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1. [IpymeHeHne K MaTpUUHOM alredpe



I. JInHeHbIEe onepaTopbl U CKAJAPHOE NMPOU3BEAEHUE

Boiuwie mMbl o6oraTu/u JIMHEHHOE MPOCTPAHCTBO HOBOM KOHCTPYKUM-
el — ckasspHbiM npousseieHriem. OTMeTHM, 4TO MOMMMO €BKJIUI0-
BbLIX NMPOCTPAHCTB, UMEIOTCA JIPYyrHUe KOHCTPYKLIUU, HATIPUMED, CKaJSP-
HO€ IIPOU3BEACHHUE B CUIIJICKTHYECKUX IMTPOCTPAHCTBAX U .



I.1. ConpsxKeHHbIA oneparop

B cBfI3K C BBeJleHHEM HOBOHM KOHCTPYKLMH, KaK 00bIYHO, MTPOOGIeMa-
TUKa TEOPUH 3HAUUTEJbHO oOoraiaercs. Mbl cefiuac pacCMOTPUM TOJIb-
KO OJIHY CepHlo NMpobJieM, CBA3AHHbIX CO «B3aUMOJCHCTBHEM» JIMHEHHbIX
OMepaToOPOB U CKAJMSPHOTO MPOU3BEJIEHUS B € BKJIUIOBbBIX U YHUTAPHbIX
npoctpaHcTBax. [Ipyu 3TOM, Kak Mbl YBUJIUM, HEOXKUJIAHHO TOSIBJSIOTCS
HOBbl€ OTHOCHUTEJIbHO MPOCThIE PellleHHsT HEKOTOPbIX ITOCTOPOHHUX>» (HO
OUeHb aKTyaJsibHbIX!) pobJem.



I.1. ConpsxKeHHbIA oneparop

B cBfI3K C BBeJleHHEM HOBOHM KOHCTPYKLMH, KaK 00bIYHO, MTPOOGIeMa-
TUKa TEOPUH 3HAUUTEJbHO oOoraiaercs. Mbl cefiuac pacCMOTPUM TOJIb-
KO OJIHY CepHlo NMpobJieM, CBA3AHHbIX CO «B3aUMOJCHCTBHEM» JIMHEHHbIX
OMepaToOPOB U CKAJMSPHOTO MPOU3BEJIEHUS B € BKJIUIOBbBIX U YHUTAPHbIX
npoctpaHcTBax. [Ipyu 3TOM, Kak Mbl YBUJIUM, HEOXKUJIAHHO TOSIBJSIOTCS
HOBbl€ OTHOCHUTEJIbHO MPOCThIE PellleHHsT HEKOTOPbIX ITOCTOPOHHUX>» (HO
OUeHb aKTyaJsibHbIX!) pobJem.

B nanHom csayuae peub MoiaeT o «mnepeOpacblBaHUM» OllepaTopa M3
MEPBOr0 MHOXKHTEJISI CKAJSPHOrO MPOU3BeJIeHUsT HAa BTOpod. TouHee, B

A

psille CUTyaluuH HeOOXOMMO MPEJACTaBUTh YUCJIO (A(CB), y) B BUJIE CKa-
JIAPHOTO MPOU3BEJICHUS, B KOTOPOM BEKTOP & CTOMUT HE IMOJI OMepaTo-
poM», TO eCTb B BUJe (z,z). OKasbiBaeTcs, ClpaBeivBa cjeaytolas
Teopema



I.1. ConpsxKeHHbIA oneparop

TeopeMa 1 (0 CylL1eCTBOBAHUM COMPSIKEHHOr0 oneparopa). ,ZZ./Lﬂ arboeo aurell-
HOcO oneparmopa 121 KOHEeYHOMEePHOcO esKaudosa uiu YHUMApPHO-
co npocmpancmea U cyuiecrmeyern, npuiem eduHCMBBHHbLLZ, ma-
Kot oneparmop B, Yo 045 100bLX BeKmopos x,y < U umeem mecmo
paseHcmeso

(A@),y) = (+.B).
ﬂOKaE‘)aTeJIbCTBO 9TOU TeOpeMbI MBI HpHBGILGM [1032Ke, T10CJIe Ho.nyqe—
HUS POPMYJIbI /11 MATPHULLbI COTPSI2KEHHOTO oflepaTopa.



I.1. ConpsxKeHHbIA oneparop

A

Onpepneaenue 1. /[1a aurnetinoco onepamopa A KOHEUHOMEPHO2O
eskaudosa uil yrnumapuozo npocmpancmea U conpsixKeHHbIM
onepaTopoM Ha36l8ACMCA MAKOL MHEUHbLL 0nepanop A*, umo
042 100vLx Bekmopos x,y € U umeem mecmo pageHcmaso

(A@),y) = (= A4(). (1)



I.1. ConpsxKeHHbIA oneparop

A

Onpepneaenue 1. /[1a aurnetinoco onepamopa A KOHEUHOMEPHO2O
eskaudosa uil yrnumapuozo npocmpancmea U conpsixKeHHbIM
onepaTopoM Ha36l8ACMCA MAKOL MHEUHbLL 0nepanop A*, umo
042 100vLx Bekmopos x,y € U umeem mecmo pageHcmaso

(A@),y) = (= A4(). (1)

B kakux HallpaBJICHHUAX PA3BUBATDb HCCJIQILOBHHHQ?



I.1. ConpsxKeHHbIA oneparop

A

Onpepneaenue 1. /[1a aurnetinoco onepamopa A KOHEUHOMEPHO2O
eskaudosa uil yrnumapuozo npocmpancmea U conpsixKeHHbIM
onepaTopoM Ha36l8ACMCA MAKOL MHEUHbLL 0nepanop A*, umo
042 100vLx Bekmopos x,y € U umeem mecmo pageHcmaso

(A@),y) = (= A4(). (2)

Kak 00bIYHO, OJIMH U3 MEePBbIX BOMPOCOB MOCJIE BBEIICHHSI HOBOTO T0-
HATHUA: KAK «Peasiu30BaTh» ITY KOHCTPYKLIMIO B KIIPOCTPAHCTBE KOOPIH -
HaT», TO ecTb B R". B 1aHHOM cJiyuae, MoCKOJIbKY peub UIET O JJUHEHHOM
oreparope (CornpsKeHHbIH onepaTtop — 3TO JUHEHHbIHA oniepaTop!), STOT
BOIMPOC TPaHCHOPMHUPYETCS B TPOOJIEMY BbIUUCIEHUS MAMPULbL CONP-
acerroeo onepamopa. OTBET Ha 3TOT BONPOC 0hOPMUM B BUJIE CJIELY-
IOLLEH TEOPEMBI.



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa

Teopema 2 (0 mMaTpuLe CONpsXKEHHOro oneparopa). Ecau AB — mampuya au-
HelHoeo orteparopa A 8 6asuce b eskaudosa uau YHUmapHoeco

*

npocmpancmea U, mo mampuya AB CONPANCEHHO20 onepamo-

pa A* umeem suo

* -1
ede 7 — onepayusl NMOKOMNOHEHINMHOSO KOMNAECKCHO20 CONpA-

1. . . o . ~
HCEHUA ! (Tpg + Wpq), . = (Tpg — Wpq),,,,r B cayuae, koeda U — es

KAUOD0BO NPOCMPAHCINBO, 8 CUNY MO0, YMO KOMHACKCHOe CONPsi-
HCeHUE HA MHONMECmBe BeUleCMBEeHHbLX YUcen A8A1enmcs mode-
CMBEHHOIM NPpeodbpazosanuem, pageHcmso (3) HecKkoAbKO Yynpoua-
emcs:

¥ _ m—1 gt

'B o603HaueHusIX, IPUHATBIX B 3JEKTPOHHKE, IJle MHMMAas elMHHLA 0003HAUaeTCs CHMBOJIOM j, 9TO
PaBEHCTBO 3aMUChIBACTCH TAK: (Tpg + T0pq),xrn = (Tpg = TYpa) -




[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,H,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

ail aip ... Gy

pa. HyCTb b= {617 €9, ... 7€n}, AB — as1 a929 ... A9y

anl an2 « o o ann



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,H,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip
a1 a2 ... d2p
pa.llyctb B = {ey,ez,...,¢e,}, Ag=

ap1 Ap2 ... Apn
ﬂJIH TOrO, YTOObI [TOJIYYHUTb PaBE€HCTBO, HAJI0O HEKOMOPYIO 8eAUUUHY
BoLUUCAUNMb PASHOIMU cnocobanu. B JAHHOM CJ1yda€ Mbl BOCITOJIb3YEM -
Col, €ECTECTBCHHO,



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,Z],OKaEiaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

app a2 ... Aipn

pa. HYCTI) b= {617 €2, ... 7€n}, AB - far G2 e o

ap1 Ap2 ... Apn
HJIH TOrO, LITO6I)I HOJIyLII/ITb paBeHCTBO, Haa0 Heicomopyro 8€/lLLLtLLHy

BbLYUUCAUNL paA3HOIMU cnocobamu. B TaHHOM cJiydyae Mbl BOCIOJb3Y-
eMCsl, eCTECTBEHHO, onpeaejeHuemM mMaTpuiibl onepatopa. CorjacHo
3TOMY OMpPEJIE/IEHHIO, SJIEMEHTBI a;; MATPULILI COMPSIKEHHOTO ONepaTo-

pa onpeaeJIATCA CUCTEMON YPaBHEHUN



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,Z],OKaEiaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip

pa. HYCTI) b= {617 €2, ... 7€n}, AB - far G2 e o

ap1 Ap2 ... Apn
HJIH TOrO, LITO6bI HOJIyLII/ITb paBeHCTBO, Haa0 Heicomopyro 8€/lLLLtLLHy

BbLYUUCAUNL paA3HOIMU cnocobamu. B TaHHOM cJiydyae Mbl BOCIOJb3Y-
eMCsl, eCTECTBEHHO, onpeaejeHuemM mMaTpuiibl onepatopa. CorjacHo
3TOMY OMpPEJIE/IEHHIO, SJIEMEHTBI a;; MATPULILI COMPSIKEHHOTO ONepaTo-

N n
pa OnpeseoTCst CUCTeMOR ypaBHeruid A*(e;) = ) aje;.
i=1



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,Z],OKaEiaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip

pa. HYCTI) b= {617 €2, ... 7€n}, AB - far G2 e o

An1 Ap2 ... dpp
HJIH TOI'O, YyTOObI [TOJIYYHUTb PaBE€HCTBO, HAJI0O HEKOMOPYIO 8eAUUUHY
solUlUCAUMb PABHOIMU cnocobamu. B JAaHHOM CJiyda€ MbI BOCIIOJIb3Y-
eMCd, €CTECTBEHHO, OIIpEaEJEHUEM MATPULbI onepartopa. CorJiacHo
9TOMY OllpeAeJIEHUIO, 3JIEMEHTDI CL;}- MaTpHILbI CONMPAKEHHOTO ONe€paro-

N n
pa OnpeseoTCst CUCTeMOR ypaBHeruid A*(e;) = ) aje;.
i=1

[ToHATHO, uTO 6€3 ornpesiesieHHsI CONPSIXKEHHOr0 onepaTopa, To eCTh
6e3 paBeHcTBa (1) Ham He 0OONUTHCH.



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,Z],OKaEiaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip

pa. HYCTI) b= {817 €9, ... 7€n}, AB — as1 a929 ... A9y

An1 Ap2 ... dpp
HJIH TOI'O, YyTOObI [TOJIYYHUTb PaBE€HCTBO, HAJI0O HEKOMOPYIO 8eAUUUHY
solUlUCAUMb PABHOIMU cnocobamu. B JAaHHOM CJiyda€ MbI BOCIIOJIb3Y-
eMCd, €CTECTBEHHO, OIIpEaEJEHUEM MATPULbI onepartopa. CorJiacHo
9TOMY OllpeAeJIEHUIO, 3JIEMEHTDI CL;}- MaTpHILbI CONMPAKEHHOTO ONe€paro-

N n
[3) O % _ *
pa OnpeseoTCst CUCTeMOR ypaBHeruid A*(e;) = ) aje;.
1=1

PaBenctBo (1) u onpenensieT Ty BeJHUHHY, KOTOPYIO Mbl OyjeM Bbl-
UUCJIATH PA3HBIMU CIIOCOOAMHU: CIIOCOOOM, ONPEALIAEMbIM BbIPAXKEHUEM,
CTOALIMM, C OJJHOU CTOPOHBI, B IIPABOH, a C APYrol CTOPOHLI, B JICBOU Ua-
CTH 9TOTO PABEHCTBA.



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
ﬂ,OKaSaTeJH)CTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip
as1 A99 ... A9y
pa.llyctb B = {ey,ez,...,¢e,}, Ag=

ap1 Ap2 ... Apn
I/IMGGM, COIVIACHO Te€OpEMAaM O BBIYUCJIEHUN CKAJAPHOIO Nnpousse-
JE€EHUA U O KOOpJAHHATAX 06[)21321 BEKTOpa, U CBOMCTBaM onepauuu
TPAHCIIOHUPOBAHUS,

(fl(x),y) — (4plelp) Tplvlp = (5 AE BB



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
ﬂ,OKaSaTeJH)CTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

aip aip ... Qip
as1 A99 ... A9y
pa.llyctb B = {ey,ez,...,¢e,}, Ag=

ap1 Ap2 ... Apn
I/IMGGM, COIVIACHO Te€OpEMAaM O BBIYUCJIEHUN CKAJAPHOIO Nnpousse-
JE€EHUA U O KOOpJAHHATAX 06[)21321 BEKTOpa, U CBOMCTBaM onepauuu
TPAHCIIOHUPOBAHUS,

(A(ﬂf% y) ~ (4glzlg) Tplvls = [l A5TBYB:

C 1pyroit CTOPOHBI,

(x, fl*(y)) = [z]gI'BAE YIB:



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
ﬂ,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-
pa.
I/IMGQM, COIVIACHO TeopeEMaM O BBLIYUCJTIEHUN CKAJAPHOIo Nnpousse-
JEeHUS H 0 KOOpJAMHaTax o0pa3a BeKTopa, U CBOMCTBAM olNepaluu
TPAHCITIOHUPOBAHUSA,

(A(@“)a y) = (Aglzlg) Tplvlp = [l A5TBVB:

C npyro# CTOPOHBI,

(2. 4'()) = T A Wi

Takum o6pazom, MoJIyunsii paBeHCTBO

*

254 BB = [*JI'BAEYIB: (4)



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
ﬂ,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-
pa.
I/IMGQM, COIVIACHO TeopeEMaM O BBLIYUCJTIEHUN CKAJAPHOIo Nnpousse-
JEeHUS H 0 KOOpJAMHaTax o0pa3a BeKTopa, U CBOMCTBAM olNepaluu
TPAHCITIOHUPOBAHUSA,

(Atx).) = (4lalp) ' Tpllp = Ll ARTB V.

C npyro# CTOPOHBI,

(2. 4'()) = T A Wi

Takum o6pazom, MoJIyunsii paBeHCTBO

*

254 BB = [*JI'BAEYIB: (4)

HanpauiiBaercsi «COKpaTUTh» HA MATPHLIbI [:1;]}5 1yl



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,H,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

pa.

2l54pTBlYIE = gl B AR YIE: (4)

HanpaimBaercsi «CoKpaTUThb» Ha MaTPHULbI [a:]ii u lylg. K coxanennio,
3TOTO Jle]IaTh HeJib3s1, KaK MOKa3bIBAET CJIEYIOLIMI TPUMED:

(1 2)(_? _;l)—(o 0)=(0 o)(_f _;l).



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa
,Z],OKaEiaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-

pa.

“I5AsTBlYB = [l B AR Y)E- (4)
HanpauiiBaercsi «COKpaTUTb» HA MATPULLbI [sc]tB u % K coxasnenuio,
3TOTO JieJIaTh HeJlb3sl, Kak MOKa3bIBAET CJIeIYIOIIHH TTPUMED:

(1 2)(_? _;l)—(o 0)=(0 o)(_f _;l).

OJ1HaKo, B MOJIHOM COOTBETCTBHH C PYCCKMM HallMOHAJbHBIM MEHTAJIUTE-
TOM «HEJIb351, HO €CJIM OYEHb XOUETCs, TO MOXKHO» Mbl BC€-TaKH BbINOJI-
HUM TAKO€ COKPALLLEHUE, UCTIOJb3YS JIEMMY O COKpPALLeHWU HA TPOuU3-
BOJIbHYIO MaTpHUILy.



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa

ﬂ,OKaSaTe.HbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-
pa. Takum 06pa30M, COIJIACHO J€eMME€ O COKPpAL€HHUHN HA NPOU3BOJIb-
HYIO MaTpULLly U3

2l ApTBlYIE = gl B AR YIB: (4)

[10JIYy4aeEM



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa

,ﬂ,OKaSaTe.ﬂbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-
pa. Takum O6p830M, COIJIACHO J€eMME€ O COKPpAL€HHUHN HA NPOU3BOJIb-
HYIO MaTpULLly U3

2l ApTBlYIE = gl B AR YIB: (4)

[10JIYy4aeEM
¥ _ 17—1 At

T.e. paBeHCTBO (3).



[.2. Teopema o maTpule cCONPAKEHHOTO onepaTopa

,ﬂ,OKaSaTe.ﬂbCTBO TE€EOpEMbI O MAaTPpULUE CONMPAKECHHOIo oneparo-
pa. Takum O6p830M, COIJIACHO J€eMME€ O COKPpAL€HHUHN HA NPOU3BOJIb-
HYIO MaTpULLly U3

2l ApTBlYIE = gl B AR YIB: (4)
noJiyyaem
x =1 At P
T.e. paBeHCTBO (3).
Teopema nokasana.



[.3. loka3aTejbCTBO TeOpeMbl O CYLLECTBOBAHUU CO-
npsi>kKeHHOTo onepaTropa

13 TeopeMbl 0 MaTpuUlle CONPSKEHHOr0 oneparopa U TeopeMbl
00 M3omMop(pHOCTH MPOCTPAHCTBA JUHEWHbIX ONEPaTOPOB U MPO-
CTpPAHCTBA MATPUILL CJElyeT CYLLEeCTBOBAHHE H €IMHCTBEHHOCTb COTPSi-
XKEHHOTr0 oneparopa, CM. TeOpeMy O CYLLeCTBOBAHUU CONMPSXKEHHO-
ro oneparopa.

[lepeiiTu K npumepy?



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

L. ( ) = BrA*.

2. ( \* + F
(
(»

+) _ A+ B

I

3.

AA ) — NA*. Takum o6pa3oM, JJis1 €BKJAUAOBbIX MPOCTPAHCTB
) = MA*.

TeopeMa d)penro.nbMa A(U)* = Ker A*,

/‘\
%
v



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B*A*,
[To onpeaeneHuto conmpsKeHHOro onepaTtopa U OnpejeaeHHuto
Npou3BeeHUs ONepaTopoB (flf?(a:),y) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <B(az)> ,y) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <B(az)> ,y) =

A

= (B@). &'w)) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <B(az)> ,y) =

A

= (Bla). &'(y) = (2.8 () ) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <E(az)> ,y) =

= (E(x),fl*(yﬁ = (%B* (fl*(y))) = (%B*/l*(y)> -



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 (B(az)) ,y) =

= (B@),A*@)) = (%B* (fl*(y))) = (%B*/l*(y)> -

C 1pyro# CTOPOHHI,



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 (B(az)) ,y) =

= (B@),A*@)) = (%B* (fl*(y))) = (%B*/l*(y)> -

C 1pyro# CTOPOHHI,



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <B(az)> ,y) =

= (Ba), A'y)) = (. B (A') ) = (2. B"A°(y)) .
C 1pyro# CTOPOHHI,
3 TeopemMbl 0 CylleCTBOBAHUU U €JUHCTBEHHOCTHU COMPSIXKEHHOTO
oneparopa cJjejyeT I0Ka3blBaeMOe PABEHCTRO.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <B(az)> ,y) =

= (Ba), A'y)) = (. B (A') ) = (2. B"A°(y)) .
C 1pyro# CTOPOHHI,
3 TeopemMbl 0 CylleCTBOBAHUU U €JUHCTBEHHOCTHU COMPSIXKEHHOTO

oneparopa cJjejyeT I0Ka3blBaeMOe PABEHCTRO.
2) JlokazaTesibCTBO aHAJOIMMUHOE.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

1) (AB’) = B* A~
[To onpeneneHuto compskeHHOro omneparopa U onpejeseHuto
Mpou3BeeHHUs oNnepaTopoB (flf?(a:),y) = (121 <E(az)> ,y) =

= (Ba), A'y)) = (. B (A') ) = (2. B"A°(y)) .
C npyroit CTOPOHBI,
M3 Teopembl 0 Cyl€eCTBOBAHUU U €IMHCTBEHHOCTH COMPSKEHHOTO
oneparopa cJjejyeT J0KasbiBaeMoe PaBeHCTBO.

2) JlokazaTesibCTBO aHAJOIMMUHOE.
3) JlokazaTesibCTBO aHAJOIMUHOE.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
Hano nokasatb



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
Hano nokasatb pasercmso MHOXKeCTB. [1Jis1 3TOro Hajio



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
Hano nokasatb pagerncmaeso muoxects. [l 5TOro Haj0 NMoKasarth JBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.
BosbMem



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

= (A(u), x) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

0= (A(u),x) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

0= (A(u),x) = (u,fl*(w)) :



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

0= (A(u),x) = (u,fl*(w)) :

3HauuT, BeKTOp A*(x) opToroHaseH K ito60My BeKTOpy mpocTpaHcTsa U.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

0= (A(u),x) = (u,fl*(:r:)) :

3HauuT, BeKTOp A*(x) opToroHaseH K ito60My BeKTOpy mpocTpaHcTsa U.

B uactHocTH, OH OpTOrOHaJIeH K camoMy cebe: (A*(x), A*(a:)) = (, OT-

kyna A*(z) = 0. 3naunt, x € Ker A*.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa

JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.

Hano nokasartb paserncmaso muoxects. [l 3TOro Hajo0 MoKasarh JiBa
ritouenusi: A(U)E C Ker A* u A(U)* D Ker A*.

BosbMmem Bektop z € A(U)*. To onpeesnetuio opToroHaibHoro 1o-
MoJiHeHNsl, CONMPsKEHHOTO oneparopa u o6pasa NMpocTpaHCTBa, s
Joboro Bektopa u € U nmeem

0= (A(u), x) = (u, A*(zc)) :
3naunr, BekTop A*(x) opToronasen K o6oMy BekTopy npoctpanctsa U.

B uactHocTH, OH OpTOrOHaJIeH K camoMy cebe: (A*(x), A*(a:)) = (, OT-

kyna A*(z) = 0. 3naunt, x € Ker A*.
Wrak, nokasano skJouenue A(U)+ C Ker A*.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
Ocrajioch 10Ka3aTh oGparHoe BKmouenne, To ecth A(U)+ D Ker A*.
ITO ellle Mpolle.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.
[IycThb



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.
Iyctb 2 € Ker A*. Torna



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJjioch JI0Kazath 06partHoe BKJoueHne, 10 ectb A(U)T D Ker A*,
[TIycts z € Ker A*. Torna aas jmo6oro Bektopa u U3 U uMeeM, ¢ 0JJHOH

CTOPOHBI:
(Uwfi*ﬂﬁ)) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.

[TIycts z € Ker A*. Torna aas jmo6oro Bektopa u U3 U uMeeM, ¢ 0JJHOH
CTOPOHBIL:

(u, A*(az)) = (u,0) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJjioch JI0Kazath 06partHoe BKJoueHne, 10 ectb A(U)T D Ker A*,

[TIycts z € Ker A*. Torna aas jmo6oro Bektopa u U3 U uMeeM, ¢ 0JJHOH
CTOPOHBIL:

(u, A*(x)) — (u,0) = 0.

C 1pyroi CTOPOHHI,

(u, 121*(:1:)) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.
[lyctb z € Ker A*. Torna a/ist 060ro BeKTOpa u U3 U umeem, ¢ OJIHOU
CTOPOHBI:

(u, A*(x)) — (u,0) = 0.
C 1pyroit CTOPOHBI,
(u, A*(g;)) — (A(u),x) .

3HAUUT,



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.
[lyctb z € Ker A*. Torna a/ist 060ro BeKTOpa u U3 U umeem, ¢ OJIHOU
CTOPOHBI:

(u, A*(x)) — (u,0) = 0.
C 1pyroi CTOPOHHI,

(u, A*(g;)) — (A(u),x) .
3Hauut, s Jod6oro BekTopa w € U HMMeeT MeCTO pPaBeHCTBO
(fl(u), ZU) =0, 7o ectb z € A(U)*.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.
4) Teopema ®pearoapma: A(U)+ = Ker A*.
OcraJgioch 10Ka3aTb 06paTHOE BKJIIOUEHHE, TO €CTh A(U )+ D Ker A*.
[lyctb z € Ker A*. Torna a/ist 060ro BeKTOpa u U3 U umeem, ¢ OJIHOU
CTOPOHBI:

(u, A*(x)) — (u,0) = 0.

C 1pyroi CTOPOHHI,
(u, A*(g;)) — (A(u),x) .
3Hauut, s Jod6oro BekTopa w € U HMMeeT MeCTO pPaBeHCTBO

(fl(u), ZL’) =0, 7o ectb z € A(U)*.
Teopema ®penrosbma nokasana.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
JIsis1 mo6bIX BEKTOPOB 2,y € U (/l(sc), y) = (x,



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* — A
Jlis1 moGbIX BEKTOPOB .,y € U (A(:U), y) = (x, A*(y)

— (A(y).2) =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (/l(:c), y) = (x, A*(y)) =

SCTERAGOE




[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* — A
Jlis1 moGbIX BEKTOPOB .,y € U (A(:U), y) = (x, fl*(y))




[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* — A
Jlis1 moGbIX BEKTOPOB .,y € U (A(:U), y) = (x, fl*(y))




[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (/l(:c), y) = (x, A*(y)) =




[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (/l(x), y) = (x, A*(y)) =

CJienoBaTesibHO,

0= (A).y) = (A7) @)y) = (Aw) - (A7) (@),9).

ITO paBEHCTBO BbINOJHSETCS [1J151 JIOObIX BEKTOPOB X, 4.



[.4. CBolicTBa conpsi>KeHHOTro oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (A(m), y> = (:c, A*(y)) =

CJienoBaTesibHO,

0= (A).y) = (A7) @)y) = (Aw) - (A7) (@),9).

ITO paBEHCTBO BbINOJHSETCS [1J151 JIOObIX BEKTOPOB X, 4.

[TosoxxuM y =



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (/l(x), y) = (x, A*(y)) =

CJienoBaTesibHO,

0= (A).y) = (A7) @)y) = (Aw) - (A7) (@),9).

ITO paBEHCTBO BbINOJHSETCS [1J151 JIOObIX BEKTOPOB X, 4.

Monoxum y = A(z) — <fl*) * (x). Torna



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
J1ns1 1t0ObIX BeKTOPOB &,y € U (/l(x), y) = (x, A*(y)) =

CJienoBaTesibHO,

0= (A).y) = (A7) @)y) = (Aw) - (A7) (@),9).

ITO paBEHCTBO BbINOJHSETCS [1J151 JIOObIX BEKTOPOB X, 4.

Monoxum y = A(z) — <fl*) * (x). Torna

0= (A(x) - (A*)* (), A(z) — (A*)* ().



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
0= (A(x) - (A*)* (2), A(z) - (,21*)* (@)
I/IS dKCHUOM €BKJIMAOBA H YHUTAPHOIoO NpoOCTPAaHCTB HOJIyqaeM, qTo

~ ~ *
Ax) — (A*) (x) = 0, TO eCTb UMEET MECTO TOXKJIECTBO



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

5) (A*)* _ A
0= (A(x) - (A*)* (2), A(z) - (,21*)* (@)
I/IS dKCHUOM €BKJIMAOBA H YHUTAPHOIoO NpoOCTPAaHCTB HOJIyqaeM, qTo

~ ~ *
Ax) — (A*) (x) = 0, TO eCTb UMEET MECTO TOXKJIECTBO

Aw) = (A7) ()

YTO U TpGGOBaJIOCb JOKAa34dThb.



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

6) (A—l)* _ (A*)_l.

A (A—l)* - (A—ui)* )



[.4. CBolicTBa cOnpsiI>KEHHOTrO oneparopa
JloKa3aTeJbCTBO.

. * N -1
6) (A—l) :(A*) .
- A1 * A1 2 * ~ A
A*(A—) :(A—A) — ' =F.
HMcrnonb3yss onpeneneHue oOpaTHOM MaTpullbl U TeopemMy 00
OJJHO3HAYHOCTU OOpaTHOM MaTpPHUlibl, TOJyYaeM JA0Ka3aTbIBAEMOE

PaBEHCTBO <A‘1> . <A*> _1.



II. HopmanbHbie onepaTtopbl

A

Onpepnenenue 2. Jluneiinoiil onepamop A esrxaudosa ual ywi-
maprozo npocmparcmsa U Ha3vieaencs HOpMaJdbHbIM ONepaTo-
poM moeda u moavko moeda, koeda AA* = A*A.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

30ecb A — HOpMaJbHbIA onepaTop eBKJMI0BA WK YHUTAPHOTO
npoctpaHceTea U.

1) JIunedinblit onepatop A eBKAMIOBA WM YHUTAPHOTO MPOCTPaAH-
ctBa U sIBJSIETCS HOPMaJibHbIM OMEePaTopoOM TOI/IAa U TOJbKO TOT/IA, KO-
ria A — A\E — HopMaJbHbIi onepaTop.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

30ecb A — HOpMaJbHbIA onepaTop eBKJMI0BA WK YHUTAPHOTO
npoctpaHceTea U.

A

1) JIunedinblit onepatop A eBKAMIOBA WM YHUTAPHOTO MPOCTPaAH-
ctBa U sIBJSIETCS HOPMaJibHbIM OMEePaTopoOM TOI/IAa U TOJbKO TOT/IA, KO-
rna A — AE — HopMaJibHbI¥ onepaTop.

2) Bektop v € U siBasieTcsi COOCTBEHHbIM BEKTOPOM HOPMaJibHOTO
oneparopa A, OTBEUAIOLIMM COGCTBEHHOMY 3HAUEHHIO p TOFA U TOJIBKO
TOIJ1a, KOrJa v sIBJsieTCs COOCTBEHHBIM BEKTOPOM JIMHEHHOTO OrepaTo-
pa A*, oTBeualoMM COGCTBEHHOMY 3HAUEHHIO p.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

30ecb A — HOpMaJbHbIA onepaTop eBKJMI0BA WK YHUTAPHOTO
npoctpaHceTea U.

A

1) JIunedinblit onepatop A eBKAMIOBA WM YHUTAPHOTO MPOCTPaAH-
ctBa U sIBJSIETCS HOPMaJibHbIM OMEePaTopoOM TOI/IAa U TOJbKO TOT/IA, KO-
rna A — AE — HopMaJibHbI¥ onepaTop.

2) Bektop v € U siBasieTcsi COOCTBEHHbIM BEKTOPOM HOPMaJibHOTO
oneparopa A, OTBEUAIOLIMM COGCTBEHHOMY 3HAUEHHIO p TOFA U TOJIBKO
TOIJ1a, KOrJa v sIBJsieTCs COOCTBEHHBIM BEKTOPOM JIMHEHHOTO OrepaTo-
pa A*, oTBeualoMM COGCTBEHHOMY 3HAUEHHIO p.

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO OfepaTo-

A

pa A, OTB€UYaromre pa3HbIM cOOCTBEHHbIM SBHAYE€HUSIM, TO U UV — OPTO-
['OHAJIbHBI.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

4’) Ecau U — ynurapHoe npoctpaHcTBo, To cyulectsyer OHDB us
cOOCTBEHHbIX BEKTOPOB HOPMaJIbHOTO JIMHEHHOTO oniepatopa A.

4”)Ecin U — eBKJAUWJ0BO MNPOCTPAHCTBO M XapaKTEpPUCTHU-
4eCKWil MOJMHOM HOpMaJbHOro omeparopa A npeJCTaBUM
B Bute |Ag—AE|=M\—p)" ... (A=py)"m, e peR s
Bcex ¢ =1,2,...,m, 1o cyuwectByer OHDb epkauposa npocrpan-
crea U, cocToslMii M3 cOOCTBEHHbLIX BEKTOPOB JIMHEHHOIrO orepa-
TOpa A.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

5) Ecin A — HopMaJbHBIN onepaTop eBKIKUI0Ba npocTpancTsa U,
o cyutectByer Takoii OHDB b nipoctpanctsa U, uto matpuna Ag umeer

Dy 0 ... 0

. , 0 Dy ... O
KJCTOYHO-AHArOHaJIbHbIK BUI: Apg = , IpyyeM Jaua-

0 0 ... Dy

roHaJibHble KJETKH (TO eCTb MaTpulibl D;) JMOO UMEIOT pasMepHOCTb

1 x 1, nu60 umerot Bu1 D; = ( ai —b )
bi  a



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluuefinbiil onepatop A eBKIMA0BA WIH YHUTAPHOIO MPOCTPAH-
ctBa U siBJIsieTCsI HOpMaJibHbIM OMePaToOPOM TOIJla U TOJILKO TOTJ1a, KO-
ra A — \E — HOpMaJbHbIN Oneparop.

Jloka3areJjbcTBo. OueBUIHO.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

}IOKasaTe.HbCTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

}IOKasaTe.HbCTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ OJIHOH CTOPOHHI,

(4- )\E)* (A-2E) = (4" =3B") (A-2E) =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

}IOKasaTe.HbCTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ OJIHOH CTOPOHHI,

(4- )\E)* (A-2E) = (4" =3B") (A-2E) =

= (4" =3E) (A-2E) =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

ﬂ,oxasaTe.anTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ 0JIHOH CTOPOHHI,

(4- )\E)* (A-2E) = (4" =3B") (A-2E) =
= (A" -3E) (A-aF) =

— A*A - MNAE —ANEA + MEE* = AA* — MA* — MA + \\E.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

ﬂ,oxasaTe.anTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ 0JIHOH CTOPOHHI,

(A=2B) (A=AB) = A4~ AA" =24+ \XE.
C 1pyroit CTOPOHBI,

(A-2B) (A—AE>* = (A= 2E) (4" =2E) =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

ﬂ,oxasaTe.anTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ 0JIHOH CTOPOHHI,

(A _ )\E>* (A _ AE) — AA* — MA* — XA+ \NE.
C pyro# CTOPOHHI,
(A— AE) (A— AE“)* - (A— AE) (A* _x];) _

= AA* — A" — XA + \)\E.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

ﬂ,oxasaTe.anTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ 0JIHOH CTOPOHHI,

(A _ AE)* (A _ AE) — AA* — AA"— XA+ ANE.
C npyroit CTOpOHHI,
(A _ AE) (A _ AE)* — AA* — NA* — A+ \NE.

SHauur, (A _ )\E>* (A _ AE) _ (A _ AE) (A _ AE) B



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluneiinbiit onepatop A eBkaugoBa um VHUTAPHOTO TMPOCTPaH-
ctBa U sIBJIsIETCSI HOPMaJibHbIM OMEePaTOPOM TOIJIA U TOJLKO TOIJ1a, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

}IOKasaTe.HbCTBo OueBunno. B camom jlesie, JIOKaXKeM CHauaJa, uTo
ecan A — HOpMaJibHbIK onepaTop, TO A — \F Ttoxe HOpPMaJibHbIN
oneparop.

[To cBoOMCTBAM COMPSIKEHHOTO ONepaTopa U OMpeaeJeHUI0 HOpMaJlb-
HOro oneparopa, ¢ OJIHOH CTOPOHHI,

(A _ AE)* (A _ )\E) — AA* —AA* = NA 4+ ANE.
C 1pyroit CTOPOHBI,
(A _ AE) (A _ AE>* — AA* —AAT = NA 4+ ANE.

3HauuT, A — A\ — HopMaJbHbIH onepaTop.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluuefinbiil onepatop A eBKIMA0BA WIH YHUTAPHOIO MPOCTPAH-
ctBa U gBJIIETCS HOPMaJbHbIM OMEPaTOPOM TOT/IAa U TOJBKO TOT/IA, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

Joka3zareabcTtBo. OO6paTHoe cJieyeT W3 TOro, UTO €CJIu A—\E
— HOpPMaJibHBIil OMepaTop, TO, KAK Mbl yxKe 10Kaszaan, A, paBHblil

(121 — AE) — (—)\)E SIBJISIETCSI HOPMaJibHbIM ONepPaTopom



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

1) Jluuefinbiil onepatop A eBKIMA0BA WIH YHUTAPHOIO MPOCTPAH-
ctBa U gBJIIETCS HOPMaJbHbIM OMEPaTOPOM TOT/IAa U TOJBKO TOT/IA, KO-
rma A — \F — HOpPMaJibHbIN ONepaTop.

Joka3zareabcTtBo. OO6paTHoe cJieyeT W3 TOro, UTO €CJIu A—\E
— HOpPMaJibHBIil OMepaTop, TO, KAK Mbl yxKe 10Kaszaan, A, paBHblil

(121 — AE) — (—A)E SIBJISIETCS HOPMaJibHbIM ONepaTopoM (B J0Ka3aH-

HOM paHee yTBep:kJieHuu BMecTo A 6epeMm A — AE, 1 BMECTO A — UHUCJIO

(=A))-



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

2) Bekrop v € U sBJsiseTcss COOCTBEHHBIM BEKTOPOM HOPMaJibHOTO
onepatopa A, 0TBeuaoLM COGCTBEHHOMY 3HAUEHHIO p TOTIA H TOJIBKO
TOrJla, KOrjla v sIBJsieTCsl COOCTBEHHBIM BEKTOPOM JIMHEHHOTO Oreparo-
pa A*, oTBeuaoLMM COOCTBEHHOMY 3HAUEHHMIO P.

JlokasaTe,ibcTBO. OUeBHIHO, uTO A SIBJISIETCSI HOPMAJbHBIM OTle pa-
TOPOM TOIJIa U TOJILKO TOTJIa, KOTIJla HOPMaJbHbIM ONEepaTopoM siBJisi-

~ ~ ~ *
ercsa A*. [losatomy, B cuJy cBoiicTBa A = <A*) CONpPSIXKEHHOTO one-
paTopa, 10CTaTOUHO JI0Ka3aTh TOJbKO HEOOXOAUMOCTb.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

2) Bekrop v € U sBJsiseTcss COOCTBEHHBIM BEKTOPOM HOPMaJibHOTO
onepatopa A, 0TBeuaoLM COGCTBEHHOMY 3HAUEHHIO p TOTIA H TOJIBKO
TOrJla, KOrjla v sIBJsieTCsl COOCTBEHHBIM BEKTOPOM JIMHEHHOTO Oreparo-
pa A*, oTBeuaoLMM COOCTBEHHOMY 3HAUEHHMIO P.

Joka3zareabctBo. HMrtak, nyctb v € U — coOCTBeHHBIN BEKTOD,
OTBeuaiolmii co6eTBeHHOMY 3Hauenuio p. Torma A(v) = pv, oTkyna

(A — pE) (v) = 0. OGosnaunm orepatop A — pE uepes B. Torna

B(v) = 0. CnenoBartesibHO, B CUJy J0Ka3aHHOW Bblllle HOPMAJbLHOCTH
omnepatopa B, nosyuaem

0= (E(U),é(v)) — (U,E*B(v)) — (U,BB*@)) — (B*(v),é*(v)) .



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

2) Bekrop v € U sBJsiseTcss COOCTBEHHBIM BEKTOPOM HOPMaJibHOTO
onepatopa A, 0TBeuaoLM COGCTBEHHOMY 3HAUEHHIO p TOTIA H TOJIBKO
TOrJla, KOrjla v sIBJsieTCsl COOCTBEHHBIM BEKTOPOM JIMHEHHOTO Oreparo-
pa A*, oTBeuaoLMM COOCTBEHHOMY 3HAUEHHMIO P.

A

Joka3zareabctBo. A(v) = pv, (A - pE) (v)=0, B=A-)pFE,
B(v) =0,

0= (E(U),é(v)) - (U,B*B(v)) — (v,f;é*@)) — (B*(v),f;*(v)) .
[To akcnomam ckaJsipHOrO MPOU3BEEHHUS B eBKJUI0BOM MPOCTPaH-
cTee TodyuaeM B*(v) = 0. 3Hauut (fl — pE) (v) =0, TO ecTb, B

CUJIy CBOMCTB COINPSIXKEHHOTO oreparopa, (A* — EE) (v) = 0, oTkyna
A*(v) = pu.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

2) Bekrop v € U sBJsiseTcss COOCTBEHHBIM BEKTOPOM HOPMaJibHOTO
onepatopa A, 0TBeuaoLM COGCTBEHHOMY 3HAUEHHIO p TOTIA H TOJIBKO
TOrJla, KOrjla v sIBJsieTCsl COOCTBEHHBIM BEKTOPOM JIMHEHHOTO Oreparo-
pa A*, oTBeuaoLMM COOCTBEHHOMY 3HAUEHHMIO P.

A

Jloka3areabcTBo. A(v) = pv, (fl — pE) (v)=0, B=A-pFE,
B(v) =0,

0= (é(v),é(v)) - (U,B*B(v)) — (v,éé*@)) — (B*(v),f;*(v)) .
[To akcnomam ckaJsipHOrO MPOU3BEEHHUS B eBKJUI0BOM MPOCTPaH-
cTee TodyuaeM B*(v) = 0. 3Hauut (fl — pE) (v) =0, TO ecTb, B
CUJIy CBOMCTB COINPSIXKEHHOTO oreparopa, (fl* — EE) (v) = 0, oTkyna

A*(v) = pv. Tak Kak v — HeHyJieBOH BeKTOp (OH — COOCTBEHHbIH s
A), Tov — cobcTBeHHBIN BeKTOP 1151 A*, uTo U TpebOoBaJIOCh J10Ka3aTh.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
FOHaJIbHBI.

JloKa3aTeJbCTBO.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C npyroii CTOPOHBI, IO NOKA3aHHOMY CBOMCTBY 2) HOPMaJbHOTO OMe-
partopa,



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C npyroii CTOPOHBI, IO NOKA3aHHOMY CBOMCTBY 2) HOPMaJbHOTO OMe-
partopa,

(fl(u),v) = (u, A*(U)> =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C npyroii CTOPOHBI, IO NOKA3aHHOMY CBOMCTBY 2) HOPMaJbHOTO OMe-
partopa,

(fl(u),v) = (u, A*(U)> = (u,Bv) =



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C npyroii CTOPOHBI, IO NOKA3aHHOMY CBOMCTBY 2) HOPMaJbHOTO OMe-
partopa,

(fl(u),v) = (u, A*(U)> = (u, Bv) = B(u,v).



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C npyroii CTOPOHBI, IO NOKA3aHHOMY CBOMCTBY 2) HOPMaJbHOTO OMe-
partopa,

(fl(u),v) = (u, A*(U)> = (u, Bv) = B(u,v).

3Hauurt, a(u,v) = f(u,v), otkyna (a — §)(u,v) = 0.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C 1pyroii CTOpOHBI, MO 1OKa3aHHOMY CBOMCTBY 2) HOPMAJbHOTO OMNe-
paTopa,

(A(U),’U) - <u7 A*(U)) - (U,BU) - 6(”7 U)'
3naunr, a(u, v) = B(u, v), orkyna (a — 3)(u,v) = 0. Tak kak o — 3 # 0,
TO



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB

3) Ecnn u, v € U — coOCcTBeHHbIE BEKTOPbl HOPMaJibHOTO ONepaTo-
pa A, oTBeuaiole pasHbIM COGCTBEHHBIM 3HAUEHUSIM, TO U H U — OPTO-
rOHaJIbHbI.

Joka3areabcTBo. [lycth uw € U — coOCTBEHHBIA BEKTOD HOPMAJb-
HOro omeparopa A, OTBeUaloOLMii COGCTBEHHOMY 3HAUEHHIO o U v € U
— COOCTBEHHBII BEKTOD HOPMAJbHOro omepatopa A, oTBeuaroLIyil

coOCTBEHHOMY 3HaueHHuIo (3, npuueM « # (3. Torna, ¢ 0IHOH CTOPOHHI,

(fl(u), v) = (au,v) = au,v).

C 1pyroii CTOpOHBI, MO 1OKa3aHHOMY CBOMCTBY 2) HOPMAJbHOTO OMNe-
paTopa,

(A(U),’U) - <u7 A*(U)) - (U,BU) - 6(”7 U)'
3naunr, a(u, v) = B(u, v), orkyna (a — 3)(u,v) = 0. Tak kak o — 3 # 0,
T0 (u,v) = 0, uTO ¥ TPeHOBAIOCH 0KA3ATh.



[1.1. CBolicTBa HOpMaJbHbIX ONEPATOPOB
4)u 5) — 6e3 loKa3aTebCTBA.



[1.2. CamoconpsikeHHble UM 9pMUTOBbI ONlePaToOPbl

Onpenenenue 3. JlurneiiHolil onepamop A esxkaudosa (coomsem-
CMBEHHO, yHumaprozo) npocmparncmsa U Ha3bl8aemcs camoco-
MPsKEHHbIM OMEePATOPOM (COOMBeNCMBeHHO, IPMUTOBBIM Onepa-
TOPOM) moeda u moavko moeda, koeda A* = A.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

1) CamoconpsizkeHHbIH (9PMUTOB) OnepaTop sIBASETCS HOPMaJbHbIM
onepaTropom.

2) XapakTepUCTHYECKHH IOJIMHOM CaMOCOINPSI>KEHHOTO (9PMHTOBA )
orepaTtopa A NPEJICTABUM B BUJIE
[Ag = AE[ = (A= p1)"" . (A = p) "',
rne p; € R s Bcex ¢ = 1,2, ..., m. B 4aCTHOCTH, CIeKTpP CaMOCONpPs-
»KEHHOTO0 (3pMHUTOBA ) orlepaTopa A Bkmouaercsi B R.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

3) Ecaint criektp camMmoconpsikeHHOro (3pMUTOBa ) orepaTopa A cocto-
HT TOJIKO M3 HEOTPULATEJIBHBIX UHCEI, TO CYLIECTBYET TaKOH camoco-
Mps2KeHHbII OTepaTop B, uto A = BB (roBopsT elile, 4T0 B 3TOM CJIyuae
ns A ussaexaemes keadpammoiii KOpemv).

4) Ecau CaMOCOTIPsXKEHHDBIH orepaTop A o6niaaer CBONCTBOM HIeM-
MOTEHTHOCTH, TO ecTb AA = A, 10 A — 160 TOKIECTBEHHDIH orneparop
(To ectb A = F), 1160 A — ornepartop opTOroHasbHOTO MPOELUPOBAHHS.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

1) CamoconpsizkeHHbIH (9PMUTOB) OnepaTop sIBASETCS HOPMaJbHbIM
onepaTropom.
JokazareabcTBO. OUueBUHOE CJEJCTBUE U3 OTIPEEIEHHU.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

2) XapaKTepuCTHUYECKHH TMOJIMHOM CaMOCONPSI»KEHHOI0 (3pMHUTOBA)

oneparopa A npencraBum B Buje
[Ap = AE[= (A = p1)""1 . (A = p) "',

rne p; € R s Bcex 2 = 1,2, ..., m. B yacTHOCTH, crieKTp camoconpsi-
JKEHHOTO (3pMUTOBa ) ortepatopa A Bkmouaercst B R.

Joka3areabcTBo. CHauasa cBeleM J0Ka3aTeJbCTBO K CJydaro 3p-
MuTOBa orneparopa. Eciu U — yHuTapHoe npocTpaHcTBO, TO MOJO-
xum V' =U.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

2) Jloka3areabcTBo. CHauaJia cBeJIeM JI0KA3aTeNbCTBO K CJAydato 3p-
MUTOBa onepatopa. Eciau U — yHutapHoe npocTpaHCTBO, TO TMOJO-
xum V' = U. CHauaJia cBeJIeM JI0Ka3aTebCTBO K CJIy4alo 3pMUTOBA Orle-
patopa. [lyctb Tenepb U — eBkana0oBo npoctpancteo. [IpoBenem Tak
Ha3bIBAEMYIO KOoMMnAeKcugurkayuio eskannosa npocrpancrsa U. Tou-
Hee, MOJOXKUM

V = {Ul—l—’iUQ’LLZ' cU, 1€ {1,2}},
M Ha MHOxKecTBe V omepauyu +, (A + iAg) - M cKajgsipHOe Npou3Be-
penue (..., ...), onpenesum opmyJaamu:

(U1 + iUQ) + (U3 + iU4) = (U1 + U3) + 1 (UQ + U4)
()\1 -+ Z)\Q) (u1 + iUQ) = ()\1”&1 — )\QUQ) + 1 ()\Qul + )\1’&2) ,

((u1 +dug) , (ug + iu4)>v = (u1,ug) + (u2,uy) + 1 ((uz, uz) — (ug, u4)> :



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

(U1 + iUQ) + (U3 + iU4) = (U1 + U3) +1 (UQ + U4)
()\1 -+ Z)\Q) (u1 -+ iUQ) = ()\1’(1,1 — )\QUQ) + 1 ()\gm + )\1u2> ,

((u1 +iug) , (ug + iu4))v — (uy, ug) + (g, uy) + i ((uz, us) — (u, u4)) |

HetpynHo npoBeputh, 4to V' ¢ 3TUMH onepalrsiMU U TAKUM CKaJIsipHbIM
MPOU3BEJEHUEM SIBJISIETCS YHUTAPHBLIM POCTPAHCTBOM, KOTOpOe (cel-
yac paccMaTpuBaercs caydai, korjga U — eBKJIUI0BO NMPOCTPAHCTRO)
Ha3blBaeTcs KomnaeKcuukauumen eskianaosa npocrpanctea U. [1o-
JIO2KUM



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

(U1 + iUQ) + (U3 + iU4) = (U1 + U3) +1 (UQ + U4)
()\1 -+ Z)\Q) (u1 -+ iUQ) = ()\1’(1,1 — )\QUQ) + 1 ()\gm + )\1u2> ,

((u1 +iug) , (ug + iu4))v — (uy, ug) + (g, uy) + i ((uz, us) — (u, u4)) |

HetpynHo npoBeputh, 4to V' ¢ 3TUMH onepalrsiMU U TAKUM CKaJIsipHbIM
MPOU3BEJEHUEM SIBJISIETCS YHUTAPHBLIM POCTPAHCTBOM, KOTOpOe (cel-
yac paccMaTpuBaercs caydai, korjga U — eBKJIUI0BO NMPOCTPAHCTRO)
Ha3blBaeTcs KomnaeKcuukauumen eskianaosa npocrpanctea U. [1o-
JIO2KUM

A A

B (uy +iug) = A (uq) + 1A (us) .



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

(u1 -+ iUQ) + (Ug + iU4> = (Ul + ’LL3> + 1 (UQ + U4)

()\1 + Z)\Q) (u1 + ’l"LLQ) = ()\1’&1 — )\QUQ) + 1 (/\Qul + )\1’u2> ,

((ul +dug) , (ug + iu4)>v = (u1, ug) + (ug, uy) +1 ((u2, uz) — (ug, u4)) :

B (uy +iug) = A (uy) + 1A (usg) .
HetpynHo npoeputh, uto B siBJIsieTCs1 3pMHTOBLIM ornepaTopoM. [TycThb
b={e,...,e,} — 6asuc eBkaupoBa npocrpancrea U. OueBuaHo,
yTo ynopsigoueHHasi cucrtema ekropos B’ = {e; +10, ..., e, +i0} aB-
JisieTcst 6a3ucoM YHUTAPHOTo npoctpadcTea V, npuyem Ag = BB" B

YACTHOCTH, XapaKTepPUCTUYECKUU NOJUHOM onepaTopa B coBnaaaer ¢
XapaKTepUCTHYECKUM MOJUHOMOM onepaTtopa A.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

2) Jloka3aTeabcTBO. MTak, ocTtajoch Jl0Ka3aTb, UTO BCE KOPHH Xa-
paKTePUCTHYECKOTO MOJMHOMA 3PMHUTOBA onepartopa. B yHutap-
HOTO npocTpancTBa V ABJSIOTCS BEUIECTBEHHBIMH UMCIAMHU. XapaKTe-
PUCTHUYECKHUI TIOJIMHOM, COIVIACHO OCHOBHOM TeopeMe aareOpbl, BIOJHE
npuBoauM. IlycTb p — KOpeHb XapakKTepUCTUYE€CKOTO MOJUHOMA, ¥
— coOCTBeHHbIM BEKTOP JIMHEHHOIO orepaTopa B, oTBeuaroluil co6-
CTBEHHOMY 3HaueHH10 p. CorylacHO CBOMCTBAM COMPSAXKEHHOr0 ornepaTopa
v SABJIIETCS COOCTBEHHbBIM BEKTOPOM orepaTopa B*, 0TBeuamoLmm co6-
CTBEHHOMY 3HaueHuto p. Ho B* = B, MO3TOMY

pv = B (v) = B* (v) = pv,

nostomy p = p. CjeoBaTesbHO, p — BeLIEeCTBEHHOE UHCJIO, UTO H Tpe-
OoBaJIOCh 10Ka3aTh.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

3) EcJin cniekTp camoconpsixkeHHOro (3pMHTOBA ) oriepaTopa A cocro-
HT TOJILKO M3 HEOTPHUATENIbHBIX YHCEJI, TO CYHIECTBYET TaKOH Camoco-
NpsiKeHHbIi onepatop B, uto A = BB.

Joka3areabcTBO. J[0KaszaTe/JbCTBO 3TOr0 CBOWCTBA MpPEACTaBJSIET
co00# yJauHbli NPUMEDP HCII0JIb30BaHUSl Teopembl 00 nzomopdusme
NMPOCTPAHCTBA JUHEHWHbIX ONEePaTOPOB U NPOCTPAHCTBA MAaTpULl. Mbl
Tak MepeijieM B NMPOCTPAHCTBO MATPHIL, UTO OTBET TaM CTAaHET OUEBH]I-
HbIM, a TIOTOM C NMo6eI0H BEpHEMCS «JOMOU», B «POJIHOE» €BKJIUI0BO
npoctpaHcTeo U.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB

3) EcJin cniekTp camoconpsixkeHHOro (3pMHTOBA ) oriepaTopa A cocro-
HT TOJILKO M3 HEOTPHUATENIbHBIX YHCEJI, TO CYHIECTBYET TaKOH Camoco-
NpsiKeHHbIi onepatop B, uto A = BB.

Jloka3areabcTBo. [0 cBOlicTBAM HOpMaJbHOIO onepaTopa cylle-
ctByeT OHb b u3 co6cteennbix BekTopos onepatopa A. B stoM Gasu-
ce MaTpuua A oneparopa A quaroHasbHa, TPUUEM HA IHATOHAJH CTO-
SIT HEOTpULATEJIbHbIE UHCHA Aq, . .., A,. OO03HauUUM Uepe3 B oreparop,
maTpuua B kotoporo B 0Oasuce b nuaronasbHa, npuyeM Ha AMaroHaJju
CTOAT UUCaA /A, ...,V \,. Torna A = B - B. CyieioBaTe/IbHO, M0 T€0-
pemMe 006 U30MOP(HOCTH MPOCTPAHCTBA ONEPATOPOB U NPOCTPAH-
CTBA MaTpull, MoJydyaeM A=B-B. CaMoconpsizKeHHOCTb oIepaTopa
B caenyer u3 opMyJibl sl BBIYHCIEHUS] MATPHLbI COMPSIXKEHHOTO
oneparopa v Toro akta, uto marpuua [pama OHb b — eaunuunas.



[1.3. CBoiicTBa caMOCONPSAXKEHHbIX U 3PMUTOBbIX Olle-
paTopoB
4) Ecsin camoconpsikeHHbIi orepatop A obJiazaet CBOACTBOM HieM-
MOTEHTHOCTH, TO ecTb AA = A, 10 A — 160 TOKIECTBEHHDIH orneparop
(To ectb A = E), 1160 A — orepaTop 0pTOroHaNbHOrO MPOELHPOBAHHS.
JokasareabcTBo. JloKazare/qbCcTBO 3TOro (hakra Mbl NPUBOAWThL He
OyJIEM.



[1.4. OpToroHaJjbHble ¥ YHUTAPHbIE ONEPaATOPbI

Onpenenenue 4. JluneiiHoiil onepamop A esxkaudosa (coomsem-
CMBEHHO, YyHumaprozo) npocmparcmsa U Ha3vieaemcs opToro-
HaJlbHbIM OMEPaToOpPoOM (COOMBEMCMBEHHO, YHUTAPHBIM ONepaTo-
pom) moeda u moavko moeda, koeda A* = AL,



[1.5. CBolicTBa OPTOroHaJbHbIX U YHUTAPHBIX ONeEpaTo-
pOB

1. OpToroHasbHbIN onepaTop ABJASETCS HOPMaJbHbIM ONEPaTOPOM.

2. Kputepuit opTOroHaJdbHOCTH HOPMaJbHOrO onepaTtopa. JIuHei-
Hbli orepaTop A eskanpgoea npocrpancta U SIBISIETCST OPTOro-
HaJbHLIM TOIJIA U TOJIbKO TOIJa, KOIJla OH, BO-TEPBbIX, HOpMaJib-
HbIH, W, BO-BTOpPHIX, cyilecTByeT Takon OHDB eBkaumposa npo-
crpancrea U, B KOTOPOM MaTpuua onepatopa A KieTOUHO-
JMaroHaJjibHa, MpuueM KJeTKd UMeloT BU Ju6o (1), 6o (—1), mubo

COS @ —sIiny
sing  cosp )
3. B smo6om Gasuce b nerepmunant matpuibl Ag OPTOrOHaJbHOTO
oneparopa A pasen 1 mm (—1).



[1.6. Teopema 0060 OpTOroHaJbHOCTH M30METPUYECKOIO
oneparopa

A

Onpenenenne 5. Onepamop A HOPMUPOBAHHOCO AUHEIUHOCO NPO-
cmparcmsea U Has3viBaemcss W30METPUUECKUM 1m1020a U NOAbKO
moeda, Koeda 045 A060e0 BEKMOpa x uUmeent mecrno paseHCmaso
[A(2)]]

=[] =



[1.6. Teopema 0060 OpTOroHaJbHOCTH M30METPUYECKOIO
oneparopa

A

Onpenenenne 5. Onepamop A HOPMUPOBAHHOCO AUHEIUHOCO NPO-
cmparcmsea U Has3viBaemcss W30METPUUECKUM 1m1020a U NOAbKO
moeda, Koeda 045 A060e0 BEKMOpa x uUmeent mecrno paseHCmaso
[A(2)]]

=[] =

Teopema 3 (06 OpPTOrOHaJbHOCTH (YHUTAPHOCTH) U30METPUYECKOT0 OM-pa). JIurnetHoLll
onepamop A esxaudosa (ynumaprozo) npocmparcmsa U 585~
emcsa u3oMempuieckum OmMmHoCUmervbHo Hopmol ||x|| =/ (x, x) mo-
eda u moavkKo moeda, K0eda OH OpMoO2oOHaAbHbLL (YHUMApPHOLLL).

ILO Ka3aTE€JdbCTBO.



[1.6. Teopema 0060 OpTOroHaJbHOCTH M30METPUYECKOIO
oneparopa

Joka3areabcTBO. 13 opTOoroHasbHOCTH (YHUTAPHOCTH) H30METPHU-
HOCTb OTHOCHUTECJIbHO YKaSaHHOﬁ HOPMbI CJIEAYET C OUEBUAHOCTLIO!

(fl(x),fl(a:)) = (x,fl* (A(a:))) = (x,fl_lfl(x)) = (z,z),
to et 4| = |/ (46e), Atw)) = v/iwra) =l

OcTaJsioch MPOBEPUTb OPTOrOHAJBHOCTb (YHUTAPHOCTh) U3METpHUe-
CKOro orneparopa. IJTO J0Ka3aTeJbCTBO, B OTJIMUME OT OOJbIIMHCTBA
NpeablIyHX, TpedyeT creuudruuecKoro npuema.

ITyctb A — n3omeTpuuecKuit (OTHOCHTENBHO YKA3aHHOI HOPMBI ) OTle-
paTop eBKJM10Ba (YHUTAPHOIO) NpocTpaHcTBa. Torna /st oObiX BeK-
TOPOB T, Yy U CKaJspa A

(A(x — \y), Az — Ay)) = (z = Ay, x — \y). (9)




(&x—MmA@—Aw)Z@—A%w—MA (9)

JIeByto yacTh paBeHCTBa (D), UCIOJb3Ys1 U3OMETPUUHOCTh orepatopa A
npeobpasgyem cJaeayounmM 06pas3om:

(Al =€), Aw = Ay)) =




(A(x — \y), Az — Ay)) = (z — Ay, x — \y). (9)

JIeByto yacTh paBeHCTBa (D), UCIOJb3Ys1 U3OMETPUUHOCTh orepatopa A
npeobpasgyem cJaeayounmM 06pas3om:

(Al =€), Aw = Ay)) =

— (z,2) = \(A(@), A)) = X (A(@), Aw)) + AX (9, 9)
[IpaByto uacTb paBeHcTBa (O) npeobpasyemM aHAJOMMUHBIM 00Pa30M:
(z,2) = Ay, ) = Az, y) + M (y,y) =
= (z,2) = Mz, y) — Mz, y) + A\ (1, y) .

(aj o )\y,ﬂf _ Ay)




(A(x — \y), Az — Ay)) = (z — Ay, x — \y). (9)

JleByto yacTh paBeHCTBa (D), UCIOJb3YS1 U3OMETPUUHOCTD orepatopa A
npeobpagyem cJaeayoummMm 06pas3om:

(fl(a: — \y), 121(:1: — Ay)) =

= (z,2) = A(A(), A(y) ) = X (A(2), Ay) ) + XX (3.9)

[IpaByto uacTb paBeHcTBa () MpeobpasyeM aHAJOMMUHBIM 00Pa30M:

(= Ay, x = Ay) = (z,2) = Mz, y) — A(z,y) + A\ (y,9).

Takum oOpaszom, MoSyunsii paBeHCTBO

() = M(A@), Aw)) =X (A(2), Aw) ) + N (g, y) =

= (z,2) — Mz, y) — Xz, y) + A\ (y,9).




Hrak, us

(121(:(: — \y), 121(:1: — Ay)) = (x — Ay, z — \y).

CJIEAYET

A(Alw), Aly)) + X (Ale), Aly)) = N, y) + X ().

[Tosioxkum A = 1. Torna paBeHcTBo (0) npeobpasyeTcs K BULY
(A@), Aw)) + (A(w), Aw)) = o] + (2,9),

TO ecTb Re (fl(:c), fl(y)) = Re (z,y).

(5)

(6)



A(A@), AW) + 3 (A@), AW)) = A y) +X(@,y). (6)

[Ipu A = 1 umeem Re (A(a:), A(y)) = Re (z,y).
Ecau U — yHuTapHoe NpocTpaHCTBO, MOJOXKUM A = 4. Torja paBeH-
CTBO (0) UMeeT BUL

i(A@), Ay)) =i (A@), AWw)) = ile.y) —i(0.y),
TO ecTb Im (fl( ), Aly )) Im (z,y).




A

A(Al), Aly)) + 2 (A( L AW) = Aw ) + @) (6)
Al

[Ipy A =1 umeem Re( = Re(z,y). Tlpu A =i umeem

Im (A(:c),A(y)) Im (x,y).

Takum 06pazoM y KOMIJIEKCHBIX UHCed (A(a;),A(y)) u (z,y)
COBMAMAIOT M JIeHCTBUTEJbHblE, W MHHUMble u4acTu. [lostomy

(A@), AW)) = (@.y).



(A(@), Aly)) = (2, ), oreyna (=, AA(y)) = (z,y).
MbI XOTHM MOKa3aTh, uto A*A = E. ChenaTh 3T0 Ha sI3bIKe ornepa-

TOpOB HerpocTo. [TosToMy nepefinem Ha 36K MaTpuil. 1151 5TOTO HAMO
cHavasa golopame 6asuc b ={ey, ..., e,} npoctpanctsa U. Torna no-

Ka3aHHOE TOXKJIeCTBO (:c, fl*fl(y)) = (x,y) npeoOpasyercs K BULY



(A(@), Aly)) = (2, ), oreyna (=, AA(y)) = (z,y).
MbI XOTHM MOKa3aTh, uto A*A = E. ChenaTh 3T0 Ha sI3bIKe ornepa-

TOpOB HerpocTo. [TosToMy nepefinem Ha 36K MaTpuil. 1151 5TOTO HAMO
cHavasa golopame 6asuc b ={ey, ..., e,} npoctpanctsa U. Torna no-

Ka3aHHOE TOXKJIeCTBO (a:, fl*fl(y)) = (x,y) npeoOpasyercs K BULY

5B AgABYIE = [*Ig B ¥IE-



(Al@). Aw)) = (2.). oriyza (2, A"Afy)) = (z.v),

Mbl X0TUM nokasaTb, uto A*A = E. CnenaTb 3TO Ha si3blKe orepa-
TOpOB HerpocTo. [TosToMy nepefinem Ha 36K MaTpuil. 1151 5TOTO HAMO
cHavasa golopame 6asuc b ={ey, ..., e,} npoctpanctsa U. Torna no-

Ka3aHHOE TOXKJIeCTBO (:c, fl*fl(y)) = (x,y) npeoOpasyercs K BULY

5B AgABYIE = [*Ig B ¥IE-
Marpuubl [x]g ¥ [y]g — NPOU3BOJILHBIE, TTIOTOMY M0 JIEMME O COKpa-

LIlEHUU HA TPOU3BOJIbLHYIO MATPULLY NOJyYaeM FBABAB =I'p, OTKy-
Aa,



(A@). A)) = (.), oriyza (2, A"Aly) ) = (2. ),
MbI XOTHM MOKa3aTh, uto A*A = E. ChenaTh 3T0 Ha sI3bIKe onepa-

TOpOB HerpocTo. [TosToMy nepefinem Ha 36K MaTpuil. 1151 5TOTO HAMO
cHavasa golopame 6asuc b ={ey, ..., e,} npoctpanctsa U. Torna no-

Ka3aHHOE TOXKJIeCTBO (x, fl*fl(y)) = (x,y) npeoOpasyeTcsi K BULY

5B AgABYIE = [*Ig B ¥IE-
Marpuubl [x]g ¥ [y]g — NPOU3BOJILHBIE, TTIOTOMY M0 JIEMME O COKpa-
LIlEHUU HA TPOU3BOJIbLHYIO MATPULLY NOJyYaeM FBA*BAB =I'p, OTKy-
714, B CHJIy HEBBIPOXKJIEHHOCTH MaTpullbl [pama, noayuaem A*BAB = F,
TO ecTb Af = Afsl. [lo Teopeme 006 usomop¢usme npocrpaH-
CTBA MaTpHllL M MPOCTPAHCTBA JIHHEHHBIX OMEPATOPOB MOJYyUaEM
A* = A7, 10 ectb oneparop A — opToroHabHbIH (YHHTAPHBII).

TeopeMa JI0Ka3aHa.



[1.7. Teopema 06 oproronaabHom onepartope u OHb

A

Teopema 4 (06 oproronansnom oneparope u OHB). JIuHeliHoll onepamop A
eskaudosa npocmpancmea U a8asemcs opno2oHasbHolM moeoa
U moavko moeoda, koeda on nepesodum OHbBb 6 OHbB. Tounee, sx8u-
BANEHNIHbL CAedYyrouiue YmeepuOoeHus:

1. A sasemcss opmocoHaNbHbIM OREPANOpPOM;

2. cyuecmsyem OHB B = {ey, ..., e,} makoil, umo cucmema 6ek-

A A

mopos {A(el),...,A(en)} ABALEMCS OPMOHOPMUPOBAHHHIM
Oa3ucom;

3. 019 awboeo OHB b ={ey,...,e,} cucmema sexkmopos
{fl (e1),..., A (en)} ABALEMCA OPMOHOPMUPOBAHHOIM OAZUCOM.

bes nokasarenbcTBa.



1. [IpyumeHeHue K MaTpUUHOM ajreope

B paccMOTpeHHBIX BbILIE TEOPEMAX Mbl, B OCHOBHOM, NPUMEHSIJIK MAT-
pUUHYtO aarebpy JJis 10Ka3aTesbCTBA yTBePKIeHHH 00 onepaTtopax. Ho,
pa3ymeeTcs, C yCIeXOM OCYLIECTBAACTCSA U «OOpPaTHBIA MPOLECC»: C MO-
MOLLbIO aNreOphbl ONepaToOPOB L0KA3bIBAKOTCA YTBEPAKACHUS U1 aNreOpbl
maTpuil. OJIHO U3 TAaKUX YTBEPKJAEHUH Mbl ceiluac paccMoTpuM. CHauaJsia
OTMETHUM, UTO OKA3bIBAETCS YIOOHBIM MTEPEHECTH €OMEePaTOPHYIO» TEPMHU-
HOJIOTHIO HA §13bIK MATPHILL, U BBECTH MOHSATHE HOPMAJbHOU, OPTOrOHAJb-
HOW U YHUTAPHOU MATPHULLbI.



1. [IpyumeHeHue K MaTpUUHOM ajreope

Onpepnenenune 6. Mampuya A nasvieaemcsa HopMadabHOU (coom-
8eMmMCcmBeHHO, OPTOTOHAJbHOW, YHUTAPHOM UL 3PMUTOBOM ) ecau u
MOAbLKO eCAl OHA ABAAEMCA mampuyel 00HOUMEHH020 onepa-
mopa 8 HeKOMopoOM OPMOHOPMUPOBAHHOM Da3uce.



1. [IpyumeHeHue K MaTpUUHOM ajreope

Onpepnenenune 6. Mampuya A nasvieaemcsa HopMadabHOU (coom-
8eMmMCcmBeHHO, OPTOTOHAJbHOW, YHUTAPHOM UL 3PMUTOBOM ) ecau u
MOAbLKO eCAl OHA ABAAEMCA mampuyel 00HOUMEHH020 onepa-
mopa 8 HeKOMopoOM OPMOHOPMUPOBAHHOM Da3uce.

Mcnoabays ToT dakt, uto marpuiia [pama opToHopMUpoBaHHOTO Ga-
3uca — eJMHUUYHAsl, MOXKHO JIaThb UUCTO MATPHUHYIO XapaKTepH3aluio
TUX MaTpULL MaTpuua A — HopmabHas TOTAA U TOJLKO TOrJa, KOrjia
A'A = AAY; marpuua opmoeonasvtas (yHUTapHasi, 5pMUTOBA ) TOTJA U
TOJIbKO Torna, Korna AP = A1



1. [IpyumeHeHue K MaTpUUHOM ajreope

TeopeMa 5 (06 OPTOroHaJbHOM NMpeodpa3oBaHUM HOPMaAJbHOH MaTPHLLbI ). ﬂ/lﬂ A0~
bou HopmaarvHou mampuyv. A ¢ sewjecmseHHvim cnexkmpom (mo
ecmos 8ce KOPHU XAPAKMepPUCmu4eckozo noAuHoMa KOmopou
ABAAOMCA 0CUCMBUMENbHOIMU YUCAAMU) Hatldemca maKkas opmo-
eonanvras mampuya T, umo mampuya TAT — duaconarvoras
mampuya.

Joka3areabcTBo. PaccMOTpUM €BKJIMI0BO NMPOCTPAHCTBO, BO3b-
meMm B HeM OHDB B, u paccmoTpum JiMHERHBIA onepaTop A, umeronmii B
Oasuce b marpuiy A: A = A. Torna A— HOpPMaJibHbIN OfNepaTop.
[To cBo¥icTBaM HOpPMaJibHOrO oneparopa, B YCJOBUSIX JIOKA3bIBAEMOH
teopembl Haiigercss OHB B u3 cofctBenHbix BEKTOPOB onepatopa A.
O603Hauum yepe3 T' maTpuiy nepexona us b B 6asuc B. Torna



1. [IpyumeHeHue K MaTpUUHOM ajreope

TeopeMa 5 (06 OpPTOroHajJbHOM Npeo6pa3oBaHUU HOPMAJbHOW MATPHULbI ). ﬂ/lﬂ A10-
boul HopmaarbHou mampuyv. A ¢ sewjecmsenHHvim cnexkmpom (mo
ecms 8ce KOPHU XAPAKMepPUCmudeckozo noAuHomMa KOmopou
ABAAIOMCA 0CLUCMBUMEAbHOIMU YUCAAMU) Hali0emcs maKas opmo-
eonanvras nampuya T, umo mampuya TTAT — duaconaroras
mampuya.

Jloka3aTreabCTBO.

Torna T~ AT ssnsiercs MaTpulel onepatopa B 6a3uce U3 coOCTBEH=
HbIX BEKTOPOB, TO €CTh JHaroHajJbHOU MaTpuleid. OcTasoch J10Ka3aTh,
yro T — oproroHajbhasi Marpuua. [Tyete T — JHHElHbIA onepatop,
umerolni B 6asuce b marpuiy 1. Torna T nepesoaut OHb b B OHb
B, nostomy 7' — opToroHasbHbli oneparop. CienoBarebHO, MaTpHLA
T, kak MmaTpulia opToroHajbHoro onepatopa B OHDb, aBssercsa oproro-
HaJIbHOU MaTpullel. Teopema gokasaHa.
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e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyTbcCsl K CIUCKY Npe3eHTauun?
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