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I. bununeiinbie popMbl HA A3bIKE JMHEMHBIX
IIPOCTPAHCTB

Businneiitnas ¢popma B TEOpUUN JIMHEHHBIX IIPOCTPAHCTB OIIPEIe/IAeTCs
CJCYIONUM 00pa30M:



I. bununeiinbie popMbl HA A3bIKE JMHEMHBIX
IIPOCTPAHCTB

bununeitnag dpopMma B TeOPUN JIMHENILIX TPOCTPAHCTB OIPeIeIsd-
eTcsl CIeAYIONUM 00pa30M:

Ompepenenne 1. [lycmv U — aunetinoe npocmparcmeo. Toeda
dynkyus f U X U +— K nasweaemcs ouamHeitHoON dopmoilt mo-
eda u moavko moeda, Koz2da ona Aumelna No  Kaxcdomy U3 ap-
symenmos, mo ecmv fAX +uy,z)=M(X,Z)+uf(y,z) u
FRAT +07) = MR, T) +uf (R, 7).



I. bununeiinbie popMbl HA A3bIKE JMHEMHBIX
IIPOCTPAHCTB

bununeitnag dpopMma B TeOPUN JIMHENILIX TPOCTPAHCTB OIPeIeIsd-
eTcsl CIeAYIONUM 00pa30M:

Ompepenenne 1. [lycmv U — aunetinoe npocmparcmeo. Toeda
dynkyus f U X U +— K nasweaemcs ouamHeitHoON dopmoilt mo-
eda u moavko moeda, Koz2da ona Aumelna No  Kaxcdomy U3 ap-
symenmos, mo ecmv fAX +uy,z)=M(X,Z)+uf(y,z) u
FRAT +07) = MR, T) +uf (R, 7).

Asrebpa OmmHeHbIX POpM-PYHKINI — JIMHEHOe IIPOCTPaHCTBO OT-
HOCUTEJILHO OIlepalluil caoyKeHnd (PYHKIMIE 1 yMHOXKEHUsT (DYHKIUN Ha
CKaJIsIp.



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

[Iycte f — OuimHeliHasg dopma Ha S3bIKe JUHENHBIX IIPO-
cTpaHcTB. Kak 00BIYHO, 1IOCTABUM BOIIPOC O TOM, YTO COOTBETCTBYET
9TOI (DYHKIMHU «B IIPOCTPAHCTBE KOOPAMHATY, B IIpocTpaHcTBe R”.
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erT 3Toil (YHKUUU <«B IPOCTPAHCTBE KOOP/IMHATY, B IPOCTPAHCTBE
R"™. Jlyjsg oTBera Ha 3TOT BOIPOC, KaK OOBIYHO, BbIOMpaeM Oasuc
b={%¢ e, T

= { €1,..., en}. orja IojydaeM, 9To
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MHOI'OYJICHOB

[Iycte f — OuimHeliHasg dopma Ha S3bIKe JUHENHBIX IIPO-
cTpaHcTB. Kak 00BIYHO, [TOCTaBUM BOIIPOC O TOM, UYTO COOTBETCTBY-
erT 3Toil (YHKUUU <«B IPOCTPAHCTBE KOOP/IMHATY, B IPOCTPAHCTBE
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= { €1,..., en}. orja IojydaeM, 9To

f(X,Y) =



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

[Iycte f — OuimHeliHasg dopma Ha S3bIKe JUHENHBIX IIPO-
crpaHcTB. Kak OOBLIYMHO, ITOCTABUM BOIIPOC O TOM, YTO COOTBETCTBY-
erT 3Toil (YHKUUU <«B IPOCTPAHCTBE KOOP/IMHATY, B IPOCTPAHCTBE
R"™. Jlyjsg oTBera Ha 3TOT BOIPOC, KaK OOBIYHO, BbIOMpaeM Oasuc
b={%¢ e, T

= { €1,..., en}. orja IojydaeM, 9To

n n
f(ya?) =f in?iy Zyj?j =
i=1 j=1
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MHOI'OYJICHOB
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MHOI'OYJICHOB
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st orBeTa Ha STOT BOIPOC, KaK OOBIYHO, BbIOMpaeM 0Oa3zuic
b={¢ e, T
= { €1,..., en}. orja IojydaeM, 9To

n n
FERY) =D 2 Y ye; =ZZ% € e)).
i=1 j=1

=1 j=1

— —
3aMeTHM, 4TO MaCCHB KOMIIOHEHT BiJla f( €, € ;) He 3aBUCUT OT BEKTO-
—_ =
poB X M Y, 3TO XapakrepucTuka Oasuca. Obosnaunm vepes g Mar-
— —
puity sj1eMenToB Buja fi; = f(€, €,).
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st orBeTa Ha STOT BOIPOC, KaK OOBIYHO, BbIOMpaeM 0Oa3zuic
b={¢ e, T
= { €1,..., en}. orja IojydaeM, 9To

n n
f(ya?) =f sz’?zﬁ Zyj?j ZZ%% ez, )
i=1 J=1

=1 j=1

B pe3yJibTaTe MbI IIOJIYHIUJIN PaBEHCTBO



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

[Iycte f — OuimHeliHasg dopma Ha S3bIKe JUHENHBIX IIPO-
cTpaHcTB. Kak 00BIYHO, [TOCTaBUM BOIIPOC O TOM, UYTO COOTBETCTBY-
erT 3Toil (YHKUUU <«B IPOCTPAHCTBE KOOP/IMHATY, B IPOCTPAHCTBE
R"™. Jlyjsg oTBera Ha 3TOT BOIPOC, KaK OOBIYHO, BbIOMpaeM Oasuc
b={%¢ e, T

= { €1,..., en}. orja IojydaeM, 9To

n n
f(ya?) =f sz’?m Zyj?j :ZZ%?JJ ew )
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n

sz?zzngy szlyjf2j7 e fzg f( € ) (1)
i=1 j=1

1=1 j=1

Paccmorpum npumep?
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i=1 j=1

Y10 2Ke MBI TTOJIyIn/In?
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n n n

f ZZ’Z?Z, Zy]’?]’ = Z inyjfija e fij - f(?u €>j) (1)

i=1 j=1 i=1 j=1

Yro ke bl nostyaunin?! Kak Mmbl cefiuac yBujgnm, ypasnenne (1) o1-
KPbIBAET JIOBOJILHO HEOXKUJAHHBIC [IePCIICKTUBDIL.



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB
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crpaHcTB. Kak OOBLIYMHO, ITOCTABUM BOIIPOC O TOM, YTO COOTBETCTBY-
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f ZZ’Z?Z, Zy]’?]’ = Z inyjfija e fij - f(?u €>j) (1)
i=1 J=1

i=1 j=1

CrauaJia 3aMeTHM, UTO MbI HOJIYUIIN 3a/iaHne PYHKINUNA f ¢ ITOMOIIbIO
suipastceruA. Takne BbIpaykeHHs MOXKHO (M OY€Hb IMOJIE3HO) U3ydaTh
0€30 BCAKON CBSABU € JIMHEHHBIMHI ITPOCTPAHCTBAMMI.



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

Onpegesienne 2. MHOrOYJICHOM 0Mm NEPEMENHOIT T1, T2, . . . , Ty Ha-
aweaemces ewpascenue p(xy, o, ..., Ty,) 6uda
m1p m2

11,12 in
; ; ; CLZ”Q il Ly o Ty

11= 022 0 Zn—O
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ai1i2...in



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

Onpegesienne 2. MHOrOYJICHOM 0Mm NEPEMENHOIT T1, T2, . . . , Ty Ha-
aweaemces ewpascenue p(xy, o, ..., Ty,) 6uda
m1p m2

11,12 in
; ; ; &2”2 anl 33'2 e I’n .

11= 022 0 Zn—()

Hpu IMOM CTEeII€HbIO 21020 MHO20HAEHA HA3BIEAEIMCA YUCAO

deg (p(x1, w9, ..., 2y)) = max 0(i1+i2+...+in).

ai1i2...in
Hanpumep, deg (:1:‘1332 + 2ztw3 — 31‘1332) paBHa O, TaK Kak

max (i3 +ig+ ...+ i, =max{2+4+0; 2+3; 14+ 3} =5.

ailiQ...in



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OY9JICHOB

Onpeneienne 2. MHOTOYJIEHOM 01 NEPEMEHHBIX T1, To, .
aweaemces ewpascenue p(xy, o, ..., Ty,) 6uda

mi1  m2 Mp
S S S .. . i1 .02 in
D D « o e D a//LlZQanl x2 « o . xn .

i1=01i3=0  ip=0

Hpu IMOM CTEeII€HbIO 21020 MHO20HAEHA HA3BIEAEIMCA YUCAO

ey Ty Ha-

deg (p(x1, w9, ..., 2y)) = max 0(i1+i2+...+in).

ai1i2...in

3aMeTuM, 4TO y MHOTOWIECHOB U3 MpaBoii dactu ypasHernus (1) ecTb

OJIHO BazKHOE CBOMCTBO: xaotcdoe caazaemoe umeem cmenens 2 1oesno

paccMoTpeTh OoJjiee obIIee MOHSITHE:



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

Onpenenenue 3. Mnozounen p(x1, ..., T,) Hasvieaemcs popMoii cTe-
IEeHU 17 UAY OJJHOPOAHBIM MHOIOYJIEHOM CTEIIEHW 1M, eCAl 6Ce €20
CAQ2ACMBLE UMEIOT, CTNENEHD M.



I1. bunnneiinbie popMbl HA SI3bIKE
MHOI'OYJICHOB

Onpenenenue 3. Mnozounen p(x1, ..., T,) Hasvieaemcs popMoii cTe-
IEeHU 17 UAY OJJHOPOAHBIM MHOIOYJIEHOM CTEIIEHW 1M, eCAl 6Ce €20
CAQ2ACMBLE UMEIOT, CTNENEHD M.

Ha s13bIke MHOro4/1IeHOB HOHATUE OMJIMHENHHONH (POPMbBI MOXKHO cOp-
MYJIIPOBATD CJIEIYIOMIIM 00Pa30M:



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OY1JI1€HOB
Onpenenenne 4. Muozourern p(xy, ..., Tn, Y1, - - -, Yn) HG3616aLMCA OU-
JIMHETHOI (pOPMOIL, ecau amom MHO204AEH ABAAEMCA HOPMOT Nepeot
CMeneHy Kax om nepemenuoir (T, ..., Ty,) (Y; — Purcuposansl), max u

om nepemeHmoiT (Y1, . - ., Yn) (T; Purcuposamw).



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OYJICHOB
Onpenenenue 4. Mnozouner p(xy, ..., Lo, Y1, - - -, Yn) HA30I6a€MCA OU-
JIMHETHOI (pOPMOIL, ecau amom MHO204AEH ABAAEMCA HOPMOT Nepeot
Cmeneny, Kax om nepemernur (T, ..., Ty) (Yi — Purcuposans), max u
om nepemeHmoiT (Y1, . - ., Yn) (T; Purcuposamw).

Vpasuenue (1) ycraHaBamBaeT CBA3b OMJIMHEHON (DOPMBI-MHOTOU/ICHA
¢ OunmHeliHOI hopMOi-pyHKITIEI.
OrmeTnM, 9TO,



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OYJICHOB
Onpenenenue 4. Mnozouner p(xy, ..., Lo, Y1, - - -, Yn) HA30I6a€MCA OU-
JIMHETHOI (pOPMOIL, ecau amom MHO204AEH ABAAEMCA HOPMOT Nepeot
Cmeneny, Kax om nepemernur (T, ..., Ty) (Yi — Purcuposans), max u
om nepemeHmoiT (Y1, . - ., Yn) (T; Purcuposamw).

Vpasuenue (1) ycraHaBamBaeT CBA3b OMJIMHEHON (DOPMBI-MHOTOU/ICHA
¢ OunmHeliHOI hopMOi-pyHKITIEI.

OTmeTnM, 4TO, BO-IIEPBLIX, ajaredpa OMIMHERHBIX (POPM-MHOTOUYJICHOB
OTHOCHUTEJILHO Ollepalliii CJI0KeHUsT MHOI'OUJIEHOB U YMHOXKEHUS MHOI'O-
qjeHa Ha, CKaJIsp SIBIAETCA JIMHEHHBIM TPOCTPAHCTBOM.



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OYJICHOB
Onpenenenue 4. Mnozouner p(xy, ..., Lo, Y1, - - -, Yn) HA30I6a€MCA OU-
JIMHETHOI (pOPMOIL, ecau amom MHO204AEH ABAAEMCA HOPMOT Nepeot
Cmeneny, Kax om nepemernur (T, ..., Ty) (Yi — Purcuposans), max u
om nepemeHmoiT (Y1, . - ., Yn) (T; Purcuposamw).

Vpasuenue (1) ycraHaBamBaeT CBA3b OMJIMHEHON (DOPMBI-MHOTOU/ICHA
¢ OunmHeliHOI hopMOi-pyHKITIEI.

Bo-BropbIx, oTobOpazkenue, Kayk 1ot Ounnneitnoir dhopme-QpyHKIUN cTa-
Bsilllee B COOTBETCTBUE OMIMHENHHYI0 (DOPMY-MHOIOUIEH, OlIpeie/IsieMblil
vpasHennem (1), sBjseTcst M30MOPQMU3MOM JIMHEHOTO MTPOCTPAHCTBA
OnInMHeHbIX POopM-QYHKINNI Ha JUHEHOe MPOCTPAHCTBO OWIMHEIHbBIX
hOpPM-MHOTOUIEHOB.



I1. bunnneiinbie popMbl HA SI3bIKE

MHOI'OYJICHOB
Onpenenenue 4. Mnozouner p(xy, ..., Lo, Y1, - - -, Yn) HA30I6a€MCA OU-
JIMHETHOI (pOPMOIL, ecau amom MHO204AEH ABAAEMCA HOPMOT Nepeot
Cmeneny, Kax om nepemernur (T, ..., Ty) (Yi — Purcuposans), max u
om nepemeHmoiT (Y1, . - ., Yn) (T; Purcuposamw).

Vpasuenue (1) ycraHaBamBaeT CBA3b OMJIMHEHON (DOPMBI-MHOTOU/ICHA
¢ OunmHeliHOI hopMOi-pyHKITIEI.

Bo-BropbIx, oTobOpazkenue, Kayk 1ot Ounnneitnoir dhopme-QpyHKIUN cTa-
Bsilllee B COOTBETCTBUE OMIMHENHHYI0 (DOPMY-MHOIOUIEH, OlIpeie/IsieMblil
vpasHennem (1), sBjseTcst M30MOPQMU3MOM JIMHEHOTO MTPOCTPAHCTBA
OnInMHeHbIX POopM-QYHKINNI Ha JUHEHOe MPOCTPAHCTBO OWIMHEIHbBIX
hOpPM-MHOTOUIEHOB.

Bor kak jaseko 3apeso nac ypassenre (1) Ho sTo erme He Bce.



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

Pasercrso (1) npuBoauT K erie oJHOMY BaxkKHOMY pesyibrary. Jleso

B TOM, 4TO MHOIOYIEH Y > ;Y fij MOJKHO 3alicaTb B KOMIAKTHOM U

i=1j=1
VIOOHOM MampuymHom eude:
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Pasercrso (1) npuBoauT K erie oJHOMY BaxkKHOMY pesyibrary. Jleso

B TOM, 4TO MHOIOYIEH Y > ;Y fij MOJKHO 3alicaTb B KOMIAKTHOM U

i=1j=1
VIOOHOM MampuymHom eude:

n.on Jiu fi2 oo Jm n
sziyjfij:<$1 Ty ... xn) fau fa2 oo fon (%
=1 j=1



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

Pagencrso (1) npuBouT K elie 0JIHOMY BazKHOMY PE3yJILTaTYy.
Jit Jiz oo i n
n n
21 22 ... 2 9
sziyjfij:<$1 Ty ... Ty ) fa f fon Y
=1 j=1 . .
fnl fn2 P fnn yn



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

PasencrBo (1) IIPUBOJIUT K €Ille OJJHOMY BazKHOMY pPe3yJIbTaTy.
f11 f12 fln Y1

n n
_ Joar fo2 oo S Y2
ﬂi‘z’yjfzj = (CU1 2 ... Ip )
= = . e
fnl fn2 fnn Yn
Kak oObIYHO, OTMETHM, YTO 9TO PaBEHCTBO Ha CAMOM JeJie HEBEPHO, TaK

KaK [PU 110JICTaHOBKE 3HaUYeHUl IlepeMeHHbIX B JIEBOIl 4acTH 1101y YEHHO-
o ypaBHEHUs IoJIydaeM CKaJlsdp, a B 1IPaBoil 4acTu — OJHO3JIEMEHTHYIO

MaTpHUILY.



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

Pagerctro (1) NpUBOIUT K eIlie OJHOMY BayKHOMY DE3Y/IbTATY.
Jit Jiz oo i n

n n
21 22 ... 2 9
sziyjfij:<$1 Ty ... Ty ) fa f fon Y
=1 j=1 . .
fnl fn2 P fnn yn

Kak oObIYHO, OTMETHM, YTO 9TO PaBEHCTBO Ha CAMOM JeJie HEBEPHO, TaK
KaK IPH MOJICTAHOBKE 3HAUEHUI TIepeMEeHHbBIX B JIEBON YaCTH MOJTyYeHHO-
ro ypaBHEHHU IIOJIyJIaeM CKaJidp, a B IPaBOil 4acTH — OJIHO3JIEMEHTHYIO
mMaTpuity. OgHaKO, Mbl OYIeM OTOXKJIECTBJISTH OJIHO9JIEMEHTHYIO MaTpPH-
Iy C ee eJMHCTBEHHBIM 3JIEMEHTOM, TaK KaK B pacCMaTPHUBAEMbIX HAMU
BbIPpAyKEHUSIX 9TO He OyJeT BbI3bIBaTh HEJ0Pa3yMeHMil.



I11. Marpuunas popma 3anucu OMJINHEIHOI

dbopMbI
Jin Ji2 oo S
| S S22 o
Omnpepnesnenne 5. Mampuuy F = , ede
fnl fn2 fnn

fii=1r (?i,?j), Ha3vieaMm MaTpuleil OmamHeliHOT doOpMbI B
baszuce B (Ha aAsvike meopuu ANUHETHBLT NPOCMPAHCNE) UAU MAT-
purieii ko3 duimeHToB OUIMHENHOW DOPMBI (Ha A3bIKE MEOPUU
MHO20YUNEHOB ).



I11. Marpuunas popma 3anucu OMJINHEIHOI

dbopMbI
fll f12 v fln
_ f21 f22 s f2n
OHpe,HeJIeHI/Ie 5. Mampuuy F = HaA3vlearOM
fnl fn2 cee fnn

MaTtpuileii 6usmueiinoit dopmbr B Oazsuce B (Ha Aswke meopuu
AUHETHBLT Npocmparcmas) uiu Marpuneil ko3dduimeHTOB
oustnmHeiiHOM (OPMBI (Ha A3viKe MEOPUU MHOZOYUAEHOS ).

[TorsgTie MmaTpunbl OnanHeiHONI GopPMBI 0000IIACT MOHATHE MATPUIIHI
['pama.



I11. Marpuunas popma 3amnmcu OMJIMHeIHOI

dbopMbI
fiu fiz oo fu
_ f21 f22 s an
OHpe,HeJIeHI/Ie 5. Mampuuy F = HaA3vlearOM
fnl fn2 cee fnn

MaTtpuileii 6usmueiinoit dopmbr B Oazsuce B (Ha Aswke meopuu
AUHETHBLT Npocmparcmas) uiu Marpuneil ko3dduimeHTOB
oustnmHeiiHOM (OPMBI (Ha A3viKe MEOPUU MHOZOYUAEHOS ).

[TorsgTie MmaTpunbl OnanHeiHONI GopPMBI 0000IIACT MOHATHE MATPUIIHI

['pama.
B cooTBercTBIM € 3aMevaTE/IbHBIM DABCHCTBOM (1) IOJTydaeM, 9To Mat-
. . — —
puna ounnneiinoi popMbl-pyaKIuN B ODasznce b = { €1,..., € n} Me-

eT BU/I



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

B coorBercTBIN € 3aMedaTE/ILHBIM paBEHCTBOM (1) [IoJIyd9aeM, 9TO MaT-

puiia OumHeliHoi popMbI-pyHKINKT B Dasnce b = {?1, e ?n} Me-
eT BUJ
. f(e,e)f(e,e)...f(eg,en)
B— o« o o
fl€n€1) f(€n 7€) ... f(€n€,)



I11. Marpuunas popma 3anucu OMJINHEIHOI
dbopMbI

B coorBeTcTBIN ¢ 3aMedaTe IbHBIM DABCHCTBOM (1) Oy 9aeM, 4To MaT-

puiia OumHeliHoi popMbI-pyHKINKT B Dasnce b = {?1, e ?n} Me-
eT BUJ
f(€,€1) f(€1,€s) ... f(€1,€,)
— — — —
FB: f(?%?l) f(92762) f(eQaen)
f(€n,€1) f(€,€2) ... f(€n 7€)

CJ1eJIoBaTeIbHO, MBI C ITOMOIIBIO paBeHCTBA (1) JoKa3a/In CIIey IOy Io
TECOPEMY:



I11. Teopema o BbIumcJeHNN OMJIMHEITHOM
¢dopMbI B KOOpAMHATAX

TeopeMa 1 (0 BBIYNCJIeHNN OuiinHeliHO#T POPMBI B KOOPAWHATAX). Eeauw B -

bazuc auretinozo npocmpancmsa U, Fg — mampuuya OuUAUNETHOT
— —

dopmu, f 6 basuce B, mo daa aobvix sexmopos X,y us U umeem

f(X.¥) = lgFelE. (2)



I11. Teopema o BbIumcJeHNN OMJIMHEITHOM
¢dopMbI B KOOpAMHATAX

TeopeMa 1 (0 BBIYNCJIeHNN OuiinHeliHO#T POPMBI B KOOPAWHATAX). Eeauw B -

bazuc auretinozo npocmpancmsa U, Fg — mampuuya OuUAUNETHOT
— —

dopmu, f 6 basuce B, mo daa aobvix sexmopos X,y us U umeem

f(X.¥) = lgFelE. (2)

Ota hopMmysia 00001IaeT POPMYIY U3 TEOPEMbI O BLITICICHIN CKAJIS -
HOT'O IIPOU3BEICHNS.



I11. Teopema o BbIumcJeHNN OMJIMHEITHOM
¢dopMbI B KOOpAMHATAX

TeopeMa 1 (0 BBIYNCJIeHNN OuiinHeliHO#T POPMBI B KOOPAWHATAX). Eeauw B -

bazuc auretinozo npocmpancmsa U, Fg — mampuuya OuUAUNETHOT
— —

dopmu, f 6 basuce B, mo daa aobvix sexmopos X,y us U umeem

f(X.¥) = lgFelE. (2)

Ota hopMmysia 00001IaeT POPMYIY U3 TEOPEMbI O BLITICICHIN CKAJIS -
HOT'O IIPOU3BEICHNS.

Kak o0ObIuHO, B paccMaTpuBaeMOil TEOPUU MbI OTOXKJIECTBJISIEM OJHO-
9JIEMEHTHYIO0 MATPUILY C €e eJIMHCTBEeHHbIM 9JIEMEHTOM.



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6uauHelHoit OpMBI B pa3HBIX 6a3mcax). Ecou B u B’
— dea baszuca aunetinozo npocmparcmea U, npuuem TB—>B' — Co-
OMEEMCMBYIOULAA MAMPULQ neperoda, mo mampuyst Fg FB/ oMot
ousuHetirnotl hopmoul 6 IMuxr DA3UCAT CEA3AHL COOMHOUEHUEM.:

_



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6uauHelHoit OpMBI B pa3HBIX 6a3mcax). Ecou B u B’
— dea baszuca aunetinozo npocmparcmea U, npuuem TB—>B' — Co-
OMEEMCMBYIOULAA MAMPULQ neperoda, mo mampuyst Fg FB/ oMot
ousuHetirnotl hopmoul 6 IMuxr DA3UCAT CEA3AHL COOMHOUEHUEM.:

_ ot
JlokazaTeabcTBo. [lo onpeienennio MaTpuIlbl epexojia, ee Koahdu-

n
£, 5 o — Lo
HUEHTBI t;; OUPEJIe/IAIOTCA CUCTEMON DaBeHCTE € = 21 ij €.
1=



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6uauHelHoit OpMBI B pa3HBIX 6a3mcax). Ecou B u B’
— dea baszuca aunetinozo npocmparcmea U, npuuem TB—>B' — Co-
OMEEMCMBYIOULAA MAMPULQ neperoda, mo mampuyst Fg FB/ oMot
ousuHetirnotl hopmoul 6 IMuxr DA3UCAT CEA3AHL COOMHOUEHUEM.:

it
JlokazaTeabcTBo. [lo onpeienennio MaTpuIlbl epexojia, ee Koahdu-
n
t i e =Y t;¢€;.C
[UEHTHI t;; ONPEJIeNIAIOTCS CHCTEMOl PABEHCTE € = 21 i € ;. CiejioBa-
1=

TEIbHO, JIIs Koadunmentos Marpul Fg un FB/ MeeM:



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6uauHelHoit OpMBI B pa3HBIX 6a3mcax). Ecou B u B’
— dea baszuca aunetinozo npocmparcmea U, npuuem Yiiny — Co-
OMEEMCMBYIOULAA MAMPULQ neperoda, mo mampuys, Iy u.EBIQWwﬁ
ousuHetirnotl hopmoul 6 IMuxr DA3UCAT CEA3AHL COOMHOUEHUEM.:

_

Jloka3aTeJabCTBO.



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6uauHelHoit OpMBI B pa3HBIX 6a3mcax). Ecou B u B’
— dea baszuca aunetinozo npocmparcmea U, npuuem Yiiny — Co-
OMEEMCMBYIOULAA MAMPULQ neperoda, mo mampuys, Iy u.EBIQWwﬁ
ousuHetirnotl hopmoul 6 IMuxr DA3UCAT CEA3AHL COOMHOUEHUEM.:
Fg =Th 515 B (3)
- —

Jloka3aTeJabCTBO.

n n
— — — —
f@::f(e;,e;):j? E:QPGDE:tmej =
i=1 =1



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (0 Marpuile GunuHelHoi opMbI B pa3HbIX 6a3ucax). Eeau B u B
— dea basuca aunetinozo npocmpancmea U, npuvem TB—>B/ — CO-
OMGEEMCMGYI0Was Mampuua neperoda, mo mampuyvt Fg u FB’ omoti
ousuretinotl popmoul 6 IMuxr OBA3UCAT CEA3AHL COOMHOUEHUEM.:

_ it
JloKa3aTeabCTBO.
i=1 j=1

- Z Ztipf(?ia ?j)tjq -

i=1 j=1



I11. Teopema o marpuie ouanneiinoii (popMbl
B pa3HbIX Oa3ucax

TeopeMa 2 (0 Marpuile GunuHelHoi opMbI B pa3HbIX 6a3ucax). Eeau B u B
— dea baszuca AuHetino20 npocmpancmea U, npuvem TB—>B/ — CO-
OMGEEMCMGYI0Was Mampuua neperoda, mo mampuyvt Fg u FB’ omoti
ousuretinotl popmoul 6 IMuxr OBA3UCAT CEA3AHL COOMHOUEHUEM.:

_

JloKa3aTeabCTBO.
n n
/ —_— H/ H, —_— . H. . H . —_—
Joa = f(ep’ eq) =f thewztjqej =
i=1 j=1
n n

= Z Z tz’pf(?ia ?]‘)t]’q = Z Z tz’pfijtj%

i=1 j=1 i=1 j=1



I11. Teopema o marpuie ouanneiinoii (popMbl

B pa3HbIX Oa3ucax

TeopeMa 2 (o Marpuile 6unuHeHoi POpMbI B pa3HBIX 6a3mucax). Eeau B u B

— dea baszuca aunetinozo npocmpancmea U, npuuem T B

— CO-

OMEEMCMBYIOUWAA MAMPULQ neperoda, mo mampuyst Fg FB/ oMot

ourunetinoti popmor 6 amuxr BA3UCAT CBA3AHDL COOMHOULEHUEM:

_ it
FE/ —_— TB_>BIFBTB_>B/.
Jloka3aTebCTBO.

n n
/ —_— H/ H/ —_— .%. .H. —_—
qu_f<ep7eq)_f Ztlpezvztjqej =
i=1 j=1

n n n n
— —
= E E tipf(€4, € )ty = E :E tipfijtio:
=1 j=1 =1 j—=1
YTO [PU 3AIUCH B MATPUYHOM BHJIE JlaeT TpebyeMoe PaBeHCTBO.

(3)



ITI. CumMmerpuaHas OusmHeliHada dpopMa

s caeyiomero pasiaesa HaM IOHaI00UTCs ellle OHO MOHATHE:



ITI. CumMmerpuaHas OusmHeliHada dpopMa

s citeytoliero pasjesia HaM IIOHAJ00UTCs elle OJHO ITOHSITHE!

Onpenenenue 6. buiunetinas gopma f (6 mepmunar meopuu A~
HETHBLT NPOCTNPAHCING) HA3VE6AEMCAs CAMMETPUIHON OusinHeii-
Hoii opMoit mozda u moavko mozda, Ko2da 0AA A0OLIT 6EKMOPOS
— — — — — —

X,y uz U umeem mecmo pasencmeo f(X,y )= f(y, X).



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

2. f asasemes cummempuunoti dusunetinoti hopmot ecau u mosvko
ecau cyuecmeyem maxoti ba3uc, 6 Komopom mMampuya duAuHeiHoT
dopmuv, [ Aasasemes cummempuinor.



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

2. f asasemes cummempuunoti dusunetinoti hopmot ecau u mosvko
ecau cyuecmeyem maxoti ba3uc, 6 Komopom mMampuya duAuHeiHoT
dopmuv, [ Aasasemes cummempuinor.

JlokazaTeibcTBO. /locTaTouHo JOKa3aTh JIBa YTBEPAKICHUS:



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

2. f asasemes cummempuunoti dusunetinoti hopmot ecau u mosvko
ecau cyuecmeyem maxoti ba3uc, 6 Komopom mMampuya duAuHeiHoT
dopmuv, [ Aasasemes cummempuinor.

JloKa3aTeJIbCTBO. BO-1IePBLIX, ecjii OuinHeiiHasi gpopma f siBjsieTcs
CUMMETPUYIHOI, TO ee MaTpHUlla SBJIAeTCd CUMMETPUYHON B Jr000M Oa-
3uce, 1,



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

2. f asasemes cummempuunoti dusunetinoti hopmot ecau u mosvko
ecau cyuecmeyem maxoti ba3uc, 6 Komopom mMampuya duAuHeiHoT
dopmuv, [ Aasasemes cummempuinor.

Jloka3aTeJabCTBO. BO-BTOPBIX, €CJN CYIIECTBYET TaKoil Oa3mc, B KOTO-
poM Marpuia OumanHeiHoil bopMbl f ABJIsIeTCd CUMMETPUYIHOMN, TO [ —
CUMMeTpHUYHasl OuImHeliHasg (popMa.



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

JlokazaTeabcTBO. [lepBoe yTBepXKIcHNE OUEBUIHO:



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

1. f asasemesa cummempuunoti ousunetinoti Gopmoti ecau u Mmoavko
ecAU €€ MAMPUUA 8 N1000M DA3UCE ABAAEMCA CUMMEMPULHOT.

JlokazaTeabcTBO. [lepBoe yTBepXKIcHNE OUEBUIHO:

fij=f(Ce,€;)=f(€;, €)= fj



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

JlokazaTreabCcTBO. BTopoe yTBep:KeHne ciaejlyeT 13 TeOPEMbl O BbI-
qucJieHnn ounsnHeiiHoii (popMbl B KoopAnHaTaX.



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

JlokazaTeabCcTBO. Bropoe yTBep:Kjenne ciejyer u3 TeopeMbl O BbI-
yncjaeHnn omianHelinoit popMbl B KoopAMHATax. B camoM Jeie,
MaTpUIA [:c]tBFB ly|g — o/mossieMenTHASsL, TO9TOMY OHA IPU TPAHCIIOHH-
POBAHUU HE MEHSIETCSI.



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-

MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko

ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

JlokazareabcTBo. (CiejoBaTe/ibHO, B CHJIY PaBEHCTBA FtB = I'g,

TeopeMbl O BBIUYMCJIEHUN OMJIMHeiHoili ¢opMbl B KOOpIWHAa-

Tax ¥ CBONCTB Onepanuu TPAHCIOHUPOBaHUs (TOYHEE, PABEHCTBA
t
(AB)" = B'A"), nonyuaem



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.

f(X,¥) =



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.

f(X,Y) = elgFRlylp =



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.

f(Z.7) = Pl = (W5 Fslls) =



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.

f(Z.7) = el Pl = (25 Felils ) = WAl =



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.

f(Z.7) = el Pl = (25 Felils ) = WAl =



I11. Teopema o maTpune cuMMeTpPUIHON
onnHeiitHoil PopMbI

TeopeMa 3 (o MaTpuile CHMMeTPUYIHO# 6usmHeiinoit popmsr). Hycmb f — bOu-
MUHETHAA Popma (6 cMbicae MEoPul ANUHETIHBLE NPOCTNPAHCING).
Tozda cnpasedausnv, caedyroujue YymeepHcoeHUus:

2. f asasemcea cummempuanoti dusunetinoti hopmot ecau U mosvko
ecau cyuwecmsyem maxoti ba3uc, 6 Komopom Mampua OUAUHETHOU
dopmol [ asasemes cummempuuro.

Jloka3aTeabCTBO.
f(Z.7) = el Pl = (25 Felils ) = WAl =

= gl = (¥, X).



IV. KBaaparununble (doopMbl

Ha si3bike MHOroujeHOB KBaApaTudHasg popma — 310 dhopma cre-
nmenn 2. Ha sizblke Teopun JIMHENHBIX TTPOCTPAIICTB 9TO OIIpejie/IeHIe
MOYKHO CPOPMYIUPOBATH CJICIYIONIIM 00Pa30M.



IV. KBaaparununble (doopMbl

Ha si3bike MHOro4/ieHOoB KBaapaTmdHasa popMa — 310 dhopma cre-
mexn 2. Ha si3blke Teopun JIMHENHLIX TPOCTPAHCTB 9TO OlIPeJeeHne
MOYKHO CPOPMYIUPOBATH CJICIYIONIIM 00Pa30M.

Omnpenenenne 7. KBagparnanoii dopmoii  nazvieaemesa makas
dynruyus @ U — R, dasa womopoti natidemea ounrunetinas popma f
—
maxas, 4mo oas a0bozo eexmopa X u3 U umeem mecmo pasencmaeo

p(X) = f(X,X).



IV. KBaaparununble (doopMbl

[TonsiTHO, YTO pazIMUHbIe OMINHERHBIE POPMBI MOI'YT IIOPOXKIATH OTHY
1 Ty Ke KBaJIPaTUIHYI0 (POPMY.



IV. KBaaparununble (doopMbl

[TonsiTHO, YTO pazIMUHbIe OMINHERHBIE POPMBI MOI'YT IIOPOXKIATH OTHY
1 Ty Ke KBaJpaTuinyio gpopmy. Hanpumep, ounnneiinbie popMbl

a(xr1e1 + y1€2, T2€1 + Y2€2) = X1y + Y122,

15} (33161 + Y1€2, To€1 + y262) = 221Y2,

pa3MIHbL, TaK Kak « (e, e) =1, [ (e, ey) = 2.



IV. KBaaparununble (doopMbl

[TonsiTHO, YTO pazIMUHbIe OMINHERHBIE POPMBI MOI'YT IIOPOXKIATH OTHY
1 Ty Ke KBaJpaTuinyio gpopmy. Hanpumep, ounnneiinbie popMbl

a(xr1e1 + y1€2, T2€1 + Y2€2) = X1y + Y122,

15} (33161 + Y1€2, To€1 + y262) = 221Y2,

pa3MIHbL, TaK Kak « (e, e) =1, [ (e, ey) = 2.
Ho onu mopoxKaaor ofHy U Ty Ke KBaJIpaTuIHyo (hopMy:

a(rel+yer, vey+ye) =zytyr =2xy =L(re;+yes, re+yey).



IV. KBaaparununble (doopMbl

[TonsiTHO, YTO pazIMUHbIe OMINHERHBIE POPMBI MOI'YT IIOPOXKIATH OTHY
1 Ty Ke KBaJpaTuinyio gpopmy. Hanpumep, ounnneiinbie popMbl

a(xr1e1 + y1€2, T2€1 + Y2€2) = X1y + Y122,

B (w11 + y1€s, 12€1 + Y2€2) = 2T1Ys,
pa3MIHbL, TaK Kak « (e, e) =1, [ (e, ey) = 2.
Ho onu mopoxKaaor ofHy U Ty Ke KBaJIpaTuIHyo (hopMy:

a(rel+yer, vey+ye) =zytyr =2xy =L(re;+yes, re+yey).

Kaxkue Borpockl Bbl MOIJI Obl HIOCTABUTHL IE€peJl UCCJIe/IOBATE/ISIMU B
CBS3U C HEOJHO3HAYHOCTHIO OMIMHEIHONH (OpMBI, MOPOXKIalolieil KOH-
KpPeTHYIO KBaJpaTUuIHyio (popmy?



IV. KBaaparununble (doopMbl

[TonsiTHO, YTO pazIMUHbIe OMINHERHBIE POPMBI MOI'YT IIOPOXKIATH OTHY
1 Ty Ke KBaJpaTuinyio gpopmy. Hanpumep, ounnneiinbie popMbl

a(xr1e1 + y1€2, T2€1 + Y2€2) = X1y + Y122,

15} (33161 + Y1€2, To€1 + y262) = 221Y2,

pa3MIHbL, TaK Kak « (e, e) =1, [ (e, ey) = 2.
Ho onu mopoxKaaor ofHy U Ty Ke KBaJIpaTuIHyo (hopMy:

a(rel+yer, vey+ye) =zytyr =2xy =L(re;+yes, re+yey).

Mper pacemoTpum JiBe 3ajadu: 1) BBIICHUTD, KAk CBSI3aHBI MEXKJLY CO-
6oit bmnuHelinbie (GOPMBI, MOPOXKIAIONIIE OJIHY U TY K€ KBaJIPAaTHIHYIO
dbopmy;  2) BeiOpaTh Haubosiee ynobHy0 OmwInHEHHYIO (HOpPMY, TOPOXK-
JIAIONIYIO JAHHYIO KBaJIpaTUIHYIO (hopMYy.



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoe popmur f u g nopoostcdarom odny u my orce K6a0pamurHyo
dopmvr mozda u moavko moada, Ko20a

(X Y)+ (Y X)=9(X:Y)+9(¥: X). (4)

Jloka3aTeJabCTBO.



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).

Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (4)

JlokazareabcTBo. [Iycrh Ouinneiitnbie GopMbl f 1 ¢ HOPOXAKIAIOT OJ1-
HY 1 Ty »Ke KBaJpaTudaHyio ¢popmy. MHbIME ciioBaMu



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (4)

JlokazareabcTBo. [Iycrh Ouinneiitnbie GopMbl f 1 ¢ HOPOXAKIAIOT OJ1-
HY 1 Ty »Ke KBaJpaTudaHyio ¢popmy. MHbIME ciioBaMu

—

Tomaf(?—l—?; ?—F?) :g(§>+?; X +?), OTKY/1a,



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (4)

JlokazareabcTBo. [Iycrh Ouinneiitnbie GopMbl f 1 ¢ HOPOXAKIAIOT OJ1-
HY 1 Ty »Ke KBaJpaTudaHyio ¢popmy. MHbIME ciioBaMu



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (5)

JlokazareabcTBOo. llycrth Owinuneiinbie GopMmbl f U ¢ IOPOXK-
Jal0T OJHY M Ty 2Ke KBajparudHyio ¢dopmy. ubiMm cioBamn

f(?; ?) :g(y; ?)
f(XX)+ (X Y)+f(YV:X)+f(¥V:Y) =
=g(X; X)+9(X;¥Y)+9(y: X)+9(¥V:7Y). (5)
[To yeaosmo f (X; X) =g(X; X)u f(y:;¥Y)=9(¥:7Y),

nmosToMy u3 (H) ciieyer paBeHcTs

o
—~

H~
~—



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).

Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (5)

JokazareabcTBO. JoKkaxkeM 10CTaTOIHOCTD. I1ycTh BhITOIHAECTCS pa-
- =
BeHCTBO paBeHcTBO (4). [Tostaras B 9TOM paBeHCTBE X = Y, MOJIydaeM



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (5)

JokazareabcTBO. JoKkaxkeM 10CTaTOIHOCTD. I1ycTh BhITOIHAECTCS pa-
— =
BeHCTBO paBencTBo (4). Tloyarast B 9ToM paBeHCTBe X =y, HOJIydaeMm
- — — —
f(x; X) :g(x; x).
CitestoBare/ibHO, OuIMHEeHbIe POPMBI f 1 g TIOPOXKJIAIOT OJHY U TY »Ke
KBaJIPATUIHYIO POPMY.



IV.1. Kpurepnii coBnageHust mmopoKJIeHHbIX
KBaJIpaTU4IHbLIX (popMm

Jlemma 1 (Kpurepuii coBmajgeHunsi MopoxKJIeHHbIX KBaJAP. POpPM).
Buaunetinoie popmuve f u g nopoosrcdarom odny u my orce Keadpamuuniio
dopmvr mozda u moavko moada, Ko20a

f(XY)+f(¥V:X)=9(X;Y)+9(¥; X). (5)

JokazareabcTBO. JoKkaxkeM 10CTaTOIHOCTD. I1ycTh BhITOIHAECTCS pa-
— =

BeHCTBO paBencTBo (4). Tloyarast B 9ToM paBeHCTBe X =y, HOJIydaeMm

- — — —
f(x; X) :g(x; x).

CitestoBare/ibHO, OuIMHEeHbIe POPMBI f 1 g TIOPOXKJIAIOT OJHY U TY »Ke
KBaJIPATUIHYIO POPMY.

Teopema goKazaHa.



IV. KBaaparununble (doopMbl

B cuny HeomHosHauHOCTU OMIMHEHHONI (OPMBI, HOPOXKIalONIeil KOH-
KPETHYIO0 KBaJApaTUIHYI0 POpMY, aKTyaJIbHBIM SIBJISETCs BBIOOpP HambO-
Jee yJao0Hoi OuymmHeiiHoit (popMbl, MOPOKIalonieil JaHHyo KBaIpaTid-
Hyto dpopmy. Paszymeercs, «ya00CTBO» OIpeJIesseTcss COOTBETCTBYIOIIEH
eJIbIO.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JloKka3aTebCTBO.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTb €JIMHCTBEHHOCTH COOTBETCTBYIOINICHT CUMMETPUIHON OnJIMHeRHOI

dOpMBI:



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTb €JIMHCTBEHHOCTH COOTBETCTBYIOINICHT CUMMETPUIHON OnJIMHeRHOI

dOpMBI:
{ fl@,y) = fly,2),

g(az,y) = g(y)x) = (f(:lf,:lj) - g(x7$) - f(x,y) = g(ﬂfay)) .



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

_ t
p(z) = [z]5Alz]B.
JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTb €JIMHCTBEHHOCTH COOTBETCTBYIOINICHT CUMMETPUIHON OnJIMHeRHOI
dOpMBI:

f(xvy):f(y7$>, B B
{ glz,y) = gly,x) (f(z,z) =g(z,2) & [flz,y)=g(z,y)).

MorkHO mOSIYyIuTh TpedyeMoe YTBEPyKIeHUEe U3 KPUTEPUs COBIIAICHNS

ITOPOZKJIEHHBIX KBa/IPaTUYHbBIX (‘bOpM, HO MBbI BOCIIpOU3BEIAEM IIPUBEICH-
HbI€ BbIIIE PacCCyzKJACHUA JAJIs Hallero CJryvdad.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,

TO €CTb €JIMHCTBEHHOCTH COOTBETCTBYIOINICHT CUMMETPUIHON OMJINHENHOI
— — — —

dopwmer. Ilyers f (X , y) u g (X : y) — TaKue CUMMETPUIHbIC OMTH-

HeffHbie (POPMBI, UTO (?) =f (?, ?) =g (?, ?)



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTh €JUHCTBEHHOCTb COOTBETCTBYIONMIEH CHMMMETPUYIHON OMJIMHENRHOM
— — — —
dopwmer. Ilyers f (X , y) u g (X : y) — TaKue CUMMETPUIHbIC OMTH-
. — — — — —
HeftHbIe (POPMBI, UTO (X) =f (X : X) =g (X , X ) Ucnonb3ys omim-

HEIHOCTb U CUMMETPHUYIHOCTD, I1OJIYyH9a€EM

P (X+Y)=f(X+¥V.X+Y)=f(X.X)2f (X, ¥)+/(¥V.V)



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTh €JUHCTBEHHOCTb COOTBETCTBYIONMIEH CHMMMETPUYIHON OMJIMHENRHOM
— — — —
dopwmer. Ilyers f (X , y) u g (X : y) — TaKue CUMMETPUIHbIC OMTH-
. — — — — —
HeftHbIe (POPMBI, UTO (X) =f (X : X) =g (X , X ) Vcnonb3yst Ouim-
HEHTHOCTH U CUMMETPUYHOCTD, IIOJIYIaeM

P (X+Y)=f(X+¥V.X+Y)=f(X.X)2f (X, ¥)+/(¥V.V)

y
p(X+Y)=9g(X+y.X+Y)=9(X,X)+29 (X, ¥)+9(¥Y.,Y)



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI
JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 1100010 Keadpamunot

dopmuv, © u a0bozo0 basuca B aunetinozo npocmpancmea U natidem-

CA, npuvem eQUHCMEBEHHAA, MAKAAL CUMMEMPUYHAAL Mampuua A, wmo
t

o) = lzlgAlzlp.
JlokazaresmbcTBO. CHavajia JOKayKeM €JIMHCTBEHHOCTb MATPUITLI A,
TO €CTb €JIMHCTBEHHOCTb COOTBETCTBYIOMIEH CHMMMETPUIHON OUIMHENHO
— — — —
dopwmbl. Ilycrs f (X , y) n g (X : y) — TaKue CUMMeTpHIHbIe OMJIN-
. — — — — —
HefiHble POPMBI, UTO (0 (X) = f (X : X) =g (x , X ) Vcnonbayst 6mmm-
HEITHOCTh U CUMMETPUIHOCTD, TTOJTyIaeM

p(X+Y)=f(X+Y.,X+Y)=f(X,X)2f (X, ¥)+/ (V. Y)

g
= @(?)+2f(§>,?)+90(?) :go(?)Jng(?,?)nLgO(



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al

JlokazareabcTBO. CHadaja J0KazKeM eJIMHCTBEHHOCTh MaTpuilbl A,
TO €CTh €JUHCTBEHHOCTb COOTBETCTBYIONMIEH CHMMMETPUYIHON OMJIMHENRHOM
— — — —
dopwmer. Ilyers f (X Y ) u g (X y ) — TaKue CUMMETPUIHbIC OMTH-
. — — — —
HeffHbie (POPMBI, UTO ( ) ( ) =g ( )

P (X)+2f (X.V) +e(¥) =0 (X) +29(X.Y) +¢(¥)-

[Tosromy f (?, ?) = (Y, ) OJIHO3HAYHOCTH JIOKA3aHA.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JlokazaresbcTBO. OcTasioch J0Ka3aTh CyIIeCTBOBAHUE TaKOW CHUM-
METPUIHON MaTPHUIbl A.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al

JokazarenbcTBo. Ocrasioch J0Ka3aTh CYIIECTBOBAHUE TaKOi CHM-
merpuanoii marpuibl A. Ilyers f — 6Ownuneiinas dpopma, HOPOZKIai0-
masi , TO ecTh Takasi OuInHelHas (opMa, JIJI KOTOPOil BbITIOJTHSIETCST
ToxectBo p(x) = f(x, 7).



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JokazaTeabcTBo. OcTajoch JoKa3aTh CYIIECTBOBAHME TaKOl CHM-
merpuunoit Marpunibl A. [Iyers f — Ounnneiinast hopma, OpoK IaroIas
0, TO €CTh TaKas oummHeiinasg popma, 710 KOTOPOI BBITTOIHAECTCA TOXK JIe-
ctBo p(x) = f(x, x). Paccmorpum Outuneiinyio ¢gopmy g, orpe/ie/IeHHY o
PaBEHCTBOM

1

gle.y) =5 (fle,y) + S (y.2).



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-
cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo

p(z) = [2lg Al
JloKka3aTebCTBO.

1

o) = flw.a),  glay) =5 (floy) + fv.2).

3aMeTHUM, 4TO, BO-TIEPBBIX, ¢ MOPOXKJIAET KBAJIPATUIHYIO (POPMY ),



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'
JloKka3aTebCTBO.

1

o) = flw.a),  glay) =5 (floy) + fv.2).

3aMeTnM, 9TO, BO-TIEPBBIX, ¢ TOPOXKJaeT KBaJIpaTUIHYIO (OpMy @, W,
BO-BTOPBIX, § — CUMMeTpHYHas OuInHeliHas dpopMa, TO eCTh JIJIs JI00bIX
BEKTOPOB ,y € U mmeer mecto paBeHcTBo ¢(x,y) = g(y, x).



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI
JlemMa 2 (o marpune xBagparmanoii dopmer). aA 100010 K6aIpamuwHot
dopmuvr 0 u awbozo basuca B aunetinozo npocmpancmea U watidem-
cA, npudem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAA Mmampuua A, wmo
p(z) = [z]g Al

JloKa3aTeJabCTBO.

ola) = fle.a), gley) =5 (Floy) + Fly.m)

3aMeTHM, UTO, BO-TIEPBBIX, ¢ MOPOXKIAET KBAJIPATHIHYIO DOpMY @, H,
BO-BTOPBIX, § — CHMMeTpHYIHAas OMInHeHast (hopMa, TO eCThb JIsT JTIOObIX
BeKTOPOB &,y € U umeer mecro paseHctso ¢(x,y) = g(y,z). B camom
JieJie, BO-TIePBBIX,

gl ) = 5 (f@.2) + Fla,2)) = fla,2) = o).



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'

JloKka3aTebCTBO.

plo) = f@.2),  glay) =5 (fley) + fly).

DN | —

Bo-BTOpHIX,

gy, x) = (f(w, y) + f(y, x)) = g(z,y).

DO | —

(fly2)+ f(.y)) =

DO | —



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

JlemMMa 2 (o marpune xsaaparuanoii gpopmer). JLas 4100010 Keadpamunot
dopmuvr 0 u awbozo basuca B aunetinozo npocmparncmea U watidem-

cA, npuvem eQUHCMBEHHAA, MAKAA CUMMEMPUYHAAL Mampuua A, wmo
t

plx) = MBAMB'
JloKka3aTebCTBO.

1

o) = flw.a),  glay) =5 (floy) + fv.2).

CrenoBaTe/IbHO, BO-IIEPBBIX, ¢ MOPOXK/IaeT KBaJIpaTUIHyIi0 (hOpMy @, W,
BO-BTOPBIX, § — CUMMeTpHYHas OuInHeliHas dpopMa, TO eCTh JIJIs JI00bIX
BEKTOPOB x,y € U mmeer mecto paBeHcTBo ¢(x,y) = g(y, x).



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

Jlemma 2 (0 MaTpuie KBaJApaTuIHON POPMHBI). ,ZZ,/LH 210001} %6(1&]9(1771%%%017
dopmuv, © u awbozo basuca B aunetinozo npocmparncmea U watidem-

CA, NPUHEM eduncme;enmm, maxas CUMMEMPUIYHAA MATNPUUA A, wmo
t

plx) = MBAMB-
JloKa3aTeabCTBO.

ola) = flwx),  glay) =35 (fay)+ y0).

Ciie0BaTe/IbHO, BO-IIEPBBIX, ¢ MOPOXKIAET KBaJIPATHIHYIO (DOPMY @, U,
BO-BTOPBIX, § — CUMMeTpHUUHast OuInHeiHast popMa, TO eCTh JJIsl JTF0OBIX
BEKTOPOB x,y € U mmeer mecto paBeHcTBO ¢(x,y) = g(y, x).

Kax wussectro, g(x,y) = [;U]ﬁsA[y]B, rie A — marpurna OunuHeHOi
dopmel g B Oasuce B. Ilpu sTom, oueBniHo, marpuiia A — cumMerpud-

Hasl, TaK Kak a;; = g(ej, e;) = g(e;, ;) = a;;.



IV.2. Jlemma o maTpuie KBaapaTU4HOI
dbopMbI

Jlemma 2 (o MaTpuile KBaJIpaTUIHOU (popMBbI). ,ﬂ,/l,ﬂ 210001} %6a§pamuunm‘z
dopmvr © u awboz20 bazuca B aunetinozo npocmpancmea U wnatidem-

CA, NPUYEM eOUHCMBEHHAA, MAKAA CUMMEMPUYHAL mampuua A, wmo
_ [t
plz) = MBAMB‘
Jloka3aTeJabCTBO.

1

o) = fla.a),  glay) =5 (Floy) + fv.2).

CiieloBaTe/IbHO, BO-IIEPBBIX, ¢ MOPOXKJIAeT KBaJIpaTUIHYI0 (DOPMY ©, U,
BO-BTOPBIX, § — CUMMeTpHUUHas OuanHeiinass (popMa, TO €CTh JIJIsl JTIOOBIX

BeKTOpOB ',y € U nmeer mMecto pasenctso g(x,y) = g(y, x).

t

Kax nssecrro, g(z,y) = [z]gAly|p, rae A — marpuna Onmneiinoit

dopmbt g B Gasuce B. Hosromy p(z) = g(z,2) = [z]gAlzr]g s cnv-

MEeTPUIHON MaTpuibl A, 410 1 TPebOBAIOCH JOKA3ATD.



IV.3. Marpuiia kBajpaTudtoit (oopMbl

Ompenesieane 8. Mampuua A, cywecmeosanue komopoti 00ycA08A€H0
AEMMOTL 2 0 mampuuye K8adpamuinots hopmol, HA3bIBAEMCA MATPUIIEH
KBaJIPaTUIHON (POPMEL.

Paccmorpum nipumep?



IV.3. Marpuiia kBajpaTudtoit (oopMbl

Ompenesieane 8. Mampuua A, cywecmeosanue komopoti 00ycA08A€H0
AEMMOTL 2 0 mampuuye K8adpamuinots hopmol, HA3bIBAEMCA MATPUIIEH
KBaJIPaTUIHON (POPMEL.

3aMeTuM, 4TO TeopeMa O MaTpulle KBaJpaTuiHoil (pOpMbl CBOJIUT BbI-
o —
qucJIeHne 3HAUeHNsI KBaIpaTUIHONH (hOPMBI HAa BEKTOPEe X K BBITUCIEHIIO
—
3HAYEHUsI MHOIOYWIeHa OT KOd(MPPUIMEHTOB pas3/IoyKeH!UsI BeKTopa X 110

ba3ucy b.



IV.3. Marpuiia kBajpaTudtoit (oopMbl

TeopeMa 4 (0 KBaJpaTu4dHoii (popme Ha sI3bIKE MHOTOUJIEHOB). Mnoeounren
t
z[gAlzlg, 2de A — mampuya us aemmve 2 0 mampuye keadpamu-

1ot hopmul, AGAAECMCA 0OHOPOIHBIM MHOLOUAECHOM CMENEHU 2, MO eCMb
popmoti cmenenu 2.

HOKaBaTeHbCTBO [IPpEeJOCTaBJIACTCA YUTaTEC/IAM B Ka49E€CTBE YVIIPpazKHE-
HUA.



IV.4. Teopema o npeobpa3zoBaHnl MaTpPUIlbl
KBaJIpaTU4HOi (POPMbI

TeopeMa 5 (0 1Ipeo6bpa30BaHNN MATPUIBI KBAAPATUIHON (DOPMBI). FEeau A u A/
— mampuuys, Keadpamuunoti gopmou, 6 baszucar b u B’ coomsem-

cmeenno, u T = TB—>B’ — Mampua neperoda, mo uUMeem Mecmo pa-
genemeo: A’ = TTAT .

JlokazaTeabCcTBO.



IV.4. Teopema o npeobpa3zoBaHnl MaTpPUIlbl
KBaJIpaTU4HOi (POPMbI

TeopeMa 5 (o 1Ipeo6bpa30BaHNN MATPUIBI KBAAPATUIHON (DOPMBI). FEeau A u A/
— mampuuys, Keadpamuunoti gopmou, 6 baszucar b u B’ coomsem-
cmeenro, u 1T =T B_E — Mempuuya neperoda, mo UMEEmM MeCcmo pa-

sencmeo: A’ = THAT .

HokazareabcTBo. Ecym T — varpuia nepexojia n3 basmuca b B 6asuc
/
B, TO, COIVIaCHO TeopeMe O KOOp/JHHaTaxX BEKTOPa B Pa3HbIX 6?1(%1(??1‘}{,
— —
(X =T[x]g Hosromy



IV.4. Teopema o npeobpa3zoBaHnl MaTpPUIlbl
KBaJIpaTU4HOi (POPMbI

TeopeMa 5 (o 1Ipeo6bpa30BaHNN MATPUIBI KBAAPATUIHON (DOPMBI). FEeau A u A/
— mampuuys, Keadpamuunoti gopmou, 6 baszucar b u B’ coomsem-
cmeenro, u 1T =T B_E — Mempuuya neperoda, mo UMEEmM MeCcmo pa-

sencmeo: A’ = THAT .

HokazareabcTBo. Ecym T — varpuia nepexojia n3 basmuca b B 6asuc
/
B, TO, COIVIaCHO TeopeMe O KOOp/JHHaTaxX BEKTOPa B Pa3HbIX 6?1(‘311(??1‘}{,
— —
(X =T[x]g Hosromy

X]gAX]p = (T[?]B’y AT[X]p = [XIg T ATIX]p,



IV.4. Teopema o npeobpa3zoBaHnl MaTpPUIlbl
KBaJIpaTU4HOi (POPMbI

TeopeMa 5 (o 1Ipeo6bpa30BaHNN MATPUIBI KBAAPATUIHON (DOPMBI). FEeau A u A/
— mampuuys, Keadpamuunoti gopmou, 6 baszucar b u B’ coomsem-
cmeenno, u T =T B_E — Mampuya neperoda, mo UMEEmM MeCcmo pa-
sencmeo: A’ = THAT.

HokazareabcTBo. Ecym T — varpuia nepexojia n3 basmuca b B 6asuc
/
B’, To, cormacHo Teopeme 0 KooOpJMHATAX BEKTOPa B Pa3HBLIX Oasmcax,
— —
(X =T[x]g Hosromy

b

u, U3 JO0Ka3aHHOI'O paHee€ YTBEPzK/ICHMA O €JUMHCTBEHHOCTU TaKOIl CHUM-

XIpAlX]p = (TW}B’yAT[?]B’ =~ Xl T AT X g

MeTpudHoit MaTpuiibl, nojaydaem A’ = TP AT. Teopema o mMaTpuie Kpa,l-
paTH4IHOII (POPMBI JIOKA3aHA.



IV.5. lIpuBeagenne kBaJapaTudHoin popMbl K
KAaHOHIYECKOMY BUIY

OpHoil M ToOit 2Ke KBaJpaTudHOil (popMe B CMBIC/IE TEOPUM JIMHEl-
HBIX TTPOCTPAHCTB 00BIYHO COOTBETCTBYET MHOI'O KBAAPATUIHBIX (POPM-
MHOT'OUJIEHOB: IIPpK Ilepexojie B APYroil Da3mc, Kak IPaBujo, MoJydaeM
JIPYTYIO KBaJAPaTUIHyio (popMy-MHOro4JIeH. B To »Ke BpeMsi, B COOTBET-
CTBUHU C NPUHIUIIOM CTaHIAPTU3aINN, XOTE/JI0Ch Obl B 9TOM <«MOpE Ba-
PUAHTOB» UMETb «CTaOMJIbHbIE OCTPOBKHU», CTaHIapTHbLIC THUIILI KBaJpa-
TUIHBIX (DOPM. DTO MO3BOJINT, B YACTHOCTH, OCYIIECTBUTH MOJIE3HYIO JIJIs
MHOTHX ITPUJIOZKEHNI KtaccuuKalmio KBaapaTuaabix hopm. CyInecTBy-
eT HECKOJIbKO TaKNX «CTaHJIAPTOB», B CBA3U C TEM, YTO B pas3HbIX IPU-
JIOZKEHNAX BO3HUKAIOT pasHble TpeboBalnsd K JIOIYCTUMBIM 11peodpa3oBa-
HUSIM 0a31COB.



IV.5. lIpuBeagenne kBaJapaTudHoin popMbl K
KAaHOHIYECKOMY BUIY

3aMeTuM, 4TO HeOOXOJUMOCTh B TAKOH CTAHIAPTU3AIMN BOSHUKAET HE
TOJILKO B TEOPUU KBaJpaTHUIHBIX (POpPM, cPOPMYJIUPOBAHHON B TepMU-
HaX JIMHEMHBIX IIPOCTPAHCTB, HO U B TEOPUU KBaJPATUIHBIX (DOPM-
MHOI'0UJIEHOB. B mocrenaem ciaydae BMECTO repexoja u3 basmca B 0a3uc
paccMaTpUBaIOTCS NPeobpasosarua nepemertsix. 11pu sTom HapabdboTaH-
Hasl paHee B TeOPUU JIMHEHBIX IIPOCTPAHCTB CUCTeMa, HOHSITUH -
deKkTBHO paboTaeT U B 9TOM, «1yxKoil» obacTH npuMeHeHus. B dact-
HOCTU, MOYKHO FOBOPUTDL O AUHEUHBLT 1 00 0pMOo20HANDHBLL NPEOOPA306a-
HUAT NEPEMEHHBLT.



IV.5. lIpuBeagenne kBaJapaTudHoin popMbl K
KAaHOHIYECKOMY BUIY

Omnpenenenue 9. [osopam, umo xeadpamuunas dopma @ U — R
umeem 6 bOa3uce B KaHOHMYECKHIT BUJI, €CAU U MOALKO €CAU
n n
—
© (Z x; e Z) = >"bix?. Hnvmu cao6amu, mampuia Fg — duazonann-
i=1 i=1

HaA.



IV.5. lIpuBeagenne kBaJapaTudHoin popMbl K
KAaHOHIYECKOMY BUIY

Omnpenenenue 9. [osopam, umo xeadpamuunas dopma @ U — R

umeem 6 ba3uce B KaHOHMYECKUIA BUI, €CAU U MOALKO ECAU
n n

© (Z %?i) = >"bix?. Hnvmu cao6amu, mampuia Fg — duazonann-
i=1 i=1

HaAA.

Mrak, kBajpatuuHas dpopma nMeeT B ODasmce B KaHoHmdeckuii Buj
TOI'JIa, ¥ TOJILKO TOI'JIa, KOIJIa B €€ BbhIPayKeHHU 4Yepe3 KOOPUHATHI BCe
K03 DUINEHTH TIepe]] «CMeITaHHbIMIy claraeMbiMu’ pasubl 0. Hampu-
Mep, 2+ 2y? — 52° — kBajpatuuHasg GopMa KaHOHHUCCKOTO BHJIA, a
x? — 2y? + 2rz UMeeT He KaHOHMYECKUil BIJ, TaK KaK Ko3MDhUIHEHT Te-
ped xz He paen 0.

1CylaraeMbIME BHJIQ XX, TA€ § 7 j.



IV.5. lIpuBeagenne kBaJapaTudHoin popMbl K
KAaHOHIYECKOMY BUIY

Teopema 6 (o MIPUBENEHNN KBAaIPATUYIHON (POPMBI K KAHOHHYECKOMY BULY ). Eeau
@ U— R — %Ga@pamu%naﬁ ¢0pM(l, mo Cywecmaeyem maxot 6(1,3’U,C,
6 KOMmMoOpomM Mampuua %eadpamuwwﬁ @0}1/\/&?)1, dUCLZOHCLJLbHa, mo ecmbv 6
KOMOoOpoMm 3ma %6a0pamuuHaﬂ &0}9./\/6@ umeem Karonuveckuts euo.

ﬂOKaSaTeﬂbCTBO MbI IIPUBOJUTL HE 6Y£LGM, OI'paHNINMCA IITPUMEPOM.



IV.6. lIpuBeagenne kBagpaTudHoit opMbl K
KAHOHIYEeCKOMY BUJIY MeToJioM Jlarpamxka

Cy1ecTByeT JiBa criocoda NpUBeIeHUs KBaJIpaTuIHOl POPMbI K KaHO-
HIYeCKOMY BHAY: MeTo JlarpaHzka 1 MeTo/1 OPpTOTOHAJILHOTO MHpe-
obpa3oBaHUsI.



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

B paccMOTpPEHHBIX BBIIIE TEOpeMaX MbI, B OCHOBHOM, IIPUMEHSIIN MaT-
PUUHYIO a/redpy /s JoKa3aTeIbCTBa YTBeprK Iennii oo oneparopax. Ho,
pas3yMeeTcs, ¢ YCIIEXOM OCYIIECTBJSIETCS 1 «OOpaTHBII IIPOIeccs: ¢ I10-
MOIIIBIO aJredphl OIIepaTOPOB JIOKA3BIBAIOTCS YTBEPXKIEHN JIJIT aJreOphl
maTpull. OJHO M3 TaKUX YTBEpPrKJeHuil Mbl ceiigac paccmorpum. CHa-
JaJjia OTMETUM, YTO OKA3bIBACTCA YIOOHBIM IIEPEHECTU <«OIePATOPHYIO»
TEPMUHOJIOIMIO Ha A3LIK MAaTPUIl, 1 BBECTU MOHATUE HOPMAJILHOI, OPTO-
POHAJILHOW 1 YHUTAPHON MaTPUIIbL:



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

Mcnonb3yst Tor dhaxt, uro marpuia ['pama opTroHOPMUPOBAHHOIO Da-
31ca — eJIUHUYHAs, MOYKHO JIaTh YUCTO MATPUIHYIO XapaKTepPU3allio
9TUX MaTpuil Marpuia A — HopmasvHas TOJa U TOJBKO TOIJA, KO-
rna A'A = AA'; marpuna opeonaavnas (yHuTapHas, SpMUTOBA) TOLJA 1
TOJIbKO TOrTa, Korma Al = A~L



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

C baszucom b jmneitnoro npocrpancrsa U MOXKHO €CTECTBEHHBIM 00-
pa30M CBsI3aThb CKaJspHOE Ipou3BeacHNe TaKuM obpaszoM, uro b Oyuer
OHDB nonyuuBIiierocs eBKJIMI0Ba IPOCTPAHCTBA.,



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

C baszucom b jmneitnoro npocrpancrsa U MOXKHO €CTECTBEHHBIM 00-
pa30M CBsI3aThb CKaJspHOE Ipou3BeacHNe TaKuM obpaszoM, uro b Oyuer
OHDB nonyuuBIiierocs eBKJIMI0Ba IPOCTPAHCTBA.,

n n n
— —
MozKHO, HAIIpUMED, HOJ0KUTh (E Ti € > Y;e j> = >z
i=1 j=1 i=1



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 8 HEKOMOPOM OPMOHOPMUPOBAHHOM Dasuce.

n n
o o o —
C  BemlecTBeHHOII  KBaJpaTH4IHOil opMmoit (X ) = > > a;;xx;

A

cBsizkeM JimHeiHblit omeparop A, umeromwnit 8 OHB B  wmarpuiy
aip aip ... Qip

A —

an1 Ap2 ... App



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 8 HEKOMOPOM OPMOHOPMUPOBAHHOM Dasuce.

n n
o o o —
C  BemlecTBeHHOII  KBaJpaTH4IHOil opMmoit (X ) = > > a;;xx;
i=1j=1

A

cBsizkeM JimHeiHblit omeparop A, umeromwnit 8 OHB B  wmarpuiy
aip aip ... Qip

A= . Ilpm sTOoM, Tax Kaxk MaTpHIila ollepaTopa
an1 Ap2 ... App

A s OHB B CUMMETPHUYHA, TO A CaMOCOIIPSIKEHHBIIA.



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

Cunenopatresnbho, cymecrsyer OHB u3 cobcrBennbix BEeKTOPOB olle-
patopa A. B 6a3uce n3 cobcTBEHHBIX BEKTOPOB MATPHILA OIIePATOPA JIha-
roHaJbHa.



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

Cunenopatresnbho, cymecrsyer OHB u3 cobcrBennbix BEeKTOPOB olle-
paTopa A. B 6asuce u3 cobeTBEHHBIX BEKTOPOB MaTpPHIla OllepaTopa JIa-
ronajibHa. B 9ToMm Daszmce maTpuia KBajapaTruiHoii popmMbl OyaeT auaro-
HaJIbHA, TaK KaK 3aKOH Ipeodpa3oBaHust MaTpPHUIbl KBaJpaTUuIHOi dop-
MBI B JIAHHOM CUTYAIIUN COBIIQJIaeT ¢ 3aKOHOM ITpeobpa30BaHIs MaTPHUILbHI
nmneiinoro oneparopa: T AT = TUAT.



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

B camowm jene, omneparop 1’ ¢ marpuneit 7' B Oasuce B nepesoaut
nexonueiit OHB B OHB (n3 cobersennbix BekTopos omneparopa A),
CcJIeJI0BaTe/IbHO, OH OpPTOroHasbhblil. Vmenno mostomy 171 = T,



IV.7. lIlpuBeagenne kBaJapaTudHoii popMbl K
KaHOHNYECKOMY BUJIY METOI0OM
OPTOrOHAJILHOTO IIPeodpa30BaHIs

Onpenenenue 10. Mampuuya A nasvieaemcs HOpMAJBHOMN (coomeem-
cmeenHo, OPTOTOHAJIBHOW, YHUTAPHON u.Au 3PMHUTOBOI) mozda u
MoAbKO mo20a, K020a OHG ABAAEMCA MAMPUUET, 0OHOUMEHHO20 ONEPa-
mopa 6 HEKOMOPOM OPMOHOPMUPOSaHHOM Dasuce.

B camom jiene, ormepartop T ¢ Marpuneit 1T' B 6azuce b nepesogut
uexonustit OHB B OHB (u3 coberserninix BekTopos omneparopa A),
CcJIeJI0BaTe/IbHO, OH OpPTOroHasbhblil. Vmenno mostomy 171 = T,

Takum obpasoM, 3aMeHsieM 3aJlady HaXOoxKJAeHUsl Da3mca, B KOTOPOM
MaTpHUIla KBaJIpaTuIHON (POpMBI JuaroHajbHa Ha 3aJady HaXOXKIeHUs
Dasmca, B KOTOPOM MaTpulla JUHEHHOIro oepaTopa JuaroHajbHa.



IV.8. Teopema 006 opToroHajbHOM
IIpeoOpa3oBaHNN KBaIpaTUIHOil (popMBbI

TeopeMa 7 (06 OPTOTOHAJILHOM MPeo0pa30BaHUM KBAAPATUIHON (DOPMBI). 1T ycmo
© — keadpamuyunas gopma, umerouyan 6 bazuce B mampuuyy A. Tozda
cywecmeyem maxoti 6asuc B', wmo, eo-nepsvir, mampuua xeadpamu-
noti popmol 6 nem duazonarvna (mo ecmsv 6 basuce B’ xeadpamuunan
popma © umeem KGHOHUNECKUT 6Ud), 60-6MOPuLT Ha QUALOHAAU CTOAM,
6 MouHOCIAU 6ce CODCMBEHHBLE 3HAMEHUA mampuyvt A (¢ yuemom

/
Kkpamuocmu), u, 6 mpemovux, mampuua neperods uz B e B opmoeo-
HAALHA.

JloKa3aTeabCTBO.



IV.8. Teopema 006 opToroHajbHOM
IIpeoOpa3oBaHNN KBaIpaTUIHOil (popMBbI

TeopeMa 7 (06 OPTOTOHAJILHOM MPeo0pa30BaHUM KBAAPATUIHON (DOPMBI). 1T ycms
© — keadpamuyunas gopma, umerouyan 6 bazuce B mampuuyy A. Tozda
cywecmeyem maxoti 6asuc B', wmo, eo-nepsvir, mampuua xeadpamu-
noti popmol 6 nem duazonarvna (mo ecmsv 6 basuce B’ xeadpamuunan
popma © umeem KGHOHUNECKUT 6Ud), 60-6MOPuLT Ha QUALOHAAU CTOAM,
6 MouHOCIAU 6ce CODCMBEHHBLE 3HAMEHUA mampuyvt A (¢ yuemom
Kpamuocmu), u, 6 mpemvux, mampuua neperods us B e B’ opmozo-
HANDHA.

JlokazareabcTBO. Matpuia A kBajipaTudHoit (hopMbl — CUMMETPUY-
Hasi, B 9aCTHOCTU, BO-IIEPBBIX, OHA HOPMaJibHas, M, BO-BTOPBIX, BCE ee
coOCTBEHHBIE 3HAYUEHNS BeIleCTBEHHBI.



IV.8. Teopema 006 opToroHajbHOM
IIpeoOpa3oBaHNN KBaIpaTUIHOil (popMBbI

TeopeMa 7 (06 OPTOTOHAJILHOM MPeo0pa30BaHUM KBAAPATUIHON (DOPMBI). 1T ycmos
© — keadpamuyunas gopma, umerouyan 6 bazuce B mampuuyy A. Tozda
cywecmeyem maxoti 6asuc B', wmo, eo-nepsvir, mampuua xeadpamu-
noti popmol 6 nem duazonarvna (mo ecmsv 6 basuce B’ xeadpamuunan
popma © umeem KGHOHUNECKUT 6Ud), 60-6MOPuLT Ha QUALOHAAU CTOAM,
6 MouHOCIAU 6ce CODCMBEHHBLE 3HAMEHUA mampuyvt A (¢ yuemom
Kpamuocmu), u, 6 mpemvux, mampuua neperods us B e B’ opmozo-
HANDHA.

JokazareabcTBo. CorjiacHo Teopene 00 OpTOroHaAJILHOM ITPeod-
paszoBalny HOPMAaJbLHO MATPUIILI CYIIECTBYET TaKas OPTOrOHAIb-
nast Marputia 1, uro D = T~ AT — nnaronanbnasg marpuia. Tak kax T’
— opToroHasbHasl Marpuia, To 71 = T, cienosarensuo, D = TCAT.



IV.8. Teopema 006 opToroHajbHOM
IIpeoOpa3oBaHNN KBaIpaTUIHOil (popMBbI

TeopeMa 7 (06 OPTOTOHAJILHOM MPeo0pa30BaHUM KBAAPATUIHON (DOPMBI). 1T ycms
© — keadpamuyunas gopma, umerouyan 6 bazuce B mampuuyy A. Tozda
cywecmeyem maxoti 6asuc B', wmo, eo-nepsvir, mampuua xeadpamu-
noti popmol 6 nem duazonarvna (mo ecmsv 6 basuce B’ xeadpamuunan
popma © umeem KGHOHUNECKUT 6Ud), 60-6MOPuLT Ha QUALOHAAU CTOAM,
6 MouHOCIAU 6ce CODCMBEHHBLE 3HAMEHUA mampuyvt A (¢ yuemom
Kpamuocmu), u, 6 mpemvux, mampuua neperods us B e B’ opmozo-
HANDHA.

TokazateabctBo. D = T'AT, rne D — juaronajbHasl MaTpUIIA.
3naunT, Oasuc, B KOTOpbIE MaTpuiia 1 nepesojut Oasuc B, saBistercs
NCKOMBIM. TeopeMma JJoKa3aHa.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

Eciu pacemarpuBaTh OMIMHEHHYIO U KBAJAPATHIHYIO (OPMY B CMBIC/IE
TEOPUN JIMHENHBIX ITPOCTPAHCTB, TO COOTBETCTBYIOIINE MHOIOUICHDI
SIBJISIIOTCS OJIHOM U3 hopm npedcmasaerus >tux GyHkuuit. ITpu sTom
BO3HUKAET €CTeCTBEHHbIN BOIIPOC: KAKHE OCOOEHHOCTU COOTBETCTBYIOIIIE-
IO MHOTOYJIEHA, sIBJISIOTCS CJIEJICTBHEM BbIOOPA KOHKPETHOro Dasnca, a
KaKne 0COOEHHOCTHU He 3aBHUCAT OT 0a3uca, TO eCThb sIBJISIIOTCSI CBOCTBa~
MI camotli Ppynryuy (KBaIpaTHIHON win OuinHeiiHoi (hopMBbI), a He ee
pejicTaBaeHusI. AHAJIOIMIHAST CUTyalldsl B T€OPUU JIMHEHHBIX OllepaTo-
POB NPUBEJIA K IMOHATUIO MHBAPUAHTA, JINHEHHOTO OIlEpaTOpa.

MpI HaUHEM ¢ U3y YeHUsI OCOOEHHOCTEN MHOTOUIEHOB, [IPEJICTABIIAIOIINX
OJHY 1 Ty »Ke KBaJparudHyio (opMy B TaKUX Da3IMIHBIX Oas3ucax, B
KOTOPBIX 9Ta (hopMa UMEET KaHOHUMECKUT 6UO.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

Teopema 8 (3akon wHepimu). Eciu K6a0PaAMUHAA dopma
— —
o: U—R wumeem 6 basucaxr b = { €q,..., en} u, coomeem-
A ed | —/ 3
cmeenno, B = { €l,..., € n} Kanoruveckut 6ud

n n ' n

—> 2 ) —>1 /12

) E Tp€er | = E bix;, E:xkek :E bir;,
k=1 i=1 k=1 i=1

n n
2
Mo 6 aA2E0PAUNECKUT GUPAICEHUAT Y bix: u Y. biwl™  Koaruuecmeo
NOAOAHCUMENDHDIL KOIPPUUUEHMOE 00UHAKOB0, MO ECMBb 8 CNUCKE KOIP-

duyuernmos by, ..., b, HUCAO NOAOHCUMENOHOIT INEMEHMOE COBNAJEM
C YUCAOM NONOHCUMENLHOIT 2aemenmos 6 cnucke U, ... b . Odunaroso
U KOAUYECTNBO OMPUUAGMEALHBIT KoIPPuyuenmos. B oboux svipastceruax
c06Nadaem MarsHce KOAUYECTNBO HYAEBHT KOIPHUUUEHMOS.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2 LE)
B BoIpazkenun » . bix.”. He orpanuanBast 0OIIHOCTH PACCyK/IeHUTT MOZKHO

=1
CHUTaTb, 9TO

.2 by

blzbgz...pr>Opr+1
>

>
=ty > >b>02>by1 >



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2 LE)
B BoIpazkenun » . bix.”. He orpanuanBast 0OIIHOCTH PACCyK/IeHUTT MOZKHO

=1
CaInuTaThb, 9TO

blZbQZ---pr>Opr+1Z---an
Vy>bh> . > > 0> b > >l

B camom Jiesie, pacioiozKuTh COOTBETCTBYIONIME KOI(PMUINEHTH B I10-
psJjiKe YObIBaHUST MOXKHO, TIePecTaBUB MECTaMU BEKTOPBI B COOTBETCTBYFO-
meMm Oaszmnce. [lepectaHoBKa BEKTOPOB B 0a31ce He U3MEHUT YUC/Ia I10JI0-
YKUTEJIbHBIX, YMC/I1a OTPUIATEIbHBIX W YKCJa HYJIEBBIX KOI(PMUIINMEHTOB
B COOTBETCTBYIOIINX BbIParKeHUX.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
=1
1 n ,
B BeIpazkenun | blal”.
i=1
{mz@z.uz%>oz%ﬂz.“zm
by >bh > > > 0> by > > b

[To npenonoxkenuto p < q. Ho Torna

(€pr @y n (el &) 2 {0},



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2
B BeIpazkenun | blal”.

1=1

. > b,

> ..
> >

{blzbgz...pr>Opr+1
B> 0> >0 > 02 by

[To npenonoxkenuto p < q. Ho Torna
H

(€pr @y n (el &) 2 {0},

s . -
TO €CTb B 9TOM lIEepececHYCHUN HAUAETCA HEHYAE60U BEKTOD X .



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2
B BeIpazkenun | blal”.

1=1
blZbQZ---pr>Opr+1Z---an
B>ty > > > 0> b > >
— — — — —
X €(€p1,..., €N (€, .... 7€),
C 0JIHOI CTOPOHHI,
—))_

o (X



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2
B BeIpazkenun | blal”.

1=1
blZbQZ---pr>Opr+1Z---an
V> bh> . >l > 0> b > >l

— — — —> —>/
X €<ep+1,...,en>ﬂ<e1,...,eq>.

C 0JIHOI CTOPOHHI,

p(X)=p(0-€1+...40- €, +Tp1€p1+... +T,€,) =



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JlokazaTeabCcTBO. byjgem paccyKaaTh «OT IPOTUBHOIO : IIYCTh B BbI-

n
paskeHuu Y bw? 4ucio HOJIOKUTeNbHBIX KO3 MUIMEHTOB MEeHbIIe, YeM
i=1

n

2

B BbIpaxkeHun y  blal”.
i=1

blZbQZ---pr>Opr+1Z---an
V> >l > 0> b > >l

R e (Tprs s BN (T..., Y.
C 0/HOIT CTOPOHHI,
p(X)=¢(0-€1+...40- €, +zpr1€p+... +x,€,) =

= by 22 +...+ b, ¢ <O.
p p+1 n o, n,

<0 >0 <0 >0



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
=1
1 n ,
B BeIpazkenun | blal”.
i=1
{mz@z.uz%>oz%ﬂz.“zm
by >bh > > > 0> by > > b

— — — —> —>/
X €<ep+1,...,en>ﬂ<e1,...,eq>.

C oJ1HOIT CTOPOHBI, (?) < 0.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
=1
1 n ,
B BeIpazkenun | blal”.
i=1
{mz@z.uz%>oz%ﬂz.“zm
by >bh > > > 0> by > > b

— — — —> —>/
X €<ep+1,...,en>ﬂ<e1,...,eq>.

C oJ1HOIT CTOPOHBI, (?) < 0.
C z1pyroit cTOpoHHI,
—>) .

o (X



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-
n

paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
1=1

2
B BbIPayKEHUH Z bial”.
1=1

{mz@z.uz%>oz%ﬂz.“zm
B>ty > > > 0> b > >
— — — — —
X €(€p1,..., €N (€, .... 7€),
C oJ1HOIT CTOPOHBI, (?) < 0.
C z1pyroit cTOpoHHI,

/—>/

o(X)=¢ (el +.. . +a €, +0€  +...+0€),) =



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JlokazaTeabcTBO. bysieM paccy»KJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-
n

paskeHnu Y bw? Yuc/Io NOJIOKUTENBHBIX KO3 MUIMEHTOR MEHbIIE, YeM
=1

2
B BbIDAYKEHUN Z bixl”.
1=1

blZbgz...pr>Opr+1Z...2bn
B >0y > >8> 0> by > > b

R € (Tpins. s T N(E..., ).
C 0/HOIT CTOPOHBI, (© (?) < 0.
C 1pyroit cTOpoHHI,
/ —>/

€)

+Oe o1t T0ey

e (X)=p( € +...+2,

! /2 ) 12
=biry" +... .+ b,



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JlokazaTeabcTBO. bysieM paccy»KJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-
n

paskeHnu Y bw? Yuc/Io NOJIOKUTENBHBIX KO3 MUIMEHTOR MEHbIIE, YeM
=1

2
B BbIDAYKEHUN Z bixl”.
1=1

blZbgz...pr>Opr+1Z...2bn
B >0y > >8> 0> by > > b

— —>

— — —
X €(€pit,...,€)N{€,...,€L).
C 0/HOIT CTOPOHBI, (© (?) < 0.
C 1pyroit cTOpoHHI,

/—>/ —>l>

+Oe o1t T0ey

e (X)=p( € +...+2,

2 2
= by + . b, > 0.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-

n
paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
i=1

n
2
B BeIpazkenun | blal”.

1=1

blZbQZ---pr>Opr+1Z---an
V> bh> . >l > 0> b > >l

R € (B pinre. Ta) N (T T,
C oJ1HOIT CTOPOHBI, (?) < 0.

C Jpyroii cTOPOHBI, (0 (?) > 0.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

JokazaTeabcTBO. byneMm paccyKJIaTh «OT IPOTUBHOTO» : IIYCTh B BbI-
n

paskeHuu Y bw? YncjIo NOJIOKUTeNbHBIX KO3 MUIMEHTOR MEHbIIe, YeM
1=1

B BbIPayKEHUH Zb' .
1=1
blZbQZ---pr>Opr+1Z---an
Vo> by > > b > 0> by > > b,

— — — —> —>/
X €<ep+1,...,en>ﬂ<e1,...,eq>.

C oJ1HOIT CTOPOHBI, (_>) <0.
C Apyroil CTOPOHHI, ( > 0.
< 0, npoTuBOpeyne,

%)
)

Taxum obpazom, 0 < ¢ (



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

ZLOKaBaTeJIbCTBO. yTBep)KrHeHI/IH B paBEHCTBE YH1CJIla OTPpUllaTe/IbHbBIX

n n
) 2
K03(DUIMEHTOB B KaZKI0M U3 BhIpazkenuit y | bix; u Y Ux”  noxa-
i=1 i=1
3bIBAETCSI aHAJIOINYHO. VI3 9THX JIBYX JIOKA3AHHBIX YTBEPK/IEHUH ciejty-

eT COBIIaJICHIE KOJIMIECTBa HYJIEBBIX KOA(PMUIIMEHTOB B KayKJIOM 13 9TUX
BbIpayKeHUil.

Teopema mokazamna.



IV.9. Sakon nHepuum KBaJpaTUIHOII (DOPMBI

Mtak, Mbl OOHApPYXKUJIU MHTEPECHYI0 OCOOEHHOCTb IIPeJICTaBIeHUs
KBa/IpaTUIHOI (DOPMBI B KAHOHUYECKOM 6ude: B JIIOOOM U3 TaKUX Ipe/i-
CTaBJICHUI YUCJIO CJAaraeMbIX C IOJOYKUATEIbHBIMU KOI(MDPUIITEHTAMI O/I-
HO 1 TO »Ke. Terneps, pa3zyMeeTcs, ceJyeT HepeiiTu K U3yUeHn0 00IIero
caydas, T.e. PaCCMOTPETh, KAaKUMKU OCODEHHOCTIMU 00Jj1aJiaeT IpejicTaB-
JIeHe KBaJpaTHIHON pOpMBI B BIJe MHOIOUJI€Ha HE 00g3aTeIbHO KAHO-
HUYECKOI'0 BUJIA.



IV.10. Paur kBajgparudnoit (oopMbl

BoJjiee MHOTOOOEIIAIONIUM BBITJISIUT PAHT MATPUIIHL.



IV.10. Paur kBajgparudnoit (oopMbl

Bojiee mMHOroobemaomuM BhIVISIAUT PaHTr MaTpuilbl. desro B ToM,
9TO, COIJIACHO TeopeMe O MaTpuile OujimHeitHoll (popMbl B pa3HbIX
ba3ucax, 1 TeopeMe 00 MHBAPUAHTHOCTH PAHTOB MATPHUIIbI, PAHT
MaTpUIILI KBaJIpaTUdIHO! (POPMbI IIPU IIepexojie B Jpyroil Daszmc He Me-
HsieTcs. [loaTomy



IV.10. Paur kBajgparudnoit (oopMbl

BoJjiee MHOrooOeIamonUM BhIVISLIAT PAHT MATPUIbL. lejlo B ToM,
YTO, COIVIACHO TeopeMe O MaTpulle OmjamHeliHOil (popMBI B pa3-
HBIX Oa3mcax, 1 TeopeMe 00 MHBAPMAHTHOCTU PAHITOB MATPHIIHI,
pPaHI MaTPUIIbI KBaIpaTUIHON (DOPMBI IIPH IIepexo/jie B APYTroil Dasmc He
MeHsgeTcsd. [TosToMmy panr mMaTpuilbl KBaJpaTHIHONH (POPMBI Ha3bIBACTCS
pPaHTroM KBaJpPaTUIHOI (POPMHBI.



IV.10. Paur kBajgparudnoit (oopMbl

Bosiee MHOTOOOEMIAIONIUM BBILISIIUT pare MaTpuilbl. Jdeo B ToMm, 4To,
COIJIACHO TeopeMe O MaTpulie ouanmHeitHoii (popMbl B pa3HbIX Oa-
31cax, 1 TeopeMe 00 MHBAPUAHTHOCTU PAHTOB MATPUIIbI, PaHT
MATPUIILI KBAJAPATUIHON POPMBI IIPH IIepexojie B APyroii Oa3mc He MeHsl-
ercs. [loaTomy panr MaTpuibl KBagpaTUIHON (pOpMBI HA3BIBACTCS PaH-
roM KBaJpPaTUIHO (PpOpPMBEL

TeopeMa 9 (o paHre KBaJgpaTudHOi POpPMBI). Pane neaﬁpamU%Hoﬁ ¢0pJ\/L’bL
PABEH KOAUNECTNEY HEHYAEEHIT KOIPuyuenmos (neped neudeecmmvimi)
6 KaHoHuveckom sude amoti keadpamuunoti hopmol.

Jloka3zaTeJabCTBO cjiejlyeT U3 Toro axra, 9To MaTpUlla, KBaJIpaTrd-
HOI (pOPMBbI B KAHOHUYECKOM BH/IE SIBJIAETCs JIMAarOHAJJIBLHON 1, CJiejloBa~
TEJILHO, ee paHT PaBeH YUCIY HEHYJIEBBIX KOIMDPUINEHTOB.



IV.11. lloaoxkuresibHO onpeaeJeHHbIE
KBaJIpaTudHbie (pOpMbI

Omnpenenenne 11. Keadpamuunas gopma f: U — R nasweaemcs mo-
JIOXKMTEJIbHO oNpeaesIeHHON mozda u moavko mozda, x020a 0Af A0-

—

6020 sexmopa X € U, omauunozo om Hyae6020, UMEEM MECMO HEPAGEH-
H

cmeo f(x) > 0.



IV.11. lloaoxkuresibHO onpeaeJeHHbIE
KBaJIpaTudHbie (pOpMbI

Omnpenenenue 11. Keadpamuunas gopma f: U — R nasweaemcs mo-
JIOXKMTEJIbHO oNpeaesIeHHON mozda u moavko mozda, x020a 0Af A0-
6020 6exmopa X € U, omauunozo om myse6020, UMeEm MECO HEPLEEH-
cmeo f(X) > 0.

Ecmu B sTOM omupenenennu mocjegHee HEPABEHCTBO 3aMEHUTH Ha
f(X) <0, To moIyUNM onpejiesicHIC OTPUIATEILHO OIpPe/IeIeHHOM
dopmbl. Borpoc o ToM, Korja KBajpaTwdHad opMa dABJISIeTCs MOJI0-
YKUTEJIBHO (U OTPUIIATEIBHO) OIPEJIeIeHHOI, aKTyaeH B MaTeMaTiIe-
CKOM aHaJIu3e (JIOCTATOTHbIE IPU3HAKN SKCTpeMyMa) u ajaredpe (cKassp-
HOE IIPOM3BEJIeHIe B eBKJINI0BOM IIPOCTPAHCTBE sIBJISIETCS 10JI0YKUTEIHLHO
OTIpeJIeIeHHON KBaIpaTHIHON hOpMOt).



IV.11. lloaoxkuresibHO onpeaeJeHHbIE
KBaJIpaTudHbie (pOpMbI

Omnpenenenne 11. Keadpamuunas gopma f: U — R nasweaemcs mo-
JIOXKMTEJIbHO oNpeaesIeHHON mozda u moavko mozda, x020a 0Af A0-

—

6020 sexmopa X € U, omauunozo om Hyae6020, UMEEM MECMO HEPAGEH-
H

cmeo f(x) > 0.

Omnpenenenue 12. I'JtTaBHBIMI MHIHOPaMM k8a0pammoti mampuuv, A
HA3DLBATOMCA MUHOPDL, TOCMPOCHHDBLE 1A NEPSHLIT Kk cmpoxax U cmoaduax
mampuun, A, 2de 1 < k < n.



IV.11. lloaoxkuresibHO onpeaeJeHHbIE
KBaJIpaTudHbie (pOpMbI

Teopema 10 (xpurepuii Cussectpa). Cnpasedausv,  caedyrowue  ymeep-
orcdenu:

1. Keadpamuunan gpopma H(uy, ..., Uy) ABAAECMCA NOAOHCUMEADHO-
onpedeaennoti mozda U MoAvko mozda, xo2da 6 awbom basuce sce
2na6Hvle Munopo. mampuuve Hyg omot keadpamuyunot dopmwve noso-
HCUMENOHDL.

2. Keadpamuunas gopma H(uy, ..., U,) ACAACNCA NOAOHCUMEAOHO-
onpedesennoti mozda u moavko moeda, Ko2da 6 Hexomopom Oa.3-
ce 6ce anasnvle Munopo, mampuyv, Hy amot xeadpamuunots opmol
NONOHCUMENDHDL.

Paccmorpum nmpumep?



Cracu6o

3a
BHUMaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru

caiiter: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepuyThca K cnucKy npe3eHTanmii?
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