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I. OTo6paxeHue. PyHkuusA
KaKHe dCCOoMalHrH BbI3bIBAET Y BAC CJIOBO <<OTO6pa)K€HH€>>?



I. OTo6paxeHue. PyHkuusA

OcHoBHBIE dccolMalMu, UMeruue OTHOLLIEHHE K MaTeMdTHKe, CBA3d-
Hbl C IBYMS1 TPAKTOBKAMH TEPMHUHA <<OTO6pa)KeHH€>>:

— oToOparkeHHe Kak npolecc (0CyIIeCTBASIET 0OTOOpaKeHHE...);



I. OTo6paxeHue. PyHkuusA

OcHOBHbIe accolMalum, UMelollMe OTHOLIeHHe K MaTeMaTHKe, CBsi3a-
HbI C IByMsI TPAKTOBKaMH TEPMHHA «OTOOParKeHHe:

— oToOpakeHue Kak npouecc (0CyllecTBASIET 0TOOpaKEHHUE...);

— oToOpaKeHue KaK pe3yJibTar (3T0 eCTb 0TOOpaXKeHHe...).



I. OTo6paxeHue. PyHkuusA

OcHoBHBIE dccolMalMu, UMeruue OTHOLLIEHHE K MaTeMdTHKe, CBA3d-
Hbl C IBYMS1 TPAKTOBKAMH TEPMHUHA <<OTO6pa)KeHH€>>:

— oToOparkeHHe Kak npolecc (0CyIIeCTBASIET 0OTOOpaKeHHE...);

— oToOparkeHue Kak pe3yJsbTat (3To eCTb OTOOpaXKeHHe. .. ).

Mul 6y,ZL€M OPHUEHTHPOBATLCA HA BTOPOM ITOHUMAHHWH TEPMHHA «OTOO-
paxkeHHe»: 0ToOpakKeHhe Kak pe3yJibTar.



I. OTo6paxeHue. PyHkuusA
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[IycTb KaxKJ10My 3J1eMEHTY MHO-
KecTBa A corocTtaBJeH OJMH
HUJIM HECKOJbKO 3JEMEHTOB H3
MHO2KecTBa B.



I. OTo6paxeHue. PyHkuusA

/ A\ [IycTb KaxK1oMy 3JeMEHTY MHO-
//’ ‘\\ y JIOMY y

x - KecTtBa A comocTaBJieH OJIMH
\

— WU HECKOJIbKO 3JIeMEHTOB U3
e MHOXKeCTBa B.
Hanpumep, snementy xz us A
COOTBETCTBYET HECKOJIbKO 3Jie-
MEHTOB U3 B.




I. OTo6paxeHue. PyHkuusA
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[IycThb KaxK10My 3J1EMEHTY MHO-
KecTBa A corocTtaBJeH OJMH
WJIKW HECKOJIbKO 3J€eMeHTOB M3
MHO2KecTBa B.

JII0O0H M3 3J1eMEHTOB MHOXKe-
CTBa B, KOTOPbIA OTOOPAKEHHN -
eM [ COIOCTaBJIEH 3JIEMEHTY T,
Ha3blBaeTcss 00pa3oM 3JeMeH-
Ta T OTHOCHUTEJIbHO JEHUCTBHUS f.



I. OTo6paxeHue. PyHkuusA
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[IycTb  KaxkjaoMy — 3JIeMEHTY
MHOXKecTBa A comocTaBJeH
OJIUH UJIH HECKOJILKO 3JI€MEHTOB
U3 MHOKecTBa B.

JJieMeHT, 00pa3oM KOTOPOTro
SIBJISIETCS  3JIeMeHT ¢ u3 B,
Has3bIBaeTCsl npoo6pa3som
3JIeMeHTa t.



I. OTo6paxeHue. PyHkuusA
| L ™
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[IycTb  KaxkjaoMy — 3JIeMEHTY
MHOXKecTBa A comocTaBJeH
OJIUH UJIH HECKOJILKO 3JI€MEHTOB
U3 MHOKecTBa B.

JJieMeHT, 00pa3oM KOTOPOTro
SIBJISIETCS  3JIeMeHT ¢ u3 B,
Has3bIBaeTCsl npoo6pa3som
3JIeMeHTa t.

B naHHOM cJiydyae 3J1eMeHT & SABJIIeTCs MPpooOpa3oM 3JieMeHTa t.



I. OTo6paxeHue. PyHkuusA
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[TycTbh KaxK10My 3J1eMEHTY MHO-
»KecTBa A corocTtaBsieH OJMH
UJIM HECKOJIbKO 3JIEMEHTOB M3
MHO>KecTBa B.

O6pa3s s/jieMeHTa & OTHOCHUTEJIb-
HO oTOOpakeHus f o603HayaeT-

csi uepes f(x).



I. OTo6paxeHue. PyHkuusA
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[TycTbh KaxK10My 3J1eMEHTY MHO-
»KecTBa A corocTtaBsieH OJMH
UJM HECKOJIbKO 3JIEMEHTOB M3
MHO>KecTBa B.

O6pa3s s/jieMeHTa X OTHOCHUTEJIb-
HO oTOOpakeHus f o603HayaeT-

csi uepes f(x).



I. OTo6paxeHue. PyHkuusA
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[TycTh KaxK10My 3J1eMEHTY MHO-
»KecTBa A comnocTaBJieH OJIMH
UJM HECKOJIbKO 3JIEMEHTOB M3
MHOKeCTBa B.

BooOl1iie roBopsi, OJMH U TOT XKe
3JIEMEHT MOXKET ObITb 006pa3om
pa3HbIX 3JEMEHTOB U3 A.



I. OTo6paxeHue. PyHkuusA

O

[ fx)

~

[TycTb KaxK/10My 3J1eMEHTY MHO-

x »KecTBa A comnocTaBJieH OJIMH
~ flz) = UJM HECKOJIbKO 3JIEMEHTOB M3
™ = f(y) =| wmHoxecrtsa B.
=1 BooOl1iie roBopsi, OJMH U TOT XKe
4 3JIEMEHT MOXKET ObITb 006pa3om
%f’ pa3HbIX 3JEMEHTOB U3 A.

B/

B nanHom ciydae npoobpasamu sJjieMeHTa t OyIyT U 3JIEeMEHT X, U 3J1e-
MEHT .



I. OTo6paxeHue. PyHkuusA

/ A\ [IycTb KaxK1oMy 3JeMEHTY MHO-
(f(x) \ y JIOMY y

x »KecTBa A COINOCTaBJIEH OJIMH
~ fla) = WM HECKOJIbKO 3JIEMEHTOB W3
7— f(y) MHOXKecTBa B. MHoxecTtBO A
(y) Ha3biBaeTcsl 00JacTbio omnpe-
A4 aejieHUss oToOpakeHuss f,
) o603Hauaemoii uepe3 D(f).




I. OTo6paxeHue. PyHkuusA

[TycTb KaxKJ10My 2JIEMEHTY MHO-
| @y ’ ’

x — »KecTBa A corocTtaBjieH OJMH
f(x)

— HJIH HECKOJIbKO 3JIEMEHTOB M3
™ — f(y) MHOxKecTBa B. Muoxectso A

(y) HasblBaeTcsi 00JacTblo onpe-
Y aejieHUss oToOpakeHuss f,
A //f(y) o603Hauaemoii uepe3 D(f).

ﬂ—ﬂf (y) MHOKeCcTBO  BCceX 3HAueHWi
A= D(f) \_ B /) orobpaxkenns f  oGpasyer
B=E(f)=  o6aactb 3HauyeHHH OTOO-

= 03(/f) paxeHusi [ W o0o03HaAuaeTcsi

kKak E(f) nan O3(f).

Tor dakrt, uto D(f)=A u E(f) C B 00bUHO 3aMUCHIBAIOT TaK:
f:A— B.



I. OTo6paxeHue. PyHkuusA
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\

~f(y)
—f(y)
A v
A= D(f) \ b
B =E(f) =

[IycTb  KaXKJIOMy  3JIEMEHTY
MHOXKecTBa A comocTaBJieH
OJIMH UJIH HECKOJIbKO 3JIEMEHTOB
13 MHOKeCcTBa B.

Ecnu kaxaomy snementy u3 A
COMNOCTaBJIEH MOAbKO 0O0UH
3JIEMEHT U3 B, TOo oroOpaxKe-
Hue f HazoBeM (PYHKLMENH.



I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
P s [ R A Ml

x | MHOXKecTBa A comocTaBJieH
flz) = OJINH UJIH HECKOJILKO 3JIEMEHTOB
> = fy) M3 MHOXKeCTBA B.
Ecnu kaxaomy snementy u3 A
- f(y)

COIMOCTABJIEH MOALKO O00UH
1Y) 3JIEMEHT U3 B, T0 oToOpaxe-

%ﬂf@) Hue f HazoBeM (PyHKLMEH.
A= D(f) \_ B/
B=E(f) =
= 03(f)
WMHorna tepMunbl omobpascerue u pyHKYULA OTOXKAECTBISIOTCS, HO
MbI Gy/IeM CUMTATh (PyHKLMEH TOMBKO 0JJHO3HAYHOE 0TOOparKeHHE.




I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
P s [ R A Ml

x | MHOXKecTBa A comocTaBJieH
flz) = OJINH UJIH HECKOJILKO 3JIEMEHTOB
> = fy) M3 MHOXKeCTBA B.
Ecnu kaxaomy snementy u3 A
- f(y)

COIMOCTABJIEH MOALKO O00UH
1Y) 3JIEMEHT U3 B, T0 oToOpaxe-

%ﬂf@) Hue f Ha3oBeM (PyHKILMEH.
A= D(f) o B/
B=E(f) =
= 03(/)

YTo n/10X0 B 3TOM onpeeeHUd (PyHKIUH?




I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
P s [ R A Ml

x | MHOXKecTBa A comocTaBJieH
f (33) = OJIMH WUJIU HECKOJIbKO 3JIEMEHTOB

> = fly) M3 MHOXKeCTBa B3.

f(y) Ecnu kaxaomy snementy u3 A
I COIMOCTABJIEH MOALKO O00UH
) 3JIEMEHT U3 B, T0 oToOpaxe-

%ﬂf@) Hue f HazoBeM (hyHKLHEN.
A= D(f) \_ B
B=E(f) =
= 03(/f)
[1aBHBII HEeOCTATOK COCTOUT B TOM, UTO OHO C(OPMYJIMPOBAHO He Ha
«513bIKE PABEHCTB U HEPABEHCTBY.




I. OTo6paxeHue. PyHkuusA

/ \ s ™ [IycTb  KaKJOMy  3JIEMEHTY

T - MHO»ecTBa A coriocraBJeH
\

I OJIUH HUJIK HECKOJIbKO 3JIEMEHTOB
13 MHOXKeCTBa B.

Ecnu kaxaomy snementy u3 A
COIMOCTABJIEH MOAbKO O00UH
3JIEMEHT U3 B, TO oToOpaxKe-

\ A4 / Hue f HazoBeM (PyHKLMEH.
A= D(f) \_ B/
B=E(f) =
= O3(/f)

KaK 34dllUCAaTb Ha «{3bIKE PABEHCTB>» HEBO3MOZAKHOCTDH H306pa}K€HHOﬁ

CUTYyalluu?



I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
Comy | (T@) ) e oy e

r=1Y — MHOXKecTBa A comocTaBJeH
— 7 OJIMH HJIH HECKOJIbKO 3JIEMEHTOB
f(y) 13 MHOXKecTBa B.

Ecnu kaxaomy snementy u3 A
COTOCTAaBJIEH MOAbKO O0O0UH
3JIEMEHT U3 B, TO oToOpaxKe-

\ A4 / Hue f HazoBeM (PYHKLMEH.
A= D(f) \_ B/
B=E(f) =
= O3(/f)

KaK 34dllUCAaTb Ha «{3bIKE PABEHCTB>» HEBO3MOZAKHOCTDH H306pa}K€HHOﬁ

CUTYyalluHu?



I. OTo6paxeHue. PyHkuusA

/ L f@

\

f(y)

B=E(f) =
— 03(f)

=y = f(x)=f(y)

[IycTb  KaXKJIOMy  3JIEMEHTY
MHOXKecTBa A comocTaBJieH
OJIMH UJIH HECKOJIbKO 3JIEMEHTOB
13 MHOKeCTBa B.

Ecnu kaxaomy snementy u3 A
COINOCTaBJIEH MOAbKO 0O0UH
3JIEMEHT U3 B, TO oToOpaxKe-
Hue f HazoBeM (PYHKLMEH.

(1)



I. OTo6paxeHue. PyHkuusA

[ fx)

~

B

T =y
\\#
fy)
A
A= D(f) \
B=E(f) =
= O3(f)

=y = f(x)=f(y)

[IycTb  KaXKJIOMy  3JIEMEHTY
MHOXKecTBa A comocTaBJieH
OJIMH UJIH HECKOJIbKO 3JIEMEHTOB
13 MHOKeCTBa B.

Ecnu kaxaomy snementy u3 A
COINOCTaBJIEH MOAbKO 0O0UH
3JIEMEHT U3 B, TO oToOpaxKe-
Hue f HazoBeM (PYHKLMEH.

(1)

Mbl1 nostyunsin popmyaty. HUTo Hano caenaTh B EPBYIO oUepeib?



I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
Comy | (T@) ) e oy e

r=1Y — MHOXKecTBa A comocTaBJeH
— 7 OJIMH HJIH HECKOJIbKO 3JIEMEHTOB
f(y) 13 MHOXKecTBa B.

Ecnu kaxaomy snementy u3 A
COTOCTAaBJIEH MOAbKO O0O0UH
3JIEMEHT U3 B, TO oToOpaxKe-

\ A4 / Hue f HazoBeM (PYHKLMEH.
A= D(f) \_ B/
B=E(f) =
= O3(/f)

r=y = flz)=[f(y) (1)

Hano npoBeputh npaBujibHOCTb 3TOH popMyJibl. UTo n0xo B 3TOH dop-
myJe?




I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
Comy | (T@) ) e oy e

r=1Y — MHOXKecTBa A comocTaBJeH
— 7 OJIMH HJIH HECKOJIbKO 3JIEMEHTOB
f(y) 13 MHOXKecTBa B.

Ecnu kaxaomy snementy u3 A
COTOCTAaBJIEH MOAbKO O0O0UH
3JIEMEHT U3 B, TO oToOpaxKe-

\ A4 / Hue f HazoBeM (PYHKLMEH.
A= D(f) \_ B/
B=E(f) =
= O3(/f)

r=y = flz)=[f(y) (1)

He ykasaHno siBHO, uTo x 1 y 6epyTcsi U3 06JIaCTH OoMpejiesieHust PyHK-
uu f.




I. OTo6paxeHue. PyHkuusA

[TycThb Ka>KJ10M 9JIEMEHT
Comy | (T@) ) e oy e

MHOXKecTBa A comnocTaBJieH
\\?é OJINH UJIH HECKOJILKO 3JIEMEHTOB
f(y) 13 MHOXKecTBa B.

Ecnu kaxaomy snementy u3 A
COIMOCTAaBJIEH MOAbKO O00UH
3JIEMEHT U3 B, TO oToOpaxKe-

A o
\ / Hue f HazoBeM (PYHKLMEH.




I.1. Onpenenenve pyHkuuu

Onpenenenune 1. Omobpascenue f Hasoieaencs GpyHKuUMen uil oa-
HO3HaYHbIM OTOOpaXKeHUeM, ecu

xeDU):>@:y:>ﬂ@:f@D, 2)

e {yGD(f)

Urmo pasHoCuUAbHO

x € D(f)
Vo Yy y € D(f) = f(z) = f(y), (3)
=y



I.1. Onpenenenve pyHkuuu

Onpenenenune 1. Omobpascenue f Hasoieaencs GpyHKuUMen uil oa-
HO3HaYHbIM OTOOpaXKeHUeM, ecu

Vo Vy {iggg; = (:B=y = f(z) =f(y)), (2)
yrio pClBHOCLL/LbHO
x € D(f)
Vo Yy yeD(f) = flz)=fy), (3)
T=1y

MoxxHo nipuBecTH (OPMYJUPOBKY Ha S3blKe HepaBEHCTB: 0Mobpaice-
Hlle Ha3bl8aemca 00HO3HAUHbIM M0o2c0a U MOAbKO moeda, Koeoa

vo wy {2S00 = (1@ £ W) = 2 4).



I.1. Onpenenenve pyHkuuu

M3 HalMx pacCyKJIeHUA MOXKHO CJIeJIaTh BBIBOJI, YTO OTOOpaKeHHE Mbl
Q)aKTquCKH paCcCMaTpuUBaeM KaK HeOolpeaegsdemMoe nmoHsaTue. Ha ca-
MOM JieJie ITOHATHE <<OTO6pa}K€HH€>> MOZ2KHO CBE€CTH K IMOHATHIHO «MHO=
HKEeCTBO», HO TaKoe€ CBeACHHE IIPEACTABJACT CKOpPEE aKaILGMHLIGCKHI/UI,
qyem HpaKTquCKHﬁ HMHTEpPEC. HO9TOMy HaM ceHnyac [polle BBECTHU HO-
BO€ HEOIIpeaesasaeMOE ITOHSATHE, UHEM CBOIAWTDL €0 K U3BECTHLIM I[MTOHATHAM,
HECMOTPs HaA TO, UTO IIPHU 3TOM MbIl, K COXKaJICHUIO, HAPyIAa€M ITPHUHIIHAII
«OputBbl OKKama».



[.2. B3aumHO ogHO3HauHble PYHKUHUHU

I/ITaK, MBI paCCMOTpeJH/I CUTYyalM1O, KOTJa Yy KaxKJ10T'0 2JIEMEHTA U3 00-
JIdCTHU OHpeﬂeJleHI/IH UMeeTCd TOJIBKO OJHUH 06[)213.

ECTQCTBQHHO paCCMOTpeTb CUTyalHIo, KOr'lda



[.2. B3aumHO ogHO3HauHble PYHKUHUHU

I/ITaK, MBI paCCMOTpeJH/I CUTYyalM1O, KOTJa Yy KaxKJ10T'0 2JIEMEHTA U3 00-
JIdCTHU OHpeﬂeJleHHH UMeeTCd TOJIBKO OJHUH 06[)213.

ECTQCTBQHHO paCCMOTpeTb CUTyalHlO, KOraa Yy KaKaoro 3JIEMEHTA
u3 E(f) umeeTcst TOJILKO OIMH MpooOpas.



[.2. B3aumHO ogHO3HauHble PYHKUHUHU

I/ITaK, MBI paCCMOTpeJH/I CUTYyalM1O, KOTJa Yy KaxKJ10T'0 2JIEMEHTA U3 00-
JIdCTHU OHpeﬂeJleHHH UMeeTCd TOJIBKO OJHUH 06[)213.

ECTQCTBQHHO paCCMOTpeTb CUTyalHlO, KOraa Yy KaKaoro 3JIEMEHTA
u3 E(f) umeeTcst TOJbKO OJIH nMpooOpas.

TaKaH (bYHKLH/IH Ha3bIBAE€TCHA B3dMUMHO OﬂHOSHaQHOfI.



[.2. B3aumHO ogHO3HauHble PYHKUHUHU

Onpepnenenue 2. Pyukyusa f Hazvieaemcs B3aMMHO OJHO3HAYHOM
dbyHKUMen, ecau

z € D(f)

ey {yED(f)

> (r=y & f@)=fw). @



[.2. B3aumHO ogHO3HauHble PYHKUHUHU

Onpepnenenue 2. Pyukyusa f Hazvieaemcs B3aMMHO OJHO3HAYHOM
(byHKUMEH, ecau

z € D(f)
y € D(f)

XapaKTepuCTHUECKOE CBOMCTBO HA s13bIKE HEPABEHCTB MOXKHO 3allv-
caTb, HalIpUMep, B BUJIE:

z € D(f)
y € D(f)

Vo Vy { = (:B=y & f(fE)If(y))- (4)

v vy = (e#y & f@#1W). O



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-

ueHue.

JloKa3aTeJbCTBO



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
A1emcs 83AUMHO OOHO3HAUYHOU mMoeda U moabKo moeda, Koeoa 044

amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uLeHue.

JloKka3aTeabCTBO 3TOH TeOpeMbl CJEyeT HEMOCPEJACTBEHHO U3 OMpe-
JeJieHUs1 1 paciinpoBKHM C MOMOILbBIO MPaBUJ M1ePEBOJA HA «SI3bIK pa-
BEHCTB M HEPABEHCTB>.



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uierue.

Jloka3aTeabcTBO HeoOxoaumocTu. [lycts nas moboro y us E(f)
ypaBHeHHe f(x) = y UMeeT eIJMHCTBEHHOE pPellleHHe.



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uierue.

Jloka3aTeabcTBO HeoOxoaumocTu. [lycts nas moboro y us E(f)
ypaBHeHHe f(x) = y UMeeT eIJMHCTBEHHOE pPellleHHe.
CsioBocoueTanue edurcmaeHHoe pellieHue 03HauaeT, uTo



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uierue.

Jloka3aTeabcTBO HeoOxoaumocTu. [lycts nas moboro y us E(f)
ypaBHeHHe f(x) = y UMeeT eIJMHCTBEHHOE pPellleHHe.
CsioBocoueTanue edurcmaeHHoe pellieHue 03HauaeT, uTo

fla) =1y B
{f(b)—y = a=b

OTKY/J1a



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uierue.

Jloka3aTeabcTBO HeoOxoaumocTu. [lycts nas moboro y us E(f)
ypaBHeHHe f(x) = y UMeeT eIJMHCTBEHHOE pPellleHHe.
CsioBocoueTanue edurcmaeHHoe pellieHue 03HauaeT, uTo

{f(a)—y
f) =1y

= a=20,

OTKY/J1a
fla) = f(b) = a=0b,

TO €CTb f — B3aWMHO OJIHO3HAUHAS PYHKILIHS.



[.3. Kputepuit B3auMHON OJHO3HAYHOCTH

Teopema | (kpuTepuit BBAUMHOU OJHO3HAYHOCTH ). PyHKyud [ 46-
Aemcs 83aUMHO 00OHO3HAUHOL Mo2da u MmoavKo moaoa, Koeda 045
amoboeo y us E(f) ypasnenue f(x) =y umeem edurcmsenroe pe-
uierue.

Jloka3aTeabcTBO HeoOxoaumocTu. [lycts nas moboro y us E(f)
ypaBHeHHe f(x) = y UMeeT eIJMHCTBEHHOE pPellleHHe.
CsioBocoueTanue edurcmaeHHoe pellieHue 03HauaeT, uTo

{f(a)—y
f) =1y

= a=20,

OTKY/1a
fla) = fb) = a=0b,
TO €CTb f — B3aWMHO OJIHO3HAUHAS PYHKILIHS.
JI0CTaTOUHOCTh 1OKA3bIBAETCS aHAJIOTUUHO.



[I. B Kakux HanpaBJieHUSIX pa3BUBaThb UcCcCJeJ0BaHue?
Moxno BbIACJIUTL CJACAYIOIIME HAITpaBJACHUA HCCJICTOBAHHUSA.



[I. B Kakux HanpaBJieHUSIX pa3BUBaThb UcCcCJeJ0BaHue?
BocnosibayeMcsi 6a30BbIMM UCCJI€10BATENbCKUMU CTPATETUSIMM.
CorysiacHO cTpaTeruu MPUOPUTETHOTO U3YUEHHS SKCTPEMAJIbHbIX CUTY-

aluWi cJiellyeT B MEPBYIO ouepelb M3YUHTb HEKOTOPbie YACTHbIE BUJbI

hyHKUHUH.



[I. B Kakux HanpaBJieHUSIX pa3BUBaThb UcCcCJeJ0BaHue?
BocnosibayeMcsi 6a30BbIMM UCCJI€10BATENbCKUMU CTPATETUSIMM.
CorysiacHO cTpaTeruu MPUOPUTETHOTO U3YUEHHS SKCTPEMAJIbHbIX CUTY-

aluWi cJiellyeT B MEPBYIO ouepelb M3YUHTb HEKOTOPbie YACTHbIE BUJbI

hyHKUHUH.
CTtpaTerusi nepexojia OT M3yueHHSI OTAEJbHOrO 0ObeKTa K CUCTEME
00bEKTOB MPUBOJUT K HJee BblJeJEHUsT Pa3HbIX TUMOB (DYHKIIUH, BBeJIE-

HHSI pa3JUUYHbIX MPpeoOpa3oBaHUM PYHKLIMHA.



[I. B Kakux HanpaBJieHUSIX pa3BUBaThb UcCcCJeJ0BaHue?
BocnosibayeMcsi 6a30BbIMM UCCJI€10BATENbCKUMU CTPATETUSIMM.
CorysiacHO cTpaTeruu MPUOPUTETHOTO U3YUEHHS SKCTPEMAJIbHbIX CUTY-

aluWi cJiellyeT B MEPBYIO ouepelb M3YUHTb HEKOTOPbie YACTHbIE BUJbI

hyHKUHUH.

CTtpaTerusi nepexojia OT M3yueHHSI OTAEJbHOrO 0ObeKTa K CUCTEME
00bEKTOB MPUBOJUT K HJee BblJeJEHUsT Pa3HbIX TUMOB (DYHKIIUH, BBeJIE-
HHSI pa3JUUYHbIX MPpeoOpa3oBaHUM PYHKLIMHA.

B cooTBeTcTBHHU cO cTparerueit NoCTPOEHUsT MOJIEJH CJIeyeT YCTaHO-
BUTb CTaHJApTHbIe opMbl 3aJiaHUSI (DYHKLUM.



[I. B Kakux HanpaBJieHUSIX pa3BUBaThb UcCcCJeJ0BaHue?
BocnosibayeMcsi 6a30BbIMM UCCJI€10BATENbCKUMU CTPATETUSIMM.
CorysiacHO cTpaTeruu MPUOPUTETHOTO U3YUEHHS SKCTPEMAJIbHbIX CUTY-

aluWi cJiellyeT B MEPBYIO ouepelb M3YUHTb HEKOTOPbie YACTHbIE BUJbI

hyHKUHUH.

CTtpaTerusi nepexojia OT M3yueHHSI OTAEJbHOrO 0ObeKTa K CUCTEME
00bEKTOB MPUBOJUT K HJee BblJeJEHUsT Pa3HbIX TUMOB (DYHKIIUH, BBeJIE-
HHSI pa3JUUYHbIX MPpeoOpa3oBaHUM PYHKLIMHA.

B cooTBeTcTBHHU cO cTparerueit NoCTPOEHUsT MOJIEJH CJIeyeT YCTaHO-
BUTb CTaHJApTHbIe opMbl 3aJiaHUSI (DYHKLUM.

Celiuac He OyieM paccMaTpUBAaTh MPUMEHEHHE IPYTuX 6a30BbIX HCCJIe-
JIOBATeJIbCKUX CTPATErni: CTpaTEruu MOMCKa aHaJOrMM, CTpaTerkuu npeji-
BKYLLEHHSI, CTpaTErnd oOOralleHus MOJIeJIH, CTPaTerMk CMeHbl POJiel U
MPUOPUTETOB.



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU
OObIYHO PUMEHSIOTCS CJEyIOLIHEe TUITOBbIE CITOCOOBI 3aJaHUsT PYHK-
LHHUH.



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU

BbIPA)KEHUE uaun ®OPMYJIA. Ito Haubosiee yacto BCTpeuaro-
LIKHACS B IIKOJbHOM MaTeMaTHKe criocob 3ananus yHkuuu. Hanpumep,
dopmy.ia f(x) = sin® x npeacTapaseT co60l KIMEHHO TaKO# crnocod 3a1a-
Hus1 PyHKUMH. [TepeMeHHast, BMECTO KOTOPOM HaJIO MOACTABJSTh 3JIEMEHT
13 006J1aCTH onpeeseHust GYHKUKMHY (B JaHHOM IPUMeEpE 3TO X ), Ha3blBa-
eTcst aprymeHToM (yHKUMU. [1pyr 3TOM sIBHO yKasbiBaeTcs mpolleaypa
soluucieHus 3Hauenus: f(x) pyHKumu f Ha aprymeHTe x, TOUHee, MPH
JMI060M 3Haueruu apeymerma. PakTuiecKd 3THM CrIoCOOOM Mbl yKa-
3bIBA€M 1pABUAO BLIUNCIEHHS 3HaUeHHUst PYHKIMH f NTPHU IIPOM3BOJILHOM
3HAYEeHHH apTyMeHTa .



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU

BbIPA)KEHUE nan ®POPMY/JIA.

TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.

Tabauia 3HaueHWd (YHKIMKM COCTOMT, KakK MPaBUJO, U3 JBYX CTPOK.
B nepBoii cTpoke nepeuncasitotrest sce (!) anemeHTbl 06J1aCTH onpeie-
JIEHHs, a BO BTOPOH CTPOKE — COOTBETCTBYIOLIME UM 3HAUeHUsT PYHK-
LIMK, TIPY 3TOM COOTBETCTBYIOllee 3HAUEHHMe 3alUChIBAETCS HENoCpel-
CTBEHHO I10]] 3HaueHueM aprymeHnTta. Hanpumep, ecsin dyHkuus f 3agaHa

Tabauuen f?x) _g _le f ,T0D(f) ={-3,4,2}, E(f)={0,—1,1}n



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU

BbIPA)KEHUE nan ®OPMYJIA.

TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.

CJieflyeT OTMETUTD, UTO TabJMlla He Bcerjga uMeeT Takod Bua. ¥ Bac,
HaBepHoOe, €CTh UK Oblla TeTPajKa, Ha 3aJHeld 00J10KKe KOTOPOU MPHU-
BejleHa Tabuinua yMHoxKeHus1. OHa 3anaHa uHaue. OTMeTHUM, UTO TabJIU-
1lell yMHOXKeHHUs1 3aj1aeTcst yHKUMs f(z,y) = x - y OT JIBYX NlepEeMeHHbIX,
ee 06J1aCTb OMNpeJiesIeHUsT COCTOUT U3 nap uucea. OObIUHO NIPU 3alaHUH
TabJMLEed 3HaUeHUH (PYHKUMH IBYX MePEMEHHBIX (TO ecTh (PYHKUUHU f Ta-
Kol, uto D(f) = A x B) 3Ta TabJuia 3HaueHWH UMeeT CJeyIOINH BUIL;

yj f(:;;a.yj)




[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU
BbIPA)KEHUE nan ®POPMYJIA.
TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.

Hanpumep, nns dyukuuu f(x,y) = x - y, rae
D(f)={-1,0,1} x {—1,0,1} tabauily 3HaueHHH MOXHO 3amucaTb B

yY\z|—1 0 1
-1, 1 0 -1 o o

Buzel o . Takoii B1 TaG/IHILbI 3HAUEHHUH /151 (PYHKIIUH JBYX
1 =10 1

NepeMeHHbIX 00bIUHO Y100Hee TaOJJIULbI U3 JIBYX CTPOUEK:

(z,y) | (=1;-1) (=1;0) (=1;1) (0;=1) (0;0) (0;1) (1;—=1) (1;0) (1;1)
f(z,y) 1 0 -1 0 0 0 —1 0 1




[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU
BbIPA)KEHUE nau ®OPMYJIA.
TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.
OTMEeTUM OJIMH BaxKHbIH (haKT: mabauyeil, KAk npasuio, Heab3a 3a-
dasamo hynkyuio ¢ 6eckoreurol 0baacmoro onpedeieHus..

'MoxKHO OblJ10 Obl CUMTATh UCKJIOUEHHSIMH M3 3TOTO MpaBUa HEKOTOpPbie PYHKIIMH, HATPUMeEp, TPO-
TPECCHH, HO 3TO TPeOYET CIeLHaNbHbIX OTOBOPOK, TPUYEM BeCbMa CYLIECTBEHHDIX.



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU
BbIPA)KEHUE nau POPMYJIA.
TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.
FPA®HUK. [Toayuum onpenenenune rpaduka GpyHKIUKN?



[1.1. «CranpapTHble» cnocoObl 3aJaHUsl (DYHKLUU
BbIPA)KEHUE uau ®POPMYJIA.

TABJIUMLA. Ee elie HaswiBaloT Ta0JMLIe 3HAUEHUNA.
FPA®HUK. [Toayuum onpenenenune rpaduka GpyHKIUKN?

Onpepeaenue 3. [padpukom pynkyuu f nasvieaemca mHoMcecmso
MmoueK NAOCKOCMU ¢ KOOPOUHAMAMU (a:, f(as)).

Paccmorperbh npumep?



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU
[Ipu M3yueHUU 3TOH I1aBbI 10 3TOT0 MOMEHTA OCHOBHAs HArpy3Ka rnpu-
XO0HuJaacCb, B OCHOBHOM, Ha JIEBYIO [IOJIOBUHY MO3r'd, OTBE€UAIOLILYIO 34 JIO-
ruyeckKoe mbliyieHue. /{as Toro yto6bl yCBOUTb MaTepuas, He0OX0IUMO,
yTOOBI MO JAKJIFOUNJI1AChb HpaBaH [TIOJIOBHUHA MO3ra — O6p83HO€ MbILIJIEHHE,
HMHTYULUSA WU T.II. HaIIO, yToObI Yy Bac C(bOpMHpOBaJIaCb CUCTEMA MOJEe-
.Heﬁ HSyqaeMoro I[TOHATHUA. MbI HpeﬂﬂaraeM JIBAd THIIA <<MOIL€.H€ﬁ>> I[TOHATHUA

(hYyHKLHH.



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU
B anHamudeckux monensx (yHKUMS [ MPEACTABJASETCS <UepPHbIM
ALMKOM>, HA BXOJ1L KOTOpOFO [moAa€eTCda o, a Ha BbIXOAE IMOJIydaeEM f(SU)



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B numHamMuyeckux monensx (yHKUMS f MPEACTaBJSETCS <UepHbIM
SIIMKOM», Ha BXOJI KOTOPOTO TOJaeTCs ', a Ha BbIX0Jie roJjydaem f(x).

[Ipumep — 3ananue PyHKIMH BbipakeHueM. Kpome NpHBBLIYHBIX Bbl-
paKeHHH TUna x? — 2, MOTyT ObITh BbIPAXKEHUS APYrUX THNOB. Hanpu-
Mep, MOXKHO 3a71aThb HEKOTOPYIO (DYHKIHMIO TaKOH ca08ecHotl hopMyJIoH:
«oToOparkeHue h KaxKJaod UMdpe CTABUT B COOTBETCTBHE KOJIHYECTBO
OYKB B PyCCKOM CJIOBe, 0603HAYaIoIIEeM 3Ty LHDPY».



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B numHamMuyeckux monensx (yHKUMS f MPEACTaBJSETCS <UepHbIM
SIIMKOM», Ha BXOJI KOTOPOTO TOJaeTCs ', a Ha BbIX0Jie roJjydaem f(x).

[Ipumep — 3ananue PyHKIMH BbipakeHueM. Kpome NpHBBLIYHBIX Bbl-
paKeHHH TUna x? — 2, MOTyT ObITh BbIPAXKEHUS APYrUX THNOB. Hanpu-
Mep, MOXKHO 3a71aThb HEKOTOPYIO (DYHKIHMIO TaKOH ca08ecHotl hopMyJIoH:
«oToOparkeHue h KaxKJaod UMdpe CTABUT B COOTBETCTBHE KOJIHYECTBO
OYKB B PyCCKOM CJIOBe, 0603HAYaIoIIEeM 3Ty LHDPY».

OtyinunTesbHAsA yepTa «JIMHAMHUECKHX MOJEJel»: UeTKO Bble/eHO,
KyJla Hajlo MOJACTaBJAThH 3JeMeHT U3 00J1aCcTH onpejiesieHust (HanpuMep,
Npy 3aJaHuK (YHKIMH BbIpaXK€HUEM 3TOT 3JIEMEHT HaJl0 MOJCTaBJISAThH
BMECTO aprymeHTa hyHKUMH ), U TJIe MOJYUYUM 3HaUeHue PyHKIMH.



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B craTudecKux Moe/sIX KaKUM-JIHO0 00pa3oM H300paKaem MHOXKe-
ctBa D(f) u E(f) u kaknm-11u60 06pa3oM yKasbiBaeM, Kak OCYIIeCTBJIsI-
eTcst oTobpaxkeHue. PaccMoTpeHHO# Bbille PYHKIUKU /i MOXKHO ITOCTABUTH
B COOTBETCTBHE



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B craTudecKux Moe/sIX KaKUM-JIHO0 00pa3oM H300paKaem MHOXKe-
ctBa D(f) u E(f) u kaknm-11u60 06pa3oM yKasbiBaeM, Kak OCYIIeCTBJIsI-
eTcst oTobpaxkeHue. PaccMoTpeHHO# Bbille PYHKIUKU /i MOXKHO ITOCTABUTH
B COOTBETCTBHE
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[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B craTudecKux Moe/sIX KaKUM-JIHO0 00pa3oM H300paKaem MHOXKe-
ctBa D(f) u E(f) u kaknm-11u60 06pa3oM yKasbiBaeM, Kak OCYIIeCTBJIsI-
eTcst oTobpaxkeHue. PaccMoTpeHHO# Bbille PYHKIUKU /i MOXKHO ITOCTABUTH
B COOTBETCTBHE
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[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

B craTudecKux Moe/sIX KaKUM-JIHO0 00pa3oM H300paKaem MHOXKe-
ctBa D(f) u E(f) u kaknm-11u60 06pa3oM yKasbiBaeM, Kak OCYIIeCTBJIsI-
eTcst oTobpaxkeHue. PaccMoTpeHHO# Bbille PYHKIUKU /i MOXKHO ITOCTABUTH
B COOTBETCTBHE
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[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

Takum o6pas3om, B CTATMUECKHUX MOJEJSIX W 3HAUEHUS] aprymeHTa, u
3HaueHHs1 0TOOPaXKeHHsl «pa3mMasaHbl», TO €CTb He BbIJIEJIEHO KMECTO, Ky-
J1a MOJICTABJISITh JIEMEHT» U3 00JIaCTH ONpeIe/IeHHSI.

Yro6bl Ha#iTh h(2) 1Mo BblllleNpUBeAeHHON TabJulle, HAN0 Halmu B
MepBOK CTPOKE UHUCJIO 2, U TOTJIa B COOTBETCTBYIOLIIEM CTOJIO1IE BO BTOPOH
CTPOKe HaXO0JIUM 3HaueHue PyHKIHUKH — unco 3. Ecau gpynkuus h 3ana-
Ha popMyJiof (Hanpumep: «Udpe CTaBUTCS B COOTBETCTBUE KOJUUECTBO
OYKB B pyCCKOM CJIOBe, 0603HaUaloIEM 3Ty LUDPY> ), CUTYaLUs] TPUHLM -
NUasbHO Jpyras: K uudpe «2» npuMeHsieM 3Ty Npoueaypy, He Tpebyto-
LLLYI0 MToucKa LUPpPbl 2 B «<0ObeKTe», COOTBETCTBYIOLIEM 06J1aCTH OMpe-
neseHust GyHKUUK (Hanpumep, ctpoke Tabauubl ). [losyuaem, uto uncay 2
COOTBETCTBYET CJIOBO «JIBa», BBIUMCJISIEM KOJMUECTBO OYKB B HEM: 3 U M0~
Jydaem 3Hauenue h(2).



[1.2. CtaTnueckue U IMHaAMUUYeCcKUe MOoAeau PYHKUUU

TaKI/IM O6p830M, B CTATHYECKHUX MOJeJadX U 3HAUEHHA apryMeHTa, 4
3HAUEeHUA OTO6pa}K€HHH <<paSMaSaHbI>>, TO €CTb HE BbIACJIEHO KMECTO, KYy-
Ja IMNOoACTAaBJIATb 2JIEMEHT>» U3 o0J1aCTH OHpQILe.HeHHH.

Eule npumep cratuueckoit Mojiesnn — rpaduk ¢pyHkuud. Hamnomuum,
uto rpauk PYyHKUMU h — 39MO MHOMCECMBO MOUEK NAOCKOCMU C
Koopdunamamu (x, h(x)).

Paccmorpetb npumep?



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

Hacto B yueOHHMKaX, cOOpHUKAX 3alauy M 3K3aMEHAUHMOHHBbIX OHJe-
TaX MOXKHO TPOUUTATh (hpasbl THMA «DYHKIMS SinZ...» WIH <PYHKIHUS
f(x) = 2%...» Ha camom Jie/ie B 3THX CJydasix CJeAoBajio Obl HANKCATD
YTO-HUOY/b THIA «(YHKIMS Sin» UJIM COOTBETCTBEHHO «(YyHKLMS f, 3a-

naunas soipasceruem f(x) = x?..», wiu «pyHkuus f, 3agannas ¢op-

nyroii f(x) = x%..».



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa
UTo 03HAUaeT B MOCJE/IHEM CJIydae TEPMUH BblpaxiceHue?



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

UTo 03HAUaeT B MOCJE/IHEM CJIydae TEPMUH BblpaxiceHue?

HOIL BbIDA2KE€HHUEM [TOHUMAETCA HEKOTOPOE «KCJIOBO>», INOCTPOEHHOE B
COOTBETCTBHH C IIpaBUJIAMHU COOTBQTCTBy}OLU,eﬁ 'PaMMATHKH.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

HOIL BbIDA2KE€HHEM [TOHUMAETCH HEKOTOPOE «CJIOBO>», ITIOCTPOEHHOE B
COOTBETCTBHH C IIpaBUJIAMHU COOTBeTCTBy}OHLeﬁ 'PaMMAaTHKH.

[Ipennosiaraercsi, UTo Mbl HMEEM JIEJIO C HEKOTOPBIM «aJihaBUTOM>» H
COBOKYIMTHOCTbBIO T'PaMMAaTUYECKUX TTPaBHUJI, B COOTBETCTBUH C KOTOPbIMH
HEKOTOPbIE «CJIOBA>», COCTABJICHHbIE U3 <<6YKB>> 9TOI'o aJI(baBHTa, CUuTa-
I0TCS 'PAMMATHYECKH TIPABUJIbHBIMH, d HEKOTOPbIE€ — <HEIIPaBUJIbHbI-
MH>», TO €CTb HAPYLIAOUIUMHU ITpaBHJa I/ICHOJII)?;yeMOﬁ 'PaMMAaTHKH.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

HOIL BbIDA2KE€HHEM [TOHUMAETCH HEKOTOPOE «CJIOBO>», ITIOCTPOEHHOE B
COOTBETCTBHH C IIpaBUJIAMHU COOTBeTCTBy}OLHeﬁ 'PaMMAaTHKH.

fpammamu%ecmu npasuisbHO NOCHIPOEHHbLE CA080A HA3bLBATONCA
BbIpAXKE€HUSMH.

HaanMep, €CJIM peUb UAET O PYCCKOM ¢3blKE, TO BbIpa>K€HHUA — 3TO
cJioBa, (ppasbl, MpeJioKeHHs U Moc/1e0BaTeIbHOCTH NPeIJI0XKEHNH, 110-
CTpOEeHHbIe C cobJI0IeHHeM (hopMaJibHbIX MPABUJ PYCCKOTO I3bIKA: Op-
dorpaduu, nyHKTyauuu  T.1.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

[Ton BblpaxkeHHeM MOHUMAETCS] HEKOTOPOE «CJIOBO», MOCTPOEHHOE B
COOTBETCTBHUHM C TIPABUJIAMU COOTBETCTBYIOLIEH 'PAMMATHKH.

[pammamuuecku npasusbHoO NOCMPOEHHbLE CA0BA HA3LLBAOMCA
BbIpaXKEeHUSIMHU.

OTMeTHM, UTO HAc celuac He UHTEPECYEeT CMbLCA BbICKA3bIBAHUS, HAM
B JIAHHBbIH MOMEHT BaxKHa (hopmasvHas, epammamuyeckas npaBuib-
HocTh. CkaxkeM ¥ 80pobves no wecmv HOe — rpaMMaTHUECKH TMpa-
BUJIbHOE «CJOBO» (Mpobes Mexjy CJ0BAMH CUMTaeTcsl «OYKBOW»), TO
ecTb 3Ta (pasa siBjsieTcsi BbipaxKeHueM. Ho 3To BbipaxkeHue sIBJsieTCS
HEBEPHbIM M0 CMbLCAY , TO €CTh HEBEPHbIM C TOUKH 3PEHUST CeMaHmu-
Ku. A cnoBo sapobeil BbipaxKeHUeM He sIBJIsieTCs], Kak U fppasa sopobei,
noxoocas Ha NMu4KY, TaK KaK B MOCJEJHEM CJyuae He COrJacyeTcs
POJI CYLIECTBUTEJILHOTO (BOPOOEH — MYy»KCKOTO pojia) U npuJsaraTesib-
HOTO (OKOHYaHHeE -asl B CJIOBE NOX0HA).



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

[Ton BbIpaXkeHHEM MOHUMAETCsI HEKOTOPOE «CJIOBO», MOCTPOEHHOE B
COOTBETCTBHHU C MPAaBUJIAMH COOTBETCTBYIOIIEH PAMMATHKH.

Ipammamuuecku npasusbHO NOCMPOCHHbLE CA0BA HA3bIBAIOMCS
BbIpaXK€e€HUSIMH.

EcTb cBoM rpamMmaTHueckde rpaBuJa JJisi TeOMETPHUECKHX (a 0co-
OEHHO TeXHUYECKHX) uepTexked. EciH peub HIET O si3blKe ILKOJIb-
HOM MAaTEMAaTUKHW, TO BbIPAXKEHUS HUMEIOT BHJL 2sin’x, 1 — cos?2z,
log,_5 (2 — 1) + 5c0s® 2z + 3 < 2 — 2 u 1.i. CJ10Bo sin(z| - —2 BeIpa-
YKEHHEM He sIBJISIeTCSI.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

PaccmoTrpum nojapobHee MaTeMaTHuecKHe BbIpaxKeHWsi (B pamKax
LLIKOJIbHOU MaTeMaTHKH ). HekoTopble «cyioBa», TO eCTb MocJ/e10BaTeNb-
HOCTH OyKB, MOIYT UMeTh CIelMaJbHbIi cMbic/. Hanpumep, nocsaeno-
BAaTEJbHOCTh OYKB sin 00bIYHO 0003HAYAET OTAEJbHOE CJI0BO. [lyis1 TOro
yTOObI OTJIMUUThL €ro OT CJIOBA Sin B CUTyallMM, KOTJa OHO 0003HAuYaeT
npoussederue NepeMeHHbIX S, 7, 1, TOUKy, 0003HaUa0LILyI0 YMHOXKEHHE,
JIydllle He OMyCKaThb, U MUCATh S - ¢ - M.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

Caenyer oTyinyaTh NOHATHS 8btpaxcerue U gopmysa. OTMETUM, UTO
thopmyna — 3amo svickaszviBarue, TO €CTb (hpasa, OMHOCUNIEeNbHO
KOMOPOU OCMbLCACHHbIM ABALEMCS 80NPOC O NMOM, BEPHA AU IMA
¢pasa . Hanpumep, 22 — 1 = 2 — 310 dopmyana, 52+ 1) nd <2 —
ToxKe opmybl. [list Toro uto6bl hpasa Oblja OCMbICJEHHOH (HHAYe OHa
He MOXKeT ObITb BbICKa3blBaHHEM ), HaJl0, YTOObI OHA OblJa MOCTpOeHa B
COOTBETCTBUU C HEKOTOPbIMH TpaMMaTHUECKHUMHU MpaBUaaMu. Takum 06-
pa3oMm, Qopmyabl — MO 4ACMHOLL CAYUAL BOLPANCCHULL.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

B mMaremaTuke cpelid BbIpaXKeHHUH, KpOME BbICKA3bIBAHUH, 0COOO Bbl-
JCJIAIOT €le apl’ld)MeTl/llleCKl/le BbIPpaXK€HUS (STO BbIDA2KE€HUST THIIA
1+2-3, (5—-1):2, ‘ jl_ 2y T.I.) U ajredpanyecKkre BbIparKeHus

5 T (xQ — log, a:)
(3TO BblpaxKeHHWsi TUIIA & — ¥~ FT U T..). Popmyasl B s13bl-

Kax MPOrpaMMUPOBAHUS UaCTO HA3bIBAIOT JOTMYE€CKUMU BbIPaXKEHUSI-
mu. Takum 06pasoM, Hanpumep, & — 2 < 22 — 9T0 JIOTHUECKOE BbIPAXKE -
HUue unn opmyJa. Cpenu JIOTHUeCKUX BbIpaxKeHHH 0co00 OTMETHM pa-
BEHCTBO U HEPaBEHCTBO. JIeBOM 4acTbl0 HEPABEHCTBA WJIM PABEHCTBA
Ha3bIBACTCs aJareOpanueckoe BbIpaxKEHHE, CTOsLIee ¢1e8a OT COOTBET-
CTBYIOILIEr0 3HAKa OTHOLIeHHUs: <, <, >, > =, #. COOTBETCTBEHHO Mpa-
BOM YaCTbIO0 HEPABEHCTBA WJIM PABEHCTBA HA3bIBaeTCsl airebpanueckoe
BbIpaKeHHUE, CTOSIIIEE c1pasa OT COOTBETCTBYIOLIErO 3HAKa OTHOLLIEHHS:
<< >, 2>, =, #




[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

PacemoTpum caoica Boipaxkenuii trna lg (z? + 1) — 5 u T.11. Bolpaxa-
SICh <[10-HAYYHOMY>», 0OPaTHUMCS K CeMaHMuKe MaTeMaTHueCKUX BbIpa-
»KeHuH, 3ajatoimx pynkuuu. @pasa pynkyus f sadarna soeipaiceruem
f(x) = 2% — x o3HauaeT, 4TO Mbl SIBHO YKA3bIBAE€M CIIOCOO BbIUMC/IECHHUS
3HaueHus yHKyuu f Ha NIPOU3BOJILHOM 3JIEMEHTe 00J1aCTH OTpeesie-
HUSI: HAJIO STOT 3JIEMEHT MOJICTABUTL BMECTO apryMeHTa (PyHKLHMH, B JJaH-
HOM [pUMepe — BMECTO OYKBbI T .



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

Takum o6pasom, Kak Mbl OTMeuaJid B MPEJbIIYLIEM pasjese, 3ajaHne
YHKUMH hopMyJiol haKTHUECKH MpeJcTaBJ/sieT co60H peannsaluio ou-
Hamuueckor modeau GyHkuun f, Tak Kak MPH 3TOM Crnocobe YeTKO
yKa3aHo, Kyjla HaJo MOJACTaBJATh 3JeMeHT 06J1acTH orpeseseHus (BMe-
CTO apryMeHTa), W TJe HaJ0 «CUUThIBaTh» 3HaueHue. Hanpumep, nyctb
17151 QYHKUHH, 3agaHHok hopmyioit f () = x* — x, HAJI0 BLIYKC/IUTD 3HA-
ueHue Ha uucye 3. Ham cnenyer Bbumcauts f(3). CuoenoBartesbHo, B
dopmysie f(x) = 2% —x Hano BMeCTO GYKBbI T B JIEBOH W NPABOK ya-
CTSIX PABEHCTBA MOJACTABUTL CUMBOJ 3, ToJyunM f(3) = 3% — 3. [Tosyua-
eM f(3) = 6. Takum o6pa3om, 3JieMeHT 06JIACTH ONpeaeseH st (UUCIo 3)
HaJl0 MOJICTABUTb BMECTO apeymenma GyHKyuu, To ecTb OYKBbI, yKa-
3aHHOM B CKOOKaX, CTOSILIMX MocJ/e 0603HaueHUs1 (DyHKIIMH, a 3HauUeHHe
(YHKIIMH «TIPHCBAUBAETCSI», TOBOPS I3bIKOM HH(DOPMATHKH, BbIPaXKEHHIO

22 — T, TO €CTb BCEMY 3TOMY «CJIOBY>.



[1.3. 3aganune pyHKuuu Boipakeuuem. Popmyaa

SlcHo, uto Boipaxkenus f(z) = 22 — x u f(t) = t* — t 3a1410T OHY U Ty
»Ke PyHKIHIO, IPOCTO B MIEPBOM CJlyyae B KauecTBe apryMmeHTa (pyHKUUH
MCIOJIb3YeTCsl CUHMBOJ , a BO BTopoM — t. Ha peayJibrate soiuuciernus
3Hauerus PyHKUUK 3T0 He oTpasuTcst. M B ToM, U B ipyrom cJjyuae no-
JyunM f(3) = 3% — 3 = 6, IPOCTO B 1€PBOM CJIydae Mbl YHCJOM 3 3aMe-
HUM OYKBY x, a BO BTopoM — OykBY t. M3 3Toro npumepa cneayet, 4to
0003HaUeHHe apryMeHTa MOXKET ObITh MPAKTUUECKH JIIOObIM (KpOME ecTe-
CTBEHHbIX MCKJItoueHui: 0, 1,...,cos,...), IpH 3TOM (DYHKLHS HEe H3Me-
nutcest. To ectb popmyaibl f(z) = 22—z, f(t)=t*—1t, f(s)=s>—s
U T.1. 3aJ1al0T O0HY u my e pyHkyuio f.



[1.4. ToxxnecTBeHHbIe NpeoOpa3oBaHUS

3amerum, uto 1as f(z) = * — z npu BblukcaeHdd f(3) = 3% —3 =6
Mbl HE OCTABHJIM B OTBETE «CJIOBO» 3% — 3, a 1peobpasoBaJjii ero B Co-
OTBETCTBUHU C MpPaBUJIAMU apUPMETUKH (3TH MpaBUa HOCST rpaMMaTh-
ueckui xapakrep). Ho MHorue u3 rakux npeob6pazoBaHuil MOKHO MPo/jie-
JlaTb HE TOJIbKO nOcCAe MOJACTAHOBKH YHUCJAa BMECTO apryMeHTa, HO U 00

9TOr0, «B 00OLLIEM BUJIE.



[1.4. ToxxnecTBeHHbIe NpeoOpa3oBaHUS

$lcHo, uTo BhIpaxkenue x(x — 1) 3agaeT Ty ke (QYHKIIHUIO, UTO U BbIpa-
Kenue 72 — x, MOTOMY UTO NPH KaxKIOM 3HAYEHHH MEePEeMEHHOH T 3Ha-
yeHHe BbipaXkeHusi x(x — 1) paBHO 3HAYeHHIO BbipakeHus z° — x. Ta-
KUM 00pa3oM, K BbIpaxKeHH!0, 3aaaiolleMy (DyHKIHIO, MOXKHO MpUMe-
HATb HEKOTOpble MpeoGpa3oBaHusi. TakuMu npeoGpa3oBaHUSIMHU, HATIPH-
Mep, SIBJISIIOTCS: BbIHECEHHE 3a CKOOKY OOLIEro MHOXKUTEJIS1, IPUMEHEHHEe
dbopMyJ1 COKpallleHHOro YMHOKeHHus, hopMy.1 Tuna sin’z = 1 — cos’z 1
1.n. [ToctaBuM Bompoc B 0o6lieM BUje: KaKHe HMEHHO MpeoOpa3oBaHus

JIOMYCTHMbI ?



[1.4. ToxxnecTBeHHbIe NpeoOpa3oBaHUS

$lcHo, uTo BhIpaxkenue x(x — 1) 3agaeT Ty ke (QYHKIIHUIO, UTO U BbIpa-
Kenue 72 — x, MOTOMY UTO NPH KaxKIOM 3HAYEHHH MEePEeMEHHOH T 3Ha-
yeHHe BbipaXkeHusi x(x — 1) paBHO 3HAYeHHIO BbipakeHus z° — x. Ta-
KUM 006pas3oM, K BbIpaxKeHHI0, 3ajatollemMy (yHKIHUIO, MOXKHO MpPUMe-
HATb HEKOTOpble MpeoGpa3oBaHusi. TakuMu npeoGpa3oBaHUSIMHU, HATIPH-
Mep, SIBJSIIOTCS: BblHECEHHE 32 CKOOKY 00111er0 MHOXKHUTEJIS, TPUMEHEHHE
dbopMyJ1 COKpallleHHOro YMHOKeHHus, hopMy.1 Tuna sin’z = 1 — cos’z 1
1.n. [ToctaBuM Bompoc B 0o6lieM BUje: KaKHe HMEHHO MpeoOpa3oBaHus
JIOMYCTHMbI ?

OTBET TaKOB: TOJILKO TakKe, MPUMeHeHHe KOTOPBIX MPUBOJUT K BbIpa-

2KEHHIO, 3ada0IEMY Ty 2KE (bYHKLH/HO.



[1.4. ToxxnecTBeHHbIe NpeoOpa3oBaHUS

Onpenenenue 4. [Ipeobpasosarue areebpauueckoco BoLPANCCHUS
HA308eM TOXIAECTBEHHBIM, eciu npeobpaszosanHoe aseebpauue-
cKkoe soipadcerue zadaem my e QYHKYUo, 4mo U ucxooHoe ail-
eebpauueckoe solpaliceHue.



[1.4. ToxxnecTBeHHbIe NpeoOpa3oBaHUS

Onpenenenue 4. [Ipeobpasosarue areebpauueckoco BoLPANCCHUS
HA308eM TOXIAECTBEHHBIM, eciu npeobpaszosanHoe aseebpauue-
cKkoe soipadcerue zadaem my e QYHKYUo, 4mo U ucxooHoe ail-
eebpauueckoe solpaliceHue.

Uewm Goraue 10CTYIHBIA «apceHaJs» TOKIECTBEHHbIX TPeoOpasoBaHuH,
TEM Mpollle pellaTb YpaBHEHUs, HepaBEHCTBA U Jipyrue 3ajaauu. FMimeHHo
MO3TOMY TaK MHOIO BHUMaHUs B LIKOJIE yaesieTcst popMaJsibHbIM MpaBH-
JlaM aJreOpbl yuces U aarebpbl UHCJOBbIX PYHKIMH, B UaCTHOCTH, (pop-
MyJlaM COKPALEHHOTO YMHOXKEHUS, a TAKKe TPUTOHOMETPHUUECKUM TOXK-
JECTBAM.



I11. [Ipeo6pa3oBaHusa pyHkuMi

B cooTBercTBHM NpeaioKeHHbIMM HalnpaBJeHUSIMU HCCJea0Ba-
HUI pacCcMOTPUM NpeobpazoBaHus GYHKUMH KAk pe3ysbTaT PpUMeHEHU s
CTpaTeruu nepexoja OT u3yueHHus OTAEJbHOI0 00bEeKTA K UCCJIE10-
BaHUIO CUCTEMbI 00bEKTOB.



[11.1. Orpanuuenue (PpyHKLIMHK HA MOJMHOKECTBO

Onpeneaenue 5. [lycmo f — ¢pyuxyusu M C D(f) (m.e. M — noo-
MHOMceCcmBo obaracmu onpedenenus pynkuyuu). Pynkyua g Ha-
3bl8aenics orpaHuyeHuem ¢gynkyuu f Ha mroxcecmso M, ecau

D(g) = M,
{ Ve(re M = g(x)= f(x)). (6)



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

B 1IKoJIbHOM Kypce BMECTO TepMHHA cynepnosuyus (KoMno3uyus)
GpyHKyuil UCTIOJb3YIOT TEPMUH CA0XCHad yHKkyui. Pasbepemcesi, uTo
9TO Takoe, W nonpobyeMm chopmyaupoBaTh yeTKoe onpeaesenue. Pac-
CMOTPHUM CHUTYaLIMIO, KOTJa 3Hauerue PyHKUUHA f MOJACTaBJSETCA B Ka-
uecTBe 3HaueHus apeymernma B pynkuuio g. Hanpumep, dpynkuus, sa-
JlaHHAsl BbIpaXKeHUeM bx — 3, «cocTaBJieHa» U3 ABYX (yHKIMM, TepBast U3
KOTOprX YMHO)KaeT 3HAUeHHue apryMeHTa Ha 5, d BTOpaH — BbIUUTAET U3
[TOJTYHEHHOT O pGSYJIbTaTa YUCJIO 3



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
[TycTh Ham 3ajaHbl GyHKUMHK f U g. MOXKHO CUMTATh, UTO 3TO HEKOTO-
pble «MEXaHU3MbI», Ha KOTOPbIE «HAMET KOXKYX>», UTOObI Mbl HE OTBJIEKA-

JIUCb HA UX YCTPOUCTBO:

x—>—>f(x), y%@—w(y)-

«CocTaBUM» HOBYIO PYHKILIMIO h, TOCJIEI0BATENbHO COEIMHSAS [ U g:

h
v — f| = fl) = 9| — g(f())



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
[TycTh Ham 3ajaHbl GyHKUMHK f U g. MOXKHO CUMTATh, UTO 3TO HEKOTO-
pble «MEXaHU3MbI», Ha KOTOPbIE «HAMET KOXKYX>», UTOObI Mbl HE OTBJIEKA-

JIUCb HA UX YCTPOUCTBO:

x—>—>f(x), y%@—w(y)-

«CocTaBUM» HOBYIO PYHKILIMIO h, TOCJIEI0BATENbHO COEIMHSAS [ U g:

h
v — f| = fl) = 9| — g(f())

«Hanenem o0LIMI KOXKYX» HaA MOJIYUEHHbIH «MEXaAHU3M».



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
[TycTh Ham 3ajaHbl GyHKUMHK f U g. MOXKHO CUMTATh, UTO 3TO HEKOTO-
pble «MEXaHU3MbI», Ha KOTOPbIE «HAMET KOXKYX>», UTOObI Mbl HE OTBJIEKA-

JIUCb HA UX YCTPOUCTBO:

x—>—>f(x), y%@—w(y)-

«CocTaBUM» HOBYIO PYHKILIMIO h, TOCJIEI0BATENbHO COEIMHSAS [ U g:

h

v — |f|= J(&) ~lg| > g(/(@)

«Hanenem 001U KOXKYX» HA MOJIYUCHHbIH «MEXAHU3M».




[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
[TycTh Ham 3ajaHbl GyHKUMHK f U g. MOXKHO CUMTATh, UTO 3TO HEKOTO-
pble «MEXaHU3MbI», Ha KOTOPbIE «HAMET KOXKYX>», UTOObI Mbl HE OTBJIEKA-

JIUCb HA UX YCTPOUCTBO:

x—>—>f(x), y%@—w(y)-

«CocTaBUM» HOBYIO PYHKILIMIO h, TOCJIEI0BATENbHO COEIMHSAS [ U g:

h

v — |f|= J(&) ~lg| > g(/(@)

«Hanenem 001U KOXKYX» HA MOJIYUCHHbIH «MEXAHU3M».
[TosnyueHHast yHKuUMS h Ha3bIBAETCS CAOMCHOU hyHKyUel WU CyY-
nepnoauyuetl pyHkyui f u g, i komnoauyuet Gynkyui f u g.




[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpoOyem faTh onpejieseHre cynepno3uunu pyHkuui. Mraxk,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:
cynepnosuyuetl pYHKyul Ha3ol8aemcs ...



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHHM C OJIHUM U3 «111a0JI0HOB» MHUILIEM, HATIPUMep:
cynepnosuyuetl pYHKyul Ha3ol8aemcs ...
Tenepnb Hy2KeH TepMuH, 06003HaUaOLMKA OoJsiee 00LIee OHATHE.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnoauyuel QYHKYUL Ha3ovl8aemcs ...

M3 BblllleCKa3aHHOTO MOXKHO CJleJlaTh BbIBOJ, UTO CYMEPHO3ULHs
(YHKUMH — 3TO



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:
cynepnosuyuetl pYHKyul Ha3ol8aemcs ...
M3 BblllleCKa3aHHOTO MOXKHO CJleJlaTh BbIBOJ, UTO CYMEPHO3ULHs

GyHKUMHA — 3TO PyHKILHUS.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnosuyuer pyHKyuil Hazovleaemcs ...

M3 BblllIeCKA3aHHOTO MOXKHO CJieJlaTh BbIBOJ, 4TO CYMepPro3ULIUs
GyHKUMHA — 3TO PyHKILHUS.

Wrak, nonyuaem: cynepnosuyueti ¢pynkyui Hasovleaemcsa QyHk-
uus ...



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:
cynepnoauyuet pynKyull Hazvleaemca QYHKYyus ...
Teneps Hano 3anath 3Ty QYHKLHIO.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHHM C OJIHUM U3 «111a0JI0HOB» MHUILIEM, HATIPUMep:

cynepnoauyuetl pyHKyuil Hazovleaemcs GYHKYus ...

Tenepb Hano 3anatb 31y dyHkumto. Kak 3anaercs dynkuus? Briie
yKa3aHbl TpU HanboJsee 001eynoTpeOUTENbHbIX Cocoa:



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH
Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnoauyuetl pyHKyuil Hazovleaemcs GYHKYus ...
Tenepb Hano 3anatb 31y dyHkumto. Kak 3anaercs dynkuus? Briie
yKa3aHbl TpU HanboJsee 001eynoTpeOUTENbHbIX Cocoa:

golpascerue, mabauya v epapux.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHHM C OJIHUM U3 «111a0JI0HOB» MHUILIEM, HATIPUMep:

cynepnoauyuetl pyHKyuil Hazovleaemcs GYHKYus ...

Tenepb Hano 3anatb 31y dyHkumto. Kak 3anaercs dynkuus? Briie
yKa3aHbl TpU HanboJsee 001eynoTpeOUTENbHbIX Cocoa:
golpascerue, mabauya v epapux.

JIBa mocsenHux crnocob6a MPUMEHUMbI K JOBOJBHO Y3KOMY HaboOpy
dbyHkuui. [Tostomy canenyer nonpo6oBath 3a1aTh QYyHKIIMIO h Bblpaxke-
HUEM.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHHM C OJIHUM U3 «111a0JI0HOB» MHUILIEM, HATIPUMep:

cynepnoauyuetl pyHKyuil Hazovleaemcs GYHKYus ...

Tenepb Hano 3anatb 31y dyHkumto. Kak 3anaercs dynkuus? Briie
yKa3aHbl TpU HanboJsee 001eynoTpeOUTENbHbIX Cocoa:
golpascerue, mabauya v epapux.

JIBa mocsenHux crnocob6a MPUMEHUMbI K JOBOJBHO Y3KOMY HaboOpy
dbyHkuui. [Tostomy canenyer nonpo6oBath 3a1aTh QYyHKIIMIO h Bblpaxke-
HUEM.

JI1s1 5TOro Mbl 0JIXKHbI YKa3aTb, KAK BbLYUCAUNTL 3HAUEHUE NONY-
yaemou pYHKyuuL Ha OAHHOM 3HAUCHUL APYMEHMA T C NOMOUbIO
BHAUEHUL UCXOOHbBLX DYHKYUILL.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnoauyuet pynKyull Hazvleaemca QYHKYyus ...

Il Toro, uToObl 3aJ1aTh 3TY (DYHKIIMIO, Mbl JIOJI?)KHbI YKA3aTh, KAK Bbl-
HUCAUNML 3HAYEHUEe NoAYy4aemol QYHKyuu Ha OAHHOM 3HAYEHUU
ApPeYMEHMa T ¢ NOMOWbIO 3HAUEHUL UCXOOHbLX QYHKYULL.

BoaHukaeT uyBCTBO 6GECMOMOIIHOCTH, TUCKOMGOPT: HaAM Hajao pabo-
TaThb C TpeMs PYHKIMSIMH, HA HUX HAJI0 KAK-TO CChLIAThCS.
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TaThb C TpeMs PYHKIMSIMH, HA HUX HAJI0 KAK-TO CChLIAThCS.

B maremartnke 0ObIYHO B KaUeCTBE Ha3BAHHUS MPOU3BOJbHOIO 0O bEKTa
UCI0JIb3YeTCs JIMOO ClelMalIbHbIM TePMUH, JTIHO0 OyKBa.
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UCI0JIb3YeTCs JIMOO ClelMalIbHbIM TePMUH, JTIHO0 OyKBa.

O603HauuM UCXOJIHbIE (PYHKIIMH, HATIpUMED, uepes f U g.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnoauyuerl pynkyuil f u g Hazoieaemcs GyHKyu ...

JLsis1 Toro, yTo6bl 3a/1aTh 3Ty (PYHKLHIO, Mbl JOJXKHbI YKa3aTh, KAK Bbl-
HUCAUNML 3HAYEHUEe NoAYy4aemol QYHKyuu Ha OAHHOM 3HAYEHUU
apeymeHma x ¢ NOMOub1o pyurkyutl f u g.



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Tenepb nonpobyem naTh onpeaesneHue cyrnepnosuinu pyHkuui. Mrak,
B COOTBETCTBHH C OJIHUM U3 «11a0JI0HOB» MHILLIEM, HAIIPUMED:

cynepnoauyuerl pynkyuil f u g Hazoieaemcs GyHKyu ...

JLsis1 Toro, yTo6bl 3a/1aTh 3Ty (PYHKLHIO, Mbl JOJXKHbI YKa3aTh, KAK Bbl-
HUCAUNML 3HAYEHUEe NoAYy4aemol QYHKyuu Ha OAHHOM 3HAYEHUU
apeymeHma x ¢ NOMOub1o pyurkyutl f u g.

J1n1s1 3TOrO HA/lO0 CHAYaJs1a BBIUUCNTD f () U TOTOM TO, UTO MOJYUHJIOCH,
MOJICTaBUTh B KAUECTBE 3HAUEHUsI aprymeHTa B PyHKILHMIO g. B pe3dy/ibTaTte

nostyunm g (f(z)).



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Onpepnenenue 6. Cynepnosuumeit uiu komnoduuuen gynxyuil f u
g Hasvieaemces pyukyus h, 3adannas gopmyroi h(x) = g(f(x)).



[11.2. Cynepno3uuusi (Komno3uuus) GpyHKLHUH

Onpepnenenue 6. Cynepnosuumeit uiu komnoduuuen gynxyuil f u
g Hasvieaemces pyukyus h, 3adannas gopmyroi h(x) = g(f(x)).

B nanHo# paboTte Mbl, /sl COKpalleHus 3anucel, Oynem 00603HauyaTh
CYNeprno3uLMIo PYHKLMHA CUMBOJIOM O, TO €CTb CyNepno3ulus PyHKIUUHA f
M g — 3T0 yHKUHUS f o g. 31ech f o g HaJ0 BOCIIPUHUMATh KaK OTAe/b-
HOE CJIOBO, MOJA0OHO TOMY, KaK Mbl BOCIIpUHUMAaeM 0003HauYeHUs sin, log 1

O
T.11. To ecThb HEJIb34, HAIIPUMEDP, B BbIPA2KEHHUH % «COKpalllaTb>» Ha g.

PaccmoTperb npumep?



[11.3. O6paTHasa ¢pyHKUMS

JIo cHuX mop Mbl aKLIEHTUPOBAJIM BHUMaHUe Ha MpobJeMe HaX0XKIeHHUS
3Ha4eruss PYHKIMU HA JAHHOM 3HAYeHUlL apeymMeHma, To eCTh Ha Ha-
XO0XKJIeHuH obpasa sremerma. Ho, Kak 0ObIUHO, TP MOSIBJIEHUH KAKOH -
b0 3anaud nosipjasiercsi obpatHasi, B HEKOTOPOM CMbIcJe, 3ajaya. B
JlAHHOM cJlyuae 3TO 3ajJlaua HaX0XKJeHUs! 3HaUeHuss apeymerHma PyHK-
LMK 110 BHAYEHUI0 IMOLl (pyHKYuUL, TO eCTb 1Po0bpas3a 3J1eMeHTa.



[11.3. O6paTHasa ¢pyHKUMS

J1o cHxX mop Mbl aKUEHTHPOBAJIM BHUMaHHe Ha MpobHJjeMe HaXO0XKIeHHs
3Ha4YeHus GYHKIMH Ha TaHHOM 3HAYeHUU apeymMeHrma, To eCTh Ha Ha-
X0XKJeHUH obpasza dremerma. Ho, Kak 0ObIUHO, TPU MOSIBJIEHUHM KAKOH -
b0 3anaud nosipjasiercsi obpatHasi, B HEKOTOPOM CMbIcJe, 3ajaya. B
JAHHOM CJlydyae 3TO 3ajaua HaXO0XKJIeHUS 3HAYeHUs apeymeHma PyHK-
LMK 110 BHAYEHUI0 IMOLl (pyHKYuUL, TO eCTb 1Po0bpas3a 3J1eMeHTa.

EcrecTBeHHO HasdBaThb oOpammuol ¢ynkyuetl QyHKUHIO, KOTopas
KaXKJIOMy 3JieMeHTy y U3 F/(f) CTaBUT B COOTBETCTBHE €ro npoodpas, To
ecTb Takol aseMeHT = € D(f), uto f(z) = y. Chopmysupyem cTporoe
ornpejiesieHde o6paTHON HYHKLMH.



[11.3. O6paTHasa ¢pyHKUMS

B cootBercTBMH ¢ 0iHMM U3 «11a0J0HOBY, HAYUHAECM: (PYHKYUS f
Ha3vieaemcs 0bpammotl K pynkyuu f moeda u moavbKo moeda, Ko-
20a ... Kak 3anucarb XxapakTepUCTHUECKOE yCJI0BHE A1l PyHKIMH 1P



[11.3. O6paTHasa ¢pyHKUMS

B cootBercTBMH ¢ 0iHMM U3 «11a0J0HOBY, HAYUHAECM: (PYHKYUS f
Ha3vieaemcs 0bpammotl K pynkyuu f moeda u moavbKo moeda, Ko-
eda ... Hano chopmysiipoBaTh XapakKTepuUCTUUECKOE CBOHCTBO «Ha $13bl-
Ke PaBEHCTB W HEPABEHCTBY.



[11.3. O6paTHasa ¢pyHKUMS
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Ha3vieaemcs 0bpammotl K pynkyuu f moeda u moavbKo moeda, Ko-
eda ... Hano chopmysiipoBaTh XapakKTepuUCTUUECKOE CBOHCTBO «Ha $13bl-
Ke PaBEHCTB W HEPABEHCTBY.
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f—l
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[11.3. O6paTHasa ¢pyHKUMS
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fH(f)




[11.3. O6paTHasa ¢pyHKUMS

B cootBercTBMH ¢ 0iHMM U3 «11a0J0HOBY, HAYUHAECM: (PYHKYUS f
Ha3vieaemcs 0bpammotl K pynkyuu f moeda u moavbKo moeda, Ko-
eda ... Hano chopmysiipoBaTh XapakKTepuUCTUUECKOE CBOHCTBO «Ha $13bl-
Ke PaBEHCTB W HEPABEHCTBY.

f
r = f(x)
= 7 (f(a) ~f
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= 7 (f(a) ~f

3H21‘H/IT, XAPaKTEPUCTHUUECKOE CBOMCTBO MOXKHO [NPpEACTABUTb pPABEH-

crBoM L (f(z)) = .




[11.3. O6paTHasa ¢pyHKUMS
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f f

= (f@) f‘l/
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/ /
o f(x) y
— F(fla) > I P
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= 7 (@) o
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[11.3. O6paTHasa ¢pyHKUMS
[IpuBeneHnas Bbilie POPMYJUPOBKA CJAULIKOM IPOMO3JKaAs (U K TOMY
»Ke HeKoppekTHast ). MoxKHO NpeyioKUTh 60Jiee KOPOTKYIO U KOPPEKTHYIO

bopMyIUPOBKY:

Onpepenenue 7. Dynxyua g Hasovleaemcs oOpaTHOl Kk pyukyuu f
8 obaracmu D, ecau 0aa a060eo x u3z D u moboeo y = f(x) umerom
mecmo moscdecmsa fH(f(x)) =z u f(f(y) =v.

3neck f~1 — 310, BoOOLIE TOBOPH, HE

1
flz)®
Paccmotperb npumep?




IV. Teopembl 06 o6paTHOi hyHKUMU
Bce TEOPEMbBI 1aHHOTO pasjeJsia JIErKOo JOKA3bIBAOTCA C TTIOMOULIbIO peE-
KOMEHIAaLuW 1Jid MOMCKa JoKa3aTeJdbCTBa.



IV.1. Teopema 0 B3aUMHON 0OOpPaTHOCTH

Teopema 2 (0 B3aumMHOUM oO6paTHOCTH). Ecau hynxkyua f umeem Ha
mroaxcecmse D obpamnyio ynkyuro f1, mo ¢pyrukyus f~1 umeem

06pAMHYI0 Ha MHONCECmBe’ {f(x) x € D¢, npuuem (f_l)_1 = f.

2Tounee, oOpaTHas (DYHKIMS UMEETCS y OrpaHu4YeHust PyHKIMHU f Ha STO MHOXKECTBO.



IV.2. Teopema o pyHKLUHU, 0OpPATHOM K cCynepnO3ULIUH

Teopema 3 (o pyHKUMU, 0OpaTHON K cynepno3uuuu). Ecau
h(x) :f(g(as)), npudem QynKkyus g umeem Ha MHocecmse D
obpamnyio Gynkyuio g1, u pyukyus f umeem obpamuyro Ha

MHOJCecmae
{g(az) T € D} :

mo ¢ynkyus h umeem obpamnyio h™ na mnoscecmse D, npuuem

hiy) =g (f ().



IV.3. Kputepuii cyliectBoOBaHUSA 0O0paTHOM (DYHKLIUH

Teopema 4 (kpuTepuil cyuiecTBOBaHUSI 00paTHON PyHKLMK).
Dynkyus f umeem obpamuyro Ha mHoxcecmse D moeda u moavko
moeoda, koeda f asasiemcs 83aUMHO OOHO3HAUHOL HA MHONCECmBe

D.



IV.4. HekoTopble B3aMMHO oOpaTHble (DYHKLUH

Ecau a — HeueTHOE Lie10e UUCJI0, TO K crmenenHol hyukyuu x® o0-
pATHOI ABJISETCS crmenennas Qynukyus /e

K nokasameavroii pynxkyuu a® o6paTHol ABJSIETCS L02apUupmute-

ckas pyukyus log, x.
[To Teopeme 0 B3auMHON 06paTHOCTH MOJydaeM, UTo 0OpaTHOH K 102a-

pupmuueckoi pyrnkyuu ABISETCS NOKA3AMeAbHAL PYHKYUA.



IV.4. HekoTopble B3aMMHO oOpaTHble (DYHKLUH

K Tpuronomerpuueckum QpyHKIHAM 0OpaTHbIE CYLIECTBYIOT HE Ha BCEH
ocu. MoxkHO cpopMyJIHPOBAThH MPUHILMIT BbIOOPA «CTAHAAPTHOTO yuyacT-
Ka B3aUMHOU OIHO3HAYHOCTHU>. DTOT HUHTEPBaAJl UJIK OTPE30K MOJI2KEH
YIOBJIETBOPATH CJEAYIOLIUM TPEOOBAHUSIM:

l. Ero miuMHa no/kHa ObITh MAKCUMaJbHO BO3MOXKHOHM CpPEIM BCEX
OTPE3KOB (MHTEPBAJIOB), HA KOTOPbIX Yy 3TOH TPUTOHOMETPHUECKOMH
(YHKUMH ecTh oOpaTHas.

2. OH 10/2K€eH ObITh CMELIeH KAK MOXKHO JiaJibliie BIPaBo.

3. OH J10J12KeH WJIK BKJIIOYATh B ce0s1 TOUKY = (0, UJIM TPAHUUMTh C 3TOH
TOUKOM.



IV.4. HekoTopble B3aMMHO oOpaTHble (DYHKLUH
Takum o6pazom, nosyuaem cjaenyoidid Habop MYHKIMHA, 0OpaTHbIX K
TPUTOHOMETPHUYECKHUM:

sin :  ob6parHast hyHKLHs Ha D = [—%, %] — 3TO arcsin;
i

cos . oOpaTHast ¢pyHkuusi Ha D = |0, 7| — 3To arccos;

bl

tg : oOpaTHas GyHKuuMs HA D = (—%, ) — 370 arctg;

ctg 1 obOparHas dyHKiwms Ha D = (0, 7w) — 370 arcctg.



IV.4. HekoTopble B3aMMHO oOpaTHble (DYHKLUH

Tabsuuy 3HaueHuit 0oOpaTHON (YHKIMH JIETKO MOJYUUTh M3 TaGJIULbI
3HauUeHUH UCXOHON PyHKIIMH. JIeHCTBUTEIBHO, TO, UTO ObLJIO 3HAYEHU-
em pyuryuu f, 1 GyHKuud [~ aBjsieTcs sHauenuem apeymenma,
u Hao60poT. [To3TOMY /151 MOJTyueH s TaOIULLI 3HAYEHHH yHKUMK f
HaJl0, pa3yMeeTcsl, MPOCTO MOMEHSATh MeCTaMu CTPOKH TabJIMIIbl 3HAUe-

HUH yHKIMH f.



IV.4. HekoTopble B3aMMHO oOpaTHble (DYHKLUH

Ta6uiy 3nauenuit o6patHol yHKUMH JIETKO MOJYUUTh U3 TaOJIMILIbI
3HauUeHUH UCXOHON PyHKIIMH. JIeHCTBUTEIBHO, TO, UTO ObLJIO 3HAYEHU-
em pyuryuu f, 1 GyHKuud [~ aBjsieTcs sHauenuem apeymenma,
u Hao60poT. [To3TOMY /151 MOJTyueH s TaOIULLI 3HAYEHHH yHKUMK f
HaJl0, pa3yMeeTcsl, MPOCTO MOMEHSATh MeCTaMu CTPOKH TabJIMIIbl 3HAUe-
HUH yHKIMH f.

He Bcskast gpyHkims umeer oOpaTHyto BO BCel 00JIaCTH OMPele/IeHUsI.
Hanpumep, y 22 o6patHoit dpynkuuu B R Her: dyHKuus VY BJIsieTCst 00~
paTHOM K (yHKLMH 22 B obsacTu « > 0, a QyHKLMsST —,/y sIBJsIETCS 00-
paTHO# K pyHKUMK 22 B 06sacth z < 0.
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