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I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH
BaxkHeleld XxapakTepUCTHKOW KOHEUHOTO MHOXKECTBA fBJAETCH KO-
JINYECTBO 3JIEMEHTOB B 9TOM MHOXKECTBE.



I. CpaBHeHHe MHOXK€eCTB O MOLILHOCTH

BaxkHeleld XxapakTepUCTHKOW KOHEUHOTO MHOXKECTBA fBJAETCH KO-
JINUECTBO 3JIEMEHTOB B 3TOM MHOXKECTBE.

Mel cobupaemcst 0600LIMTL HA OECKOHEUHbIE MHOXKECTBA MOHATHE
«KOJIMYECTBO 3JIEMEHTOB» U CPaBHEHUE MHOXKECTB 110 YHUCJIY 3JIEMEHTOB.



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

[Tyetb A ={a; b;c; d} u B={p; q; r; s; t}.

Kak nousite, 4to Bo MHO2KeCcTBe B GoJibliie 3/1eMeHTOB, ueM B A, ecJiu
Mbl HE YMEEM CUUTATh?



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

[Tyetb A ={a; b;c; d} u B={p; q; r; s; t}.

Kak nousite, 4to Bo MHO2KeCcTBe B GoJibliie 3/1eMeHTOB, ueM B A, ecJiu
Mbl HE YMEEM CUUTATh?
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I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepneaenue 1. [osopsam, 4mo MOWHOCTb MHONecmEa A He npe-
BOCXOJUT MOUIHOCTH MHOdJcecmsa B, ecau cyujecmsyem makoe
83aUMHO O00HO3Ha4HOe omoopadcenue f, umo D(f)=A u
E(]) € B.

Tot ¢hakr, uTO MOLIHOCTH MHOXECTBa A He MPEBOCXOJUT MOIIHOCTH
MHOKeCTBa B KOPOTKO 3aruchiBaeTcs caeaytoimm oopasom: |A| < |B|.



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepnenenue 1. [osopam, umo MoOWHOCTb MHOJNCecmBa A He npe-
BOCXOJUT MOILHOCTU MHOoxcecmsa B, ecau cywecmsyem makoe
83aUMHO O00HO3Ha4HOe omoopadcenue f, umo D(f)=A u
E(]) € B.

Tor axTt, uTo MOUIHOCTL MHOXKeCTBA A He MPEBOCXOAUT MOLIHOCTH
MHOKeCTBa B KOPOTKO 3aruchiBaeTcs caeaytoimm oopasom: |A| < |B|.

OueBupHo, uto oTHouleHue |A| < |B| Ha MHOXKeCcTBe BCeX MOJAMHO-
»KECTB HEKOTOPOTr0 MHOYKECTBA §IBJISIETCS OTHOLLIEHHEM YaCTHUHOTO MO-
psiaKa.



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepnenenue 1. [osopam, umo MoOWHOCTb MHOJNCecmBa A He npe-
BOCXOJUT MOILHOCTU MHOoxcecmsa B, ecau cywecmsyem makoe
83aUMHO O00HO3Ha4HOe omoopadcenue f, umo D(f)=A u
E(]) € B.

Onpenenenue 2. [osopam, umo mHoxucecmsa A u B paBHOMOULHbI
UAL, UHbLMU CAOBAMU, 41110 MOULHOCTU MHOXecTB A 1 B paBHbI mo-
eda u moavko moeoda, koeda |A| < |B| u |B| < |A|. ¥msepocdenue,

Urmo moufHocmu MHoIMICecms Au B PABHbL 3anucoleaernicsa mak:
Al = [B.

PaccmoTperb npumep?



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepenenue 2. [osopam, umo mHoxiecmsa A u B paBHOMOLILHbI
UL, UHbIMU CAOBAMU, Y110 MOULHOCTH MHOXKeCcTB A 1 B paBHbI mo-
eda u moavko moeda, koeda |A| < |B| u |B| < |A|. ¥Ymsepacdenue,
umo mouwiHocmu mHoxwecms A u B pasnol 3anuceisaemcs mak:

Al = [B.

Taxkum o6pasom, ecqiu |A| = | B|, To cylleCTBYIOT B3aUMHO OJIHO3HAY-
Hble pyHkuuu f : A— Bug: B +— A, npuuyem, BooO111le TOBOPS, MOXKET
6biTh E(f) C B (B uactHocTH, E(f) # B) wm E(g) C A (B 4acTHOCTH,

E(g) # A).



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepenenue 2. [osopam, umo mHoxiecmsa A u B paBHOMOLILHbI
UL, UHbIMU CAOBAMU, Y110 MOULHOCTH MHOXKeCcTB A 1 B paBHbI mo-
eda u moavko moeda, koeda |A| < |B| u |B| < |A|. ¥Ymsepacdenue,

Urmo mouiHocmu MHoIHcecms Au B PABHbL 3anucolsaerica mak:
Al = [B.

BosHukaer ectecTBeHHbIN Bonpoc: ecau |A| = |B|, To HeJib3sl Jiu TO-
n00paTh TaKyl0 B3aMMHO OAHO3Ha4yHyl GyHKuMio h:A— B, 410
E(h) = B? Torna BMecTo f MOXHO OblL10 Obl B3Tb h, a BMECTO g —
dynkumio b1,



I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpenenenue 2. [osopam, umo mHoxcecmsa A u B paBHOMOULHbI
UL, UWHBIMU CAOBAMLL, 41O MOULHOCTH MHOXKeCTB A 11 B paBHbI 110~
eda u moavko moeda, koeda |A| < |B| u |B| < |A|. ¥Ymsepacodenue,

Umo MmoutHocmu MHOIMCEeCcrs Au B pPAaABHbL 3anucoleaericsa mak:
Al = [B.

B npumepe B KauecTBe TakoW (QYHKUMH h MOXHO B3SIThb
h(z) = 2|z] + 5 (sign(z + 0.5) + 1), To ecTb (YHKLHUIO, UMEIOLLYIO Ta6-
JIUILY 3HAUEHUH

x| ... =2]|=1]0[12]...

g()]...] 4] 2[113]5]...
KOTOPYIO MO2KHO 34alliMCaTb U TaAK:

x |0 =1]1|=2]2]...
glx)|1| 23] 4/5|...




I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepenenue 2. [osopam, umo mHoxiecmsa A u B paBHOMOLILHbI
UL, UHbIMU CAOBAMU, Y110 MOULHOCTH MHOXKeCcTB A 1 B paBHbI mo-
eda u moavko moeda, koeda |A| < |B| u |B| < |A|. ¥Ymsepacdenue,

Urmo mouiHocmu MHoIHcecms Au B PABHbL 3anucolsaerica mak:
Al = [B.

BosHukaer ectecTBeHHbIN Bonpoc: ecau |A| = |B|, To HeJib3sl Jiu TO-
100paTh TaKyl0 B3aMMHO OJHO3HauHyl0 (QyHkuuio h:Aw— B, uTto
E(h) = B? Torna BmecTo f MOXHO Obl10 Obl B35iTb h, a BMeCTO ¢
— dyukuuio bt Iist Toro 4to6bl 10Ka3aTh CYlEeCTBOBAHWE TAKOM
(hyHKUMU, HAM HEOOXOJIMMO OBJIAZIETh HEKOTOPOU CrelaJbHOR TeXHHU-
KO 10Ka3aTesIbCTBa: METOJIOM TPAHC(PUHUTHOHN MHAYKUMH, H 0O0OCHOBAThH
KOPPEKTHOCTb TOr0 MeTOJ1a (M HAUTH TPAHULLbI TPUMEHUMOCTH ).




I. CpaBHEeHHE MHOXKECTB MO MOLILHOCTH

Onpepenenue 2. [osopam, umo mHoxiecmsa A u B paBHOMOLILHbI
UL, UHbIMU CAOBAMU, Y110 MOULHOCTH MHOXKeCcTB A 1 B paBHbI mo-
eda u moavko moeda, koeda |A| < |B| u |B| < |A|. ¥Ymsepacdenue,

Urmo mouiHocmu MHoIHcecms Au B PABHbL 3anucolsaerica mak:
Al = [B.

BosHukaer ectecTBeHHbIN Bonpoc: ecau |A| = |B|, To HeJib3sl Jiu TO-
100paTh TaKyl0 B3aMMHO OJHO3HauHyl0 (QyHkuuio h:Aw— B, uTto
E(h) = B? Torna BmecTo f MOXHO Obl10 Obl B35iTb h, a BMeCTO ¢
— dyukuuio bt Iist Toro 4to6bl 10Ka3aTh CYlEeCTBOBAHWE TAKOM
(hyHKUMU, HAM HEOOXOJIMMO OBJIAZIETh HEKOTOPOU CrelaJbHOR TeXHHU-
KO 10Ka3aTesIbCTBa: METOJIOM TPAHC(PUHUTHOHN MHAYKUMH, H 0O0OCHOBAThH
KOPPEKTHOCTb TOr0 MeTOJ1a (M HAUTH TPAHULLbI TPUMEHUMOCTH ).




I.1. CueTHbIe MHOXKECTBA

Onpenenenue 3. Mrnoocecmso, pasromouinoe nnoxcecmsy N, Ha-
36180€MN1Cs1 CYETHDIM.



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

JloKa3aTeJbCTBO.



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Jloka3areabcTBO. Besikoe neficTBUuTeIbHOE urcsio U3 [0; 1] MoxKHO 0j1-
HO3HAYHO MPEACTAaBUTh B BUJE JAECATHUUHOU Apobou 0.aqae ..., Tae s
CKOJIb YTOJIHO O0JIbIIOrO HOMepa [N HauJeTCs Takou Homep 1 > N, uTo

oy, # 9.



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Jloka3areabcTBO. Besikoe neficTBUuTeIbHOE urcsio U3 [0; 1] MoxKHO 0j1-

HO3HAYHO MPEACTAaBUTh B BUJE JAECATHUUHOU Apobou 0.aqae ..., Tae s
CKOJIb YTOJIHO O0JIbIIOrO HOMepa [N HauJeTCs Takou Homep 1 > N, uTo
oy, # 9.

[Tocaiennee yrouHeHue BbI3BAHO TeM, uTo, Hanpumep, 1 = 0.99999. . ..



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,
f(O, d1112¢13 . . . A1 - - ) = 1,



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,
f(O, N11192¢13 . . . A1y - - ) = 1,
f((), 921099093 . . . A9y . . ) = 2,



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

JlokasareabcTBo. [IycTb ynajsoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyio yHkuuio f : [0;1] — N.
f(07 11190013 . . . Oy - - ) —
f(07 91 (4990093 . . . 9y - - )
[0, azrazpaisz .. a3y, )

1,
2,
3



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

JlokasareabcTBo. [IycTb ynajsoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyio yHkuuio f : [0;1] — N.
f(07 11190013 . . . Oy - - ) —
f(07 91 (4990093 . . . 9y - - )
[0, azrazpaisz .. a3y, )

1,
2,
3

f<07 anlanQOén?, ... Oénn . ) o



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

JlokasareabcTBo. [IycTb ynajsoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyio yHkuuio f : [0;1] — N.
f(07 11190013 . . . Oy - - ) —
f(07 91 (4990093 . . . 9y - - )
f(0, agrazoigs . .. gy . . .) =

1,
2,
3

f(O, An10noQng ... 0nn - . ) =n,



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs

HecuermHoim.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

O, 11012013 . . . Ay - - -
O, 910990093 . . . A9y . . .
O, 310390(33 . . . A3y . .

O, An10no20ns ... 0y - - .

= 0761

616{0;1;...;8}, 617&0411



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,
0, i3 ... Qap - b €40;1;...;8}, b # an

O, 9199093 . . . Ay . . . > 0, 6162 62 - {O, 1; cee 8}, ﬁg 7é 99
O, 31039033 . . . A3y . . .

O, An10no20ns ... 0y - - .



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs

HecuermHoim.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

O, 11012013 . . . Ay - - -
O, 21099093 . . . A9y . . .
O, 31039033 . . . A3y . . .

O, An10no20ns ... 0y - - .

— 0, 515203

516{0;1;...;8}, ﬁl#&n
Br € {0;1;...;8}, [ # o
B3 €{0;1;...;8}, f3 # ass



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs

HecuermHoim.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

0, ajrapas . ..
0, aararpocrag . . .
0, azrazaaiss . . .

0, ap1Qp200,3 . . .

Ap - - -
oy . ..

Asp . ..

e 0,85 By

Q- - -

516{0;1;...;8}, 617&0411
By €{0;1;...;8}, Bo # am
B3 € {0;1;...;8}, B3 # ass

B, €1{0;1;...;8}, ﬁn#am



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

0, 1203 ... - - B e{0;1;...:8}, B # oy
0, aprpauas . .. gy . .. By €{0;1;...;8}, [a2 #
0, agraga033 ... 3y, ... B3 €40;1;...;8}, (B3 # ass

0, 1203 -« - Q- .. — 0, 810203 ... B | B € {0;1;...;8}, Bn # apn
HYCTb f(O, ﬁlﬁgﬁg .. ) = k. Torna



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

0, ajja2y3. .. 0y - - B € {0;1;---;8}, B 7é0411
0, aprpauas . .. gy . .. By €{0;1;...;8}, [a2 #
0, agraga033 ... 3y, ... B3 €40;1;...;8}, (B3 # ass

0, 1203 -« - Q- .. — 0, 810203 ... B | B € {0;1;...;8}, Bn # apn
HYCTb f(O, ﬁlﬁgﬁg .. ) — k. TOFI[a
(0, 8182085 ...) = k= f(0, aprakop3 - . . Qg - - ), HO, TIO BLIOOPY 3J1€-
MEHTOB [3;, UMeeM (3} # Qupp.



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA ). Mroocecmeo scex Oeti-
cmaumenvHolx ducen, npuraosexnawux ompesky [0;1], asasemcsa
HeCYenHblLM.

Joka3zareabcTBo. [IycTh yaanoch nMocTpouTb B3aUMHO OJHO3HAY-
Hyto pyukuuio f :[0;1] — N,

0, 100013 . ..y - - B ed{0;1;...;8}, B # oy
0, agr90iaz . .. gy, . .. B2 € {0;1;---;8}7 B # igo
0, az13o0i3g . .. O3y, . .. B3 €{0;1;...;8}, (3 # ass

0, p1n20p3 ... Q.. 07615253 . 671 Bn S {07 L;. .. ;8}7 Bn 7é Apn
HYCTb f((), 51/6263 .. ) = k. Toma
(0, 510203 ...) = k = f(0, aprakoins - . . Qg - . ), HO, TIO BBIGOPY 3J1€-
MEHTOB [3;, UMeeM [} # Qup.
DTO MPOTUBOPEUUT B3aMMHOM OJIHO3HAUYHOCTH f.



[.2. Teopema 0 HeCUeTHOCTH KOHTHHyyMa

Teopema 1 (0 HecueTHOCTH KOHTUHYYMA). Mroxwecmso scex Oeii-
cmeumenrvHolx ducen, npuradaexcauiux ompesky [0;1], asasemcs
HecuemnHolM.

Joka3areabcTBOo. [lycTh ynanoch MOCTPOUTb B3aMMHO OJHO3HAY-
Hyto ¢pyHKuuio f : [0;1] — N,

0, ajja2y3. .. 0y - - B € {0;1;---;8}, B 7é0411
0, aprpauas . .. gy . .. By €{0;1;...;8}, [a2 #
0, agraga033 ... 3y, ... B3 €40;1;...;8}, (B3 # ass

0, 1203 -« - Q- .. — 0, 810203 ... B | B € {0;1;...;8}, Bn # apn
3HAUHUT, NPEANOJOXKEHHE O CYLIECTBOBAHUU TAaKOH (PYHKLHH f OBLIO

HeBEPHBIM, TO €CTb MHOXKeCTBO |0, 1] HecueTHo.



[.3. KOHTMHYYM

Onpenenenue 4. Mroaxcecmso, pasgHomouiHoe MHOINCECMBY BCex
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[.3. KOHTMHYYM

Onpenenenue 4. Mroaxcecmso, pasgHomouiHoe MHOINCECMBY BCex
deiicmsumenvHolx yuceaus |0; 1], Hazoleaemcs KOHTUHYAJNbHBIM, UAU
MHOK€CTBOM MOLLHOCTU KOHTHHYYM.

Y moneh «co cjaabbiMu HepBaMU» (HUJIM MJIOXUM 0Opa3oBaHUEM ) HHO-
rJla CKJIaJIblBaeTcsl BrieyaTseHrue, UTO KOHTUHYYM — 3TO HEBOOOPA3UMO
60JIblII0e MHOXKECTBO, 6O0JIblle KOTOPOTo (M0 MOIIHOCTH) MHOXKECTB He
obiBaeT. Ha camom nesie 310 He Tak. boJee Toro, «camoro 60JbIIOTO»
(110 MOUIHOCTH ) MHO2KECTBA HE CYLIECTBYET, KaK MOKA3bIBAET CJIe/lyloLas
Teopema.



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

JloKa3aTeJbCTBO.
PaccmorpeTh npumep-o60cHOBaHMe 0603HaYeHUS 2 ?
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Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmnoxcecms, mo | X| < [2*].

JlokasareabctBo. OueBniHo, uto X | < [2%].
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Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
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Torna
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Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
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Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torma cyiecTByeT B3aMMHO OJHO3HaYHas pyHKuus f : 2X 5 X
Paccmorpum Y = {y y ¢ f‘l(y)}. [To omnpenenenuto obGpaTHOM
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[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — mroocecmso u 25 — mHodxcecmso ecex e2o
nodmuomxcecms, mo | X| < |2%].
Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X
Paccmorpum Y = {y y ¢ f‘l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

Paccmorpum Y = {y y ¢ f‘l(y)}. [To omnpenenenuto obGpaTHOM
dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
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[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

Paccmorpum Y = {y y ¢ f‘l(y)}. [To omnpenenenuto obGpaTHOM
dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).

BosmoxxHbI 2 ciyuast:
fY)eY = f(Y)e f7HfY)) =
fY) &Y



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

PaccmoTpum Y:{yygéf_l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
BoamoxkHbl 2 cayuas:

fY)eY = f(Y)e fFHf(Y)) = f(Y)¢Y,
fY)¢y



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

PaccmoTpum Y:{yygéf_l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
BoamoxkHbl 2 cayuas:

fY)eY = f(Y)e fTHf(Y)) = f(Y)¢Y,
fY)eY = f(Y)¢ [F(f(Y)) =



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

PaccmoTpum Y:{yygéf_l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
BoamoxkHbl 2 cayuas:

fY)eY = f(Y)e fTHf(Y)) = f(Y)¢Y,
fY)¢Y = f(Y) ¢ f7HfY) = fY) €Y,



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

PaccmoTpum Y:{yygéf_l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
BoamoxkHbl 2 cayuas:

fY)eY = fY)e [FUfY) = fIY)¢Y,

fY)¢Y = fY)¢ [F(fY) = f(Y)€eY,

MPOTUBOPEUHE.



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Teopema 2. Ecau X — muoocecmso u 28 — muoxcecmso scex eeo
nodmuomxcecms, mo | X| < |2%].

Jlokasareabctso. [Tycrs | X| = [2%).
Torna cyiecTByeT B3aMMHO OAHO3HaYHas pyHKuus f : 2X 5 X

PaccmoTpum Y:{yygéf_l(y)}. [To omnpenenenuto obGpaTHOM

dbyukumu qis moboro Y C X umeem Y = f1(f(Y)).
BoamoxkHbl 2 cayuas:

fY)eY = fY)e [FUfY) = fIY)¢Y,

fY)¢Y = fY)¢ [T (fY) = f(Y)€eY,

npotuBopeure. Teopema nokasaHa.



[.4. TeopemMa 0 MOLLHOCTH MHOXK€CTBA MOJAMHOXKECTB

Jlosroe Bpemsi MareMaTHKOB BOJIHOBaJsia MpoOJieMa: CYLIeCTBYeT JiH
MHO2KECTBO <<HpOMe}KYTOQHOfI MOIHOCTH>», TO €CTb MOIHOCTH, OoJiblIEeN
quTHOﬁ, HO MEHbIIE KOHTHHyaﬂbHOfI. KaK 0OKa3aJ10Cb, OTBETUTDL HA 9TOT
BOMNPOC B paMKax TPaJHMLMOHHBIX TEOPUH MHOXKECTB (0 HUX Mbl OyjneM
FOBOPHUTL HH2KE, B pa3aecdie, IMMOoCBAIEHHOM daKCHOMATHUYECKHM TEOPUIAM
MHOXKECTB ) OJIHO3HAUHO HeJIb3s1: JoOaBJeHHE K CIIUCKY aKCHOM JII0O0H 13
KTpaguUOHHBIX>» TeOpHﬁ MHO2KECTB dKCHOMbI O CYIIECTBOBAHHUH TAKO-
'O MHO2KECTBA HJIH AKCHOMbI O HECYLIECTBOBAHHH TAKOI'O MHO2KECTBA HE
HapyllaeT HENPOTUBOPEUUBOCTH UCXOJHOM T€OPUH MHOXKECTB.



[1. OpauHanbl M KapanUHaJbI
BaMeTHM, YTO HATypaJibHbI€ UHCJlA B <<O6bll[€HHOﬁ 2KU3HU>» BbITTOJIHAOT,
KaK IIpaBHJIO, IB€ OCHOBHBIX (bYHKU,HI/IZ



[1. OpauHanbl M KapanUHaJbI
BaMeTHM, YTO HATypaJibHbI€ UHCJlA B <<O6bII[€HHOﬁ 2KU3HU>» BbITTOJIHAOT,

KaK MpaBUJIo, BE OCHOBHBIX (hDYHKIMH:
— C OJIHOH CTOPOHbI, CJYKAT J/I51 U3MEPEHHST KOJIMUeCTBA («B aBTOMO-
OuJie eJIET Mpu UeJIOBEKA», <y UeJIOBEKA JI0JIZKHO ObITh 14116 MaJblLEB Ha

pyKax» U T.I.);



[1. OpauHanbl M KapanUHaJbI

BaMeTHM, YTO HATypaJibHbI€ UHCJlA B <<O6bll[€HHOI;’I 2KU3HU>» BbITTOJIHAOT,
KaK IIpaBHJIO, IB€ OCHOBHBIX (1)YHKU,HI/K

— C OJIHOH CTOPOHbI, CJYKAT J/I51 U3MEPEHHST KOJIMUeCTBA («B aBTOMO-
ouJie CHAET Mpu 4eJI0BEKa», Ky 4eJIOBE€Ka N10JI2AKHO ObITb NAMb [1aJiblieB HA
pyKax» U T.I.);

C IprrOI;I CTOPOHDI, MMO3BOJIAIOT YIIOPSA0YHUBATbL KOHEYHbIE MHO2KECTBA
(<<H CTOSAJT r11Anivim B oUepeaun>, «Bbl gaBasieTechb comoim TTOCETUTEJIEM
BbICTABKHU>» U T.H.).



[1. OpauHanbl M KapanUHaJbI

3amMeThM, UTO HAaTypaJibHbIE UUCJIA B OObIJIEHHOH 2KU3HU» BBIMIOJIHSIOT,
KaK MpaBUJIo, BE OCHOBHBIX (hDYHKIMH:

— C OJIHOW CTOPOHbI, CJy2KAT JIJI U3MEPEHHUSI KOJIMUECTBA («B aBTOMO-
OuJIe eIeT MpuU YeJI0BeKa», <y UeJIoBeKa J0J2KHO ObITb 152/16 NaJbLEB Ha
pyKax» U T.I.);

C JIPyro¥ CTOPOHBI, MO3BOJISIOT YIIOPSAA0YMBATb KOHEUHbIE MHOXKECTBA
(«s1 cTosll nAamolm B ouepen», «Bbl ABJsSETECh CONMbIM TTOCETUTENEM
BbICTABKU» U T.I1.).

XoTes10Ch Obl MOJYYUTh aHAJOTHYHBbIE KUHCTPYMEHTBI» U I/ OECKO-
HEUHBbIX MHOX>KECTB, UTOObI TOBOPUTb, HANPUMEP, MOUWHOCITG MHOJCE-
cmea makasa-mo, Win yrnopsilounBaTb O€CKOHEUHble MHOXKECTBA.



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

Celyac Mbl MOCTPOUM BaXKHbIH MIPUMEP BIOJIHE YIIOPSIOYEHHOTO MHO-
JKECTBA, NPUUYEM MTOCTPOUM B OYKBAJIbHOM CMbICJIE M3 HHUEr0», TOUHee,
M3 MyCTOr0 MHOXKECTBA (CUYUTAS], UTO B UHTYUTUBHOM MMOHUMAHHUH IyCTOE
MHOXKE€CTBO — 3TO MPaKTHYECKU HUUero). Takum o6pa3oM, Mbl MOJYUHUM
«UHCTPYMEHT» JJIA YIIOPALOUMBAHUSA JIIOOOr0 MHOXKECTBA: HaM OYIeT C
UyeM CPaBHUBATb €ro 3JeMeHThl. FIHbIMU CJI0BaMM, OpAHHAJbHBIE YUCJ/a
UrpatoT PoJib KHOMEPOB» JJId CJydast, Kornga HeoOX0AUMOo, YTOObl «HO-
Mep» MOTI ObITb O€CKOHEUHbIM, HO IPH 3TOM 0CTaBaJIOCh Obl BO3MOXKHBIM
KaXKJ10My MHTEPECYILIEeMy Hac «00bEKTY» MPUITHCHIBATb YHUKAJbHbBIH,
TOJIbKO €MY ITPUCYLLIUH KHOMEP>».



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

CorJyiacHo [IPUHLHUITY <<6pI/ITBbI Okkama» Mbl He JOJIZKHbBI BBOJIUTb HO-
BbIX HEOIIPEAEC/IAEMbIX HOHHTI/IIU/I, TO €CTb CBECTH HHTEPECYIOLIHME HAC
KKOHCTPYKLHUHU>» K TEM INOHATHUAM TCOPHUH MHO2KECTB, KOTOPbLIC y2KE BBEC-
JICHBI. Takumu NOHATUAMU ABJAIOTCA KMHOXKECTBO» U «3JIEMEHT MHOXKe -
CTBa». [akuM OépaSOM, KeJdTEJIbHO, YTOOBbI Ty pOJib, KOTOPYIO HUI'PDAET
OTHOIlIEHHE < HA MHOKECTBE HATypaJibHbIX UUCEJI, B35/l HA ceOsl Npein-
Kart €.



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)
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n—+1

— | =S| —
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2 3 4

1
0
2=1+1=1U{1} =



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

2 3 4

1
0
2=1+1

1U{1} =0uU {0},
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1 3 4

2
010}

2=1+1=1U{1} =0U {0},



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1 3 4

2
010}

2=1+1=1U{1} =0U{0},
3=2+1=



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1 3 4

2
010}

2=1+1=1U{1} =0U {0},
3=2+1=20U{2}=



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1] 2 3 4
0 {0}
2=1+1=1U{1} =0U{0},
3=2+1=20{2} = {0} U{{0}} = {0, {0}},



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1 3 4

=

{®} {0, {01}

2
3

1+1=1U{1} =0U{0},
2+ 1=20{2t ={0} U {{0}} = {0, {0}},



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1 3 4

2
01{0} {0, {0}}

2=1+1=1U{1} =0U {0},
3=2+41=20U{2}={0U{{0}} = {0, {0}},
41=3+1=3U{3)} =



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1 3 4

2
01{0} {0, {0}}

2=1+1=1U{1} =0U {0},
3=2+41=20U{2}={0U{{0}} = {0, {0}},
4=3+1=3U{3}={0, {0}}U{{0, {0}}} =



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1| 2 3 4 | n+1
0110} {0, {0}}

2=1+1=1U{1} =0uU {0},
3=2+1=20{2} = {0y U {{0}} = {0, {0}},
4=3+1=30{3}={0, {03} U{{0, {0}}} =10, {0}, {0, {0}}},




[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1| 2 3 4 | n+1
01{0} {0, {0}} {0, {9}, {0, {0}}}
2=1+1=1U{1} =0uU {0},
3=2+1=20{2} = {0y U {{0}} = {0, {0}},
4=3+1=30{3}={0, {03} U{{0, {0}}} =10, {0}, {0, {0}}},




[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1| 2 3 4 | n+1
0110} {0, {03} {0, {0}, {0, {9}}}]. ..
2=1+1=1U{1} =0uU {0},
3=2+1=20{2} = {0y U {{0}} = {0, {0}},
4=3+1=30{3}={0, {03} U{{0, {0}}} =10, {0}, {0, {0}}},




[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1] 2 3 4 ]+l
010310, {0} {0, {0}, {0, {033} ]. ..
2=1+1=1U{1}=0uU {0},
3=2+1=20{2} = {0}y U{{0}} = {0, {0}},
4=3+1=30U{3} = {0, {0}y U {0, {0}}} = {0, {0}, {0, {0}}},

n+1—nU{n}—SC( )...



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

1] 2 3 4 o n1 L
O1{0} {0, {0}} {0, {0}, {0, {0}}}|...|nU{n}|...
2=1+1=1U{1} =0U {0},

3=2+1=20{2}t ={0} u{{0}} = {0, {0}},
4=3+1=3U{3}={0, {0} U{{0, {0}}} = {0, {0}, {0, {0}}},

n+1—nU{n}—SC( )...



[1.1. OpauHanbl (opAMHAJNbHBbIE UKCA)

L) 2 3 4 ol n+1 .
0110} {0, {0}} {0, {0}, {0, {0}}}|... nU{n}|...

MO>KHO JIM TTOCTaBUTb BOMPOC: «UTO OYJET MOCJe TOro, Kak Mbl «Ilepe-
l1arHemM» 3a O€CKOHEUYHOCTb»? K 4TO NMpOU30HJIET, €CJId Mbl BCE-TaKH

«repeliarHem» ?



[1.2. AKTyaJjibHas ¥ NOTeHIMAJbHAsi 0€CKOHEUYHOCTb

«O06BeKT» CUNTaeTcsl MOTEHLUAIbHO 0@CKOHEUHbIM OTHOCUTEJbHO
HEKOTOPOH MPOLELYpbl, €CJAU MOCTOSIHHOE MPUMEHEHHEe 3TOH MPOUeLy-
pbl He MPUBOAUT K HUCUYEPIAHHUIO COOTBETCTBYIOLEIO «pecypca» 3TOro
oObekra. [IpuBenem aHasoruio U3 3amedaTesbHOM «CKA3KH JIJIsl HAyd-
HbIX COTPYAHUKOB MJajulero Bo3pacta» Apkanusi u bopuca Crpyraukux
«[TonenenbHUK HaunHaeTcs B cyoOoTy». Tam Kouer becemepTHbii «co-
aepxkaJjcs B 66CKOHEUHOM MPEABAPUTEJbHOM 3aKJ/JIIOUEHHH, TTOKA BEJIOCh
O6eCKOHEeUHOe CJeACTBUE O ero 6€CKOHEUHbIX TPECTYIJIEHUSAIX». 3/1eCh 5B~
HO MMeEeTCS B BUIY TOT (haKT, UTO CKOJIbKO Obl HU MPOLJIO BPEMEHH,
caencTsue no aeny Kouesa beccmeprHoro He 3akoHuurtcest. Ho npu Takon
MOCTAHOBKE BOMPOCA MPEANoJaraercs, YTo B KaxJiblili MOMEHT ¢ HauaJa
CJICJICTBUS MPOLLJIO KOHEHYHOE BPEMS.



[1.2. AKTyaJjibHas ¥ NOTeHIMAJbHAsi 0€CKOHEUYHOCTb

C npyroit ctoponsl, Cawa [IpuBasos, repo#i storo pomasa, (Ko-
Topeii B HoBoroaHioo Houb jaexypur B HUMYABO — «HayuHo-
HCCJIe/I0BATEIbCKOM UHCTUTYTE UapoIedCTBA U BOJILLIEOCTBA» ) Pa3Mbllil-
JISIeT HaJl CJIEAYIOUM BOMPOCOM: «...eCJIM TJe-HUOYIb B OECKOHEUHO
yJlaJleHHOH OT Hac Touke BpeMeHu Kolllest u mpuroBopsT, To CyJbH, KTO
Obl OHU HU ObLIH, OKAXKYTCS1 B OYeHb CTPAHHOM MOJIOXKEHUU: CMEPTHYIO
KasHb K 6eCCMePTHOMY MPECTYNHUKY TPUMEHUTh HEBO3MOXKHO, 2 BEUHOE
3aKJII0UEHHE, €CJIM YUeCThb MpeABapUTE/IbHOE, OH yxKe OTObII...» B naH-
HOM CJlydae MoJjIXo0J, K CUTyaluK CyLIEeCTBEHHO U3MEHUJICS: MPeJaraeTcs
paccMoTpeTh «0ObEKT» (B JJAHHOM CJlyuae BpeMsl CJIEICTBUS) 8 Y eaoM,
BECb, a HE CKOJIb YTOJIHO OOJIbIIIYI0, HO BCE-TAKU KOHEUHY IO 4ACMb 3TO-
ro 06’beKTa. JTo Nepexojl K aKTyaJbHON 6@ CKOHEUHOCTH.



[1.2. AKTyaJjibHas ¥ NOTeHIMAJbHAsi 0€CKOHEUYHOCTb
Ipyroil mpumep: npeactaBum cebe cTposiiieecs O€CKOHEUHOe B OJ1-
HY CTOPOHY LIOCCE (CUMTAaeM, YTO 3TO 1IOCCE CTPOUTCS HA MJIOCKOCTH).
B KaXJblil MOMEHT BPEMEHH MOCTPOEH TOJBbKO KOHEUHbIH Y4acTOK 3TO-
ro mwocce. MoKHO Jih TOCTABUTb BOMPOC, HAaNpuUMep, 06 UCIOJb30BAHUH
9TOT0 LI0CCE 1OCAe TOTO, KaK OHO 8ce OyJIeT MOKPHLITO acdasbTom?



[1.2. AKTyaJjibHas ¥ NOTeHIMAJbHAsi 0€CKOHEUYHOCTb

CJTGI[YGT JIM TIPpU3HABATL CYUWIECTBOBAHHUE 4AKTYaJIbHO OeCKOHEeUHbIX
MHOKecTB? C 0JIHOH CTOPOHBI, 3TO BONPOC Bepbl (MOJ0OHO TOMY, KaK OH
CTABUTCS B PEJIMTUSIX), a C APYrOH CTOPOHBI, elle U BONpoc yao6CcTBa U
HEITPOTUBOPEUYUBOCTH TeOpI/H/UI, B KOTOPbLIX MMPUHUMAETCA HJIHW HE IMPHUHHU-
MaeTCsd COOTBETCTBYIOLIAA TI'MIIOTE3A. OTMQTHM, UTO OTpPHLLAHHE CYLIEC-
CTBOBAHHUA AKTYaJIbHO OeCKOHEUHbIX MHOXKECTB CYUIECTBEHHO O6€,ZLHH€T
MAaTEMATUKY, IPUHYAKIAET K OTKA3Yy OT HUCIIOJIb3OBAHHUSA MHOTI'MX BA2KHbBIX
MAaTEMATHUYECKHUX TEOPEM U METOIOB. HO9TOMy CEroJHs, Kak IrpaBHuJio, B
MATEMATUUECKHUX TECOPUAX IIPUSHACTCH CYLUECTBOBAHHE AKTYyaJIbHO bec-
KOHEUYHbLIX MHO2KECTB.



[1.2. AKTyaJjibHas ¥ NOTeHIMAJbHAsi 0€CKOHEUYHOCTb

HOSTOMy, BO3BpalllasiCb K IMOHATHIO OpAHWHAJa, MO2KHO CTPOUTb OPJIH-
HaJl, <<Hep€LHaFHYBLHHfI 3a 6ecKoHeuHOCTh». B KauecTBe [IEPBOTO bec-
KOHEUHOI'o OopJMHaJila W MO2KHO B3$ITb O613€ILI/IH€HH€ BCeX MOCTPOECHHbIX
K 3TOMy MOMeHTY opauHanoB. Cjenyomui opautal, (w + 1), ctpourcs
O0ObIYHBIM 00PA30OM:

(w+1) =Sc(w) =wU{w}.

ITOT NPOLECC MOXKHO MPOJI0JKATh HEOTPAHHUEHHO, MPUMEHSIS /151 «I1e-
pexoaa yepe3 O€CKOHEUHOCTb» 00beJIMHEHHE BCEX MOCTPOEHHBIX paHee
OpJIMHAJIOB.



[1.3. [IpenenbHbIi U HENpeaeabHbIA OpAUHAI

Onpeneaenue 5. Opdunan o, umerowjuii sud (5 + 1) 0a9 Hekomo-
poeo opduxaira 3, Ha3vieaenicsi HenpeaedbHbIM opauHaaom. Op-
durnan, boavwuid 1, u He A8AA10UWULICA HenpeoesbHblM, Ha3bleaem-
cs npeaedbHbIM OpAUHANOM. Ecau o — HenpedeavHolll OpOUHAL U
a = [+ 1, mo oboiuro opduranr 3 obo3nauarom wepes a — 1.



[1.4. IlonHbIA NOPSANOK HA COBOKYITHOCTH OPJAMHAJIOB

st opaHaioB onpeiesMM OTHOUIeHHe < MpaBWIOM o < (3 TOraa |
TOJIBKO TOTJ/A, Korja o € 3 win « = 3. HeTpyaHo yBumeTb, uTo ecqau -y
— OpAMHAJ, TO Ha MHOXKECTBE BCEX TAKUX OPJAMHAJIOB (v, UTO & < 7,
OTHOllIeHHE < SBJSCTCS MOJHBbIM NMOPsiaKoM. Jloka3aHo, 4TO, B HEKOTO-
pOM CMbICJIe, JIPYTUX BIOJIHE YMOPSIOUEHHBIX MHOXKECTB (C TOUHOCTbIO
10 uzomophusma Mojiesiell ) OTIIMUHBIX OT OPJIMHAJIOB, HET.



I1.5. KapauHaabl (KapauMHaJdbHble yKcaa)

HMrtak, Mbl noJiyuusii Habop «HOMEPOB» /IS YIIOPSNOUNBAHUS OECKO-
HE€UYHbIX MHO>KECTB (BOHpOC O TOM, HJIid JI0OOro JIM MHOXKECTBA MOXKHO
HalUTH OpJMHAJ PaBHOHM €My 0 MOUIHOCTH, OCTaBUM IOKA OTKDPLITHIM ).
Terlepb MO2KHO HOJIyLH/ITb LKESJIMHULBI H3M€p€HHH>> MOIINHOCTH MHO>KECTB.
KapILHHaJIbeIG YHucCJid, Ha3bIBd€MbI€ €l KapILI/IHaJ]aMH.



I1.5. KapauHaabl (KapauMHaJdbHble yKcaa)

HMrtak, Mbl noJiyuusii Habop «HOMEPOB» /IS YIIOPSNOUNBAHUS OECKO-
HE€UYHbIX MHO>KECTB (BOHpOC O TOM, HJIid JI0OOro JIM MHOXKECTBA MOXKHO
HalUTH OpJMHAJ PaBHOHM €My 0 MOUIHOCTH, OCTaBUM IOKA OTKDPLITHIM ).
Terlepb MO2KHO HOJIyLH/ITb LKESJIMHULBI H3Mep€HHH>> MOIINHOCTH MHO>KECTB.
KapILHHaJIbeIG yHUCJld, HA3bIBA€MbI€ €l KapILI/IHaJ]aMH.

Onpepeaenue 6. /{19 aw0b6oeo mroocecmsa M HaumeHvulull OMHO-
CUMeNbHO € OpOUHAN, PABHOMOUHbLU MHONMecmBy M, Ha3vieaemcs
KapJAMHAJbHbIM YUCJAOM AU KAPAUHANOM MHONMecmea M.

Onpeneaenue 7. Opodurar o HA3618aeMCs KAPAUHAIOM UAU KAPIU-
HaJbHBIM YUCJIOM, ecau § < a = |G| < |a|.



[1.6. TpaH3UuTHBHOE MHOXK€eCTBO U (popMaJbHOE onpeje-
JIeHue opJuHaJa

Onpenenenne 8. Mroawcecmso X Hasvieaemcs TPAH3UTUBHBIM 1110~
eda u moavko moeda, Koeda BCAKULL e20 3NeMeHn ABALemcs e2o

NOOMHOICECBOM, MO eCib

reX =xCX.



[1.6. TpaH3UuTHBHOE MHOXK€eCTBO U (popMaJbHOE onpeje-
JIeHue opJuHaJa

Onpenenenne 8. Mrnoawcecmso X Hasvieaemcss TPAH3UTUBHBIM 1110~
eda u moavko moeda, K0eda BCAKUIL e20 3NeMeHn ABALemcs e2o
NOOMHONCECMBOM, MO eChlb

reX =z CX.

Onpenenenne 9. Mrooacecmso X Hasvieaencs opauHaloOM moeda
U moavbko moeda, koeda X — MPAH3UMUBHOE MHOICECMBO U
BCAKULL €20 INeMeHM MAKIHCe A8ALemMCs MPAHIUMUBHBLM MHOICe-
CMBoM.

[Ipumep: pacCMOTPEHHBIN BbILLIE UETBEPThIM OpAUHAJ

{0, {0}, {0.40}}, {0.{0,{0}}}, {0.{0.{0.{0}}}}}

ABJISAECTCA TAKOBBIM U COIVIACHO 3TOMY OIIPpEACJIEHUIO.



[1.6. TpaH3UuTHBHOE MHOXK€eCTBO U (popMaJbHOE onpeje-
JIeHue opJuHaJa

Onpeaenenune 8. Mroowcecmso X HasviBaemcs TPAH3UTUBHBIM 110-
eda u moavbko moeda, Koeda BCAKUL e20 3NeMeHm SAB8A1emcs eeo
NOOMHONCECMBOM, MO eCmb

reX =z CX.

Onpenenenue 9. Mnoocecmso X Haszvieaemcs opAauHAIOM mo20a
U moavko moeda, koeda X — MPAH3UMUBHOE MHOICECMBO U
BCAKULL €20 3NeMeHN MAKINHCe A8ALeM s MPAH3UNMUBHbIM MHON}Ce-
CMmeoM.

[Tpumepsl apyroro poaa: muoxkectsa {0, {0}, {{0}}, {{{0}}}} w
{0, {0}, {0.{0}}, {0, {0}, {{0}}. {0,{0}}}}

ABJIAIOTCA TPAH3UTUBHbBIMH, HO HE ABJIAIOTCA OpJAWHAJAMMUA.



I1.7. Kputepun opanHana

Teopema 3. Mroocecmso M asasemces opdunanrom moeda u moao-
KO moeda, Koeda OMHOWeHUue € ABALEMCA HA IMOM MHOHNECMBe

mpanH3umuBsHsim.

JloKa3aTeJbCTBO.



I1.7. Kputepun opanHana

Teopema 3. Mroocecmso M asasemces opdunanrom moeda u moao-
KO moeda, Koeda OMHOWeHUue € ABALEMCA HA IMOM MHOHNECMBe
MpaH3umuBHoLM.

Joka3areabctBo. Heob6xonumocts. [lycte M — opaunadn. Ilycthb
JUI ero 3JieMeHToB X, Y, Z clipaBelJIuBbl YTBEPXKACHUSA

XeYuY eZ (1)

Torna, no onpenenenuio opauHadna, Z sBJAsSETCS TPAH3UTUBHBIM MHO-
XKecTBoM, 1ostomy U3 Y € Z caenyer Y C Z. [lo onpenenenuto noju-
MHOXKecTBa, U3 X € Y caenyer X € Z. Takum obGpasom, yTBepxKue-
Hus (1) Bnekyr X € Z, To eCTb € — TPaH3UTUBHOE OTHOIllIEHHUE,



I1.7. Kputepun opanHana

Teopema 3. Mroocecmso M asasemces opdunanrom moeda u moao-
KO moeda, Koeda OMHOWeHUue € ABALEMCA HA IMOM MHOHNECMBe
MpaH3umuBHoLM.

Joka3zareabcTBo. /loctatouHocts. [IycTh € Ha M aBasieTcs TpaH3mn-
TUBHbLIM OTHOWIeHueM. Torna us yreepxkaenuii (1) cnenyer, uto X € Z.
CJsenoBartesibHO, U3 Y € Z cJienyeT, uTo JIIOOOH 3JeMEHT MHOKeCTBa
Y sBJsieTcs 3JleMEHTOM MHOXKecTBa Z (MCI10JIb30BAHO COOTHOILIEHHE
(xAy) = z=13 = (y— 2))



I1.7. Kputepun opanHana

Teopema 3. Mroocecmso M asasemces opdunanrom moeda u moao-
KO moeda, Koeda OMHOWeHUue € ABALEMCA HA IMOM MHOHNECMBe
MpaH3umuBHoLM.

Takum o6pa3om, B opauHaJe OTHOLIEHHE € SABJSIETCS TPAH3UTUBHBIM
OTHOUIeHUeM. 3aMeTUM, UTO B CHUJy aHTUCUMMETPUUHOCTHU OTHOILLIE-
HUSl € Ha TPDAH3UTUBHOM MHOXKeCTBe OTHOlleHUe <, re r < y Torjaa u
TOJILKO TOT/Ia, KOTJA T € Y WK & = Y, SIBJSETCS YACTUUHBIM MOPSIJIKOM H
J1aKe MOJIHBIM MOPSIAKOM (TocJ/ie/iHee, BIpoUueM, TpeOyeT yTOUHEHUST ).



[1.8. Teopema 00 a3;iemMeHTax opaMHaJIa

Teopema 4 (06 saemenrax opaunana). BeAKul snemenm opounanra 164s-
emcsi OpoOUHANOM.

Jloka3aTeabCTBO. DTO OUEBUJHOE CJIEICTBHE KPUTEPUS OPAMHAJA.,



[1.9. Teopema o TpaHCPUHUTHON UHAYKLUH

Teopema 5. Ecau o, — opdunaret u ¢ — HeKomopoe ymsep-
scdenue 06 opdunase u Vo (Vﬁ B<a)— @(ﬁ)) — p(a), mo

Va o(a).



[1.9. Teopema o TpaHCPUHUTHON UHAYKLUH

Teopema 5. Ecau o, — opdunarel u ¢ — Hekomopoe ymaep-
scderue 06 opdunase u Vo (Vﬁ (B <a)— cp(ﬁ)) — p(a), mo

Va o(a).

WMHbiMU cJI0BaMH, MyCTh ( — HEKOTOPOe BbICKa3biBaHWe 06 OpauHa-
Jax, npudeM ¢()) — ucTrHHO (6a3a MHIYKUMH), U AJIs1 JII0OOro opau-
HaJa «, U3 TOro, uTo JJIsi Jito6oro opauHagna (3 € « yreepxiaeHue ()
MCTHHHO, CJIeyeT, uTo p(ar) TaKxKe HCTUHHO (11ar uHAyKiuK ). Torna s
JI060r0 OpAMHAJla v BbICKa3biBaHUE () UICTHHHO.



[1.9. Teopema o TpaHCPUHUTHON UHAYKLUH

Teopema 5. Ecau o, — opdunanel u ¢ — Hekomopoe ymsep-
scdenue o6 opdunare u Vo (Vﬁ B<a)— cp(ﬁ)) — p(a), mo

Va o(a).

Hoka3areabctBo. Ot mnporuHoro. [lycTh mocblika BepHa, HO
Jagy (). TTonoxum

X ={a|(a<ay) Apla)} € ap.

Ecin X = (), To U3 MOCBUIKK TeOpeMbl CJIENlyeT, UTO () — HCTHHHO,
BOMpPEKU TpejrnosoxkeHuio. MHuoxectBo X MMeeT MUHUMAJbHbIH 3Je-
MeHT «. Ho, B cusly TPaH3UTMBHOCTU MHOKeCTBA (v1, MOJIydaeM, UTo
V3 (6 < a1) — ¢(B). [1o npeanonokeHuo UHAYKIHMH Toraa ¢(qv), U4To
MPOTHBOPEUHT YCJIOBHIO (). Teopema nokasaHa.



[1.10. Teopema 0 HauMeHblLIEM OpAUHAJIE

Teopema 6. Ecau Ja p(a), mo cywecmsyem HaumeHouluil MAaKoL
opdunan o, umo ¢(«).

JloKa3aTeJbCTBO.



[1.10. Teopema 0 HauMeHblLIEM OpAUHAJIE

Teopema 6. Ecau Ja p(a), mo cywecmsyem HaumeHouluil MAaKoL
opdunan o, umo ¢(«).

Jdoka3zareabcTBo. [IycTh 3T0 HEBepHO. [loKaxkem TOraa, 4to

Va (Vﬁ B<a— w(ﬁ)) — (). (2)

JlelicTBUTENbHO, OTPULIAHHE K 3TOH PopMyJie UMeeT BUJL

3o (V88 < a = ~p(B) Awla),

YTO MPEACTABJISAET COOOH YTBEPKAECHHE O TOM, UTO (v — HAUMEHbUIWN Ta-
KOW opauHad, 1 KoToporo ¢(«). Ho Mbl MpeanooKuau, 4To 3TO Bbi-
CKa3blBaHUe HEBEPHO, 3HAUUT GopmMyay (2) HaJlo cuuTaTb UCTHHHOM. [To
TeopeMe O TpPaHCHUHUTHOHN HHIYKLUH MoJTyuaeM, uto Voo —p(ar), UTo mpo-
TUBOPEUUT MOChIJIKE T10KA3bIBAEMOK TEOPEMBI.



KaK MbI Y2K€ OTMEUaJIh, HATYyPaJIbHBIM UHCJIdAM COOTBETCTBYIOT KOHEU-
Hbl€ OPpAWHAJbI:

1l 2] 3 4
01{0} 1 {0,{0}} {9, {0},{0,{0}}}

OueBHJIHO, YTO BCE KOHEUHbIE OpAMHAJbI SBJSIOTCS KapauHaiamu. B
TEOPUH MHOXKECTB HaTypaJibHble UHCJIa TIPOCTO OTOXKECTBJISIOTCS C CO-
OTBETCTBYIOLIMMH UM opauMHasamu. Ho TyT umeercst ojiHa «HEYBsI30U-
Ka»: Mbl IPUBBIKJIM NHCaTh, Haripumep, [{a, b, c}| = 3, a ceftuac npuaercs
nucathb |{a, b, c}| = [{0,{0}}|. Ho muoxectso {(), {0}}, kak u uncJyo 3,
B TOM CJiydae (paKTHUECKHU SIBJISIETCS] KOTMETKOW» LIKaJbl MOLIHOCTEH
MHO»KecTB. [103TOMYy B T€OpHM MHOYKECTB TMPHHSITHI CJIyHOLIHe COrJia-
LIEHHS,




[1.11. CornameHne 06 opaMHanax U KapJauHaJjaax

Coraamenue 1 (06 opaunanax u kapaunanax). bydem ucnoavszosano caedy-
rouue 0603HAUeHUA:

e ccau o — opdunan u B € a, mo 6ydem nucamo 3 < «;

e nycmov M — npoussosvbHOe MHONCeCmso, u 3 — HAuMeHb-
wuti opdunan maxoti, umo |M| = |G|. Toeda, B 6ydem Ha3zovL-
8aMb KapAUHAJIbHBIM YMCJAOM MHOJNCecmaa M, ual MOULHOCTbIO
muoocecmsa M. Takum obpasom, KapOuHail 8 meopuil MHO-
HECm8 Uuepaom poab ecmecmBeHHOl «ULKAAbl MOUHOCmels
muooxcecms. [loamomy, so-nepsoix, bydem nucamo |M| = 5 (mak
KaK KapOuHaar — 3Mo i ecmv MouHocmo muoxcecmsa M ). Bo-

smopolx, 042 2106020 makoeo opdunanra «, umo |M| < |a| 6y-
dem nucame, umo |M| < a. [locaednee 8o136aHO mem, 4mo ecau
B — mougHocme mHoxcecmsa M, mo, coeaacHo ymaepacoeHuro
«8o-nepsoixy, |M| = < a.




[1.12. Teopema Kantopa-bepHiurteiiHa

Teopema 7. Ecau cyuwjecmsyrom e3aumuo o0dHO3Ha4HbLEe OMOOpa-
scenus f u g mnHoacecmsa A Ha NOOMHONMCECMBO MHONCecmBea B u
MHONecmBa B Ha nodmuoicecmso mHoMcecmsa A, mo cyujecmasy-
em 63aumMHO 00HO3Ha4HOe omobpadicenue h mHodcecmsa A Ha
MmHoxcecmso B. Huoimu crosamu, ecau |A| = |B|, mo cyujecmsyem
83aUMHO 00HO3HAYHOe omobpadcerue h MHOMecmsa A Ha MHO-

Jacecmso B.

Jloka3aTeJibCTBO.



[1.12. Teopema Kantopa-bepHiurteiiHa

Teopema 7. Ecau cyuwjecmsyrom e3aumuo o0dHO3Ha4HbLEe OMOOpa-
sgcenust f u g mroscecmsa A Ha nodmHoxcecmso mrnoxecmsa B u
MHOMCecmea B Ha noOMHOMecmso mHoxdecmsa A, mo cyuwecmay-
em 83aUMHO 00HO3Ha4HOe omobpaxcenue h mroxwecmsa A Ha
MmHoxcecmso B. Huoimu crosamu, ecau |A| = |B|, mo cyujecmsyem
B83aUMHO 00HO3HAYHOe omobpadicerue h mHoKIecmsa A Ha MHO-
orcecmso B.

Jloka3atesbcTBO. DyneMm cTpouTh HCKOMOe oToGpaXkKeHHe h HHIyK-
THBHO. DyneM 3aryiaBHbIMH OyKBaMu 0003HauaTh Tpauku (PyHKIHH,
00603HAYEHHBIX COOTBETCTBYIOLIMMH CTPOYHBIMH OGYKBAMH, TO €CTh, Ha-
npumep, 1151 PyHKUMH s5 uMmeeM S5 = {(x, s5(x)) | x € OOD(s5)}.



[1.12.1. TunoTe3a UHAYKLUHU

[unoresa uHAyKuMM. /11 106020 opdunana o, He Npesocxo-
dauweeo Hekomopoeo opdunana 6, cyuecmsyrom MHOMCECMBA
Al C A, B, C B uomobpaxcenus h,, npuuem 8olNOAHAIOMCA CAE-
dyrowue ymesepucoeHus:
1) 0aa 06020 a < 0 omobpascerue h, a8aaemca 83aUMHO 0OHO-
3Ha4HbIM ¢ 0baacmoto onpedesenus Al u obracmoro sHaueruil Bl;
2) das mobbix opdunanros < a < umeen Ay C A, u By C B;
3) A=A, Bj=B.



[1.12.1. TunoTe3a UHAYKLUHU

[Mnore3a wHayKUMU. /11 a0b6020 opdunanra o, He NPesocxo-
daweeo Hekomopoeo opdunana 6, cyujecmsyron MHOIECMBQ
Al C A, Bl C B uomobpadxcenus hg, npuiem 8olNOAIHAIOMC CAe-
dyrowue ymesepucoeHus:
1) 0aa 06020 a < 0 omobpascerue h, a8aaemca 83aUMHO 0OHO-
BHAYHBIM ¢ 00aacmblo onpedesenus Al u obaacmoro 3naverutl Bl ;
2) das mobbix opdunanros < a < umeen Ay C A, u By C B;
3) A=A, Bj=B.

Ecjin 1oKaxeM runoresy MHAYKUHH, TO hy, OUEBUIHO, OYAET HCKOMbBIM
OTOOpaKEHHUEM.



[1.12.2. ba3a uHayKuuu

A B
[To ycsosuio |A| < |B|, m03TOMy CyLIECTBYET B3aUMHO OJHO3HAUHAS
pyHkuusa f: A — B.



[1.12.2. ba3a uHayKuuu

A B
[To ycsoBuio |A| < |B|, m03TOMy CyLIECTBYET B3aUMHO OJHO3HAUHAS
pyHkuusa f: A — B.



[1.12.2. ba3a uHayKuuu

Ay




[1.12.2. ba3a uHayKuuu

Ay

Ay = A\g(B),




[1.12.2. ba3a uHayKuuu

B

Ay = A\g(B),




[1.12.2. ba3a uHayKuuu

B

Ay = A\g(B), Bi=DB\f(A),




[1.12.2. ba3a uHayKuuu

B
A L

Ay = A\g(B), Bi=DB\f(A),

A B
Ecau A, = 0, To nosioxkum h = g~ 1.



[1.12.2. ba3a uHayKuuu

B
A L

Ay = A\g(B), Bi=DB\f(A),

A B
Eciu By = (0, T0 nosioxkum h = f.



[1.12.2. ba3a uHayKuuu

B
A L

Ay = A\g(B), Bi=DB\f(A),

A B
3HAUUT, MOXKHO CUHTaTh, yTo A1 £ () u By # ().



[1.12.2. ba3a uHayKuuu

Ay

I

f(A1)

Ay = A\g(B),

By = B\ f(A),



[1.12.2. ba3a uHayKuuu

Ay
9(B1)

>

f(A1)

Ay = A\g(B),

By = B\ f(A),



[1.12.2. ba3a uHayKuuu

Ay

Ay
9(B1)

>

f(A1)

Ar=A\g(B), Bi=DB\f(A),
All :Alug(Bl)a



[1.12.2. ba3a uHayKuuu

Ay

9(B1)

>

B

Ay =A\g(B), B

All — Al Ug(Bl)a

1= B\[(4),

Bi — B1 Uf(A1)7



[1.12.2. ba3a uHayKuuu

A1 B{

A
9(By) f(Ay)

A} =AUg(By), By=DBUf(A),

hi(a) = { fla) ecmn a€ Ay,




[1.12.2. ba3a uHayKuuu

Ay B

Al
9(B1) f(Alz

= A\g(B), By = B\f(A),

A’ Ay Ug(By), B;i=DBUf(A),
fla) ecim a € A,

hi(a) = { Ya) ecmn a € g(By).




[1.12.2. ba3a uHayKuuu

Aj - B{A—AB B, = B\f(A
Lg(B) flay gz B B B
2 Al = Al U g( )1), Bl = Bl Uf{(Al)’
fla ecan a € Ay,
hu(a) = { g l(a) ecin a€ g(By).
OyHKUMSA hy SBJASETCS B3aMMHO OJHO-
3HAYHbIM OTOOpakeHuem ¢ 06J1aCThIO
onpenesnenus A} u 06JacTbiO JIOMyCTH-
MbIX 3HauUeHu# Bj.




[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
[IycTb o — HenpeaedbHbIM OPAUHAJ, TO €CTb OPAMHAJ o — 1 ornpe-
neJieH, rae o — 1 — tako# opauHad, uto o = (o — 1) U {a — 1}.



[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
[IycTb o — HenpeaedbHbIM OPAUHAJ, TO €CTb OPAMHAJ o — 1 ornpe-
fefieH, rie o — 1 — takoil opauHad, uto o = (o — 1) U {a — 1}.
HMHubiMu cyioBaMu, Uit OpAvHaJda o CyLIEeCTBYeT HaUOOJIbIIUMH OpPaU-
HaJa o« — 1 U3 BCeX OpIMHAJIOB, MCHbIIHX .



[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
1

'\

[lyctb g Jmoboro  opjauHanaa
B < (a—1) yXe MOCTPOeHbl MHOXKe-
ctBa A, B’ﬂ 1 B3aMMHO OJHO3Ha4YHbIe
oTobpaxenuss hg ¢ 06/1aCTbIO Olpe-
genenust A W 00OJIaCTbIO  3HAUEHHI]

/ﬁ’ npuyeM JJs1 JIIOObIX OpPAMHAJOB
’y<6<aHMeeMA’7CA’BHB§CB’,
npuuem A, | #0u B/, | #0.



[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
1
BN

Ay

g(By)| | =] |f(A1)




[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
1
BN

B
A, !

o(Bo| [ Ay Ae=A\ (AU (B\B.),




[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
1
BN

B
A, !

o(Bo| [ Ay Ae=A\ (AU (B\B.),




[1.12.3. HenpeneybHbIi l1ar MHAYKUHUHU
1

Ay
9(B1)
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