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I. KpuBoJjinHeliHbIEe KOOpAMHATHI

MpbI paceMoTpesnn TOHATHE CUCTEMbl KOOP/IMHAT, B YACTHOCTH T10-
JAPHYIO CUCTEMY KOOPAMHAT, 8 TaKxKe IUJINHJIPUYIECKYIo u cde-
PUYIECKYIO CICTeMbl KoopanaaT. B aToM pasaese Mbl 0000IIUM 1 CU-
CTEMATU3UPYEM Halllll 3HaHMUA 110 9TOMY BOIIPDOCY, U IPUMEHUM HNX K TE€O-
pun TakK Ha3bIBAEMOI'O TMEH30PHO20 T0AA, KOTOPOEC O606Hla€T N3BECTHOEC
N3 KypCa MaTEMaTHUY9E€CKOI'O aHaJin3a IIOHATHE BEKTOPHOI'O I1OJIA.



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20" npocmpancmea U, D — obaacms 6 R™, 2de m <n, u®: D — W
— 83aUMMHO_00H03HaHasA dupdeperyupyemas pynxyus. Toeda 2060pam,
ymo P 3adaem cucreMy KPUBOJIMHEMHBIX KOOPIMHAT MHOMCECNEA

W = &(D).

1B nannoit pabore MbI OyJeM OTOXKIECTBIIATH MOHATHE TOYKH U BEKTOPA, CIUTAsA, YTO BMECTO TOUKHI
paccMaTpUBAETCS ee PanyC-BEKTOP. DTO BBI3BAHO T€M OOCTOATEHLCTBOM, UYTO MBI XOTHM ODOHTHCH
0e3 BBejieHus MOHATHA «adduHHOE TPOCTPAHCTBO». B 9T0il ¢BA3M MBI 1103BOJIMM cebe TOBOPUTH O
cucmeme KoopouHam AUHETH020 NPOCMPAHCmMEa.



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

HacTo BMECTO cucmema KpusoAuUHetHvbr Koopouram roBopsaT KPUBO-
JINHEITHAsI CUCTeMa KOOPAMHAT, U BMECTO CUCTEMA KPUSONUHETHDIT
xoopduram muootcecmea W roopdT cumcTeMa KPUBOJIMHETHBIX KO-
OpAVHAT HA MHOX>KecTBe W .



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

Hanpumep, Ha mopepxnocTn mmapa 2+ y? + 2% = R* MOXKHO BBe-
CTH CHCTEMY KOODJIMHAT, CTaBdIlyto mape uucen (@,0) u3 mps-
moyrosibauka D =[0,27) x [0, 7] TOYKy ¢  pajuycoM-BEKTOPOM



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

Hanpumep, na nosepxuoctd mapa z2 + 4% + 22 = R? MOXKHO BBe-
CTH CHCTEMY KOODJIMHAT, CTaBdIlyto mape uucen (@,0) u3 mps-
MOYTOJTHHHKA D = |0,2n) x| 0, 7] TOUKY ¢ PaJliyCOM-BEKTOPOM
Rcospsinf i + Rsinpsinf j + Rcosf k. O6bvH0 KOO IMHATEI TOY-
KII Ha IIOBEPXHOCTH 3eMHOIO IIapa OMPeIessiioTcs Mapoil aHAIOMMIHBIX
KOOPJIMHAT: MUPOTOH (CeBEepHOM, 0XKHOI) U JIOJIT0OTOl (3ala/Hoi, BO-
CTOYHOIT).



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

[Iycte B = {?1, €y, ..., ?n} — Oazuc JauHeitHoro mpocrpancTsa U.
st (ql, q, ..., qm) € D pazioxuMm BeKTOp P (ql, q, ... ,qm) 10 9TOMY
bazucy:

(¢ ¢ ....q") =¥ (¢" ... q") €1+ 0
+% (g % ™) €+ " (g R ) €,



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

[Iycte B = {?1, €y, ..., ?n} — Oazuc JauHeitHoro mpocrpancTsa U.
st (ql, q, ..., qm) € D pazioxuMm BeKTOp P (ql, q, ... ,qm) 10 9TOMY
bazucy:

O (¢" % q") = (¢ % q") €t 0
+¢2 (q17q27°'°7q )€> + . +¢n (q17q27"'7qm) ?na

TO €CTb, UCIIOJIb3Ysl CoryialleHne DifHITelina,



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,

ymo ® 3adaem cmcreMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECTEA

W = &(D).

[Iycte B = {?1, €y, ..., ?n} — Oazuc JauHeitHoro mpocrpancTsa U.
st (ql, q, ..., qm) € D pazioxuMm BeKTOp P (ql, q, ... ,qm) 10 9TOMY
bazucy:

O (¢" % q") = (¢ % q") €t 0
+¢2 <q17q27°'°7q )€> + . +¢n <q17q27"'7qm) ?na

TO €CTb, UCIIOJIb3Ysl CoryialleHne DifHITelina,

(¢ ....d") =T ("¢, ....d") =¢' (¢, ¢, ...,q") €.



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenune 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMMHO_00H03HawHasA dupdeperyupyemas Gynxyus. Toeda 2060pam,
ymo P 3adaem cucreMy KPUBOJIMHEMHBIX KOOPIMHAT MHOMCECNEA

W = &(D).

[lycte B = {?1, €y, ..., ?n} — Oazuc ymHeitnoro mpocrpancTsa U.
(g ... d") =T (", ....d") =" (¢". ¢ ....qd") €.
Suauut, pyHkug P onpegessiercss HabOPOM K0OPIUHAMHBLT PYHKUUL

@bl (q17q27"'7qm>7"'7¢n (q17q27"'7qm>°



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

Omnpenenenne 1. [lycmv W — nodmmooscecmeo n-meprozo AuHetiHo-
20 npocmparcmea U, D — obracmv 6 R™, 2de m <n, u ®: D — W
— 83aUMHO_00H03HaHaA dupdeperyupyemas pynruyus. Toeda 206opam,

ymo ® 3zadaem cmcTeMy KPHUBOJIMHENHBIX KOOPIUHAT MHOHCECEA

W =d(D).
[lycts b = {?1, €y, ..., ?n} — Oasuc yimHeitHoro npocrpancTsa U.
(¢ ...d") =T (" ¢",....d") =¢' (¢ ¢, ...,q") €.

Hanpumep, ucmosb3ys 1epexo] OT IMOJsSIPHON K JeKapTOBOI CUCTe-

Ma KOOpAMHAT NMeEcM
— —

O(p,p) =T (p,p) = peos(p) i + psin(p) j .
— —
1

31ech €1 = 1, ey = j, KoopaumHATHbIC (DYHKINH PaBHBI

W (p,p) = peos(e), P (p, @) = psin(p).



I. KpuBoJjinHeliHbIEe KOOpAMHATHI
B ciydae TpexmepHOro (JiByMEpHOTO) IPOCTPAHCTBA TE€OMETPUIECKIX

— = —
BEKTOPOB OOBIYHO IIpejrojaraercd, aro 3ajan OHB { i,], k} (co-
-
OTBETCTBEHHO, { i, j }), H «II0 YMOJIYAHUIO» KOOPJUHATHI Pajyca-

ﬁ
BeKTOpa I obo3Havarores (x,y,2) (cooTBeTCTBEHHO, (X, Y)), TO €CTh

r =x1i+4+yj +zk (coorBercrBenno, r =zi +yj) (2)



I. KpuBoJjinHeliHbIEe KOOpAMHATHI
B ciydae TpexmepHOro (JiByMEpHOTO) IPOCTPAHCTBA TE€OMETPUIECKIX

— = —
BEKTOPOB OOBIYHO IIpejrojaraercd, aro 3ajan OHB { i,], k} (co-

— —
OTBETCTBEHHO, { 1, ] }), U «II0 YMOJTYAHUIO» KOOPJIMHATHI pPajinyca-

ﬁ
BeKTOpa I obo3Havarores (x,y,2) (cooTBeTCTBEHHO, (X, Y)), TO €CTh

r =x1i+4+yj +zk (coorBercrBenno, r =zi +yj) (2)
[losToMy B TpexMepHOM U JIBYMEPHOM IIPOCTPAHCTBAX I'€OMETPUYECKUX
BEKTOPOB KPUBOJIMHEHbIE KOOPJMHATHI OOBIYHO 3a/1al0TCs  CHCTEMOM
YpaBHEHU:



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

o o T
r=xi+yj +2zk (coorBercrBenno, 1T =xi +yj) (2
Hampumep, jist iipin i ipuieckoii u cchepuaeckoii CucTeM KOOPMHAT

nMeeM
— —

ﬁ Y . . H
®(p,0,2) =T (p,p,2) =pcosp i +psing j +zk,
O(r,p,0) =1 (r,p,0) =rcospsinf i +rsinpsing j +rcosbfk,



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

T s
r=xi+yj +2zk (coorBercrBenno, 1T =xi +yj) (2

Hanpumep, juta nummnapuieckoii u cchepmaeckoil cucteM KoopIuHaT

nMeeM
— —

ﬁ Y . . H
®(p,0,2) =T (p,p,2) =pcosp i +psing j +zk,
O(r,p,0) =1 (r,p,0) =rcospsinf i +rsinpsing j +rcosbfk,

TO ecThb HaOOp KOOPAMHATHBIX (DYHKIINIT UMeeT, COOTBETCTBEHHO, BU/I



I. KpuBoJjinHeliHbIEe KOOpAMHATHI

o o T
r=xi+yj +2zk (coorBercrBenno, 1T =xi +yj) (2
Hampumep, jist iipin i ipuieckoii u cchepuaeckoii CucTeM KOOPMHAT

nMeeM
— —

ﬁ Y . [ H
®(p,0,2) =T (p,p,2) =pcosp i +psing j +zk,
O(r,p,0) =1 (r,p,0) =rcospsinf i +rsinpsing j +rcosbfk,
TO €CTh HAOOP KOOPJAMHATHBIX (DYHKIIAI UMEeT, COOTBETCTBEHHO, B/

T = PCos x =rcospsinf
y=psinyp U Yy = rsinpsing
2=z 2z =1cosf



I.1. KoopaunHaTHbIe JINHUU U IIOBEPXHOCTH

Omnpenenenne 2. Ecau O(q', ¢%, ..., ¢") — cucmema kpusosunetinms
Koopduram, onpedesennas na obaacmu D, mo das 1106020 pukcuposan-
1020 i u Koncmanmu, C KOOpAUHATHOI MOBepXHOCTBIO ¢' = C' nasvi-
BACMNCA NOOMHOHCECTNEO

{@(ql,QQ,...,qm)‘(ql,q2,...,qm) €D, qi:C} CU. (3)



I.1. KoopaunHaTHbIe JINHUU U IIOBEPXHOCTH

Omnpenenenne 2. Ecau O(q', ¢%, ..., ¢") — cucmema kpusosunetinms
Koopduram, onpedesennas na obaacmu D, mo das 1106020 pukcuposan-
1020 i u Koncmanmu, C KOOpAUHATHOI MOBepXHOCTBIO ¢' = C' nasvi-
BACMNCA NOOMHOHCECTNEO

{@(ql,QQ,...,qm)‘(ql,q2,...,qm) €D, qi:C} CU. (3)

Omnpenenenne 3. Ecau ®(q¢',¢%, ...,q") — xpusoaunetinas cucmema
xoopduram, onpedesennasn na obracmu D, mo das 1100020 purcuposar-
Ho20 1 U 00020 nabopa xoncmanm Cq,...Ci_1,Ciyq, ..., C,, Koopan-
HATHOMN JIMHUEN HA3DI6AETNCA MHOHCECTNEO

{(I)(Cl, .. .,Ci_l,qi, 07;4_1, ceey Cm) ‘ (01, Ceey C’i_l,qi,CZ-+1, N Cm) - D} . (4)



I.1. KoopaunHaTHbIe JINHUU U IIOBEPXHOCTH

Omnpenenenne 2. Ecau O(q', ¢%, ..., ¢") — cucmema kpusosunetinms
Koopduram, onpedesennas na obaacmu D, mo das 1106020 pukcuposan-
1020 i u Koncmanmu, C KOOpAUHATHOI MOBepXHOCTBIO ¢' = C' nasvi-
BACMCA NOOMHOHCECTNGO

{@(ql,QQ,...,qm)‘(ql,QQ,...,qm) €D, qi:C’} CU. (3)

Omnpenenenne 3. Ecau ®(q¢',¢%, ...,q") — xpusoaunetinas cucmema
xoopduram, onpedesennasn na obracmu D, mo das 1100020 purcuposar-
Ho20 1 U 00020 nabopa xoncmanm Cq,...Ci_1,Ciyq, ..., C,, Koopan-
HATHOMN JIMHUEN HA3DI6AETNCA MHOHCECTNEO

{(I)(Cl, .. .,Ci_l,qi, Ci—|—17 ceey Cm) ‘ (01, Ceey Ci_l,qi,0i+1, N Cm) - D} . (4)

Koopannarabie AN Ha r1o0yce — 3TO MepUIUaHbl W ITapaJsiie/ii.
Paccmorpers npumep?



I.2. JlokaabHBIl 0a3mc KpUBOJMHEIHOII CUCTEMBbI KO-
OpIMHAT

Onpenenenne 4. Ilycmo
(¢, % . ...¢") =T\ ¢ ..., d") =V ("¢ d) e

— CuCmemMa Kpusosunelinvir koopdunam mmoocecmea W, onpedesennas na obaacmu
D. Tozda xascdoti mouxe ®(qt, @3, ..., q") mnoocecmea W = ®(D) mooicro nocma-
BUMb 6 COOMBEMCMBUE CUCTNEMY BEKMOPOS

or or
1 2 m\ __
B(qg,q¢,....q") = = v o . (5)
dq 1 2 m q 1 2 m
(QOaQO7"'7QO) (QO7QO7"'7QO)
KCL?C npasuno, ma CuCmema 6erImMopoe oxa3vlacimcH AUHETUHO0 He3a6UCUMOT. B 1M OM

CAYMAE ONHA HA3BIEACTNCA JTOKAJBHBIM 0a3MCOM CHCTEMbl KPUBOJIMHEHHBIX KO-
opaunat @, coomsemcmeyrouwum mouxe (¢, ¢, ..., qi").



I.2. JlokaabHBIl 0a3mc KpUBOJMHEIHOII CUCTEMBbI KO-
OpIMHAT

Onpeneaenune 4. Iycmo
1 2 —/ 1 2 12 —
®(q,q¢%...,.¢d")=71(¢.¢,....qd")=vY"(q¢,q",....q") €,
— cucmema %pUGO,/LUHGZjH’bLSE KOOanHCLm MHOHCECTNBA W, Oﬂp€0€ﬂ€HHCLﬂ, HA O6/LCLCmU

D. Tozda xasicdoti moure ®(qi, q3, ..., qy) muoscecmea W = ®(D) moorcro nocma-
BUMD 6 COOMBEMCMBUE CUCTNEMY BEKMOPOS

— —
12 my ) OT or
B(Q7q,-.-,Q)_ 1 7...’am
dq 1 2 m q 1 2 m
<QO7QO7"'7QO) (QO7QO7-"7QO)
Kax npasu.no, sma cucmema 6eKmopos oKa3v8aemcsa AUHeUHO He3asucumoti. B amom
CAYYae 0na HA3bIBAEMCHA JIOKAJbHBIM 0a3MCOM CHUCTEMbl KPUBOJNHENHBIX KO-

(5)

opauuat ®, coomesememeyrowum mouke (qé, qg, ce gy
—
or — —
Yacro BMecCTO o HUIIYT T 7 1 Jaxke T ; (ecjm n3 KOHTEKCTa sICHO,
q

0 KaKoll KPUBOJIMHEMHON cUCTEME KOOPJMHAT UJIET peqb).



I.2. JlokaabHBIl 0a3mc KpUBOJMHEIHOII CUCTEMBbI KO-
opAuHAT
3aMeTuM, 9TO JI/Isi KPUBOJIMHEHHON CUCTEMbI KOOPIMHAT 9TOT JIOKA b
HBIT Oa3uc, BOOOIIE TOBOPSI, MEHACTCs IIPU IIepexojie 0T TOUYKHM K TOYKe.
DTO0 OBIBaCT yI0OHO B HEKOTOPHIX MPUIOZKEHUIX.



I.2. JlokaabHBIl 0a3mc KpUBOJMHEIHOII CUCTEMBbI KO-
opAuHAT

3aMeTnM, 9TO JI/Isi KPUBOJMHENHON CUCTEMBI KOOPJUHAT 3TOT JIOKAJIb-
HBIIT Oaznc, BOOOIIe TOBOPS, MEHSIETCs MIPU IIepexojie OT TOUKH K TOYKE.

Hampumep, mpu onucanuy JBWXKEHWA KUJKOCTH WM Trasa BOJIN3M
KaKoi-Tn00 KpuBOJIMHEHOI TToBepXHocTh 11 MOXKeT oKazaThes yI00HbIM
BBECTH TaKyio cucreMy KoopuHat ®(u, v, w), 9rodsl moBepxHOCTD I1 coB-
naJiajia ¢ KOOPMHATHON TTOBEPXHOCTHIO W = CONSt, a KOOPMHATHBIN BEK-
TOP Ty ObLI Obl HEPIEHINKYIISPeH K HoBepxHocTH 11,



I.2. JlokaabHBIl 0a3mc KpUBOJMHEIHOII CUCTEMBbI KO-
OpJAuHAT

3aMeTuM, 4TO JIJIsi KpUBOJIMHENHOM crcTeMbl KOOPJUHAT 9TOT JIOKAJIb-
HBIIT 0a31c, BOOOIIEe roBOPSA, MEHSIETCs IIPU IIEPEXojie OT TOUYKH K TOUKe.

Hampumep, npum onmcanum JIBWKEHHUS »KUJKOCTU WM Tas3a BOJIM3H
KaKoi-Tn00 KpuBOJIMHEHOI TToBepXHocTh 11 MOXKeT oKazaThes yI00HbIM
BBECTH TaKyio cucreMy KoopuHat ®(u, v, w), 9rodsl moBepxHOCTD I1 coB-
naJiasia ¢ KOOpAMHATHO MOBEPXHOCTHIO W = const, a KOOPAMHATHDIN BEK-
TOp T 4y OBbLI Obl HEPIEHANKY/IAPEH K HOBEpXHOCTH 11,

[Ipi 9TOM Ty U Ty OyIyT B KarKjoil Touke mopepxHocTn II mapaui-
JIGJILHDBI eil.

Paccmorpers npumep?



I.3. OproronaJjibHble KPUBOJMHEHbIE CUCTEMBI KOOP-
JAMHAT

VI3 npumMmepa JIoOKaJbHOTO 0a3nca MoJIIPHOIl CUCTEMBI KOOP/IU-
HaT CcJIeJyeT, YTO B JIFOOOH TOYKe ILJIOCKOCTU Oa3UCHBIE BEKTOPHI HOJISIP-
HOIl cucTeMbl KOODJAUHAT OPTOIOHAJIBLHBL. DTO I10JI€3HOe KauecTBO CUCTe-
MbI KOOP/IMHAT, TaK KaK XOPOIIO M3BECTHO, HACKOJHKO OPTOTOHAJJILHBIN
Oasuc eBKJIMI0BA IIPOCTPAHCTBA YI00HEee «KOCOYTOJIbHOIO» IIPU PelIeHNN
MHOI'UX 3aJa4. JTO NPHUBEJIO K IOSBJIEHUIO0 HOBOI'O IOHATUSI — OPTOI'O-
HaJIbHON KPUBOJIMHEHNHON CUCTEMbI KOOD/IMHAT.



I.3. OproronaJjibHble KPUBOJMHEHbIE CUCTEMBI KOOP-
ANHAT

Ompenesieane 5. Cucmema xpusosurelinvr Koopdumnam

d(ql, g%, ..., q™) nodmmooscecmea V- esxaudosa npocmpancmea U nasvi-
saemcA OPTOrOHAJIbHON KPUBOJIMHETHON CUCTEMOMN KOOPJAUHAT €C-
AU OAA 1100020 BEKMOPA AUNHETIHO20 NPOCMPAHCNEG COOMBEMCMEYIOULUT
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cTeMbI KOOP/IMHAT (B MPOCTPAHCTBE).
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py, MaTpuia ['pama 9Toro JiokaJbHOTO Ha3uca JIraroHajbHa.
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KBajgpaTnble KOpHI 13 JIMaroHAJbLHBIX JEeMEHTOB MaTpuibl I'pama,
TO €CTb JAUuMbL Oa3UCHBLT BeKMOpPo6 Ha3blBaloTCsl Ko dummenTramMm
JlamM3 cooTBeTcTBYyIONIEN KPUBOJNHEHHON CUCTEMBI KOO IMHAT.
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9 - = — y
emy A0KANLHBIT ba3uc { r g r RIRERE r qm} amotl cucmemo, Koopou-

Ham AGAAECTCA OPTNO2OHANOHBIM bazucom.

KBajipaTHble KOpHU U3 JAMArOHAJILHBIX 3JEMEHTOB MaTpUIlbl ['pama,
TO €CTb JAUMbL Oa3UCHBLT BeKMOpPo6 Ha3blBaloTCs Ko duimmenTaMm
JlamMa cooTBeTCcTBYIONIEH KPUBOJIMHENHHON crcTeMbl Koopanaat. OHU, BO-
0011l TOBOP:, 3aBUCAT OT KPUBOJIMHEHHBIX KOOpAUHAT ¢, . .., q™.

Paccmorpers npumep?



I.4. CBa3b ¢ gudpdepennupyemocTtbio PyHKINIT KOM-
IIJIEKCHOI'O IIepeMeHHOTO

Teopema 1 (06 ycinoBusx Komm-Pumana). Feau

f(z) = fz,y) = ulz,y) + vz, y)

—  Juidepenuupyemas  GyHKUUL OM  KOMNAECKCHOT — NepemenHorl
2 =T+ 1y, 63aUMHO 00HO3HAYHO omobpadicarowan obaacmo G na 00-
aacmov H, npuvwem f'(2) # 0 daa awboeo z € G, mo obpamnas Gyrryus
f~Hu,v), omobpasicarowas H na G, saeasemcs opmozonasvroti cucme-
MOT KpusosuretiHur Koopdunam obaacmu G.

JloKa3aTeabCTBO.
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f~Hu,v), omobpasicarowas H na G, saeasemcs opmozonasvroti cucme-
MOT KpusosuretiHur Koopdunam obaacmu G.

HokazareabcTBO. B dopMyIupoBke 3TOi TeopeMbl KOMILIEKCHOE
TUCIIO X + Gy OTOXKJECTBIISIETC ¢ YIOPSIOUeHHON mapoit (x,y). YTBep-
YKJIeHHe TeopeMbl BbiTeKaeT u3 yciaopuit Komu-Pumana quddepenuupy-
eMocT (DYHKI[MN KOMILIEKCHOI 1tepeMeHHoit. Teopema joka3aHa.



I.4. CBa3b ¢ gudpdepennupyemocTtbio PyHKINIT KOM-
IIJIEKCHOI'O IIepeMeHHOTO

Teopema 1 (06 ycinoBusx Komm-Pumana). Eeau

f(2) = f(z,y) = u(z,y) +iv(z,y)

—  Jdupdepenuyupyeman  GYHKUUA  OM  KOMNAEKCHOUT — nepemenHol
2 =T+ 1Y, 63auUMHO 00HO3HAYHO omobpadicarowas obaacmo G na 00-
aacmov H, npuvwem f'(2) # 0 daa aobozo z € G, mo obpamnas Gyrryus
fHu,v), omobpasicarowas H na G, aeasemces opmozonasvroti cucme-
MOU Kpusosurelinvix koopdurnam obracmu G.

B wacrnoctu, nycts u(x,y) — rapmoHudeckas (YyHKIUA, TO €CTh
u , Ou
or " Oy
eCTh f( ) = flz,y) = u(z,y) +w(z,y) — anddepennupyemas dynk-
musi. Torma f siBjasieTcss OpTOTOHAJIBLHON CHCTEMON KPUBOJMHEHHBIX KO-

=0, u v(x,y) — coupsKeHHasT rapMOHUYecKast (DYHKIUST, TO

OpJINHAT JIId 00/1acTH B3aUMHOM OJHOBHAYHOCTH (PYHKINK f.



I.5. Ilepexos oT o/iHOII KpUMBOJMHEHOI cucTeMbl KO-
OpJINHAT K APYroi

TenszopHbIil anmapaT OOBITHO MPUMEHSIETCS B CUTYalMsIX, KOrJa IIpHU-
XOJUTCSI TIEPEXOINTEL OT OJHOTO Dasnca K aApyromy. B paccmarpuBaemMoii
CUTYAIMN CJIeJIyeT, pa3yMeeTcst, KpoMe Iepexojia oT Dasuca K Da3ucy pac-
CMOTPETDH IIEPEXOL OT O,ZLHOIL/’I KpMBOﬂI/IHGﬁHOﬁ CUCTEMBI KOOPpAUHAT K IPY-
roit. Hanpumep, MOXKHO TlepeliTu OT MUJINHAPUIECKON CHCTEMBI KOOP/IU-
HAT K chepuieckKoii.



I.5. Ilepexos oT o/iHOII KpUMBOJMHEHOI cucTeMbl KO-
OpJINHAT K APYroi

[TocTaBuMm Bompoc ciaeayomuM o0pa30oM: KaK MOJYUNTh MATPUILY IIe-
pexoja OT JIOKAJLHOTO 0asnca KPUBOJMHEHHON CHCTEMBI KOOPIUHAT
d(ql, ¢?, ..., ¢"™) K nokambHoMy Gasucy P (¢, ¢, ..., ¢™) B Touke

T =0(q, 4, q) =Y ars a0



I.5. Ilepexos oT o/iHOII KpUMBOJMHEHOI cucTeMbl KO-
OpJINHAT K APYroi

T =g, ap) =Y afs - a")-
Pasencreo (g, ¢%,...,¢") = ' (¢", ¢%, ..., ¢™) onpenenser ¢', Kax
ClDyHKHI/IIO OT (qll7 C]/2, e C]lm)3 qz - qz(qd, q/2’ e q/m)'



I.5. Ilepexos oT o/iHOII KpUMBOJMHEHOI cucTeMbl KO-
OpJINHAT K APYroi

T =0(q, 5, q) =P qrs a0

Pasencreo (g, ¢%,...,¢") = ' (¢", ¢%, ..., ¢™) onpenenser ¢', Kax

dynkmmo or (¢, ¢%, ..., ¢"): ¢ =q(d" % . ...d").
[To onpejesennio MaTPUIBI [I€PEXO/IA, ?q'i = a‘g?qj.
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q/ 8qlz aql 8q/z aqm aqlz aqj aqlz
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r - = -4 ...+ - = - - - =T -
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I.5. Ilepexos oT o/iHOII KpUMBOJMHEHOI cucTeMbl KO-
OpJINHAT K APYroi

T =0(q, 5, q) =P qrs a0

Pasencreo ®(q',¢%,...,q") = (¢, ¢%, ..., ¢™) onpenensier ¢', Kak

GYHKIMIO OT (qll, q/27 o q/m>: qz‘ — qi(q’l, q/27 - q/‘m)-

H — _ j—>
O OIpeJIeJICHUIO MATPUIILI Tlepexo/ia, T q,@ =a;r qj'

- or I 0¢' oT d¢™ 0T O¢ _, O
= = - —

- = -+ ...+ - = - - - =T -
q aq/z aql aqlz aqm aq/z aqj aq/z qj aqlz

CiieioBaTe/IbHO, 0448 K0IPPHUUUEHMO8 MAMPUYDL NEPETOIA U3 KPUBOAU-

netinoti cucmemn, xkoopdurnam © 6 O noayuaem dopmyay

. dd’

) aq/l ’

(6)

Paccmorpers npumep?



II. CumBosbr Kpucroddens

Mycrs ®(¢', ¢ ....¢") =T (¢ ¢* ....¢") =V'(¢" ¢ ....q")€; —
KPUBOJIMHEITHASA CUCTEeMa KOOPAMHAT, OllpejiesieHHas Ha objiactu [, npu-
qem n = dim(U).



II. CumBosbr Kpucroddens

Myers ®(q', ¢ ....q") =T (¢, ¢* ....¢") =V (¢" . ¢ ....q")€;
KPUBOJIMHEITHASA CUCTEeMa KOOPAMHAT, OllpejiesieHHas Ha objiactu [, npu-
gem n = dim(U). Torga

or OT . 2T
. -7, - ¢ _9ri_ 97T

SIBJISIETCsT BEKTOPOM MCXOHOI'O IIPOCTPAHCTBA, W TI09TOMY €I0 MOXKHO Pas-
6 — — . — —

JIOYKUTBH 110 Oa3UCy { ', T qn} = { rq,..., I n} (k03hdurEeHTH B

pasz/iozKenn 0603HAUNIN Yepes3 Ffj):



II. CumBosbr Kpucroddens

Mycrs ®(¢', ¢ ....¢") =T (¢ ¢* ....¢") =V'(¢" ¢ ....q")€; —
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gem n = dim(U). Torga
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. -7, - ¢ _9ri_ 97T

SIBJISIETCsT BEKTOPOM MCXOHOI'O IIPOCTPAHCTBA, W TI09TOMY €I0 MOXKHO Pas-
6 — — (= —
JIOYKUTBH 110 Oa3UCy { ', T qn} = { rq,..., I n} (k03hdurEeHTH B
pasz/iozKenn 0603HAUNIN Yepes3 Ffj):
—
8 r ;

q k— k—
o vt =T (7)




II. CumBosbr Kpucroddens

8?qi
k= 1k =
aqj — Fij r q’f - Fij I [ (7)
0T i o7,
B eBKINI0BOM IpPOCTPAHCTBE MOXKHO BEKTOPDI ¢ = L pasjo-
0q’ 0q’
YKUTb 110 B3aMMHOMY Oa3ucy:
or .
4 1T =Ty TP (8)

0q’



II. CumBosbr Kpucroddens

8?qi )
— k—
o¢’ =1 ¢ iy ' (7)
oT .
8q~7q =Ty T = Fk,z’j?k- (8)

k o
i, onpedeaennvie hopmyaot ( 7), na-

anearomces cumBoJiamMu Kpuctoddens Broporo poaga, a ssemenmot
['kij us popmyant (8) — cumBonamu Kpucroddens nepsoro po-
aa.

Onpenenenne 6. Iaemermos I’



II. CumBosbr Kpucroddens

8?qi )
— k—
oY k
WJQ =1, T? =Ty, TV, (8)

CumBosibl Kpucroddesss XxapaKTepusyloT <«TeOMETPHIO»>, HaBeICHHYIO

KPpUBOJMHENRHOI cucTeMoit koopaunar P.

2IIO,ZL «FeOMeTpHefI» B 9TOM KOHTEKCTE€ Mbl IIOHHUMAa€EM HE <«I'€OMETPUYIECKOE yCTpOﬁCTBO MHDpa», a
0CODEHHOCTH «I'eOMETPHUYICCKOI'O OIIMCaHUA 3TOI'O MHUPa».



II. CumBosbr Kpucroddens

a?qi k k
— —
o¢’ =1 q’f =15 1. (7)
or y
g Dry T = Fkn’j?k- (8)

Yewm Gostee «KpUBBIMETS SIBJISTIOTCST KOOPJNHATHBIE JIUHUN (OOJIBbINE KPU-
BU3HA 9TUX JIHHUIT ), WK deM 00Jiee «HePABHOMEPHBIM» SIBJISICTCS JIBUZKe-
HUE TOUKH 110 KOOPJAMHATHON JIMHUU IIPU PABHOMEPHOM M3MEHEHUU COOT-
BETCTBYIONIEHl KOOPANHATDI ¢, TeM «B cpejiHeny 6oJlbliie 110 abCoIOTHOI
BeJImIuHe OyayT ciuMBOJIBI Kpucroddeis.

PaccmoTrpers npumep?



I1.1. CBoiictBa cumBoJioB Kpucroddes
[Iycts ®(qh, ¢%, ..., q") — KpuBo/uHeiiHast cucTeMa KOOPJAMHAT, Ollpe-

JlesieHHas1 Ha obstactu D, b = {?ql’ el ?qn} = {?1, el ?n} — JIO-
KaJIbHBII 0a31C, COOTBETCTBYIONINI TOUKE ¢ KPUBOJIUHERHBIMI KOOPIIMHA-
tamu (¢5, ¢3, ..., q}), B = {?1, e ?"} — 6as3uc, B3auMHbIil K 6a3u-
cy b.



I1.1. CBoiictBa cumBoJioB Kpucroddes

rje

k _ k . —
1. Fij =g mFm,Z]’ F/{? ij = Ikm!y aq]




I1.1. CBoiictBa cumBoJioB Kpucroddes

rje

k _ km . —

m,3’




I1.1. CBoiictBa cumBoJioB Kpucroddes

_
kL km B m or;

1.7k = gkmp .. T Iy .
ij =9 tmyig Y kyig = Ikmt gy TR 0q)
B (k= ).

2. F ( ,rw>,

3 Fk — k.

ji




I1.1. CBoiictBa cumBoJioB Kpucroddes

_
k _ _km _ m or; _ —m.
1.I. = I, ., T F L=1 s
ij =9 tmyig Ykiig = 9kmtg TAC 9/ m,ij ¥
k —k = .
2. F ( ,rw>,
k _ 1tk
3.TF. F]Z,




I1.1. CBoiictBa cumBoJioB Kpucroddes

R
k _ km _ m or;

1. I, = L'y, -5 T F :
ij =9 tmyig Y kyig = Ikmt gy TR 0q)
k _ (=k =

2 Fz’j_ (r : r,L]),

3 Tk — k.
1] 51
g’ J




I1.1. CBoiictBa cumBoJioB Kpucroddes

L.

_
FZ g/f Fm,ijﬂ I'p i = gkmFm rre ((;;']Z _ Fm, Zj?ma
oy = (7. 75);
rk — k..

ij g
ox’ _ i vk

dq’ gk =

. (byHKIMA, KayKI0i KPUBOJMHEHHON cucTeMe KOOpJMHAT CTaBsIias B

COOTBETCTBUE MacCUB cUMBOJIOB Kpucroddess, He siBjsieTcst TeH30-
POM.



I1.2. /loka3aTejbCcTBO cBoOiicTB cuMBO0JIOB KpucTodde-
JIst

ko_ ghm
)r L P V1

L=Ty, 4j T
8(]] ’
HokazaTreabcTBo. OueBujino. eficrBUTEIbHO, ¢ OJHOI CTOPOHHI,

rm

i = 9kmll, e

o 'y k — k =m
8(1] =17 T = Lii9km
C 1pyroit cTOpPoOHHI, .
ory _ r..pm
' m, 1) )

0q=7
OTKY/JIa T10JIy4aeM TPebyeMoe PaBeHCTBO.



I1.2. /loka3aTejbCcTBO cBoOiicTB cuMBO0JIOB KpucTodde-
JIst

)Fk ( kT Z])

ZLOKaBaTeJILCTBo

—k — —k ~m— _rm (—=k = _ rmik k
(75 7) = (TR ) =0 (FE T m) = ro = T,



I1.2. /loka3aTejbCcTBO cBoOiicTB cuMBO0JIOB KpucTodde-
JIst . .
3). I =%,

Jloka3aTeabCTBO.
ok = _a?i_ 0°r B 0°r _a?j_Fk_)
AP BNy P S P S (R
0¢  0q'0¢’  0¢’dq"  Oq



I1.2. /loka3aTejbCcTBO cBoOiicTB cuMBO0JIOB KpucTodde-
JIst

(‘91' —AZ

JlokazareabcTBO. IlycTh LT Tk Hasmo noxazarh paBeH-
aq] J

CTBO A;’k = —Fz.k. Nnmeem

. . -l 0T
o;ﬁg@;i(?%,?k): or 7|+ (7, Lk
g’ g/ g’ (9q]

(N HW,?Q%?%F%?@:N Ry k(sZ —Nk,+r]k

8r _ FZ _>]€

; . T, uTO I Tpebo-

T 7t
Taxum 0bpasoM, A]. = Fj .- TO €CTh

BaJIOCh JJOKa3aTDh.



I1.2. /loka3aTejbCcTBO cBoOiicTB cuMBO0JIOB KpucTodde-
JIst

g : 0g; ;
5). T i = & | 28+ Sk 1)
/ aq' ¢! g
JloKka3aTeabCTBO.




1
=5 | — T 7))+ — (TpT;
2<8q] 8qz< J
1{ 8 9 )
Lz + L (v ) -
_ 1 (9 9% 99
2\ a¢ a4 oagF )’

9TO U TPebOBAJIOCH JI0KA3aTh.




I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

il MUIMHAPUIECKOM CICTEeMbl KOODJIMHAT Mbl BBIUKUC/IUM MAaCCUB
cuMBoJIoB Kpucrodders, a as cheprdeckoil cucreMbl KOOPJUHAT IIPO-
CTO IIPUBEJIEM COOTBETCTBYIONINIT MACCUB, OIIYCTUB BBIKJIAKU.



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
chepuieckoii cucreM KOOpInHAT

ZLHH LH/IJH/IHZLPI/I‘IGCKOI/I CUCTEMbI KoopAauHaT
T (p, @, 2) = ,ocosgoT> + psin @ J + 2K uveen:

— —
r, = I'p:



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

s LLI/IJH/I_})ILLpI/I‘{eCKOI/I CUCTEMDI KOOD/IHAT
T (p,p,2)=pcospi +psinpj + 2K mvcewm:
— — 7 Y

r'y=r,=cospl +singj,



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
chepuieckoii cucreM KOOpInHAT

ZLHH LH/IJH/IHZLPI/I‘IGCKOI/I CUCTEMbI KoopAauHaT
T (p, @, 2) = ,ocosgoT> + psin @ J + 2K uveen:

riy=r,=cospl +8mpjJ, To=T,=



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
chepuieckoii cucreM KOOpInHAT

ZLHH LH/IJH/IHZLPI/I‘IGCKOI/I CUCTEMbI KoopAauHaT
T (p, @, 2) = ,ocosgoT> + psin @ J + 2K uveen:

— — - . - — — . Y Y
ri=r,=Ccos@l +smyjJ], To=T,=—psSINY1l +pcosy ],



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

st AT IPUHECKOH CUCTEMBI KOOD/IUHAT
_>
_>
r'(p,p,2z)=pcosp i +psm<p3 + 2K uveen:
ri=r,=Ccos@l +smyjJ], To=T,=—psSINY1l +pcosy ],
— —
Frs=1T,—=



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

st uymyggpuqecmm CHCTEMbI KOOD/INHAT
T (p,,2) = pcosp i + psiny j + 2K uveen:
ri=r,=Ccos@l +smyjJ], To=T,=—psSINY1l +pcosy ],
H
Ts=71,=Kk.



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— — = — —
T (p,p,2) = pcosp i +psingp j +zk, ?1:?p:cos<pi+singpj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

Hnddepeniupyst mepBhIii BEKTOP JIOKAJIBHOTO 0a3uca IUINHIPUIECKOI
CUCTEMBI KOOPJIMHAT TI0 P, T0JIydaeM

., = 9% _
=5,




I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— — = — —
T (p,p,2) = pcosp i +psingp j +zk, ?1:?p:cos<pi+singpj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

Hnddepeniupyst mepBhIii BEKTOP JIOKAJIBHOTO 0a3uca IUINHIPUIECKOI
CUCTEMBI KOOPJIMHAT TI0 P, T0JIydaeM

—
= = =




I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— — = — —
T (p,p,2) = pcosp i +psingp j +zk, ?1:?p:cos<pi+singpj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

Hnddepeniupyst mepBhIii BEKTOP JIOKAJIBHOTO 0a3uca IUINHIPUIECKOI
CUCTEMBI KOOPJIMHAT TI0 P, T0JIydaeM

or, —

OTKY/1a



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— — — —
T (p,p,2) = pcose i +psingp j +zk Ti=T,=cospi+singj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

Hnddepeniupyst mepBhIii BEKTOP JIOKAJIBHOTO 0a3uca IUINHIPUIECKOI
CUCTEMBI KOOPJIMHAT TI0 P, T0JIydaeM

or, —

OTKY/1a

— 1 Y . 7 9 : Y Y 3 77
0 =10 (cosgpl +smg03>+F11 (—pSlIlng +pcosg03)+F11k.



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

r'(p,p,2) =pcosp i +psing +Zk Ir'y=1,=Ccosp1l+siny],
r'o=7r,=—psinpi +pcospj, rz=r1.=k.
— a?>p - 1 — 2 — 3 —
H

1 N ) Y 9 : N i 3 77
0 =10 (cosgp 1 +siny j ) + 17 (—psmgp 1 +pcosp ] ) + I, k.
-V 17
CpaBHUBas KOOpAMHATHI 1tepej; 1, j , k, mosydyaem cucreMmy ypaBHeHUi



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

7 7 — — -~ .
r'(p,p,2) = peosp i +psing j +Zk r'y=1T,=cosep1l+sneyj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

— a?>p - 1 — 2 — 3 —
H

1 e : — 2 : e Y 3 77
0 =10 (cosgp 1 +siny j ) + 17 (—psmgp 1 +pcosp ] ) + I, k.
- - =
CpaBHUBas KOOpAMHATHI 1tepej; 1, j , k, mosydyaem cucreMmy ypaBHeHUi
cosp -1, + (—psing)-T3 + 0-T3, = 0
sing -l + pcosp -T2 + 0-T9, 0



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

T (p, o, )—pcosng+p81nng+zk ?1:?p:cosgp_i>+sing07,
r'o=7r,=—psinpi +pcospj, raz=r1.=Kk
(‘9?[, Y 1 = 2 — 3 =
0
cosp T, + (—psing)-TH + 0-T3 = 0
sing -, + pcosp-T3H + 0-T5, =0



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

T (p, o, )—pcosng+p81nng+zk ?1:?p:cosgp_i>+sinng,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.
— a?>p - 1 — 2 — 3 —
P
%
0 =
1 I : I 9 : e Y 3 37
=1 (cosgpl +Slng0J)—|—F12 (—psmgpl +pcosg0J)+F12k.
cosp —psing 0 IER 0
singp pcosp 0 ez =10/,

0 0 1 I3, 0



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— —

— — —
T (p,p,2) = pcosp i +psingp j +zk, ?1:?p:cos<pi+singpj,
r'o=7r,=—psinpi +pcospj, rz=r1.=k.

—s a?p ) 7 Y 1 — 9 — 3 —

r' = 90 =—sinpi +cospj =l 11+ 0T+ 1713,

— —

—sinp i +cospj =
1 7 ) 7 9 X Y I 3 37
=1, (cosgz)l +81ngpj>+Fl2 (—psmgpl +pcosg03)+F12k.
cosp —psing 0 Iy ' 0 —sing

sing pcose 0 M I3 | =0 cosy
0 0 1 rs, 13, 0 0



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

— —

H ° . ° H
r(p,p,z)=pcospi +psinpj +zk,

or = -
T = &pp = —sinpi +cospj =TT +15T,+15,T3,
— a?gp . - 1
I'o] = 9p = —sinp 1 +cosepj =151 +15 12+ 15 153,
or —
T 99 89090——pcosg03 — psing i —F2r1+F22r2+F32r3,
— — — — -’
Ir'i3= T3 ="Tog=1"3=20

sme pcose 0 %, I'fy | = 0 cosg ,

cosp —psing 0 I, I'h 0 —sine
0 0 1 I, T4, 0 0



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT
PGLH&H MaTPpHUIHOC YPaBHCHUE (BMGCTO HAEBATHU CUCTEM JINHENHBIX yYpaB-

HEHMUI )
cosp —psing 0 Fh F%z F%S F%1 F%z F%s leﬂ leaz leas
sinp  pcose 0 F% F%z F%:a Fg1 F%Q F%:a F%l F§2 Fz%:a -

0 01/ \T% Th Tis T3 T3, T35 T4 T35 T3
0 —sinp 0 —sing —pcosp 0 0 0 0
= 0 cosp 0 cosp —psing 0000 |, (9)
0 0 0 0 000O0O0

IOJIy9aeM MacCUB CUMBOJIOB KpucTtoddens 1id MUInHIPUIECKOl cu-

CTeMbl KOOpAWHAT:



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

[Tonygaem maccup cumbosioB Kpucroddens s MATAHIPUIECKOM
crucTeMbl KOOP/IMHAT:

( 0 0 0
0 —p 0 \
0 0 0
0 % 0
(Taij) = % 0 0 (10)
0 0 0
0 0 0
0 0 0
\ \o 0 0/ )



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
chepuieckoii cucreM KOOpInHAT
st cpepudeckoii cucTeMbl KOOPUHAT

r(r,p,0) =rcospsinf i +rsingsinf j + rcosf k
TMEEM:

»=cospsinf i +sinpsinf j +cosfk,
o, = —rsingsind i +rcospsinf j,
g =rcospcosfi +rsinpcosfj —rsinfk.



I1.3. CumBoanl Kpucrodbdensas muamHAPUIECKON n
cchepmaeckoii cucreM KOOpPAMHAT

Maccus cumposioB Kpucroddens 1jsi cpepmieckoii cucTeMbl KO-
Op/IMHAT:

[ [0 0 0\ )
0 —rsin’6 0
0 0 —r
0 1 0
(F’fij) — 0 0 ctg f (11)
0 ctg b 0
1
0 0 =
0 —sinfcoséb 0
1
\ \ 7 0 0/ )



I11. TenzopHoe noJse. KoBapuanTHasd NpPOU3BOHAA



I11.1. Ten3zopHoe moJie

Omnpenenenune 7. Ecau V. — nodmmoorcecmso aunetitnozo )_MpoCpan-
cmea U, W=U1®U2®. . QUpy, 20e U; € {U,U*}, u T — Pyrx-
wus, Kaosicdomy eexmopy T u3 V. cmasawas 6 coomeememeue men3op-
H
sexmop T (1) € W, mo 2060pam, wmo na mroocecmse V' 3adaro TeH-
—
30pHOoe 1oJe T .



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".
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k m—k

KaxoBbl HanboJ1ee 1mepcreKTUBHbIE HAIIPABJIEHIS UCCIe0BaHMSA !
IlocMoTpeTh cimcok 0a30BBIX MCCJIEOBATEILCKIX CTPaTernii?



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".
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k m—k

KaxoBbl HanboJ1ee 1mepcreKTUBHbIE HAIIPABJIEHIS UCCIe0BaHMSA !
IlocMoTpeTh cimcok 0a30BBIX MCCJIEOBATEILCKIX CTPaTernii?
J171s1 TOr0, YTOOBI KasK/IbIil pa3 He Ha/JI0 ObLIO «1U300peTaTh BEJOCHIIE Ty

€CTeCTBEHHO PUMEHUTH CTPATErni0 MONCKA aHAJIOTHUN.



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

~~

k m—k

KaxoBbl HanboJ1ee 1mepcreKTUBHbIE HAIIPABJIEHIS UCCIe0BaHMSA !
IlocMoTpeTh cimcok 0a30BBIX MCCJIEOBATEILCKIX CTPaTernii?
st Toro, 9TOOBI KaXKblil pa3 He HaJo OBLIO «H300peTaTh BEJIOCHU-

eJl» eCTeCTBEHHO IMPUMEHUTH CTPATETWIO MOMCKAa aHaJIOTuu. 7cHo,

9TO TEH30pPHOE 10J1e 0600IAaeT MOHATHS «CKAJSIPHOE TI0J1ey (9TO TeH30D-

Hoe ToJie panra () W «BeKTOpHOE MOJjie» (9TO KOHTpaBApUAHTHOE TI0JIe

panra 1).



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

~~

k m—k

KaxoBbl HanboJ1ee 1mepcreKTUBHbIE HAIIPABJIEHIS UCCIe0BaHMSA !
IlocMoTpeTh cimcok 0a30BBIX MCCJIEOBATEILCKIX CTPaTernii?
st Toro, 9TOOBI KaXKblil pa3 He HaJo OBLIO «H300peTaTh BEJIOCHU-

eJl» eCTeCTBEHHO IMPUMEHUTH CTPATETWIO MOMCKAa aHaJIOTuu. 7cHo,

4TO TEH30PHOE MoJIe 0O0OIAET MOHSITHST «CKAJSIPHOE 110J1e» (3TO TeH30p-

Hoe ToJie paHra () W «BEKTOpPHOE MOJjie» (9TO KOHTpaBapHaHTHOE I0JIe

paura 1). TTosTomy nmeer cMbIC/ TE€peHECTH KOHCTPYKIUHU, BBEJICHHBIE

JIst 9TUX oJiedi (inddepeHnuaabHble ONepaIii, ONepaTop 6, pas3amy-

Hble KOHCTPYKIINU HHTerpaJia, BEKTOPHBIE JINHIN ¥ JITHUE ([TOBEPXHOCTH )

VPOBHsI U JIP.), HA CJIydail POU3BOJIBLHOIO TEH30PHOTO MOJIS.
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I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

~~

k m—k

KaxoBbl HanboJ1ee 1mepcreKTUBHbIE HAIIPABJIEHIS UCCIe0BaHMSA !
IlocMoTpeTh cimcok 0a30BBIX MCCJIEOBATEILCKIX CTPaTernii?
11 mpuMeHeHnsT MeTOo/la aHaJOIUd U JAPYIUX METOJIOB HaydIHOTO HC-

cJAeJIOBAHUS HaAM HEOOXOIUMO OIPEACTUTHCS CO CTaHapTHBIMU CIIOCO0a-

MU 3aJaH1s TEH30PHOTO TOJIS.

CiiejoBaTe/IbHO, Ha JJAHHOM 3Talle UCCIe0BAHISI IPUOPUTETHOMN sIBJIsI-
eTcsd cTpaTerus MOCTPOEHMUsI MOJIEJIN.



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

~
k m—k
1 n\ .
[Tycts ®(q, ...,q") — cucrema KpUBOJMHEHHBIX KOOPAUHAT TTOMHOYKE-
H

ctBa V' nunelinoro npoctpatctsa U, n T — TensopHoe 1oJe.



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

"

k m—k

[Tycts ®(ql, ..., ¢") — cucrema KpUBOJIMHEHHBIX KOOPIMHAT HOJIMHOKe-
H

ctBa V' nunelinoro npoctpatctsa U, n T — TensopHoe 1oJe.
o —
Toria KazK10il Touke ¢ pajuycoM-pekTopom T = ®(gl, ... ¢") coorser-
06 B 1 .2 n\ _ S - -
cTByeT JioKa tbHbIi Oasuc B(q', ¢°, ..., ¢") = { r'1,..., ', U B3aUMHBIIi
-1 —-n
KHeMy6a3Mc{r ..., T }



I11.1. Ten3zopHoe moJie
Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

"

k m—k

[Tycts ®(ql, ..., ¢") — cucrema KPUBOJMHCHILIX KOODIMHAT MOJMHOZC-
ctBa V' nunelinoro npoctpatctsa U, n T — TensopHoe 1oJe.
o —
Toria KazK10il Touke ¢ pajuycoM-pekTopom T = ®(gl, ... ¢") coorser-
i 6 B(at o2 n\ _ S -
cTByeT JIoKaIbHbI 6azuc B(q', ¢%,...,¢") =1 T 1,..., T y¥.
Basucy B(q!, ¢, ..., q¢") upocrpancrsa U cOOTBETCTBYIOT B3alMHbBIH K

nemy Gasuc { T',..., T"} nbasuc B¢, ¢?,...,¢") =

—{Fi o eT, 0T e, eF ;e {l2. n}}.



I11.1. Ten3zopHoe moJie

Sadukcupyem, JIst IPOCTOTHI, CASAYIONIUI TOPsI0K MHOXKUTEIeH

W=UU®..UU U ®...0U".

<
k m—k
d 1 n o .
(g ..., q") cHrCTeMa, KPUBOJIMHEAHDBIX KOOD/IMHAT,
— — . — —
B(q, ¢%,....¢") = { ro,..., rn}—ﬂOKaﬂbem6a3MCM { .. r”}
Ny 12
— B3auMHbI K Hemy Oasuc. Ilyers  B(gq', q%,...,q¢") =

:{?ﬁ@...@?ik@?ikﬂ@...@?Z’mije{1,2,...n}}.

Torma mag Kakzoff TOYKM MHOXKECTBa V¢ paJilyCOM-BEKTOPOM
— 12 n T (7 :
r =®(q,q%...,q¢") Bexkrop T (1) MOKHO pazioKuTh 110 Oazucy B:

. o . .
T(?):T;;ﬁ'.'.‘.z’jn(ql,q%---,q”‘)?il®---®?ik®?l’““®---®?lm (12)



I11.2. 3apganme TEeH30pPHOIO IMOJIsA: KOOPJAMHATHBIE
b yHKITIN

1119 . . . 1), 1 9 n i
Onpenenenne 8. Qynxyuu Tik+1z’k+2 . Z.m(q q° .-, q"), onpedenen

nole pasencmeom (12), mazwearomes KOOPAUHATHBIMEA (DYHKITASIMEI
_>
TeH30pHOro noJjia T 6 cucmeme kpusosuretinvr xoopdurnam P.



I11.2. 3apganme TEeH30pPHOIO IMOJIsA: KOOPJAMHATHBIE
b yHKITIN

Q T12 Zk‘ 12 g _
Onpenenenne 8. Qynxyuu T (9", q¢%,-..,q"), onpedesen

nole pasencmeom (12), mazwearomesn KOOpﬂI/IHaTHbIMI/I byHKIIMAMUI
_>
TeH30pHOro noJjia T 6 cucmeme kpusosuretinvr xoopdurnam P.

[Topsijiok MHOXKHUTE el B W MoxkeT ObITH Jpyrum. Hampuwmep, paszio-
YKEeHUEe TeH30PHOTO T10JIsd T . V —- U ®U*® U 1o jgokajabHOMY Dasucy
CHCTEMbl KPUBOJIMHENHBIX KOOPAUHAT € IIOMOIIIBIO KOOPAMHATHBIX PYHK-
1T UMeeT BUL:



I11.2. 3apganme TEeH30pPHOIO IMOJIsA: KOOPJAMHATHBIE
b yHKITIN

i
Onpenenenne 8. Qynxuyuu T byt (', % ...,q"), onpederen-
Zk+12k+2 - lm
nole pasencmeom (12), nasviearomes KOOpﬂI/IHaTHbIMI/I byHKIIAMET
=

TeH30pHOro noJjia T 6 cucmeme kpusosuretinvr xoopdurnam P.

[Topsijiok MHOXKHUTE el B W MoxkeT ObITH Jpyrum. Hampuwmep, paszio-
YKEeHUEe TeH30PHOTO T10JIsd T . V —- U ®U*® U 1o jgokajabHOMY Dasucy
CHCTEMbl KPUBOJIMHENHBIX KOOPAUHAT € IIOMOIIIBIO KOOPAMHATHBIX PYHK-
1T UMeeT BUL:

—

| j
T =T,"(¢",....¢"T @T?1QT ;=



I11.2. 3apganme TEeH30pPHOIO IMOJIsA: KOOPJAMHATHBIE
b yHKITIN

Q T12 Zk‘ 12 g _
Onpenenenne 8. Qynxyuu T (9", q¢%,-..,q"), onpedesen

nole pasencmeom (12), mazwearomesn KOOpﬂI/IHaTHbIMI/I byHKIIMAMUI
_>
TeH30pHOro noJjia T 6 cucmeme kpusosuretinvr xoopdurnam P.

[Topsijiok MHOXKHUTE el B W MoxkeT ObITH Jpyrum. Hampuwmep, paszio-
YKEeHUEe TeH30PHOTO T10JIsd T . V —- U ®U*® U 1o jgokajabHOMY Dasucy
CHCTEMbl KPUBOJIMHENHBIX KOOPAUHAT € IIOMOIIIBIO KOOPAMHATHBIX PYHK-
1T UMeeT BUL:

— : J : ;
T =I5, )T 0T OT j =T T T/OT



II1.3. Teopema o koopaAMHATHBIX (PYHKINSIX TE€H30PHO-
'O HOJIs

Teopema 2 (0 KOOPAMHATHBIX (DYHKIUSAX TEH30PHOTO TIOJIS. ).
H
H
Ecau T (1) — mensoproe noae na mmoocecmse V., mo xoopdurams-
noe  pynxuyun noas T 6 cucmemazr (¢, ..., ¢") u (¢, ..., ¢")

%’pUSO,/LUHfEﬁH’bLI %oopﬁunam MHoorcecmea Voo c8a3aMbL TEH30PHbIM
3aKOHOM

T = gy T ),

0
2de, 6 coomeememeun ¢ pesyavmamamu pasdesa 1.5, umeem a’s = aq,j.
q

Kax obvino, b5 — 9mo womnonenmo, 0bpammnot (aij) MAMPULDL.



II1.3. Teopema o koopaAMHATHBIX (PYHKINSIX TE€H30PHO-
'O HOJIs

Teopema 2 (0 KOOPAMHATHBIX (DYHKIUSAX TEH30PHOTO TIOJIS. ).
H
H
Ecau T (1) — mensoproe noae na mmoocecmse V., mo xoopdurams-
noe  pynxuyun noas T 6 cucmemazr (¢, ..., ¢") u (¢, ..., ¢")

%‘pUSO,/LUHfEﬁH’bLI %oopﬁunam MHoorcecmea Voo c8a3aMbL TEH30PHbIM
3aKOHOM

T = gy T ),

0
2de, 6 coomeememeun ¢ pesyavmamamu pasdesa 1.5, umeem a’s = q_

Kax obvino, b5 — 9mo womnonenmo, 0bpammnot (CLZ.]'> MAMPULDL.

JokazaresbeTBO. D10 coesicrue u3 hopmyst (12) u (6).
Paccmorpers npumep?



111.4. KoBapunanTHaga npoun3BoaHad

B jasibHeiineM Mbl MHOTJA B CHTYAIHAX, KOIJa 9TO HE HPUBOJNT K
JIBYCMBICJICHHOCTH, OyzueMm mmcaThb «TeH30p T'» BMECTO «TeH30pHOEe I10-
jge T'». DTo BbIZBaAHO TeM 0OCTOSATEIHLCTBOM, 9TO 0OBIIHO (pyHKIIIO T
MbI OyJIeM 3/laBaTh BHIPAZKEHIEM, TO eCTh yKa3b1BaTb snavenue T (1)
TEH30PHOI'0 T10JIs1 T B TouKe C PaJINYCOM-BEKTOPOM T (9TO 3HAUCHHE
SIBJISICTCS TEH30POM-BEKTOPOM ).



111.4. KoBapunanTHaga npoun3BoaHad

Onpenenenne 9. Ilycmo

(¢, % ..., =T ("¢ ") =V (g e

- KPpUBOAUHETHAA cucmema Koopouram, onpedesernas wa obaacmu D, u
—
T ( r (¢, ¢ ... ,q”)) — men3oproe nose co anaverusmu 6 V4 @ Vo ® ... Q V,,, 2de

— —
H
V. e {U,U*}. Muw 6ydem nucamov T (¢, ¢%...,q") emecmo T (r (q', 4%, .. .,q”)).
H
To2da KOBApUAHTHOI MPOM3BOIHON men3opnozo noas T nasvieaemes mensoproe
noae, 3adasaemoe Hopmyaot




111.4. KoBapunanTHaga npoun3BoaHad

—

—— ¢ aT
(VT)(¢',....d") =TI @ —=€eV'Vi@Vhe...Q0V,,

Ecmn T — rensophoe mnosie panra 0 (To ecTh cKajsipHOE T10J1€), TO & —
9TO MIPOCTO YMHOYKEHHE BEKTOpa Ha CKaJIsp.
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- OT
(VT) (¢"....q¢") = ?q®%ev*®%®v2® @ Vi,
OT . AT
re = lim ===
0qt AthOAqt
T (gt Agt glt Y _ (gt t n
oy T4 q + AT ¢)— T, ¢ q")
A¢t — 0 Aq'
——

Ob6oznauenne 7 T ciejiyer BOCIPUHUMATD, KaK ¢ CBOGO6p&3HO€_§<TeHSOp—
HOE Ipou3BejeHue» «popMalbHOrO BeKTopay Y/ Ha Tenzop T. Kaxk n
B MATEMaTHICCKOM AHAIN3E, HPH «YMHOZKCHHIY Ha, KOMIOHCHTEI «op-
MaJIbHOI'O BEKTOPa» Y/ BMECTO NPOU3GEIEHUA TNCET U BbIpAYKEHMIT HaI0
paccMaTpuBaTh deticmeue COOTBETCTBYOMIEro uddepeHnnaabHOro ome-
paTopa Ha COOTBETCTBYIOIIEe BhIparKeHue.
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S 1 n g - 0T )
(VT)(¢'....¢") =T ®%ev RVI®oVE...0 V,,
— —
rjie 8’12 = lim —AT; =
o Tl d T d AT ) =T
A¢t — 0 Ag'
[Tycrb CD(ql, ...,q") — KpuBOJIMHElHas cuUCTeMa KOODJIUHAT, W
H
Tgllzj; Z‘}Z — KoopauHaTHble (YHKINUKM TeH3opHOro moasd T B cu-
creMe KpMBOﬂMHeﬁme KoopauHaT P, TO KOOpAMHATHBIC QYHKIUU

TJLJ2 - - Jm
2129 ...
TUM, 9TO B <«OTJIeJIbHOM» O0OO3HAUeHNn \/; He OOJIbIlle CMbICIa, YeM B

TEH30PHOTO  OJI vT 0003HAYAIOTCS  Yepe3 /i OT™me-

[IpUCTaBKE «I1I0» B CJIOBE <«I1O€XaJIM>.
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—

—— ¢ 0T
(VT)(ql,...,qn):_)q ®a—ntV*®V1®V2®®Vm,
0T AT
rje 55 = lim =5 =
dq Ag' — OA
. T(¢'...,¢d " ¢ +Ad, " ¢")—T(q"....q¢,....q")
Aqt — 0 Aqt

MpbI B TeH30pHOM aHa/in3e IPUMeM I10 OIIPeIeIeHNIO, YTO TEH30PHOE TTPO-
U3BeJIeHne JIMHEMHBIX IPOCTPAHCTB ABJISIETC aCCOIUaTUBHON ollepallneil,
TO €CThb

(A®B)®C=A®(BC)=A®@BxC.
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.

JlokazaTeabcTBO. Kax yKe ObLI0 0OTMeUeHo B pazjee .5, KoMIIoHeH-
Thl MATPHUILbI [IEPEXOJIA (g ; U3 d(ql,...,¢") B cucreMy KpuBOJIMHEHHBLIX

koopaunar &' (¢, ..., ¢"™) umeror Buj .
dq"
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noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.

JlokazaTeabcTBO. Kak yxke ObLIo orMedeHO B paszjesne [.5, KoMmIo-

HEHTBI MATPHUIIBL IEPEeXO/Ia d; U3 d(ql, ..., ¢") B cucreMmy KpuponHeii-
)
Heix Koopiunat @' (g, ..., ™) umeror Buj —q/] SHAYUT, KOMIIOHEHTEI
dq

b‘ MaTPHIILI 00PATHOIO IEPEX0o/ia UMEIOT BHU/T (9q B gacTHOCTH, 110 TEO-
q’

peMe 00 M3MeHeHnn BEKTOPOB B3aMHOI'O 6&SI/ICa
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.

JlokazaTeabcTBO. Kak yxke ObLIo orMedeHO B paszjesne [.5, KoMmIo-

HEHTHI MATPUILBI [IEPEX0/ia aij us dqgt, ..., q") B CHCTEMY KPUBOJIMHEI-
i
Heix Koopiunat @' (g, ..., ™) umeror Buj 94 3paunt, KOMIOHEHTHI
8q’]
b‘ MaTPHIILI 00PATHOIO IEPEX0o/ia UMEIOT BHU/T (9q B gacTHOCTH, 110 TEO-
peMe 00 U3MEHEHUH BEKTOPOB B3aUMHOIO 6a3ncg
¢ _ 0 g

dq’
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Jloka3aTeJabCTBO.

[TosTomy 1pu 1epexoje B KPUBOJUHEHHYIO CHCTEMY KOODJMHAT
—
(¢, ..., ¢") nonydaem (31ech, KpaTKocTu palu, BeKTop Ir'd  mepe-

/
—1
obo3HaveH Yepe3 1)
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—
(¢, ..., ¢") nonydaem (31ech, KpaTKocTu palu, BeKTop Ir'd  mepe-
i
obo3HaveH Yepe3 1)
—
Ly, OT

r ® aq/m —
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(¢, ..., ¢") nonydaem (31ech, KpaTKocTu palu, BeKTop Ir'd  mepe-

/
—1
obo3HaveH Yepe3 1)

— —
?gm@ oT 8q’m_>p®(9T oq°

o™~ o? ' oo™
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(¢, ..., ¢") nonydaem (31ech, KpaTKocTu palu, BeKTop Ir'd  mepe-

/
—1
obo3HaveH Yepe3 1)

T m T 9,5 T
?gm@ 0T :(9q _>p®(9T 0q 552D 0T

r —s = ri’ —=
aq/m aqp aqS aq/m P aqS
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.

Jloka3aTeJabCTBO.

[TosTomy 1pu Tiepexojie B KPUBOJIMHEHHYIO CHCTEMY KOODJMHAT
d'(¢",...,q") nomyuaem (31eCh, KPaATKOCTH paju, BeKTop r'd  mepe-
—

obo3HaveH Yepe3 1)

! OT 0q°
. —D 9 _ <s—=p .

r = rt®— =0T’ —=1"R —.
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
CUCTNEMDL %OOpdunam.

Jloka3aTeJabCTBO.

[TosTomy 1pu 1epexoje B KPUBOJUHEHHYIO CHCTEMY KOODJMHAT
—
(¢, ..., ¢") nonydaem (31ech, KpaTKocTu palu, BeKTop Ir'd  mepe-

/
—1
obo3HaveH Yepe3 1)

A oT  o¢d™_,, 0T 0q° )
m - D _ $S=p o
e = Q@ — =0 r’Q ——=r"Q —.

Teopema JjioKazaHa.
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TeopeMa 3 (o Tenzope KOBapI/IaHTHOI/I POU3BOJIHOI). TensopHoe

noje v T Kak PYnKYUA om T, He 346UCUM 0M 6660Pa KPUSOAUNETHOT]
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H
B 3T0il TeopeMe JTOKa3bIBAJIOCH, UTO Ollepallus \/ SABJIAeTCs «TeH30P-

HOIT» olepalieil, To eCThb ee Pe3y/IbTaT He 3a68UCUM OT BLIOOPa KPUBOJIN-
HEHOU CUCTEMbl KOOD/IMHAT.
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[Iycro ?(ql, ¢%,...,q") — TeHzopHoe 1oJjle, 3aJ]aHHOe B KPUBOJIMHE]I-
HOIl cucTeme KoopiuHaT ®. BosHukaer 3ajiada 1moJ1ydeHust (hopMyJIbl, 103~
BOJIAIOMICH HETIOCPEJICTBEHHO BBIMHCIIATE KOOPMHATHDIC byHKINM TeH-
30PHOLQ 1OJIs v T ¢ nomonipio KOOpAMHATHBIX (DYHKIUNA TEH30PHOIO
o T'. TlorgTHO, 9TO NPH 3TOM HEOOXOIUMO YIUTHIBATH OCOOEHHOCTH
reoMeTpHH, 3a/iaBaeMoil KpUBOJINHENHON cucTeMoit koopanuaT P, To ecTh
cuMBoJIbI Kpucroddeis.
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Teopema 4 (0 KOBapuaHTHOII IPOU3BOAHOIA). [Iycmo

-, -
T(q',...,q") — mensoproe nose, u TZ']117§722 ]m(qo, .., qp) — eeo
Koopdurammuvie GUHKUUL 6  cucmeme %puemuneumm K0opAuHam
d(qt, ..., q"). Toeda 6 cucmeme %oopdunam O Koopdunammnvie Pynruyuy
J1J2 - T2 Jm
Rt’ilig . - v 21’1,2 ’Lk

——
MeH30PH020 NOAA \/ T, ydOSJLBmSOpﬂ’me COOTMHOWEHUNO

o . aTJljz - Jm
7J1J2 - Jm . tit2 L
Vil G i (9q T
1 332 Jm | pJ2pd1S - Jm Jmpd1 -« Jm—1S _
—l—F T o —I—FStTZ . + .. F TZlZ2 i
S ]1]2---jm_ s ]1]2---jm_ s pJid2e - Jm
Vit Taiy. in —VitTi s i =~ LT 7 i s (13)



I111.6. Teopema o0 KoBapuaHTHOII IPOU3BOIHOI
JlokazaTeabcTBO. /JoKka3zaTebcTBO MBI ITPOBEIEM TOJILKO JIJIs CIydas
TeH3opa cTpykTypbl Tt 7.



I111.6. Teopema o KoBapuaHTHOIi IIPOMU3BOAHONM
JlokazarebcTBO. VTak, MCHOIb3ysd TOT (aKT, UYTO CUMBOJ CyM-
MI/IpOB&HI/IH ABJIACTCA «FHYXI/IM» CI/IMBOHOM7 B Y9aCTHOCTH, HalIPpHUMED,

Tz.] Fst rse T, =T [er T'eT ; (poBesut sameny cumBosa i < s)
il TZ-.] T!® th_) = T'S_>Z ® F]t I’ (3aMeHa CUMBOJIA J <> ), HMe-

€M
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JloKka3aTebCTBO.

——
vT =
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JloKka3aTebCTBO.




I111.6. Teopema o KoBapuaHTHOIi IIPOMU3BOAHONM
JloKka3aTebCTBO.

gf:?t@) ? i J _
q
—t aT.]—> — —t o) ?Z — —t o) —
=T'@—-T'@T;+T' 0T FOT AT RTT'®
dq dq
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JloKka3aTebCTBO.

gf:?t@) l — J _
q
ar® -1 T
- 7le P TeT + TR ™ ®?j+—>t®T.]—>Z®a—£7:
q q q
or®
?t@) L ®?j (X)T.]FZ TST +I‘ ®T.]_>Z®Ft] rs =
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JloKka3aTebCTBO.
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vT = -t 0 ) J _
dq

=7l L PloT +7ier /e T +TleT/ Tie— =
dq dq dq
or® o

— Tl _PloT . —T ®T'JFZ TIOT j+T tor® Tlors. 7 =
aqt J 2 t]
or® o

— Tlg—t TPloT . — ®T'JF5 TieT T toT®S Tl T =
8qt J ) ts = J
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JloKka3aTebCTBO.

8qt

=7l L P71 vier/ T oT +TieT/ Tieo— =

dq dq dq

or®) ' '
_ ?t@) g -—?t@)T..]FZ TSQT -+?t®T?J?Z®FS-?S _

t J i st J 1 7

dq

or®) - -
=Tl L TleT ;~Tlely I T'eT 4+ T eI T!er] T =

8qt
or?’ . . ,
_ 1 S ®] J res | =t o =1 o = .
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Teopema 5 (Puuum). Kosapuanmnas npouseoonas noas Mempuiecko-
20 men3o0pa pasra 0,
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Teopema 5 (Puuum). Kosapuanmnas npouseoonas noas Mempuiecko-
20 men3o0pa pasra 0,

HHokazarenbctBo. [loj nosem mempuueckozo menzopa TOHUMAETCS
i o = 2\ o )
TEH30pHOe 1oJle g;; ' ® r’/ = (r,;, r';)r' ® r’.
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Teopema 5 (Puuum). Kosapuanmias npoussodnas noits mempuiecko-
20 men3opa pasa (.

HHokazarenbctBo. [loj nosem mempuueckozo menzopa TOHUMAETCS
=\ o
r)r'e r.

[To onpenenennio KoBapuaHTHON ITPONU3BOIHON U METPUIECKOIO TEH30-

i o (T
TEH30pHOE 10J1e ¢;; T ' @ T/ = (71,

pa nMeeM, HCI0b3ysl cBoiicTBO 4 cuMmBoOJIOB Kpucrtoddens,
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- —17 o —k
V(gjkr=7® r )



I11.7. Teopema Puaun

0
oq"
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J k) _Tlg 2 ( J k) _
V(ij;r @ r r ®8qi 9k T @ r
0
=T — ((?j,?,{m ®?k) —
dq
=T (T T T o T+ Tle (T, T,/ o TF
T (T, T e Th + T e (7, T Tl 0 = =
dq dq
T (T T T ® Th+ Tl (705 7)1/ @ TR
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V(T et =Te a% (9,77 & TF) =

®(FS Ts, )T Ttk ?Z@)( szrs)ﬁj@)?kﬁr

+T' 0 (T v, T ) (—ng?s) 2 TF+TI o (T U, Tp)T T/ @ (—Ff8?3>

SaMeHHH B JIBYX TIOCJICJIHNX BbIPDaAzKCHNAX CUMBOJIBI CYMMHDPOBaHUA
TaK1UM O6p&SOM I1ITO6BI I[IOJIYIUTDL Pa3JIozKEHUE 110 CUCTEME BEKTOPOB
T'eT/®T k, I10JIy 4aeM

—

V(g]kr]@) Tk

=TT, T T 0 7/ ®Hk+rsk<? T )T

]7

X
_F3<—> —>)—>i®—>]®—>k_rs (_>'_>)_>i®_>j®_>k—6>
(s Tp)r r r k(T Ts)r r rv=20,



qTO U TpeDOBAJIOCH JIOKA3aTh.
Paccmorpers npumep?

H .
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3ameuanue 1. Ecau mensoproe noae umeem eud T = Tr i» O MaC-
cus cumeonos Kpucmogdgpeas ydobree «peopeanusosamovs unave: 6Mme-
CMO MACCUBG (FZ’]’) ydobHee PaccMampueams Maccus (F;}k) Mo nos-

BONACTN CPA3Y NPEICTNABUMD COOMBEMCMBYIOULEE CAAAEMOE MACCUBH
Vil7 6 mampuurom eude:
( F“-l
i

F“-Q
you

(5

@)= (rPredy = (1" .. ")




Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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