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I. OcHOBHbBIC MOHATHUSA
Teopus rpadoB LIMPOKO NMPUMEHSIETCSA B CaAMbIX pa3JHUYHbIX 00J1aCTsIX

MaTeMaTHKHU U JIPYyrux Haykax. K corkajieHuto, mo-BUAUMOMY, €€ LIHPO-
KOe MPUMEHEHHE MPEAlIeCTBOBAJNO JA0CTATOYHO MOAPOOHON «CTaHAap-
TU3aLUKU» COOTBETCTBYIOLIMX MOHATHH U 0003HAUEHUH, ITOSTOMY B pa3-
HbIX YyueOHHUKaX JIAl0TCsl CYLIECTBEHHO pas3J/iMuHble onpejeeHus rpados.
OnpeaesneHns CylleCTBEHHO Pa3JiMualoTCsl B TOM CMbICJIE, UTO HE COBIA-
JIAI0T COOTBETCTBYIOLIUE TTOHSATHS.



I. OcHOBHbBIC MOHATHUSA
Bbi6op pe3y/braToB Mo Teopur rpadoB, NPUBEJACHHBIX B TAHHOM KOH-
CIIEKTe ﬂeKHHﬁ, OéYCJIOBJleH CJIGIIYIOLHI/IMI/I COO6pa}K€HHHMHI



I. OcHOBHbBIC MOHATHUSA

1) Mbl  XOTUM  TpPOJEMOHCTPUPOBATH  HEKOTOPble  COOCTBEHHO
TEOPETHKO-TpacoBble METO/bl M pe3yJibTaThl (KPUTEPUH CBSIBHOCTH
rpada, TeopeMa 0 CBSI3HOCTH JIONOJHUTEJNbHOTO Tpada, Teopema Ké-
HHUra U ap. );



I. OcHOBHbBIC MOHATHUSA

1) Mbl  XOTUM  TpPOJEMOHCTPUPOBATH  HEKOTOPble  COOCTBEHHO
TEOPETHKO-TpacoBble METO/bl M pe3yJibTaThl (KPUTEPUH CBSIBHOCTH
rpada, TeopeMa 0 CBSI3BHOCTH JIOTIOJIHUTENBbHOTO Tpada, Teopema Ké-
HHUra U ap. );

2) Mbl MbITAJIMCh TAKXKe MPOJIEMOHCTPUPOBAThL Pe3YJibTaTbhl, OCHOBAHHbIE
Ha MeTOoJIaX U MOHSITUSIX, <3AUMCTBOBAHHBIX» U3 IPYTUX 00JacTel Ma-
TEeMaTHUKU (TeopeMbl 0 KOJIMUEeCTBE MapLIPYTOB MeXK/1y BeplLIMHa-
MU, O KOPHSIX MTOJMHOMA PeryJisipHoro rpada);



I. OcHOBHbBIC MOHATHUSA

1) Mbl  XOTUM  TpPOJEMOHCTPUPOBATH  HEKOTOPble  COOCTBEHHO
TEOPETHKO-TpacoBble METO/bl M pe3yJibTaThl (KPUTEPUH CBSIBHOCTH
rpada, TeopeMa 0 CBSI3HOCTH JIONOJHUTEJNbHOTO Tpada, Teopema Ké-
HHUra U ap. );

2) Mbl MbITAJIMCh TAKXKe MPOJIEMOHCTPUPOBAThL Pe3YJibTaTbhl, OCHOBAHHbIE
Ha MeTOoJIaX U MOHSITUSIX, <3AUMCTBOBAHHBIX» U3 IPYTUX 00JacTel Ma-
TEeMaTHUKU (TeopeMbl 0 KOJIMUEeCTBE MapLIPYTOB MeXK/1y BeplLIMHa-
MU, O KOPHSIX MTOJMHOMA PeryJisipHoro rpada);

3) Mbl MIPUBEJIM OTPeJIeJIeHUsT HEKOTOPbIX U3 BaxKHEHIIUX MOHSATHH T€O0-
puu rpaoB. Pasymeercsi, cnucok copMyJIHpOBaHHBIX HAMU OTIpe-
JICJICHUU HU B KOCH CTEIEHH HE MPETEHJLYeT J1aXKe Ha OTHOCUTEJIbHYIO
MOJIHOTY, U OOJIbLIIMHCTBO LIMPOKO HMCIOJb3YEMbIX MOHATHH TEOPUU
rpaoB 0CcTaJ0Ch 38 paMKaMH JIaHHOH paboThI.



I.1. MHOXXeCcTBO U HAOOpP 3J1€MEHTOB

Ha6opom asiemMeHTOB MHOKecTBa M/ Mbl HA30BEM HEYITOPSJIOUEHHYIO
CUCTEMY 2JIEMEHTOB HEKOTOPOI'O MHO2KECTBA M, B KOTOpOﬁ Ka}KILbIIU/I J1e-
MEHT MHOKeCTBa M MOKeT BCTpeuaTbCs HECKOJIbKO pas. [Ipu s3Tom nis
HHGOpOB onepauuu O6B€ILHH€HI/IH h repecevyeHust orpeae/daoTCd aHal0-
'MYHO COOTBETCTBYIOLIHUM OIl€palrdaM JIJIs1 MHO2KECTB.



I.1. MHOXXeCcTBO U HAOOpP 3J1€MEHTOB

Ha6opom anieMeHTOB MHOXKecTBa M Mbl HA30BEM HEYNOPSI0UEHHYIO
CUCTEMY 3JIEMEHTOB HEKOTOPOIro MHOXKeCTBa M, B KOTOPOU KarK/Ibli 3J1e-
MEHT MHOXKecTBa M MOKeT BCTpeuaThCsl HeCKOJbKO pa3s. [1pu stom mis
HabopoB onepauru 06beAUHEHHS U TTepeceueHUsi ONpelesiioTCsl aHaJI0-
TMUHO COOTBETCTBYIOLIMM OTEPALMSIM JIJIsT MHOXKECTB.

MOKHO 0OOUTHUCH O€3 HEOMPEALNAEMOrO MOHATUS KCUCTEMA JIEMEH-
TOB», U BBECTH MOHSATHE HaOOpa, HATIpUMeD, cJeaytolmM ob6pasom. Pac-
CMOTPHUM MHOXKECTBO BCEBO3MOXKHBIX KOPTeKeH 3JeMeHTOB u3 M, u
Ornpesie/IUM OTHOLLIEHHE T MPABUJIOM: JIBA KOPTEKA HAXOJSATCS B OTHOLLIE-
HUU T JPYT C IPYrOM TOTJIa U TOJIbKO TOTJIa, KOTJIA OJIMH U3 HUX MOJIyyaeT-
Csl U3 JPYroro nepecTaHoBKOH 3/7eMeHTOB. Toraa MOKHO OTOXKJ/I€CTBUTH
Habop 3JeMEeHTOB MHOXKeCTBa M C KJIaCCAMH SKBUBAJIEHTHBIX 110 T 3J1e-
MeHTOB. Mbl HA30BEM 3TO TEOPETUKO-MHOXKECTBEHHOW UHTEeprpeTa-
LMer MOHATUST «KHAOOP».



I.1. MHOXXeCcTBO U HAOOpP 3J1€MEHTOB

MO>KHO MPUMEHUTD €l OJIMH MOJAXOJI: BMECTO MHodcecmsa M v Ha-
bopa N paccmatpuBath napy: (N',0), rme N’ HeKOTOpoe MHOXKECTBO,
6. N — M — dyukuusi. [Tondarue «upetHoro rpacda», 1o cyTtH jeJa,
BOCXOJIUT K 3TOH UHTEPIIPETALIMHU MOHATHST Habop.



[.2. Onpenenenue rpada

Onpenenenue 1. [padpom nasoisaemcsa napa G = (V, E° U E™), ede
V — nekomopoe mHoxucecmso, E° — nabop ssremenmos uzV -x V u
E" — nabop ssemenmos us 06veduHeruss MHOMecmaa 8cex 08yx-
INEeMEHMHOLX NOOMHONMCecm8 MmHoHcecmsa V ¢ mHocecmsom V.
Iaemenmolr mHONMcecmsa V' Hasviearom BepuwinHamu rpada G, aze-
meHmol Habopa E° — pyramu uiu OpueHTUPOBAHHBIMU pebpamMu
epacha, a aremenmol Habopa K" — HeopUEeHTUPOBAHHbLIMU pebpa-
mu epagha G. Iaemenmol 06vedurnenus E° U E™ naseisaom peodpa-
mu epaga G.



[.2. Onpenenenue rpada

Onpenenenue 1. [padpom nasoisaemcsa napa G = (V, E° U E™), ede
V — nekomopoe mHoxucecmso, E° — nabop ssremenmos uzV -x V u
E" — nabop ssemenmos us 06veduHeruss MHOMecmaa 8cex 08yx-
INEeMEHMHOLX NOOMHONMCecm8 MmHoHcecmsa V ¢ mHocecmsom V.
Iaemenmolr mHONMcecmsa V' Hasviearom BepuwinHamu rpada G, aze-
meHmol Habopa E° — pyramu uiu OpueHTUPOBAHHBIMU pebpamMu
epacha, a aremenmol Habopa K" — HeopUEeHTUPOBAHHbLIMU pebpa-
mu epagha G. Iaemenmol 06vedurnenus E° U E™ naseisaom peodpa-
mu epaga G.

MHuoxectBo V Bepint rpada G o6o3Hauatort, Kak V (G), a Habopbl £°
u E" — uepe3 E°(G) u E"(G) coorBercTBenHo. Habop E°(G) U E™(G)
Mbl 6ysieM 0603HauatTh uepe3d F(G).



[.2. Onpenenenue rpada

Onpenenenue 1. [padpom nasoisaemcsa napa G = (V, E° U E™), ede
V — nekomopoe mHoxucecmso, E° — nabop ssremenmos uzV -x V u
E" — nabop ssemenmos us 06veduHeruss MHOMecmaa 8cex 08yx-
INEeMEHMHOLX NOOMHONMCecm8 MmHoHcecmsa V ¢ mHocecmsom V.
Iaemenmolr mHONMcecmsa V' Hasviearom BepuwinHamu rpada G, aze-
meHmol Habopa E° — pyramu uiu OpueHTUPOBAHHBIMU pebpamMu
epacha, a aremenmol Habopa K" — HeopUEeHTUPOBAHHbLIMU pebpa-
mu epagha G. Iaemenmol 06vedurnenus E° U E™ naseisaom peodpa-
mu epaga G.

MHuoxectBo V Bepint rpada G o6o3Hauatort, Kak V (G), a Habopbl £°
u E" — uepe3 E°(G) u E"(G) coorBercTBenHo. Habop E°(G) U E™(G)
Mbl 6ysieM 0603HauatTh uepe3d F(G).

PaccmorpeTb npumep?



[.2. Onpenenenue rpada

Onpenenenue 1. [padpom nasoisaemcsa napa G = (V, E° U E™), ede
V — nekomopoe mHoxucecmso, E° — nabop ssremenmos uzV -x V u
E" — nabop ssemenmos us 06veduHeruss MHOMecmaa 8cex 08yx-
INEeMEHMHOLX NOOMHONMCecm8 MmHoHcecmsa V ¢ mHocecmsom V.
Iaemenmolr mHONMcecmsa V' Hasviearom BepuwinHamu rpada G, aze-
meHmol Habopa E° — pyramu uiu OpueHTUPOBAHHBIMU pebpamMu
epacha, a aremenmol Habopa K" — HeopUEeHTUPOBAHHbLIMU pebpa-
mu epagha G. Iaemenmol 06vedurnenus E° U E™ naseisaom peodpa-
mu epaga G.

MHuoxectBo V Bepint rpada G o6o3Hauatort, Kak V (G), a Habopbl £°
u E" — uepe3 E°(G) u E"(G) coorBercTBenHo. Habop E°(G) U E™(G)
Mbl 6ysieM 0603HauatTh uepe3d F(G).

Pe6pa Buna (a, a) u {a} Ha3bIBAIOT NETJASIMM.



[.3. KpaTtHocTb pebpa

Onpenenenue 1. [padpom naseisaemcsa napa G = (V, E° U E™), ede
V — Hekomopoe mHocecmso, E° — nabop ssemenmos uz’V-x V u
E" — nabop ssemenmos us 06ve0uHeruss MHOMeCmaa 8cex 08y x-
INEMEHMHbLX NOOMHONCecms mHoxucecmsa V ¢ mHoxwcecmsom V.
Iaemenmolr mHOMcecmsea V Haszovleaiom BepuwiMHamu rpada G, sze-
menmol Habopa E° — pyramu uiu OpUEeHTUPOBAHHbIMH pebpamMu
epagha, a sremenmol Habopa K" — HeOpUeHTUPOBAHHbIMU pebpa-
MU epaga G. Iaemenmor 06vedurnerus E°U E" nasoisarom pebdpa-
mu epaga G.

st mo6oro pebpa x U3 Habopa E konnuectBo pebep u3s E(G), paB-
HbIX X HA3bIBAeTCS KPATHOCTbIO pebpa (a,b). B npuBeneHHol Bhille
TEOPETUKO-MHOXKECTBEHHOW HHTeprpeTaudu Habopa KpaTHOCTb pebpa
— 3TO MOLIHOCTb KJlacCa 3KBHUBAJIEHTHBIX MO T 3JIEMEHTOB ( KOJMUECTBO
3JIEMEHTOB B 3TOM KJacce).



I.4. HekoTopbie Tunsl rpados

B HEKOTOpbIX MPHUJIOKEHUSIX TEOPUU rpadoB H, COOTBETCTBEHHO, B
HEKOTOPbIX MOHOI‘pa(bI/IHX, IO, Fpa(bOM [TIOHUMAETCd OAUH U3 CJICAYIOIIHX
HYACTHLIX CJIy4aeB OIIpeACJICHHOI'O BbIIEC IMTOHATHSA <<Fpad3>>:



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.

e Ecsin Habop E°(G) — nycToit, To rpad GG Ha3bIBalOT HEOPUEHTUPO-
BaHHbIM rpacdom. [ Ipu 3TOM Mo cJ1oBOM pe6po MOHUMAaETCsI HEOPU-
CHTUPOBAHHOE pebpo.



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.

e Ecsin Habop E°(G) — nycToit, To rpad GG Ha3bIBalOT HEOPUEHTUPO-
BaHHbIM rpacdom. [ Ipu 3TOM Mo cJ1oBOM pe6po MOHUMAaETCsI HEOPU-
CHTUPOBAHHOE pebpo.

e Ccin HaGop E"(G) — mnyctoii, To rpad GG Ha3biBalOT OPUEHTUPO-
BaHHbIM rpadom uiu oprpadom. [Ipu 3ToM BMECTO TepMUHA KOPU-
eHTHPOBaHHOE peOp0o» OOBIUHO HCMOJIb3YIOT TEPMHUH «JIyra.



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.

e Ecsin Habop E°(G) — nycToit, To rpad GG Ha3bIBalOT HEOPUEHTUPO-
BaHHbIM rpacdom. [ Ipu 3TOM Mo cJ1oBOM pe6po MOHUMAaETCsI HEOPU-
CHTUPOBAHHOE pebpo.

e Ccin HaGop E"(G) — mnyctoii, To rpad GG Ha3biBalOT OPUEHTUPO-
BaHHbIM rpadom uiu oprpadom. [Ipu 3ToM BMECTO TepMUHA KOPU-
eHTHPOBaHHOE peOp0o» OOBIUHO HCMOJIb3YIOT TEPMHUH «JIyra.

Ecin G — opueHtupoBaHHblid Tpad 6e3 KpaTHbiX pebep, To HabOp
E(G) = E°(G) MOXHO CUMTaTb MHOXKECTBOM, U Torja rpad G MOXKHO
CUUTATb PEIALUOHHON CUCTEMOH.



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.

e Ecsin Habop E°(G) — nycToit, To rpad GG Ha3bIBalOT HEOPUEHTUPO-
BaHHbIM rpacdom. [ Ipu 3TOM Mo cJ1oBOM pe6po MOHUMAaETCsI HEOPU-
CHTUPOBAHHOE pebpo.

e Ccin HaGop E"(G) — mnyctoii, To rpad GG Ha3biBalOT OPUEHTUPO-
BaHHbIM rpadom uiu oprpadom. [Ipu 3ToM BMECTO TepMUHA KOPU-
eHTHPOBaHHOE peOp0o» OOBIUHO HCMOJIb3YIOT TEPMHUH «JIyra.

B HekoTOpbIX cjyuasix noj rpadom MoHUMaeTcst ToJbKo rpad 6e3 ne-
TeJIb U KpaTHbIX pebep, a rpad 6e3 netesib (B HallleM ONpejleJIeHHH ) Ha-
3bIBaeTcsi MyJabTUrpacdom.



I.4. HekoTopbie Tunsl rpados

e Eciiu Bce peOpa B rpade G MMeIOT KpaTHOCTh 1, TO Tako# rpad Ha-
3bIBaloT rpaom 6e3 KpaTHbIX pebep.

e Ecsin Habop E°(G) — nycToit, To rpad GG Ha3bIBalOT HEOPUEHTUPO-
BaHHbIM rpacdom. [ Ipu 3TOM Mo cJ1oBOM pe6po MOHUMAaETCsI HEOPU-
CHTUPOBAHHOE pebpo.

e Ccin HaGop E"(G) — mnyctoii, To rpad GG Ha3biBalOT OPUEHTUPO-
BaHHbIM rpadom uiu oprpadom. [Ipu 3ToM BMECTO TepMUHA KOPU-
eHTHPOBaHHOE peOp0o» OOBIUHO HCMOJIb3YIOT TEPMHUH «JIyra.

B HekoTOpbIX cjyuasix noj rpadom MoHUMaeTcst ToJbKo rpad 6e3 ne-
TeJIb U KpaTHbIX pebep, a rpad 6e3 netesib (B HallleM ONpejleJIeHHH ) Ha-
3bIBaeTcsi MyJabTUrpacdom.

[pad ¢ kpaTHbIMM pebpaMu U METJASAMH B TOH CUTYyallud Ha3bIBAIOT
ncesaorpadgom.



[.5. [lepexon oT opyeHTUpOBAHHOTrO rpada K HeOpUEH-
TUPOBAHHOMY U 0OpAaTHO

HeopueHnTtrpoBaHHblil rpad MOXKHO OTOXKIAECTBUTb C OPUEHTHPOBAH-
HbIM TpaoM cJeaylolniuM 06pa3oM: KaxKjoMy HeOPHEHTHPOBAHHOMY
pebpy {a, b} mocraBum B cooTBeTcTBHE Mapy ayr: (a,b) u (b, a), a Kax-
noii netsie {a} — nyry (a, a).

Paccmorperb npumep?



[.6. UHUMAEHTHOCTb BEPLUIUH U pedep

[oBOpAT, UTO BepUIMHA £ MHLMAEHTHA peOpy e, a peOpo € MHUMAEHTHO
BepUInHe x, ecyid Jubo e = {x,y}, mbo e = {x}, mbo e = (x,y), 160
e = (y, x) /151 HEKOTOPO# BeplliHbl y rpada G. B 3Tux ciyuasix Bepim-
HY & Ha3bIBAIOT UJIM HAYaJOM JyTu (x,y), WId KOHLLOM pebpa e BO BCeX

OCTaJIbHBIX CJIyUasiX.
B nanbheliiem, ecain pebpo ABJASIETCS JAyTroH, TO

roBopsi 0 KoHUAax pebpa (BO MHOXKECTBEHHOM
urcsie!) Mbl OyJ1eM MOHUMATh MO, 3THM HA4AA0
U KOHel 3TONU NyTH




I.7. BaneHTHoCTb BepuinHbl. U3omopdu3m rpados

Onpenenenue 2. CreneHb uiu BaJ€HTHOCTb BepiiuHbl x u3 V(G) —
3Mo Koaudecmaso pebep, UHUUOCHMHbLX 8BepULUHE X.

Bepuuna sarenmuocmu 0 naszvieaemcs n30JMPOBAHHON, 8epuULLHQ
gaseHmrocmu | - KOHULEBOW, Uil BUCAYEH.

Pebpo, unyudenmmnoe gucsaueii sepuiure, Ha36.8a10N KOHLEBbIM.



I.7. BaneHTHoCTb BepuinHbl. U3omopdu3m rpados

Onpenenenue 2. CreneHb uiu BaJ€HTHOCTb BepiiuHbl x u3 V(G) —
3Mo Koaudecmaso pebep, UHUUOCHMHbLX 8BepULUHE X.

Onpepneaenue 3. Ipagp G wdomopden epady H, ecau cyuwecmsy-
rom makue 83aumMHO 00HO3HauHole Gynkyuu p:V(G)— V(H),
q: E(G) — E(H), umo 0aa atoboix sepuiun x,y € V(G)

e Heopuenmuposarroe pebpo {x,y} codepacumces 8 E"(G) moeda
i moavko moeoa, koeda {p(x), p(y)} = q ({z,y}), npuuem kpam-
nocmo pebpa {x,y} 8 G pasna kpamuocmu pebpa q ({z,y}) 6 H;

e dyea (x,y) codepamcumca 8 E°(G) moeda u moavko moeda, Ko-
eda (p(z),p(y)) = q ((z,y)), npuuen kpamnocmo dyeu (x,y) 8 G
pasHa kpamnocmu dyeu q ((z,y)) 8 H.

PaccmoTperb npumep?



[.8. [loarpadbl, MapLipyThi

Onpenenenue 4. [osopam, umo H — noarpad epaga G, ecau
V(H) CV(G), u E(H) C E(G). [lodepag H epaga G nasvisaemcs
octoBHbIM, ecau V(H) = V(G). [osopam, umo nodepag H epagha
G nopoxaeH 8 G mroxwcecmsom eepuiun V(H), ecau scakoe pebpo
epagha G, sce Korybl Komopoeo codepacamcs 8 V(H), colepacumcs
s E(H).



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.

Onpenenenue 6. Koauuecmso pebep 8 mapulpymnie Ha3ovl8aemcs e2o
AJAUHON (Oauna mapuwpyma Ha | meHbule KOauwecmsa 8epuluH 8
mapupyme).



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.

Mapupyt 1iHbl O COCTOUT U3 OJTHON BEPLIHUHBI.



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.

Ecsn B mapuipyre Bce pebpa pa3/MuHbl, TO OH Ha3bIBAETCS LEMNbIO.



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.

Ecsn B mapuipyre Bce pebpa pa3/MuHbl, TO OH Ha3bIBAETCS LEMNbIO.
[lenb, B KOTOPO# BCE BEPUIMHBI PA3HbIE, HA3bIBAETCS MPOCTOM LEMNbIO.



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(%1, Tnt1)-Mapupymon.

Ecsn B mapuipyre Bce pebpa pa3/MuHbl, TO OH Ha3bIBAETCS LEMNbIO.
[lenb, B KOTOPO# BCE BEPIIHHbI Pa3Hble, HA3bIBAETCS MPOCTOMU LUEMNbIO.
LMk — mMapuipyT, y KOTOPOro HauaJso COBMAAAET C KOHIIOM.



[.8. [loarpadbl, MapLipyThi

Onpenenenne 5. Mapuipyrom 8 epage G Haszvisaemcs wepeoyro-
wascs nocaedosamerbHOoCHb

L1,A1,L92,A9,y...,,Tp,Ap, Tnil,

ede x; — sepuiuHol epagha, a; — pebpa, npuuem aubo a; = {x;, x;11},
b0 a; = (x;, x;41). [lpu 3mom x, Ha3bl8a10ON HAYAJOM MapLIPYTa, A
BepULUHA T,,1 — KOHLOM MaplpyTta. Taxoi mapulpym Ha36l8a10Mm
(1, Tpi1)-Mapupymo.

Ecau B mapuipyTe Bce peOpa pasvuHbl, TO OH HA3bIBAeTCS LeMNblO.
[lenb, B KOTOpPO¥# BCe BePUIMHbI Pa3Hble, HA3bIBAETCS MPOCTOM LEMNbIO.
Lluka — mapuipyt, y KOTOPOro HauaJjio COBIMAAAET C KOHIIOM.

Ecau UMK SIBJISIeTCS MPOCTOH 1IeNbl0, TO STO MPOCTON LMKJI.
Paccmorperbh npumep?



1.9. JocTHXKHMOCTb, CBA3HOCTDb

Onpenenenue 6. [osopam, umo sepuiuna y us V(G) nocTuxuma 8
epache G us sepuiunol x, ecau 8 G cyujecmayem (x,y)-mapuipymnt.



1.9. JocTHXKHMOCTb, CBA3HOCTDb

Onpenenenue 6. [osopam, umo sepuiuna y us V(G) nocTuxuma 8
epache G us sepuiunol x, ecau 8 G cyujecmayem (x,y)-mapuipymnt.

[pac HasbiBaeTcss CBA3HbIM, €CJIM /i1 JIOOBIX JIBYX €ro BEPIIMH T, Y
CYLLIECTBYET MapLIPYT, HAYAJIOM KOTOPOTO SIBJISCTCSH BEPIIMHA T, & KOH-
IOM — BepUIKHA ¥.



1.9. JocTHXKHMOCTb, CBA3HOCTDb

[oBopsiT, uto BepinHa y U3 V(G) noctuxkuma B rpade G U3 BepILIHUHbI
x, ecaiu B G CylIeCTBYeT (&, y)-MapuipyT.

[pad HasbIBaeTCs CBA3HBIM, €CJIH JIJIs1 JIIOOBIX JIBYX €r0 BEPLUHH T, ¥
CYILLECTBYET MapuIpyT, HAYaJ0M KOTOPOIO SIBJISIETCS] BEPLIMHA X, a KOH-
110M — BeplrHa y. Takum o6pa3om rpad G cBsI3eH TOTJIa U TOJILKO TOTJIA,
KOI'JIa B HEM KaxKJlasl BeplIMHa JOCTHKHUMA U3 JI0OOH JIPYTOH.



1.9. JocTHXKHMOCTb, CBA3HOCTDb

[oBopsiT, uto BepinHa y U3 V(G) noctuxkuma B rpade G U3 BepILIHUHbI
x, ecaiu B G CylIeCTBYeT (&, y)-MapuipyT.

[pad HasbIBaeTCs CBA3HBIM, €CJIH JIJIs1 JIIOOBIX JIBYX €r0 BEPLUHH T, ¥
CYILLECTBYET MapuIpyT, HAYaJ0M KOTOPOIO SIBJISIETCS] BEPLIMHA X, a KOH-
110M — BeplrHa y. Takum o6pa3om rpad G cBsI3eH TOTJIa U TOJILKO TOTJIA,
KOI'JIa B HEM KaxKJlasl BeplIMHa JOCTHKHUMA U3 JI0OOH JIPYTOH.

OTHOIIEHHE TOCTHKUMOCTH B HEOPHEHTHPOBAHHBIX Ipaax, 0OUEBHJIHO,
SIBJISIETCS] OTHOLIIEHHEM 3KBHBaJIEHTHOCTH, T03ToMy rpad GG paszduBaeTcs
TUM OTHOLLIEHHEM Ha HellepeceKarolrecs: KJacchl, Ha3biBaeMble CBSI3-
HbIMH KOMIIOHEHTaAMMU.



1.9. JocTHXKHMOCTb, CBA3HOCTDb

[oBopsiT, uto BepinHa y U3 V(G) noctuxkuma B rpade G U3 BepILIHUHbI
x, ecaiu B G CylIeCTBYeT (&, y)-MapuipyT.

[pad HasbIBaeTCs CBA3HBIM, €CJIH JIJIs1 JIIOOBIX JIBYX €r0 BEPLUHH T, ¥
CYILLECTBYET MapuIpyT, HAYaJ0M KOTOPOIO SIBJISIETCS] BEPLIMHA X, a KOH-
110M — BeplrHa y. Takum o6pa3om rpad G cBsI3eH TOTJIa U TOJILKO TOTJIA,
KOI'JIa B HEM KaxKJlasl BeplIMHa JOCTHKHUMA U3 JI0OOH JIPYTOH.

B cBsisHoM rpade (G ecrecTBeHHBIM 00pa3oM BBOJIMTCS METpPH-
Ka: pacCTOSIHUEM MeXJy BepIIMHAMHU T,%y HAa30BeM MHHMMYM JJIHH

(z,y)-maplipyToB.



I1. HeopuenTupoBaHHble rpadbl 6e3 netrejb U KPaTHbIX
pebep

Besne nanee non epaghom noHumaercsi HeOpueHTHPOBAHHbIH rpad 6e3
neTesib U KpaTHbIX pedep.



I1. HeopuenTupoBaHHble rpadbl 6e3 netrejb U KPaTHbIX
pebep

[pad H HasbiBaeTcsi JOMOJHUTENbHbIM K rpady G, ecnu
V(H) = V(G), n 1ast moObIX IBYX pas3JMUHbIX BepILIUH x, y pebpo {x,y}
conepxkutcs B F( H) Toraa v ToJibKo Toraa, Kora {x, y} He ColepKUTCs
B F(G).



[1.1. Kputepuii cBsi3HocTH rpada

Teopema 1 (kpurepwii cessnoctu rpada). [pagh G csa3en moeda u MOAbKO
moeda, koeda cyujecmsyem maxkas sepuiura uz V(G), uz komopoii
docmucuma arobas opyeas sepuluHa.

JloKa3aTeJbCTBO.



[1.1. Kputepuii cBsi3HocTH rpada

Teopema 1 (kpurepwii cessnoctu rpada). [pagh G csa3en moeda u MOAbKO
moeda, koeda cyujecmsyem maxkas sepuiura uz V(G), uz komopoii
docmucuma arobas opyeas sepuluHa.

Joka3zareabcTtBo. HeoO6xonumocTh cJjenyeT HernocpeJACTBEHHO U3
ornpejiesieHust CBSI3HOTO rpada.



[1.1. Kputepuii cBsi3HocTH rpada

Teopema 1 (kpurepwii cessnoctu rpada). [pagh G csa3en moeda u MOAbKO
moeda, koeda cyujecmsyem maxkas sepuiura uz V(G), uz komopoii
docmucuma arobas opyeas sepuluHa.

Joka3zareabcTBo. JloctatouHocTb. [lycTh Besikas BepiumHa rpada G
JIOCTH2KMMA U3 BepluHbl . [1ycTh ¥, 2 — TPOU3BOJIbHbBIE BEPIIUHbI U3
V(G). Hano nokasaTb, UTO CyII€CTBYET MapLIPYT C HAUAJIOM Y U C KOH-

oM z. 1o ycJloBHIO CyLLIECTBYIOT MAPUIPYThI T, a1, Y1, A2, Y2, - - - , Gy, Y, U
x,b1,21,...,by, 2 Torna mapupyr
Y, Apy - - Y1, a1, T, 01,21, ..., by, 2

— HUCKOMBIH.



[1.2. Teopema o cBSI3HOCTH J0NOJHUTENbHOTO rpada

Teopema 2 (0 CBSI3HOCTH OMOJHUTEJNbHOTO rpacda). ﬂ/lfl 2106020 8[?614761 G au-
60 epach G, b0 donoanumenvrolil K G epag H asasemcs c8s3HbIM.

JloKa3aTeJbCTBO.



[1.2. Teopema o cBSI3HOCTH J0NOJHUTENbHOTO rpada

Teopema 2 (0 CBSI3HOCTH OMOJHUTEJNbHOTO rpacda). ﬂ/lfl 2106020 8[?614761 G au-
60 epach G, b0 donoanumenvrolil K G epag H asasemcs c8s3HbIM.

Jloka3areabcTBO. MOXKHO cuuTaTh, 4To G — HecBsi3HbIU rpad. Torna
OH COJIEPKUT, KaK MUHUMYM, JIBE€ CBSI3HbIX KOMITOHEHTHI. JloKaxkeM, uTo

JONOJIHUTEJIbHBIN rpad H CBsi3eH.



[1.2. Teopema o cBSI3HOCTH J0NOJHUTENbHOTO rpada

Teopema 2 (0 CBSI3HOCTH OMOJHUTEJNbHOTO rpacda). ﬂ/lfl 2106020 8[?614761 G au-
60 epach G, b0 donoanumenvrolil K G epag H asasemcs c8s3HbIM.

Jloka3areabcTBO. MOXKHO cuuTaTh, 4To G — HecBsi3HbIU rpad. Torna
OH COJIEP2KUT, KAK MUHUMYM, JIB€ CBSI3HbIX KOMITOHEHTHI.

Bosbmem nBe mpousBoJibHble BepivHbl x,y € V(G) = V(H). Ecan
{z,y} ne npunagnexur E(G), 10 {x,y} saBasercsa pebpom rpada H, 10
ecThb y goctxkuma u3 x. Ecau {x, y} conepxkutesi B E(G), TO BEPUINHDI
M y JIeXKaT B OJIHOH CBA3HOW KOMIOHeHTe rpada (G. BosbMeM BepluMHY 2
U3 JIpyrol cBsi3HOM KomroHeHThl rpacha G. Torna =, {z, 2}, z, {z,y}, v
— UCKOMBbIH NyTh B rpade H.

Teopema nokasana.



[1.3. JIByaoJibHbIN rpad

Onpenenenue 7. [pach G nHazvisaemcsa ABYAOJbHBIM, ecAll MHONCE-
cmeo V(G) eco sepuilur MONMCHO pa3bumos Ha 08a Henepecekarouux-
ca noomnoaxcecmsa X u'Y maxkum obpasom, umo y scex pebep epa-
¢pa G odun kowney codepamcumecea 8 X, a dpyeoti — 8 Y. [Ipu amom
epaghot, nopoacoennole mrnoxcecmsamu X u'Y, Ha36l8ar0NM N0JIMU
epagha G.



[1.3. JIByaoJibHbIN rpad

Onpenenenue 7. [pach G nHazvisaemcsa ABYAOJbHBIM, ecAll MHONCE-
cmeo V(G) eco sepuilur MONMCHO pa3bumos Ha 08a Henepecekarouux-
ca noomnoaxcecmsa X u'Y maxkum obpasom, umo y scex pebep epa-
¢pa G odun kowney codepamcumecea 8 X, a dpyeoti — 8 Y. [Ipu amom
epaghot, nopoacoennole mrnoxcecmsamu X u'Y, Ha36l8ar0NM N0JIMU

epagha G.

Onpenenenue 8. [pa¢p G Hazviaemcs MHOTOAOJbHBIM  UAU
n-A0JbHbIM, ecau mHoxcecmso V(G) eeo sepuiur MO#HO pasdbunie
Ha n Henepecexkarouwuxcia noomroxcecms X; maxum oopaszom, 4mo
8 epage G Hem HU 00HO20 pebpa, Yy KOMopo2o 0b6a KOHUA Aexcaiu
ObL 8 00HOLL Doae. [Ipu amom epachol, nopoxderHoLe MHONMCECMBAMU
X;, Hazviearom poasimu epaga G.

PaccmoTperb npumep?



[1.4. Teopema Kénura (Kkputepui 1Bya0JdbHOCTHU rpada)

Teopema 3 (Kénura, kpurepuii neynoasnocru rpada). [ pagh G ¢ KOHeUuHbIM YiiC-
AOM BepULUH A8A1emCs 08YA0NbHbIM Moeda U MOAbKO nMo20a, KO-

eda ace yukaol 8 epaghe G umerom 4emmyio OAUHY.

JloKa3aTeJbCTBO.



[1.4. Teopema Kénura (Kkputepui 1Bya0JdbHOCTHU rpada)

Teopema 3 (Kénura, kpurepuii neynoasnocru rpada). [ pagh G ¢ KOHeUuHbIM YiiC-
AOM BepULUH A8A1emCs 08YA0NbHbIM Moeda U MOAbKO nMo20a, KO-

eda ace yukaol 8 epaghe G umerom 4emmyio OAUHY.

Jloka3areabcTBo. Heob6xo1MMocCTh oueBUIHA.



[1.4. Teopema Kénura (Kkputepui 1Bya0JdbHOCTHU rpada)

Teopema 3 (Kénura, kpurepuii neynoasnocru rpada). [ pagh G ¢ KOHeUuHbIM YiiC-
AOM BepULUH A8A1emCs 08YA0NbHbIM Moeda U MOAbKO nMo20a, KO-
eda ace yukaol 8 epaghe G umerom 4emmyio OAUHY.

Joka3areabcTBo. JloKaxkem Temnepb J0OCTAaTOYHOCTb. PaccmoTpum
CHauaJa caydail, korna G — cBsi3Hbli rpad. 3aduKCUpyeM NMPOU3BOJIb-
HbIM 00pPa3OM BEpUIMHY X, U 0003HAUUM uYepe3 X MHOXKECTBO BCEX TeX
BeplIMH rpada G, paccTosiHie OT KOTOPbIX JI0 & — HEUYETHOE YMCJIO.
O6o03HaunM yepe3 Y MHOXKECTBO BCEX TeX BEPILUHH, PACCTOSIHUE OT KO-
TOPBIX JI0 T SBJSETCS UeTHbIM uucJoM. [IpoBepum, uto X u Y MOxKHO
B3STh B KauecTBe joJied rpada G.



[1.4. Teopema Kénura (Kkputepui 1Bya0JdbHOCTHU rpada)

Teopema 3 (Kénura, kpurepuii neynoasnocru rpada). [ pagh G ¢ KOHeUuHbIM YiiC-
AOM BepULUH A8A1emCs 08YA0NbHbIM Moeda U MOAbKO nMo20a, KO-
eda ace yukaol 8 epaghe G umerom 4emmyio OAUHY.

Joka3areabcTBO. Dbynem paccyxaaTb «OT MNpoTHBHOro». I[lycThb
{y, 2z} — pebpo rpada G, npuuem y u z conepxatcs B X (BY'). Boibepem
(z,y)-MapuwipyT KpaTtuaiiueil AJIUHbL T, a1, . . ., Gy, Y, U (T, 2)-MaPLIPYT
KpaTyaden JIMHBL 2, by, . . ., by, 2. 3aMETUM, UTO p + ¢ ABJACTCS YETHBIM
UUCJIOM, TTOCKOJIbKY 3TO CyMMa HJIH JIBYX UETHBIX, HJIH JIBYX HEUETHbBIX UH-
cedi. [Tosromy tmka

T,a1, ..., 0y, Y,{y, 2}, 2,04 ..., T

MMeeT HeUeTHYIO JUIMHY P + ¢ + 1, MpOTHBOpEUHe.



[1.4. Teopema Kénura (Kkputepui 1Bya0JdbHOCTHU rpada)

Teopema 3 (Kénura, kpurepuii neynoasnocru rpada). [ pagh G ¢ KOHeUuHbIM YiiC-
AOM BepULUH A8A1emCs 08YA0NbHbIM Moeda U MOAbKO nMo20a, KO-
eda ace yukaol 8 epaghe G umerom 4emmyio OAUHY.

Joka3areabctBo. OcTasoch paccMOTpeTh caydai, korjia rpag G He
cesgeH. [lyctb Ay, Ay, ..., A, — MHOXKECTBO BCEX CBSI3HBIX KOMIIOHEHT
rpapa G. OTMETHM, UTO BCAKHHU LIMKJ SIBJSETCS UMKJIOM KaKOH-JH60
CBSI3HOHM KOMIOHeHThl rpada G. [TosToMy, B CUJly JOKa3aHHOTO Bbille
YTBEP2KJIEHUS, KaxKJ1asi CBsi3Hasi KoMIloHeHTa rpada G siBJsieTcsl JABY-
noJsbHbIM rpadom. Ilycts aas awboro ¢ rpadul X;, Y; - 10JM CBSI3HOH
KOMMOHeHTbl A;. OueBHUIHO, UTO B KauecTBe joJel rpada G MOXKHO B3SITh
noarpadol, nopoxaeHuole X1 U Xo U... X, n YUY, U ... Y,,.

Paccmotperh npumep?



I1l. MaTpuubl, accouuMpoBaHHble C HEOPUEHTUPOBAH-
HbIM rpaom

[Iycth G — nomeueHHblH rpad, To eCTb HEOPUEHTUPOBAHHBIN Tpad,
MMEIOIIMH KOHEUHOE YUCJIO BEPILINH, BCE €r0 BEPLIUHBI [IePEHYyMepPOBaHbI,
U KaXKJI0¥ BepUIMHE MOCTaBJIEeH B COOTBETCTBUE €€ HoMep. BmecTo «Bep-
LIMHA C HOMEPOM ¢» Mbl OyJ1IeM FOBOPUTH «BEPILIHHA 7.



[11.1. MaTpuua cmeXHOCTH

[Iycte G — nomedveHHbIU rpad, To eCTb HEOPUEHTHPOBAHHBIK Tpad,
MMEIOLLIMH KOHEUHOE UHCJIO BEPILHH, BCE €r0 BEPILIHHbI IEPEeHYMEPOBaHHI,
M KaKJI0# BepILIHHE MOCTaBJIEH B COOTBETCTBUE ee Homep. BmecTto «Bep-
ILIMHA C HOMEPOM ¢» Mbl OyJIeM FOBOPUTH «BEPLLIHHA 2.

Onpenenenne 9. Marpuueil cMexXHocTu epaga G ¢ n sepuluHaml
HA3bl8ACMC A MAMPUYA PASMEPHOCU N X N € dAemenmanu A;j, eoe
Ajj =k, ecau{i,j} — pebpo kpamnocmu k epagpa G, u A;; = 0, ecau
BEePULUHDBL L UL ] HE CMEINHCHDBL.

Paccmorperbh npumep?



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

Jloka3aTeJbCTBO.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

Joka3areabcTBo. Muaykius o k.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

Hoka3areabctBo. Muaykuus no k. [las k = 1 yTBepKJeHUE OUEeBH/I-
HO.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

HokasareabctBo. Muaykuusa no k. IlycTb oHO BepHO A/isl JIOOBIX

HaTypaJibHbIX 4YUCeJs, MeHbWUX k, B yacTHOCTH, ajd k — 1. TTonoxxum
C = A" ! Torna

Bz'j - Zn:cis : Asj-
s=1



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

n
Joka3ateabctBo. B;; = > Cis - Ay,
s=1

Paccmotpum npoussodibHOe HenydieBoe ciaraemoe Cj, - Ag;. ITo npen-
MoJI0XKeHu10 HHAYKUUKU Cjs pABHO KOJHUUECTBY (7, §)-MaplIPYTOB JJIHHbI
n — 1. ITockosbky uncsio Cjg - Ag; otmuno ot 0, TO BEpILIHHA S COENU-
HeHa Ag; peOpamu ¢ BepluMHOH j. 3HauuT, Cj - Agj paBHO KOJHUECTBY
(4, 7)-MapuIpyTOB JJIMHBI kK C OKOHUAaHUeM BUaA S, {S,7}, 7.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

n
Joka3ateabctBo. B;; = > Cis - Ay,
s=1

Cis - Agj PaBHO KOJIHUECTBY (¢, j)-MapLIpyTOB JJIHHbI k& C OKOHUaHUEM
BUIA S, {s,j}, 7.

Ho BCsIKMU MapuipyT, OKAHUHMBAIOLIMKICS B 7, B KAUECTBE MPETOCES -
HEW BePLIMHbI UMEET BEPUIMHY S, COCAUHEHHYI0 peOpoOM C j, a BepLIU-
Ha S coellMHeHa peOpOM C BEPUIMHOM jJ TOrjaa M TOJbKO TOrJa, KOrjaa
Als, 7] > 0.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

n
Joka3ateabctBo. B;; = > Cis - Ay,
s=1

Cis - Agj PaBHO KOJIHUECTBY (¢, j)-MapLIpyTOB JJIHHbI k& C OKOHUaHUEM
BUIA S, {s,j}, 7.

Ho BCsIKMU MapuipyT, OKAHUHMBAIOLIMKICS B 7, B KAUECTBE MPETOCES -
HEW BePLIMHbI UMEET BEPUIMHY S, COCAUHEHHYI0 peOpoOM C j, a BepLIU-
Ha s coejldHeHa peOGPOM C BEPUIMHOW j TOTJA W TOJbKO TOTrJa, KOTAA
Als, 7] > 0.

CJie0BaTe/IbHO, b;; paBHO KOJIMUECTBY BCEX (i, j)-MapLIPYTOB JJIHHbI
k. Teopema JloKasaHa.



[11.2. Teopema 0 KoJ1lMUeCTBE MAPLIPYTOB MEXKAY BePLIU-
HaMUu

Teopema 4. [lycmo A — wmampuuya cmexncnocmu epagpa G
¢ n sepuwunanu, u B=A* Toeda b; pasno Kkoauuecmsy
(i, j)-mapuwpymos daunol k.

DTa TeopeMa JlaeT cnocob HaxoxKaeHus (i, j)-MaplpyTa (ecau Takou
MapuipyT ecTb) Mo mMarpuue cMexHocTtu. OH CBOJUTCS K TOMY, UYTO
maTpula A BO3BOJMTCS B CTeleHb JIO TeX MOp, MoKa 3JeMEHT B 4-TOH
CTPOKE U J-TOM CTOJIOLIE HE CTAHET HeHyeBbIM. [IycTh 3Ta cTenenb paB-
Ha k. B i-Toil cTpoke maTpuibl A¥~! HaXoauM Takoil HeHyJ/1eBO# SJeMeHT
Xis, uT0 X5 - Agj OTIMUHO OT HyJis1. Toraa s — Npeanoc/easss BeplinHa
nuckoMmoro mapuipyta. [ToBTopeHrneM sToro npoiecca (¢ yueTom Toro, yto
MaTpulibl A” y»Ke HalJleHbl ) oJyyaeM BeCb MapuipyT.



[11.3. Kpurepuit n3aomop(pHOCTH HEOPUEHTUPOBAHHbIX
rpacgoB

Teopema 5. Heopuenmuposanrore epagpo. G u H ¢ koneuroim uuc-
AOM BEPULUH UBOMOPDHOL moeda u MOoAbKO moeda, Koeda mampu-
uol cmesicnocmu A(G) u A(H) amux epagos c8a3aHbl cOOMHOULE-
nuem A(G)=T'-A(H)-T, ede T — nodcmano804HAS MAMPUYA,
mo ecmo mampuya, 8 Kax 0o cmpoke u 8 Kaidom cmoabye Ko-
MopoLl UmMeemcs po8HO OOUH HEeHYAeBOLL INeMeHm, pasHbLl 1.

Jloka3aTeJbCTBO.



[11.3. Kpurepuit n3aomop(pHOCTH HEOPUEHTUPOBAHHbIX
rpacgoB

Teopema 5. Heopuenmuposanrore epagpo. G u H ¢ koneuroim uuc-
AOM BEPULUH UBOMOPDHOL moeda u MOoAbKO moeda, Koeda mampu-
uol cmesicnocmu A(G) u A(H) amux epagos c8a3aHbl cOOMHOULE-
nuem A(G)=T'-A(H)-T, ede T — nodcmano804HAS MAMPUYA,
mo ecmo mampuya, 8 Kax 0o cmpoke u 8 Kaidom cmoabye Ko-
MopoLl UmMeemcs po8HO OOUH HEeHYAeBOLL INeMeHm, pasHbLl 1.

Joka3areabctBo. [lycth dyHKImMM (p, ¢) 3agat0T n3omopduam rpada
G na rpad H, V(G) ={91,92,---,9n}, V(H) = {h1, hs, ..., h,}, Bep-
LLIMHBI paccTaBJieHbl B COOTBETCTBUU C HyMepalued, Mo KOTOpPOH Mo-
ctpoeHbl MaTpulbl A(G) u A(H). Tonoxum S;; =1, ecau p(g;) = h;.
HetpynHo npoBeputhb, uto S — HcKoMasi MaTpULa.

Teopema nokasana.



[11.4. llpumeHenne Teopembl 00 U30MOP(PHOCTH ajareod-
pbl MAaTPHUIL U aJredpbl TUHENHBIX ONEPaTOPOB

,HJIH KBaJAPATHbIX MATPUL UMEETCA JOCTATOUYHO PA3BUTAA TECOPHSI. Omna
TE€CHO CBfI3aHa C TEOPUEH JMHEUHbIX ONePaTopoB C MOMOLIbIO, B UaCT-
HOCTH, TeopeMbl 06 U30MOP(PHOCTH JIMHEHHOTO NPOCTPAHCTBA OMNe-
paToOpPoOB U JIMHEMHOrO MPOCTPAHCTBA MATPHULL.



[11.4. llpumeHenne Teopembl 00 U30MOP(PHOCTH ajareod-
pbl MAaTPHUIL U aJredpbl JUHENHBIX ONMEPaTOPOB

Jly1s1 KBajipaTHbIX MaTpHLL UMEETCS IOCTATOUHO pasBuTasi Teopusi. Ona
TECHO CBsI3aHa C TEOPUEH JIMHENHBIX 0NepaToOpOoB C MOMOULbIO, B 4aCT-
HOCTH, TeopeMbl 06 U30MOP(PHOCTHU JUHENHOTO NPOCTPAHCTBA ONe-
paTopoB U JIMHEHHOTO NPOCTPAHCTBA MATPHULL.

Hanpumep, noHatue COOCTBEHHOTO 3HAYEHUS JIMHEHHOTO OMeparopa
OKa3bIBAETCS MOJIE3HbIM U JJ/151 rpadoB. XapaKTe pUCTUYECKUM MOJH-
HOMOM HEOPHEHTUPOBAHHOTO rpada GG ¢ KOHEUHbIM UHCJIOM BEPLIWH Ha-
3bIBAETCS XapaKTePUCTUYECKUU MOJTMHOM MaTPULLbl CMEXKHOCTH Ipa-

da G.



I11.5. Onpenenenue peryaspHoro rpada

Jlst KBajipaTHbIX MaTPHULL UMEETCS J0CTAaTOUHO pa3BuTasi Teopusi. OHa
TECHO CBSI3aHa C TeOPHUEH JMHEHHBIX OMepaTOPOB C MOMOIIbIO, B UACTHO-
CTH, TeOpeMbl 00 U3OMOP(HOCTH JUHEHHOrO NPOCTPAHCTBA oNepa-
TOPOB U JIUHEWHOTO NMPOCTPAHCTBA MATPHILL.

Hanpumep, noHsiTne coOCTBEHHOrO 3HAUYEHUS JIMHEHHOTO oreparopa
OKa3bIBaeTCsl MOJe3HbIM W Jisi rpacoB. XapaKTepUCTUYECKUM MOJU-
HOMOM HEOPUEHTUPOBAHHOTO rpada GG ¢ KOHEUHbIM UHCJIOM BEPIIWH Ha-
3bIBAETCS XapaKTepPUCTUYECKUU MOJUHOM MATPULLbl CMEXKHOCTH Ipa-

da G.

Onpenenenue 10. Heopuenmuposanrnoii epag 6e3 nemeso u
KpamHolx pebep, umeroujuti KoHeuHoe KOAUYecmao 8epuliH, Ha3ol-
gaemcs peryjsipHbIM 1.l OAHOPOAHbIM, eCAl BANEHMHOCTU BCEX
eeo sepullr pasrol. Barenmuocme sepulun pecyrsipro2o epada
Ha3bl8aemcs BaJEHTHOCTbIO peryJjsipHoro rpada.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopema 6. [Tycmo G — pezyaapuoti epag sarenmuocmu d. To-
eda cnpagedaussl caedyrouiue ymeeproeHus:

1) Cmoabey, sce Koapguyuenmor Komopoeo paswuol 1, asaaemcsa
cobcmeenHHolM 6eKMOpPomM mampuysl cmedcHocmu epaga G. B
HACMHOCTIU, YUCAO d ABAAEMCA KOPHEM XAPAKMePUCHU1eCKO20
noaunoma epaga G.

2) Modyab 21106020 KOpHA xapaKmepucmuieckozo MHO204NEHA
epagha G He npesocxodum d.

II,O Ka3aTeEJdbCTBO.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopema 6. 1) Cmoabey, sce Koagguyuernmor KOMopo2o pas-
Hot 1, a8asemcs cOOCMBEeHHbIM BEKNMOPOM MAMPUUBL CMEHCHO-
cmu epacha G. B uacmrnocmu, uucso d sasasemcsa KOpHem xaparK-
mepucmu4eckoeo noaunoma epaga G.

Joka3areabcTBo. [lycTh ©w — cronbell, Bce KoahPpULIMEHTbI KOTOPO-
ro paBubl 1, A — martpuua cMexkHocTd rpada G. [TockosbKy B KaxK10M
CTpoKe MaTpulibl A poBHO d eiuHuL, TO A - u = d - u. [1ynkT 1 nokasan.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

X1

)

Hoka3zareabcTBo. [lycTh X = — COOCTBEHHbBIA BEKTOP MaT-

Ln
pullbl A, OTBeuaoluid COOCTBEHHOMY 3HAUEHUIO A\, U j — TAKOH HOMep,
uto st moboro ¢ € {1,2,...,n} umeem |x;| > |x;|, To ecTh x; — MaK-
CUMAaJIbHBIN 110 MOJIYJIIO 3JIEMEHT CT0J1011a X.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH
n
W MIPaBOM YaCTH paBeHCTBA AX = AX, osiyuaem Y | Ajx; = Az,
i=1



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH

n
W MIPaBOM YaCTH paBeHCTBA AX = AX, osiyuaem Y | Ajx; = Az,
i=1

n
C 1pyro#l CTOpoHbl, » | Ajix; = >, x5, — CyMMa BCeX TeX KOOPJUHAT
i=1 Ajs,=1

Ts cTOJI0LA 2 0 BCEM TaKUM S, U1l KOTOpbIX A5 = 1.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH

n
W MIPaBOM YaCTH paBeHCTBA AX = AX, osiyuaem Y | Ajx; = Az,
i=1
n
C 1pyro#l CTOpoHbl, » | Ajix; = >, x5, — CyMMa BCeX TeX KOOPJUHAT
i=1 Ajs,=1
T CTOIOLA X 110 BCEM TaKHUM S, U151 KOTOpbIX A s = 1.

d
Taknx HOMEpOB § POBHO d IITYK: Y, Xy, = »_ Ts,.
Ajg =1 i=1



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH
d

M 1IpaBo# yacTH paBeHCTBA AX = Ax, MoJiyuaeM ) | s, = AT;.
t=1

3H81H/IT, B CHJIy MAKCHMAJIbHOCTH ‘il?j‘, [1oJiydaaem
d

d
AL 2] = ] = D Dwg| <D ol < d- g
t=1

t=1



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH
d

M 1IpaBo# yacTH paBeHCTBA AX = Ax, MoJiyuaeM ) | s, = AT;.
t=1
3HAUUT, B CHJIy MAKCUMAJILHOCTH ||, ToJTyuaem

d d
AL 2] = ] = D Dwg| <D ol < d- g
t=1

t=1
B cuny makcumanbHoCTH |2;| 1 TOro (hakTa, uTo COOCTBEHHBIH BEKTOP, MO
onpeJlesieHuIo, He HyJIeBOH, nmeeM |z;| # 0.



[11.6. Teopema o KOpHSIX noJMHOMA peryjspHoro rpada

Teopewma 6. 2) Modyab 2106020 KOpHA xapaKmepucmu4ecko-
20 mHozo4unena epacha G He npesocxodum d.

Jloka3areabcTBO. Torna, cpaBHHUBASA J-bli 3JIEMEHT CTOJOLIOB B JIEBOH
d

M 1IpaBo# yacTH paBeHCTBA AX = Ax, MoJiyuaeM ) | s, = AT;.
t=1
3HAUUT, B CHJIy MAKCUMAJILHOCTH ||, ToJTyuaem

d d
A -l = Az = ) wg| <) oy <d -zl
=1 t=1
B cuny makcumanbHoCTH || M Toro hakTa, 4To COOCTBEHHBIH BEKTOP, 1O
onpeJlesieHuIo, He HyJIeBOH, nmeeM |z;| # 0.
[Tosromy u3 nosyueHHoro HepaBeHcTBa |A| - |x;| < d - |x;| BbITeKkaer
TpebyeMoe HepaBeHCTBO |A| < d. Teopema jokasaHa.



[11.7. [IpuBenenHass marpuua cmexxHocTu. Marpuua MH-
HAUACHTHOCTH

[Iyctb G — nBynoJbHbié rpad ¢ poasimu X,Y. [lomerum Bepiiu-
Hbl gosan X uudpamu 1,2,...,k a BeplIUHbl J0JH Y — CHMBOJIAMU
Y1,Y2, - - -, Ys. [IpUBEI€HHON MATPULLEN CMEXHOCTHU HA3bIBAeTCS MaT-
pula ¢ sgaementamu M;;, rae M;; = 1, ec/ii BepUIMHDI ¢ U Y; CMEXKHbI, H
M;; = 0 B IPOTHBHOM CJlyuae.



[11.7. IlpuBeneHas marpuua cMmexkHoctu. Marpuua MH-
HAUACHTHOCTH

[Iyctb G — nBynoJbHbié rpad ¢ poasimu X,Y. [lomerum Bepiiu-
Hbl gosan X uudpamu 1,2,...,k a BeplIUHbl J0JH Y — CHMBOJIAMU
Y1,Y2, - - -, Ys. [IpUBEI€HHON MATPULLEN CMEXHOCTHU HA3bIBAeTCS MaT-
pula ¢ sgaementamu M;;, rae M;; = 1, ec/ii BepUIMHDI ¢ U Y; CMEXKHbI, H
M;; = 0 B IPOTHBHOM CJlyuae.

Onpeneaenue 11. [Tycmo G — nomeuenuolil epach ¢ n sepuiuHamu
u k pebpamu {ey, ey, ..., er}. MaTpuuein uHUMAEHTHOCTU epagda G
naavieaemcs mampuya I pazmeprocmu n X k, koagpuyuenmol Ko-
mopoti onpedeasomes npasusom: I;; = 1 ecau sepuiuna i asasemcs
KOHYyoMm pebpa e;, 8 ocmanvrolx cayuanx 1;; = 0.

PaccmorpeTb npumep?



I11.8. Marpuua Kupxroda

Bepiuunbl Takoro rpada G 3aHymepyeM cJelyoluM oO0pasoM: y Bep-
LUMH U3 X COXPaHUM MX NPEKHUH HOMEP, a BepLIHHE y; U3 Y TPUIHILEM
Homep k + j. HeTpynHo yBUAETh, UTO MPUBEIEHHASI MATPULLA CMEKHOCTH
sIBJIsIeTCSl PparMeHTOM MaTpHLbl CMEXKHOCTH rpada G, 3To noamMaTpuua,
NMOoCTpoeHHas Ha cTpokax 1,2, ... k, u cronbuax k+1,...,k+ s, npu
3TOM BC€ OCTaJIbHbIE€ 3JIEMEHTbl MATPHLIbI CMEXKHOCTH — HYJIEBBIE.



I11.8. Marpuua Kupxroda

Bepiuunbl Takoro rpada G 3aHymepyeM cJelyoluM oO0pasoM: y Bep-
LUMH U3 X COXPaHUM MX NPEKHUH HOMEP, a BepLIHHE y; U3 Y TPUIHILEM
HoMmep k + 7. HeTpynHo yBUIETh, UTO NPUBEICHHAA MATPHULIA CMEXKHOCTH
sIBJIsIeTCSl PparMeHTOM MaTpHLbl CMEXKHOCTH rpada G, 3To noamMaTpuua,

NMOoCTpoeHHas Ha cTpokax 1,2, ... k, u cronbuax k+1,...,k+ s, npu
3TOM BC€ OCTaJIbHbIE€ 3JIEMEHTbl MATPHLIbI CMEXKHOCTH — HYJIEBBIE.
[lyctb G — npousBosbhbll  Tpadp. Marpuueid Kupxrodga
rpapa G HasbiBaeTcss MaTpuula [B;; Pa3MEpHOCTH n X n, Tle
B = { —Ay . s Z 7 ‘7:’
BaJIEHTHOCTb BEPLWIWHBI 7 NpWn 7 = 7j.

Paccmorperh npumep?



I11.8. Marpuua Kupxroda

Bepiuunbl Takoro rpada G 3aHymepyeM cJelyoluM oO0pasoM: y Bep-
LUMH U3 X COXPaHUM MX NPEKHUH HOMEP, a BepLIHHE y; U3 Y TPUIHILEM
HoMmep k + 7. HeTpynHo yBUIETh, UTO NPUBEICHHAA MATPHULIA CMEXKHOCTH
sIBJIsIeTCSl PparMeHTOM MaTpHLbl CMEXKHOCTH rpada G, 3To noamMaTpuua,

NMOoCTpoeHHas Ha cTpokax 1,2, ... k, u cronbuax k+1,...,k+ s, npu
3TOM BC€ OCTaJIbHbIE€ 3JIEMEHTbl MATPHLIbI CMEXKHOCTH — HYJIEBBIE.
[lyctb G — npousBosbhbll  Tpadp. Marpuueid Kupxrodga
rpapa G HasbiBaeTcss MaTpuula [B;; Pa3MEpHOCTH n X n, Tle
B = { —Ay . s Z 7 ‘7:’
BaJIEHTHOCTb BEPLWIWHBI 7 NpWn 7 = 7j.

Teopema 7 (0 cymme 3jieMeHTOB cTpoku matpuubl Kupxrodga). CyMMCl INeMEHIMOB
Ar06o0t CMpoKU mampuybol KLL[?X&’OQI)CZ pasHa cymme 3AemeHrnos 1ro-
60eo cmoabya amoti mampuyol u pasra 0.



[11.9. Teopema 006 anredpanuecKux 10NOJHEHUSAX K MaT-
puue Kupxroda

Teopema 8 (06 anre6panyueckux 1onoJHeHusix K marpuue Kupxroga). Ecau cymma
NeMEeHMO8 Kak 1000l cmpoku, mak u 41006020 cmoabya keadpamn-

HolU mampuyol X — Hyaesole, mo arcedbpaureckue 0ONOAHEeHUS K
A00bIM 08YM dremermam mampuyol X pasHsl mexncdy coboll.

JloKa3aTeJbCTBO.



[11.9. Teopema 006 anredpanuecKux 10NOJHEHUSAX K MaT-
puue Kupxroda

Teopema 8 (06 anre6panyueckux 1onoJHeHusix K marpuue Kupxroga). Ecau cymma
NeMEeHMO8 Kak 1000l cmpoku, mak u 41006020 cmoabya keadpamn-
HolU mampuyol X — Hyaesole, mo arcedbpaureckue 0ONOAHEeHUS K
A00bIM 08YM dremermam mampuyol X pasHsl mexncdy coboll.

Joka3areabctBo. [lycth marpuua X umeer n CTPOK U CTOJOLOB.
CymMma Bcex CTpOK MaTpullbl X sIBJsIeTCS HYJEBOH CTPOKOH, MOITOMY
mMaTpuua X — BbIPOXKJeHHAs. 3HAUUT, ee paHr He OoJblie n — 1. Eciu
OH MeHblIe n — 1, TO anrebpanuecKoe JOMOJHEHUE K JII0OOOMY 3JIEMEHTY
maTpuibl X paBHO 0, U 3aKJ/lOUEHUE TEOPEMBI BbITTOJHEHO.



[11.9. Teopema 006 anredpanuecKux 10NOJHEHUSAX K MaT-
puue Kupxroda

Teopema 8 (06 anre6panyueckux 1onoJHeHusix K marpuue Kupxroga). Ecau cymma
NeMEeHMO8 Kak 1000l cmpoku, mak u 41006020 cmoabya keadpamn-
HolU mampuyol X — Hyaesole, mo arcedbpaureckue 0ONOAHEeHUS K
A00bIM 08YM dremermam mampuyol X pasHsl mexncdy coboll.

Joka3areabctBo. OcTanoch pacCMOTPeTh CJyuad, KOrja paHr mMar-
puubl X paBeH n — 1. OueBHJHO, 1OCTAaTOUYHO J0KA3aTh, UTO BCe aared-
paudyeckue N0TOJHEHUS K 3JIeMEHTaM OJIHOM CTPOKH paBHbI APYT APYTY.



[11.9. Teopema 006 anredpanuecKux 10NOJHEHUSAX K MaT-
puue Kupxroda

Teopema 8 (06 anre6panueckux 1onoJHeHusix kK marpuue Kupxroga). Ecau cymma
NeMEeHMOo8 Kak 1000l cmpoKku, mak u 41006020 cmoabya keaopamn-
HolU mampuyol X — Hyaesole, mo arcebpauteckue 0ONOAHEeHUS K
A00bIM 08YM daemermam mampuyol X pasHsl mexncdy coboll.

Joka3areabcTBo. Mrak, nycrts Y;; — ajnre6panyeckue J0MOJHEHHUS K
saeMeHTaM X;;. Toraa

Jj=1

PaccmoTpuM cucteMy ypaBHEHHUH

> Xy =0.
j=1



[11.9. Teopema 006 anredpanuecKux 10NOJHEHUSAX K MaT-
puue Kupxroda

TeopeMa 8 (06 ajqre6panueckux nonojHeHusx k marpuue Kupxroda). Ecau cymma
INeMEHIMOB KaK A0001 CmpoKu, maxk u 2106020 Cm0./l6L§Cl KBadpam—
HOll Mmampuyol X — Hyaesole, 1Mo aﬂeeépau%ecrme JONnoAHeHUS K
A00bIM 08YM dremermam mampuyol X pasHolL mexncdy coboll.

JloKa3aTeJbCTBO.
O:det(X):ZX@'j°Y;j, ZwaJIO
j=1 j=1

PaHr matpubl Ko3hPUUHMEHTOB 3TOH CUCTEMbBI paBeH n — 1, 3HAUUT NPO-
CTPAHCTBO ee pelleHud — oaHoMepHoe. OueBHIHO, UTO OA3UCOM 3TO-
ro MpoCTpaHCTBA sIBJIsieTCS pelieHue (yi, Yo, ..., Yn) = (1, 1,...,1) (cm.
CBOMCTBO MaTpullbl X B YCJOBHUHU Te€OpPeMbl). 3HAUUT, Y1 = ... =Y},.
Teopema nokasana.



IV. OpuentupoBaHHble rpagbl 6€3 KpaTHbIX AyT
B stom pasaene noja OpueHTHPOBAHHBIM TPpa)oM MOHUMAETCS OPUEH-
THPOBAHHBIN rpac 6e3 KpaTHBIX JIyT.



IV. OpuentupoBaHHble rpagbl 6€3 KpaTHbIX AyT
OnpenesieHde MaTpUllbl CMEXKHOCTH JIJISI OPUEHTPUPOBAHHOIO rpada
HU3MEHACTCHA €CTECCTBCHHDLIM 06pa30M: Aij =1 TOTrda U TOJIBKO TOI'’ld, KO-
raa (i, j) siBasiercst ayroii rpadpa G, u A;; = 0 B npotuBHOM ciyuae. Teo-
pemMa o KoJUYeCcTBe MApLIPYTOB U KPUTEPUH U30MOP(HOCTHU I'pa-
(hoB MepeHOCUTCS HA OPUEHTHPOBaHHbIe rpadbl 6e3 uaMeHneHui. Onpe-

jieJieHde MaTpHlibl MHIMAeHTHOCTU rpada G ¢ E(G) = {e1,eq,.. ., ex}
MEHSETCHA CJACAYIOLIMM 00pa3oM:
L, ecnun ¢ ABNAETCA HavanoM Lyru €;

Iij =< —1, ecan i aBnaeTcs KOHLOM Jyru €;
0, ecnu ¢ He MHUMAEHTHA Jyre e;



IV. OpuentupoBaHHble rpagbl 6€3 KpaTHbIX AyT

OmnpejiesieHHe MaTpPHULIbl CMEXKHOCTH JIJIsi OPHEHTPUPOBAHHOTO rpada
H3MEHSIeTCS eCTeCTBEHHBIM 06pa3oM: A;; = 1 Toraa 1 ToJbKO Torja, Ko-
raa (i, j) siBasiercst ayroii rpadpa G, u A;; = 0 B npotuBHOM ciyuae. Teo-
pemMa 0 KOJiH4eCTBe MapUIPYTOB H KPUTEPUU M30MOP(PHOCTH rpa-
(0B MepeHOCUTCST HAa OpUEHTHPOBaHHbIe Tpadbl 6e3 uaMenenuni. Ornpe-
jieJieHre MaTpuilbl MHUMAeHTHOCTH Tpada G ¢ E(G) = {ey, ea, ..., €1}
MEHSETCHA CJACAYIOLIMM 00pa3oM:

L, ecnaun i ABNAETCA HaYanoM Lyru €;
Iij =< —1, ecan i aBnaeTcs KOHLOM Jyru €;
0, ecnu ¢ He MHUMAEHTHA Jyre e;

OpuentupoBaHHblid rpad G°, nogyuyeHHbld U3 rpada G npuaaHuem
peGpam HeEKOTOPOH (TPOU3BOJLHO BbIOPAHHON ) OpUEHTALMH, HA3bIBAETCS
opueHTtauuei rpada G.



IV.1. Teopema o cBs3u matpuubl Kupxroda ¢ marpuuen
MHUMIEHTHOCTH

Teopema 9. [Tycmo B— mampuua Kupxeoga epagpa G, I — mam-
puya unyudenmuocmu eeo opuenmayuu G°. Toeda B =1 - I', e0e
I' — mampuya, mparcnonuposarnnas kK mampuye I.

Jloka3aTeJbCTBO.



IV.1. Teopema o cBs3u matpuubl Kupxroda ¢ marpuuen
MHUMIEHTHOCTH

Teopema 9. [Tycmo B— mampuua Kupxeoga epagpa G, I — mam-
puya unyudenmuocmu eeo opuenmayuu G°. Toeda B =1 - I', e0e
I' — mampuya, mparcnonuposarnnas kK mampuye I.

JokasareabcTBo. O6o3naunm I - I* yepes X. Ilycts @ # 5. Torna B
BbIpaKEHHH

k
Xij = i~ Ijs
s=1

TOJIBKO OJTHO CJlaraeMoe MOXKeT ObITh OTJIUUHO OT HYJIsT — CJIaraeMoe, CO-
OTBeTCTBYMOLIlee ayre (7, j) wiH (7,4). [Ipu 3T0M 3TO C/1araemoe paBHo -1,
caenoBatesbHo X;; = —1. Eciin xxe nu (1, §), HH (7, 4) He siBJsieTCS 1yTroi
rpacha G, To Bce cjlaraemble HyJieBble, 1osTomy X;; = 0.



IV.1. Teopema o cBs3u matpuubl Kupxroda ¢ marpuuen
MHUMIEHTHOCTH

Teopema 9. [Tycmo B— mampuua Kupxeoga epagpa G, I — mam-
puya unyudenmuocmu eeo opuenmayuu G°. Toeda B =1 - I', e0e
I' — mampuya, mparcnonuposarnnas kK mampuye I.

Jloka3aTteabcTBo. OcTaercs 3aMeTUThb, UTo ;s - I;s = 1 TOTIa H TOJIbKO
TOT/1a, Korna Jiu6o (i, ), 6o (s,7) sBasercs gyroi oprpada G°, To eCThb
{i, s} apasiercst pe6pom rpada GG. 3HaunT, X;; paBHO KOJHUECTBY pedep
rpada G ¢ KOHLIOM i, TO €CTh X;; — BaJIEHTHOCTb BEPLIHUHBI 4.

Takum o6pasom, no onpeneaenunto matpuibl Kupxroga, B = X, uto
1 TpeOoBaJIOCh J1I0KA3aTh.



V. [lnanapHbie rpadbl
Bynem paccmaTpuBaTth TOJBLKO HEOPUEHTHPOBAHHbIE rpadbl O€3 neTelb
1 KpaTHbIX pedep.



V. [lnanapHbie rpadbl

Bbynem paccmaTpuBaTth TOJIbKO HEOPUEHTUPOBaHHbIE Tpadbl 6€3 neTesib
1 KpaTHbIX pedep.

[lnockoii ykaaako# rpacda [" Ha3biBaeTcs Takoe ero u3obpakeHue Ha
MJ0CKOCTH, B KOTOPOM JIMHUH, U300paxKatolue pedpa rpada, He rnepece-
KaloTcst APYT ¢ Apyrom (IMpeanoJaraercs, uTo u3o6pakKeHue BEPIIHHbI He
NPUHAJIEKNT JUHUH, H300pazkatollel pedbpo).



V. [lnanapuble rpadbol

Bbynem paccmaTpuBaTth TOJIbKO HEOPUEHTUPOBaHHbIE Tpadbl 6€3 neTesib
1 KpaTHbIX pedep.

[lnockoii ykaaako# rpacda [" Ha3biBaeTcs Takoe ero u3obpakeHue Ha
MJ0CKOCTH, B KOTOPOM JIMHUH, U300paxKatolue pedpa rpada, He rnepece-
KaloTcst APYT ¢ Apyrom (IMpeanoJaraercs, uTo u3o6pakKeHue BEPIIHHbI He
NPUHAJIEKNT JUHUH, H300pazkatollel pedbpo).

[pad, nonyckarlmil NI0CKYI0 YKJIaJIKy, Ha3blBaeTCs MJAaHaPHbIM.
PaccmoTperb npumep?



V. [lnanapHbie rpadbl

Onpenenenue 12. [osopam, umo Heopuenmuposaruolii epag 1’
noayuen u3 epaga I' nonpazdouennem pedbpa {a,b} € E(I') mo-
eda u moavko moeda, koeda V(I")=V(I')U{c}, ede c¢ V(I'), u

(1) = (B U {{a, ch{e.b}}) = {{a.b}}:



V. [lnanapHbie rpadbl

Onpenenenue 12. [osopam, umo Heopuenmuposaruolii epag 1’
noayuen u3 epaga I' nonpazdouennem pedbpa {a,b} € E(I') mo-
eda u moavko moeda, koeda V(I")=V(I')U{c}, ede c¢ V(I'), u

(1) = (B U {{a, ch{e.b}}) = {{a.b}}:

HMubiMu cioBamu, nojapazorenne pebpa 3akJoyaeTcsi B TOM, 4To peOpo
{a,b} rpaca I' «pasbuBaetcsi» Toukol ¢ Ha 1Ba pebpa {a,c} u {c, b}.



V. [lnanapHbie rpadbl

Onpenenenue 12. [osopam, umo Heopuenmuposaruolii epag 1’
noayuen u3 epaga I' nonpazdouennem pedbpa {a,b} € E(I') mo-
eda u moavko moeda, koeda V(I")=V(I')U{c}, ede c¢ V(I'), u

B() = (B) U {{a, ¢}, {e.0}}) = {{a,0}}
Onpeneaenue 13. [papor G u H Haszvisaromcs romeoMopdHbIMU

moeoa u moavKo moaoa, Ko2oa OHu Moeym ObLMb NOAYUEHbL U3 00-
HO20 UL moeo dce epaga nodpasbueruem e2o pebdep.



V. [lnanapHbie rpadbl
Uepes K, 6yneM 0603HauaTh NPOU3BOJIbHbIA MOJHBIX rpad Ha n Bep-
mrHax, To ectb rpad I'e [V(I')| =nu

E() = (V(F) x V(F)) _ {(v,v) v e V(F)} |

Yepes K,,,, Oynem 0003HauaTb MOJHbIA ABYL0JbHbIA rpad, TO eCTb

ANB=0,
rpapcV(I)=AUB, rtneq |Al=n, u
|B| =m

E() = ((A x B)U (B x A)) _ {(v,v)v c V(r)}.



V.1. Kputepuu [lontpsaruna-KyparoBckoro

Teopema 10 (kpurepmii Monrpsruna-Kyparosckoro). [pah naanapern moeoa u
MoAbKO moeoda, Koeda o1 He codepacum nodepagos, comeomopg-
nox! Ky u Ks3.

Puc. 1. Ipadnt K5 u K3 3.

1Cm.ctp.103.



V.2. dopmyaa Jdiaepa

Teopema 11 (®opmyna diinepa, 1758). Ecau n — uwucio sepuiur, m — vuc-
A0 pebep, f — uucio eparell naockoeo epaga, mon —m + f = 2.



Cnacub6o

3a
BHUMAaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyTbcCsl K CIUCKY Npe3eHTauun?
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