaydail, korjga G — cBsi3HbII rpad. SadukcupyeMm Iporn3BOJIb-
HbIM 00pa30M BEpPIINHY X, 1 0003HaUUM Uepe3 X MHOXKECTBO BCEX TeX
BepiiuH rpada (G, paccTosinue 0T KOTOPBIX J0 & — HedeTHoe ducyio. O6o-
3HAUMM 4Yepe3 Y MHOYKECTBO BCeX TeX BEPIINH, PACCTOSHUE OT KOTOPBIX
JI0 T dABJIdgeTcd YeTHbIM uncaoM. [Tposepum, uto X n Y MOXKHO B3ATH B
KadecTBe JoJieil rpacda G.



I1.4. Teopema Kénura (kputepuii JABYI0JILHOCTH T'Da-
Pa)

TeopeMa 3 (KéHI/II‘a, Kpurepuii AByoJbHOCTH rpada). [ pagﬁ G ¢ KoneunwvMm
HYUCAOM 6EPWUH ABNAACTIICA 06y00./LbeL.M, moeda U Mmoavro moeda, KO-
eda ece yurav, 6 2page G uMem wemmyo dAuHy.

JlokazaTeabCcTBO. DyneM paccy:KJaaThb «OT IPOTHUBHOrO». IlycTh
{y, 2z} — pebpo rpaca G, npudem y u z cogep:xkarcs B X (BY'). Boibepem
(2, y)-MapHIpyT KpaTyaiel JUIMHbL T, a1, . . . , Gp, Y, 1 (T, 2)-MapHIPYT
KpaTyafimeil bl X, by, . .., by, z. 3aMeTuM, 4TO p + ¢ dABJdercs der-
HBIM YHCJIOM, IIOCKOJILKY 3TO CYMMa WJIN JIBYX YeTHBIX, WK JBYX HeYeT-
HBIX drces. [Tosromy 1K

T,a1, ..., 0y, Y, {y, 2}, 2,04 ..., T

nMeeT HedyeTHYIo JUIMHY p + g + 1, nporuBopeyne.



I1.4. Teopema Kénura (kputepuii JABYI0JILHOCTH T'Da-
Pa)

TeopeMa 3 (KéHI/II‘a, Kpurepuii AByoJbHOCTH rpada). [ pagﬁ G ¢ KoneunwvMm
HYUCAOM 6EPWUH ABNAACTIICA 06y00./LbeL.M, moeda U Mmoavro moeda, KO-
eda ece yurav, 6 2page G uMem wemmyo dAuHy.

JlokazaresbcTBO. OcTasioch paccMOTpETh ciydaii, Korja rpad G He
cBsized. Ilycts Ay, Ao, ..., A, — MHOYXKECTBO BCEX CBSI3HBIX KOMIIOHEHT
rpada G. OTMeTuM, YTO BCSAKMI ITUKJ sIBISETCA ITUKJIOM KaKoii-/1n0o
cBsI3HOI KOMIIOHeHTHI rpada G. IlosroMy, B culy JI0Ka3aHHOI'O BBbIIIIE
YVTBep:KJIeHNs], KayKasl CBs3Hasi KoMmioHeHTa rpacda G dBjsieTcs JIBY-
goabHBIM TpadoM. Ilyers nmg mawodoro ¢ rpadsr X, Y; - nonn cBsasHO
KoMITOHEHTHI A;. OueBuiHO, 4TO B KadecTse jojeit rpada G MOyKHO B3ATh
nojirpadnl, mopoxaenuble X1 U XoU ... X, m YUY U... Y.

PaccmoTrpers npumep?



I11. MaTrpunpl, accolijuupoBaHHbIe C HEOPUEHTUPOBAaH-
HbIM I'padom

[Tycts G — mmomedyeHHBII rpad, TO ecTh HEOPUEHTUPOBAHHBII rpad,
UMEIOIINIT KOHEYHOE YUCJIO BEPIIUH, BCE €r0 BEPIIUHBI IEPEHYMEPOBAHbI,
1 KayKJ0il BepIInHe MOCTaBJIeH B COOTBETCTBHUE ee HOMEP. BmecTo «Bep-
MIIHA, ¢ HOMEPOM 2» MBI OYJIeM ITOBOPUTL «BEPIITUHA, 2.



I11.1. MaTrpuiia cMekHOCTHU

[Tycts G — mmomedyeHHBII rpad, TO ecTh HEOPUEHTUPOBAHHBII rpad,
MMEIONIUIT KOHETHOE YNCJ/IO BEPIINH, BCE €r0 BEPIIMHBI IePEHYMEPOBAHBI,
1 KayKJoil BepIInHe MOCTaB/IeH B COOTBETCTBUE ee HoMep. BmecTo «Bep-
IIMHA C HOMEPOM %2» MbI OyJIeM TOBOPUTDH «BEPIITUHA 7.

Ompepesieane 9. Marpuneii cmexknoctu zpaga G ¢ n eepwuHa-
MU HA3BIBALTNCA MAMPUYE PASMEPHOCTIU T X 1 ¢ aaemenmamu A;j, 2de
Aij =k, ecau {i,5} — pebpo xpamuocmu k epaga G, u A;; =0, ecau
BEPULUHDL T U ] HE CMEHCHDL.

Paccmorpers npumep?



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-

wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

JloKa3aTeabCTBO.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-

wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

HokazareabcTBOo. Hayknng 1o k.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-

wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

HokazareabcTBo. naykmus o k. s k = 1 yrBep:KacHne oueBu/I-
HO.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-

wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

HokazareabcTBo. aayknug o k. IlycTb oHO BepHO AJis1 JIIOOBIX
HATypaJbHbIX dHUCces], MeHbIUX k, B dactHoctu, Jas k — 1. [Tomoxkum

C = A" Torna

Bz’j = zn: Cz's . Asj-
s=1



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-
wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

n
JokazarenbcTBo. B = Y Cis - Ay
s=1

Pacemorpum niponssosibioe nemnysesoe ciaraemoe Cig - Agj. Ilo npe-
roJioKeHnto nHyKIun Cys pAaBHO KOJMIECTBY (7, S)-MapIPyTOB JJIHHbI
n — 1. Iockonbky uucio Cig - Agj orimndano ot 0, TO BepIIMHA S COe/n-
nerna Ag; pebpamu ¢ Bepmunoii j. 3uaunt, Cjg - Ag; PABHO KOJHIECTBY
(7, j)-MapHUIpyTOB JUIMHLL k ¢ OKOHYaHUEeM BHJA S, {S,7}, J.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-
wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

n
JokazarenbcTBo. B = Y Cis - Ay
s=1

Cis - Agj PaBHO KOJIMYECTBY (4, j)-MapIIPYTOB JJIMHBL k C OKOHUIAHHEM
BUJIA S, {S,]}, 7.

Ho Begxuit MapIupyT, OKaHINBAIONINICA B J, B KQUeCTBE IPEJIITOCIe -
Hell BepIIMHBI UMeeT BEpPIINHY S, COCJIMHEHHYI0 peOPOM C j, a Bepllu-
Ha § coeJinHeHa pedPOM ¢ BEPHIMHON j TOorjia W TOJLKO TOTjia, KOIja

Als, j] > 0.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-
wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

n
JokazarenbcTBo. B = Y Cis - Ay
s=1

Cis - Agj PaBHO KOJIMYECTBY (4, j)-MapIIPYTOB JJIMHBL k C OKOHUIAHHEM
BUJIA S, {S,]}, 7.

Ho Begxuit MapIupyT, OKaHINBAIONINICA B J, B KQUeCTBE IPEJIITOCIe -
Hell BepIIMHBI UMeeT BEpPIINHY S, COCJIMHEHHYI0 peOPOM C j, a Bepllu-
Ha S coeJinHeHa peOpoM € BEPIIMHONI § TOTja M TOJILKO TOIJa, KOTJa
Als, j] > 0.

CiejioBaresbHO, b;; pABHO KOJIMYECTBY BCeX (4, §)-MapIIpPyTOB JJIHHBI
k. Teopema noxkaszaHa.



I11.2. Teopema o Koim4yecTBe MapIIpPyTOB MeXK/1y Bep-
InHAMU

Teopema 4. [Iycmv A — mampuua cmearcrocmu 2pagpa G ¢ n eep-
wunamu, u B = A*. Tozda b;; pasno xoauuecmey (i, j)-mapupymos
drunol k.

DTa TeopeMa JlaeT CIocob HaxOXKeHus (7, j)-MapiipyTa (ecjou Takoi
MAapIIPYT €CTh) 0 MaTpuiie cMexXHocTu. OH CBOJAUTCA K TOMY, 9TO
maTpuiia A BO3BOJUTCS B CTeleHb J0 TeX I0P, I0Ka 3JIEMEHT B {-TOil
CTPOKE U J-TOM CTOJIOIE He cTaHeT HeHyJeBbIM. ITycTh 9Ta creneHb paBHa
k. B i-Toil cTpoKe MaTpHUIIbl Akl HAXO/IMM TaKO HEHYJIEeBOH 3JIEMEHT
Xis, uT0 X5 - Agj orimmuno ot nynd. Torjga s — npejiocse/iss Bepinta
ICKOMOTO MapiipyTa. [loBropennem Toro mporecca (¢ y4eToM Toro, 9ro
marpuiibl A™ yrke HafijleHbl) TTOJIydaeM BeCh MapIIPYT.



I11.3. Kpurepunit nusoMmopdHOCT HEOPUEHTUPOBAHHBIX
rpacdoB

Teopema 5. Heopuernmuposarnvie epagdor G u H ¢ Komeurvim wuc-
AOM BEPUIUM, USOMOPPHBL Mmo20a U MoAbKo mo2da, Koz2da MampuUuUbl
cmeorcrnocmu A(G) u A(H) smux epados ceazamnv. coomnowenuem
AG)=T'-AH)-T, 2de T — nodcmano6ounas mMampuua, mo ecmov
MAMPUYA, 6 KaoHcdoti cmpokre U 6 KasrHcdom cmoadbue Komopot umeemcs
POBHO 00UH HEHYAEBOT IneMEHM, PaGHbT 1.

Dy-y, KaK «MHOT'O OYKaB»...



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

Hpyroe jeJo!



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JlokazareabcTtBo. Ilyctb  rpadbst G u H  usomopdHbI,

¢ — wm3omopdusm rpada G wHa rpadd H, B dacTHOCTH
1,7} € E(G) & {i",j°} € E(H).



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

{i,j} € E(G) & {i*,j*} € E(H).

Matpumy 1T onpegennm  dopmynoir  iasd  eé  KodppHUINEeHTOB:
p o 1, eciim (¥ = q,
p = 0, ecmn [% # .



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

I, ecin (Y =«

- I — L ’

(1.3} € BIO) & 157} € B, tas={ o Comt 00-

al-szl &



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

o o 1, ectm (% =«
Y 50 = ’ 7
{15} € E(G) & {i*,j7} € E(H), tap {0, ccm 3¥ # a.

af =1 < {i,j} € E(G) &



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

o o 1, ectm (% =«
Y 50 = ’ 7
{15} € E(G) & {i*,j7} € E(H), tap {0, ccm 3¥ # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) &



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

o o 1, ectm (% =«
Y 50 = ’ 7
{15} € E(G) & {i*,j7} € E(H), tap {0, ccm 3¥ # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) & aj} . =1.



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

1, ecom (%Y =«
- I — L ’
11,5} € BE(G) & (1,57} € E(H), tap { 0, ecim (37 # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) & aj} . =1.

SHAYUT,

Pij = iz jo =



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

1, ecom (%Y =«
- I — L ’
11,5} € BE(G) & (1,57} € E(H), tap { 0, ecim (37 # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) & aj} . =1.

SHAYUT,

G_ H _ H _
Ai; = g jo = Liv iQe jotje j =



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

1, ecsmm (¥ =
- TR = ’ 7
{15} € E(G) & {i*,j7} € E(H), tap { 0, ecimun (% # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) & aj} . =1.

G _ H . § E
CLU CLW j(p tZ(P @CLW ]LpthO ] tp@apq q]

SHAYUT,



I11.3. Kpurepuii n3omopdHOCTII HEOPUEHTUPOBAHHBIX
rpacdos
Teopema 5. G = H & A(G)=T"-A(H)-T, 20e T — nodcmanocou-
HAA MAMPUUQA.

JokazareabcTBo. [Iyctb G2 H, ¢ :G+— H,

o o 1, ectm (%=«
Y 50 = ’ 7
{15} € E(G) & {i*,j7} € E(H), tap {0, ccm 3¥ # a.

af =1 & {i,j} € E(G) & {i*,j*} € E(H) & aj} . =1.

G _ H . § E
CLU CLW J(p tZ(P @CLW ]LpthO ] tplapq q]

TeopeMa JOKa3aHa.

SHAYUT,



I11.4. IIpumenenue TeopeMbl 00 T30MOP@MHOCTHI AJITeb-
Pbl MaTPUI 1 aJredpbl JMHEITHBIX OIIepaTOpPOB

ﬂﬂﬂ KBaJIpaTHbLIX MaTPUIL UMECTCA JOCTATOYHO pa3BUTad TCOPUL. OH&
TECHO CBg3aHa ¢ Teopueil JIMHelHbIX OIepPaTOPOB € IIOMOIIbIO, B 4acT-
HOCTH, TeopeMbl 00 m30MOP(HOCTH JINHEIHOro HIPOCTPAHCTBA
oIIepaToOPoOB U JIMHEMHOI'0 IIPOCTPAHCTBA MATPUII.



I11.4. IIpumenenue TeopeMbl 00 T30MOP@MHOCTHI AJITeb-
pbl MaTPUIl 1 aJredpbl JIMHEHBIX OIIepaToOpoOB

st KBaIpaTHBIX MATPHI] UMEETCsl JIOCTATOUYHO pas3BuTasd Teopusd. OHa
TECHO CBsi3aHa C TeopHeil JIMHENHLIX OIepaTOPOB ¢ IOMOIIbIO, B YacT-
HOCTH, TeopeMbl 00 M30MOP@HOCTHA JIMHEINHOrOo IIPOCTPAHCTBA
onepaTopoOB U JIMHEINHOTO IIPOCTPAHCTBA MATPHII.

Hanpumep, morsTtue coOCTBEHHOTO 3HaUYEHMUS JIMHEHHOTO olepaTopa
OKa3bIBACTCSA IOJIE3HBbIM 1 Ji1sd I'pacdoB. XapaKTEePUCTUIECKUM IIO-
JIMHOMOM HeOpHeHTHpOoBaHHOIO rpada (G ¢ KOHEYHbIM YKMCIOM BEPIINH
HA3BIBAETCS XapaKTePUCTUIECKIA MOJMHOM MAaTPHUIIbI CMEe>KHOCTH

rpada G.



II1.5. Onpenesienue peryiaspHoro rpada

Omnpenenenne 10. Heopuenmuposanrviii 2pag 6€3 nemensv U Kpammvlr
pebep, UMENWUT KOHEUHOE KOAUYECTEO GEPULUH, HA3BLBAEMCA PETy-
JSAPHBIM AU OJJHOPOAHBIM, €CAlU 8AAEHINHOCINUY, 6CET €20 SEPUIUH
pasnu. Baaenmmrocms sepuiun peeysaprozo epaga Ha3vieaemcs Ba-
JIEHTHOCTBIO peryJjasapHoro rpada.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-

da

Teopema 6. [Iycmv G — pea2yaapHuiii 2pagp sarenmrocmu d. To-
2da cnpasediussl caedyuLue YmeepiHcoeHu:

1) Cmonbeu, sce koapduyuermo, kKomopozo pasuv. 1, asasemces cob-
CMBEHHBIM BEKIMOPOM MAMPUUBL, cmercHocmu zpaga G. B
YACMHOCTIU, YUCAO d ABAACNMCA KOPHEM TAPAKIMEPUCTUHECKO20
noauroma epaga G.

2) Modyav 1106020 KopHA TAPAKMEPUCTIUMECKO20 MHO20UNAEHA
epaga G 1e npesocrodum d.

JloKa3aTebCTBO.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-

da

Teopema 6. 1) Cmoabey, sce xoapduruenmol, Komopozo pasHo 1,
ABAAEMCA COODCTNBEHHBIM BEKIMOPOM MAMPUUDBL CMEHCHOCTNU
epapa G. B wacmmocmu, wucio d A6AAeMCA KOPHEM TAPAKIMEDUCTIVU-
yecko20 noauroma z2pago G.

JlokazaTeabcTBO. [IycTh © — cTomberr, Bce KO3DPUIUEHTH KOTOPOI'O
paBabl 1, A — marpuna cmexknoctu rpada G. Ilocko/ibKY B Karkoii
crpoke maTpuibl A posro d eguauil, 10 A - u = d - u. [Iyaxr 1 nokasas.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

L1
L2 .
HokazareabcTBo. [Iycth x = — CcOOCTBEHHBIII BEKTOD MaT-
Ln
puilbl A, orBedaronnii coOCTBEHHOMY 3HAYEHHIO A, I J — TaKoil HOMep,
aTo Jyist Joboro ¢ € {1,2,...,n} umeem |x;| > |x;|, To ectb T; — Max-
CHUMAJILHBII 110 MOJIYJIIO 9JIEMEHT CTOJIONA X.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI

n
1 1IpaBoii dacty paBeHcTBa Ax = AX, nostydaem » | Ajx; = A\x;.
i=1



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI

n
1 1IpaBoii dacty paBeHcTBa Ax = AX, nostydaem » | Ajx; = A\x;.
i=1
n
C apyroit croponsl, » , Ajix; = Y x5 — CyMMa BCEX T€X KOODJUHAT
1=1 Ajstzl
Ty CTOJIONA X 110 BCEeM TaKUM S, Jjlst KOTOPLIX Ajs = 1.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
n

1 1IpaBoii dacty paBeHcTBa Ax = AX, nostydaem » | Ajx; = A\x;.
i=1

n
C apyroit croponsl, » | Ajiz; = Z :I:St CyMMa BCEX TeX KOOp/MHAT
i=1
]St

Ty CTOJIONA X 110 BCEeM TaKUM S, Jjlst KOTOPLIX Ajs = 1.

Takux HOMEPOB § POBHO d MITYK: Z EE N
1 —
]St



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

Al 2] =



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

Al - x| = |Axy| =



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

d
AL 2] = Aas| = ) | <
t=1



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

d d
M"x]‘:’)‘xﬂz Zﬂfst SZ’SU«%’ <
t=1 t=1



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

d d
M"x]‘:’)‘xﬂz Zﬂfst SZ’SL‘SJSCZ‘LL"]‘
t=1 t=1



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyab 1106020 K0pHA TAPAKIMEPUCTUMECKOZ0
MHoz20vneHa 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBas j-blil 3JIEMEHT CTOJIOIOB B JIEBOI
d
1 1IPaBofi JacT paBeHcTBa AX = AX, HOJIydaeM Y | Tg, = AT;.
i=1
BHAUNT, B CHJIy MaKCHMAJBHOCTU |X;|, HOJIydaeM

d d
M"x]‘:’)‘xﬂz szt SZ’SL‘SJSCZ‘LL"]‘
t=1 t=1

B cuny maxkcnmasibHOCTH || 1 TOro (bakTa, 4TO COOCTBEHHBII BEKTOD,
110 OLPE/IeIEHNIO, He HyJIeBOi, umeeM || # 0.



I11.6. Teopema 0 KOpHsIX MOJIMHOMA PEryJsipHOIO I'pa-
da

Teopema 6. 2) Modyav 1106020 KOpHA TAPAKIMEPUCTNULECKOZ0
MHoz2ovnera 2papa G ne npesocrodum d.

JlokazaTeabcTBO. Toria, cpaBHUBagd j-blil 3JIeMEHT CTOJIOIOB B JIEBOI
d

1 1IPaBoil dacT paBeHcTBa AX = AX, 1OJIydaeM ) | Ts, = AT
i=1
BHAUNUT, B CHJIy MaKCHMAJbHOCTU |T;|, HOJIydaeM

d d
AL o] = ] = D | < lwal < d- o).
t=1 t=1

B cuny makcnmasibHocTH || 1 TOro (bakTa, 4To COOCTBEHHBII BEKTOD,
110 OIpeJIeJIeHIIO, He HyJ/IeBOil, umeeM |z;| # 0.

[Tosromy u3 nosydennoro nepasencrsa |A|-|x;| < d - |x;| BblTexaer
Tpebyemoe HepaseHcTBO || < d. Teopema jokasana.



I11.7. IlpuBenenHas MmaTpuiia cMe>KHOCTU

[Tyctb G — pBynosbubIil rpad ¢ jgoasmu XY . Ilomerum Bepriu-
Hbl Joan X 1mudpamu 1,2,...,k a BepmmHBI JoJau Y — CHMBOJIA-
MU Y1, Yo, ..., Ys. IIpuBegeHHON MaTPUIEii CMEeKHOCTH Ha3bIBACTCSI
MaTpuua ¢ ajementamu M;;, rie M;; = 1, ecin BepIIMHDI ¢ U Y; CMEKHDI,
n M;; = 0 B IDOTUBHOM CJIy4ae.



I11.7. IlpuBenenHas MmaTpuiia cMe>KHOCTU

[Tyctb G — pBynosbubIil rpad ¢ jgoasmu XY . Ilomerum Bepriu-
Hbl Joan X 1mudpamu 1,2,...,k a BepmmHBI JoJau Y — CHMBOJIA-
MU Y1, Yo, ..., Ys. IIpuBegeHHON MaTPUIEii CMEeKHOCTH Ha3bIBACTCSI
MaTpuua ¢ ajementamu M;;, rie M;; = 1, ecin BepIIMHDI ¢ U Y; CMEKHDI,
n M;; = 0 B IDOTUBHOM CJIy4ae.



I11.7. IlpuBenenHas MmaTpuiia cMe>KHOCTU

[Tyctb G — pBynosbubIil rpad ¢ jgoasmu XY . Ilomerum Bepriu-
Hbl Joan X 1mudpamu 1,2,...,k a BepmmHBI JoJau Y — CHMBOJIA-
MU Y1, Yo, ..., Ys. IIpuBegeHHON MaTPUIEii CMEeKHOCTH Ha3bIBACTCSI
MaTpuua ¢ ajementamu M;;, rie M;; = 1, ecin BepIIMHDI ¢ U Y; CMEKHDI,
n M;; = 0 B IDOTUBHOM CJIy4ae.

Bepmunbl Takoro rpada G 3aHyMepyeM CJeIyoluM 00pa3oM: Y Bep-
e 13 X COXpaHUM HX IIPe:KHUIl HoMep, a BeplinHe Y; U3 Y IpulmieM
HoMep k + j. HerpyaHo yBueTh, 4TO NpUBEJICHHASA MATPHUIIA CMEKHOCTH
siBJIsieTcsi (pparMeHToM MaTpullbl cMexkHocTH Ipada G, 9TO MoAMATPHU-
1a, IOCTpoeHHas Ha cTpokax 1,2,...,k, u crosbnax k+1,...,k+ s,
IIPU 9TOM BCE OCTaJIbHBIE 3JIEMEHThI MaTPUIIhl CMEXKHOCTU — HYJIEBBIE.



111.8. Marpuiia MHIUJIEHTHOCTH

Omnpenenenune 11. [Tycmv G — nomevwennoiti epagd ¢ n sepuuramu u k
pebpamu {ey, e, . .., er}. Marpuneit uanugenTaoctu 2paga G Ha3vi-
saemca mampuua I pazmeprocmun X k, xoadduruernmot Komopoti onpe-
deasiomes npasuaom: Ii; =1 ecau sepuiuna © AGAACMCA KOHUOM pedpa
ej, 6 ocmaavrox cayyaaxr Ij; = 0.

Paccmorpers npumep?



I11.9. Marpuma Kupxroda

[Iyctb G — nupoumsBosibHbll  rpad. Marpuneit Kwupxroda
rpadpa (G HasblBaeTcd MaTpulla [;; pasmepHocTH 1 X n, L
Bz’jz{_Aij ani#‘j’

BAJIEHTHOCTb BEPLUUHbI ¢ NpU 7 = 7.



I11.9. Matrpuiia Kupxroda
[Iyctb G — nupoumsBosibHbll  rpad. Marpuneit Kwupxroda
rpadpa (G HasblBaeTcd MaTpulla [;; pasmepHocTH 1 X n, L
B;j = { —Ay . P Z #‘7’
BaJIEHTHOCTb BEPLUUHBLI ¢ MpU 1 = 7.
Paccmorpers npumep?



I11.9. Marpuma Kupxroda

[Iyctb G — nupoumsBosibHbll  rpad. Marpuneit Kwupxroda
rpadpa (G HasblBaeTcd MaTpulla [;; pasmepHocTH 1 X n, L
B. — —Ajj npu i # J,

Y BaN€HTHOCTb BEPLINHBLI 1 MpW 1 = 7.

TeopeMa 7 (o CyMMe 3JIEMEHTOB cTpoKu marpuibli Kupxroda). Cymma INEMEH-
mos A10001 cmpokxu mampuis, Kupreogpa pasna cymme s0emMenmos a10-
06020 cmosbua Hmotl mampuuv, U pasra 0.



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

JloKka3aTeabCTBO.



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

HokazareabcTBo. [lycts maTpuiia X nmMmeeT n CTPOK W CTOJOIIOB.
CyMMa Bcex CTPOK MaTpHIlbl X SBJISETCS HYJIEBOI CTPOKOI, MO3TOMY
mMaTpuia X — BBIPOXKJICHHAsl. SHAYUT, ee paHr He Oosbine n — 1. Ecin
OH MeHbIlle N — 1, To ajiredpandeckoe JIOIO0JHeHNe K JII0OOMY 3JIEMEHTY
mMaTpuibl X pasHo 0, 1 3aKII0UEHIE TCOPEMBI BBITTOJTHEHO.



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

JlokazareabcTBO. OcTajioch PACCMOTPETH CJlydail, Korja paHI MaT-
punsl X paBed n — 1. O4eBHIHO, JOCTATOYHO J0Ka3aTh, UTO BCE aIred-
pamdecKue JAO0MOJHEHNS K 9JIeMEHTaM OJHOI CTPOKHM PaBHBI APYT JAPYTY.



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

dokaszaresibeTBo. IlTak, mycrs Y;; — ajredpanyecKue JIONOJIHEHNS K
ssiemenTaM X;;. Tornaa

0 =det(X) =



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

dokaszaresibeTBo. IlTak, mycrs Y;; — ajredpanyecKue JIONOJIHEHNS K
ssiemenTaM X;;. Tornaa

Jj=1



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanmvyeckux momnosiHeHUsX K marpuiie Kupxroda). Eeau
CYMMQA INEMEHIMOE KAK A10007 cmporu, mak U N100020 cma/z@a K6a0-
pamuoti mampuuvt X — Hyaesvie, mo as2edpauveckue JonoaHeHUs K
A00M OBYM INEMEHMAM MAMPUUDL X PasHvl Meacdy cobofi.

dokaszaresibeTBo. IlTak, mycrs Y;; — ajredpanyecKue JIONOJIHEHNS K
ssiemenTaM X;;. Tornaa

Jj=1

n
PaccmoTpum cucremy ypaBHeHHit 21 Xij-y;=0.
]:



I11.10. Teopema 006 ajredopamvecKmx JOIOJTHEHHSIX K
Mmatpune Kupxroda

TeopeMa 8 (06 anrebpanvyeckux JONOJIHEHUsIX K maTpuile Kupxroda). Ecau
CYMMQA SNEMEHIOE6 KAk 210007 cmpowru, mak U 2100020 cmmﬁua K6a0-
pamuoti mampuuvt X — Hyasesvie, mo aszedpauneckue JonoAHEHUS K
A100BIM 06yM INEMEHMAM MAMPUUDL X pascHvl J\/LGO%COy c0001.

Jloka3aTeabCcTBO.
OZdet(X):ZXU'Y;j, ZX@j-ijO.
j=1 j=1

Panr marpuiibl Koad@UImeHToB 3Toil cucTeMbl paBeH n — 1, 3HaYUT Po-
CTPaHCTBO ee pelleHnit — ojHomepHoe. OQUeBHJIHO, YTO 0A3MCOM 3TO-
ro TPOCTPAHCTBA SABJISIETCs perenne (Yi, Y, .-, Yn) = (1, 1,...,1) (cm.
CBOMCTBO MATPUIlhl X B YCJOBUU TEOPEMBI). SHAUNT, Y;1 = ... = Yj,. Teo-
peMa, JJoKa3aHa.



IV. OpuentupoBannbie rpadbl 6€3 KpaTHBIX AYyT
B sToM paszene 1moa opueHTHPOBAHHBIM I'PpaoM MOHMMAETCA OPUEH-
TUPOBAHHKBIN Ipad 6e3 KpaTHLIX JIyT.



IV. OpuentupoBannbie rpadbl 6€3 KpaTHBIX AYyT

OupeJjiesiene MaTPUIIbL CMEXKHOCTH JIjIsi OPUEHTUPOBAHHOIO I'pada n3-
MEHSIETCsl eCTECTBEHHBIM 00pasoM: A;; = 1 Torjia 1 TOJIBKO TOrJIa, KOrja
(¢, 7) siBstercs jyroit rpacda G, u A;; = 0 B nporusHoM ciyuae. Teope-
Ma O KOJHMYEeCTBEe MapIIPYyTOB 1 KPUTEPUii m30MOp(HOCTI rpa-
OB 1epeHocuTCsl Ha OpUEeHTHPOBaHHbIe Ipadbl 0e3 m3menennii. Onpe;ie-
JeHre MaTpuilbl nHInaAeHTHocTu rpada G ¢ E(G) = {ey,e9, ..., €1}
MEHSIETCsI CJIeJLYIOIIUM 0OPa30M:

L, ecnan ¢ ABNAETCA HaYanom fyru €;
I;j =< —1, ecan i aBnaeTCcs KOHLOM Jyru €;
0, ecan i He UHUWMAEHTHA ayre e;



IV. OpuentupoBannbie rpadbl 6€3 KpaTHBIX AYyT

OupeJjiesiene MaTPUIIbL CMEXKHOCTH JIjIsi OPUEHTUPOBAHHOIO I'pada n3-
MEHSIETCsl eCTECTBEHHBIM 00pasoM: A;; = 1 Torjia 1 TOJIBKO TOrJIa, KOrja
(¢, 7) siBstercs jyroit rpacda G, u A;; = 0 B nporusHoM ciyuae. Teope-
Ma O KOJHMYEeCTBEe MapIIPYyTOB 1 KPUTEPUii m30MOp(HOCTI rpa-
OB 1epeHocuTCsl Ha OpUEeHTHPOBaHHbIe Ipadbl 0e3 m3menennii. Onpe;ie-
JeHre MaTpuilbl uHiuaeHTHOCTH rpada G ¢ E(G) = {ey,e9, ..., ex}
MEHSIETCsI CJIeJLYIOIIUM 0OPa30M:

1, ecnun ¢ ABNAETCA Havanom fyru €;
I;j =< —1, ecan i aBnaeTCs KOHLOM Jyru €;
0, ecan i He UHUWAEHTHA ayre e;

OpuentupoBannblii rpad G°, nonaydensslii u3 rpada G npujgaHuem
pebpamM HEeKOTOPOil (MMPOM3BOIBLHO BEIOPAHHOI) OpUEHTAINN, HA3BIBAETCSI
opmeHTanueii rpada G.



IV.1. Teopema o cBsga3mu marpuiibl Kupxroda ¢ marpu-
el MHIIMIEHTHOCTH

Teopema 9. I[lyemv» B — wmampuua Kupxzogpa epapa G, 1
— Mmampuua uryudenmrocmu ezo opuernmauyuu G°. Tozda
B=1-1" 20e I' — mampuya, mparcnonuposannas x mampuye 1.

JloKka3aTebCTBO.



IV.1. Teopema o cBsga3mu marpuiibl Kupxroda ¢ marpu-
el MHIIMIEHTHOCTH

Teopema 9. I[lyemv» B — wmampuua Kupxzogpa epapa G, 1
— Mmampuua uryudenmrocmu ezo opuernmauyuu G°. Tozda
B=1-1" 20e I' — mampuya, mpancnonuposannas x mampuue 1.

JokaszaresnberBo. O6oznaunm I - It yepes X. Ilyers ¢ # 5. Torua B

k
Xij =Y LI
s=1

TOJIBKO OJIHO cCJlal'acMO€ MOzKEeT OBITL OTJIMYHO OT HYJISd — CJlalra€MoeE,

BbIpazKE€EHNU

coorBeTcTBYIOMIEe Jyre (i, 7) um (j,4). Ilpum sT0M 9T0 C1araemoe paBHO
-1, caeyoBarenbio X;; = —1. Ecin »xe nu (7, 7), Hn (7,4) He siBjIsteTcs
ayroit rpada G, To Bce caraemble HysleBble, osToMy X = 0.



IV.1. Teopema o cBsga3mu marpuiibl Kupxroda ¢ marpu-
el MHIIMIEHTHOCTH

Teopema 9. I[lyemv» B — wmampuua Kupxzogpa epapa G, 1
— Mmampuua uryudenmrocmu ezo opuernmauyuu G°. Tozda
B=1-1" 20e I' — mampuya, mpancnonuposannas x mampuue 1.

HokazareabcTBo. Ocraercs 3aMeTuTh, 410 I;s - I;; = 1 Torna u To/b-
KO TorJia, Korja Jinbo (i, s), mbo (s,1) siasgercst ayroit oprpada G, 1o
ecthb {1, s} saBisiercst pedbpom rpada G. 3uadut, X; paBHO KOJHIECTBY
pedep rpada G ¢ KOHIIOM 7, TO eCTh X;; — BaJIEHTHOCTb BEPIIUHEI ¢.

Takum obpasom, 1o onpeaejennio marpuinbl Kupxrodga, B = X,
YTO W TPeOOBAJIOCH JIOKA3ATD.



V. Ilnanapubie rpadbl
Bynem pacemaTpuBaTh TOJIBKO HEOPUEHTUPOBaHHBIE I'padbl Oe3 rmeTeb
1 KpPaTHBIX pebep.



V. Ilnanapubie rpadbl

Bynem paccmaTpuBarh TOJIBKO HEOPUEHTUPOBaHHBIE I'Padbl 0e3 1eTesb
1 KpPaTHBIX pebep.

I1nockoii yknaakoii rpada I’ HasbiBaeTcs Takoe ero n300parkeHue Ha
IIJIOCKOCTH, B KOTOPOM JIMHNHU, n300parkatoriue pedpa rpada, He mepece-
KAIOTCST JIPYT € JIPYTOM (IIPEJIITOIAraeTcs, ITO H300parkeHne BepIInHbI He
MPUHAJJIEXKUT JITHIH, H300parkatoreil pebpo).



V. Ilnanapubie rpadbl

Bynem paccmaTpuBaTh TOJIBKO HEOPUEHTUPOBaHHbIE I'Ppadbl 03 reTesb
1 KpPaTHBIX pebep.

I1nockoii yknaakoii rpada I’ HasbiBaeTcs Takoe ero n300parkeHue Ha
IIJIOCKOCTH, B KOTOPOM JIMHNHU, n300parkatoriue pedpa rpada, He mepece-
KAIOTCST JIPYT € JIPYTOM (IIPEJIITOIAraeTcs, ITO H300parkeHne BepIInHbI He
MPUHAJJIEXKUT JITHIH, H300parkatoreil pebpo).

['pad, jomyckarommii II0CKY0 YKJIaJIKY, Ha3bIBAeTCsl IIJIAHAPHBIM.

Paccmorpers npumep?



V. Ilnanapubie rpadbl

Onpenenenue 12. [osopam, umo neopuenmuposarnvit epagp 1
noaywer u3 epaga ' mompaszbuenumem pebpa {a,b} € E(I') mo-
2da u moavko moezda, wkoeda V(I')=V(I')U{c}, ede c& V(I), u
E(I") = (E(T)U {{a,c},{c,b}}) — {{a, b}}.



V. Ilnanapubie rpadbl

Onpenenenue 12. [osopam, umo neopuenmuposarnvit epagp 1
noaywer u3 epaga ' mompaszbuenumem pebpa {a,b} € E(I') mo-
2da u moavko moezda, wkoeda V(I')=V(I')U{c}, ede c& V(I), u
E(I") = (E(T)U {{a,c},{c,b}}) — {{a, b}}.

VHbpiMu cioBamu, 1mojipasbuernne pedpa 3aK/II09aeTcss B TOM, 9TO PedPO
{a,b} rpada I' «pasdbusaercs» Toukoit ¢ Ha jBa pebpa {a,c} n {c, b}.



V. Ilnanapubie rpadbl

Onpenenenue 12. [osopam, umo neopuenmuposarnvit epagp 1
noaywer u3 epaga ' mompaszbuenumem pebpa {a,b} € E(I') mo-
2da u moavko moezda, wkoeda V(I')=V(I')U{c}, ede c& V(I), u
E(I") = (E(T)U {{a,c},{c,b}}) — {{a, b}}.

Onpenenenne 13. I'padoe G v H mnaswvisaromes roMeoMopHBIMUI
mo20a U Mmoavko mozada, ko20a oMU MO2YM ObIMb NOAYUEHDL U3 00HO20
u mozo otce 2paga nodpasbuecruem e20 peobep.



V. Ilnanapubie rpadbl

Yepes K,, 6yem obo3Ha9aTh MPOU3BOILHDIN MOJIHBIN Irpad Ha n Bep-
nHax, To ectb rpad [ ¢ |[V([)| =nu

MD:{WDXV@D—&MMUEV@&.

Hepes K, Oyznem obo3Ha4aTh MOJIHBIA ABYIOJbHBINA rpad, TO eCcTh

AN B =1,
rpad ¢ V(I') = AU B, e ¢ |A| =n, il
| B =m

mm:«AxBntxmy—ﬂumvev@ﬁ.



V.1. Kpurepnii IloaTpsaruna-KyparoBckoro

TeopeMa 10 (KpI/ITepI/If/'I IMourpsaruna-Kyparosckoro). Fpa(ﬁ naarHaper moeda

U moavko mozada, ko2da on ne codeporcum nodzpados, 2omeomopPrvTt
K5 u Kg’g.

Puc. 1. I'padbr K5 u K3 3.

1Cm.cTp.121.



V.2. @opmyia Jiijepa

Teopema 11 ((I)opMy.Ha Ditnepa, 1758). [CAU N — WUCAO BEPWUH, T — “UC-
A0 pebep, f — wucao epaneti naockozo epaga, mon —m + f = 2.



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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