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I. EBKaMa0oBO npocTpaHCcTBO

Onpeneaenue 1. JJuneiinoe npocmpancmeso U Had R Hasvieaem-
€51 €BKJMJAOBbIM MPOCTPAHCTBOM 1mocda U mMoabKo moeda, Koeda
8 Hem onpedeaena pyuxkyus (,): U x U — R, ydosremsopsiowas
mpem aKCUOMaM CKaJsIpHOTO NMPOU3BeNEeHHUS B €BKJIHUIOBOM MpPoO-
CTPAHCTBE:

l. (z,y) = (y,x) (KOMMYMamusHoCmo);
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3. (x,x) >0, npuuem (x,x) =0 moeda u moavko moeda, Koeda
x =0 (noaoscumenrvran onpedeseHHocms).
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[TosTomy
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YTO U TpGGOBaJIOCb JOKAa34dThb.
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b ={e,es,...,e,} — 6asuc eBkaumona npocrpanctea U. Torna

n

(x,y) = inei,Zyjej zzz:xi(ei,ej)yj. (1)

i=1 j=1

3aMeTHM, UTO BEJIMUHHBI (e;, €;) He 3aBUCST OT BEKTOPOB X, Yy, a Mpell-
CTaBJISIIOT COOOH XapaKTepUCTUKY Oasuca.



I.2. Marpuua Ipama

(61,61) (61,62)
(62,61) (62,62)

Onpenenenue 3. Mampuya I'g =

(en,€1) (en,€2) ...

Haszvieaemcs marpuuen [pama 6a3suca b.
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I.2. Marpuua Ipama

(61, 61) (61, 62) ce (61, en)
Onpenenenue 3. Mampuya I'g = (€2,€1) (e2,e2) ... (e2,€5)
(en,€1) (en,€2) ... (en,é€n)

Haszvieaemcs marpuuen [pama 6a3suca b.

[TosyueHHOE paHee paBEeHCTBO

n n

(z,y) = Zmiei,Zyjej zzz:xi(ei,ej)yj. (1)

i=1 j=1

MOKHO 3aIycaTh B MATPUUHOM BHJIE, UTO Mbl ciejiaeM, 0(hOPMUB Pe3YJb-
TaT B BUJIE TEOPEMbI:
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Teopema 2 (0 BbIYUCJIEHUH CKAJSIPHOTO NPOU3BEeHUS ). Ecau b — 6a3uc es-
kaudosa npocmpancmsea U, ul'g — mampuya Ipamna smoeo ba-
guca, mo 048 At00bLX BeKmopos x,y < U umeem mecmo pPAaABEeHCMBO!

(@, y) = Z Ti€i, Z yjej | = det (MEH;MB) : (2)
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Teopema 2 (0 BbIYMCJCHUH CKAJNSIPHOTO MPOU3BEECHHUS ). Ecau b — 6a3uc es-
kaudosa npocmpancmsea U, ul'g — mampuya Ipamna smoeo ba-
guca, mo 049 100bLX BeKmopos x,y < U umeem mecmo paBeHcmaso:

(2, y) = Zl’i@i, Z?Jjej = det ([ﬂ%ﬁs[%s) : (2)

DTa TeopeMa y:Ke JlokazaHa paHee:

n n

n n
(,y) = Z%ei, Zyjej = Zzwi(eiaej)yj-
i=1 j=1

i=1 j=1
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Teopema 2 (0 BbIYMCJCHUH CKAJNSIPHOTO MPOU3BEECHHUS ). Ecau b — 6a3uc es-
kaudosa npocmpancmsea U, ul'g — mampuya Ipamna smoeo ba-
guca, mo 049 100bLX BeKmopos x,y < U umeem mecmo paBeHcmaso:

(2, y) = Zl’i@i, Z?Jjej = det ([ﬂ%ﬁs[%s) : (2)

YuuTbiBasi, 4TO MaTpHlla [a;]tBFB[y]B — OJIHOKOMITOHEHTHasi, 4acTo B
npaBoy yacTH paBeHCTBa (2) dhyHKUMIO det He MULIYT, roJydasi hopmyJry

(z,y) = [zl5I'plylp.



[.3. Teopema 0 BbIUMCJIE€HUHU CKAJSIPHOTO MPOU3BEIEHHUS

Teopema 2 (0 BbIUYHUCJEHUHU CKAJSIPHOTO NPOU3BEACHUS ). Ecau B — 6asuc es-
Kaudosa npocmpancmesa U, u FB —mampuua I"pama amoeo b6a-
guca, mo 045 1100bLX BeKmopos x,y < U umeem mecmo paseHcmaso:.

(@)= | S wien y_yjes | =det ([lglplls) . (2)
i=1 j=1
[Ipu 3anucu popmydibl (2) B BUjIE

(2,y) = ([T B lvlp )

OJHOKOMIIOHEHTHYIO MATPHILy OTOXKIECTBJISIIOT C €€ eIMHCTBEHHbBIM 3J1e-
MEHTOM. DTO0, B MIPUHLMIE, MOXKET MPUBECTH K MpobJjeMam MpH 3aru-
CH MaTPHUYHBIX orepalyi (CKaJsap MOXKHO YMHOXKHUTb HAa MaTPHILy J0O0H
Pa3MepPHOCTH, a MAaTPHUILy pa3MepPHOCTH 1 X 1 MOXKHO YMHOXKHTb Ha MaT-
pHUILy JlaJIeKO He JII0OO0H pa3MepHOCTH ).



[.3. Teopema 0 BbIUMCJIE€HUHU CKAJSIPHOTO MPOU3BEIEHHUS

Teopema 2 (0 BbIYUCJIEHUH CKAJSPHOTO NPOU3BEaEeHUS ). Ecau b — 6a3uc €é6-
Kaudosa npocmpancmea U, u FB —mampuua Fpama 91moeo ba-
suca, rmo 04 110061 X BeKmopos x, vy c U umeem mecmo paseHcmso:.

()= | Swien > yjes | =det ([lgTplls) . (2)
i=1 j=1
[1pu 3anucu gpopmydibl (2) B BUIE

(2,y) = ([)5TBlvlp )

OJIHOKOMITOHEHTHYIO MATPHILy OTOXKIECTBJISIIOT C €€ eMHCTBEHHbIM 3J1e-
mMeHTOM. OJHAKO B pACCMATPUBAEMOMH TEOPHH ITA HEKOPPEKTHOCTh MTPaK-
THYECKH HHMKOTJA He BbI3bIBAET HEIOPAa3yMEHUH, NOIMOMY Mbl MONHCE
_ t
bydem 3anucoisamo gpopmyry (2) 8 sude (x,y) = [:U]BFB[y]B.
PaccmorpeTb npumep?



I.4. CBoiictBa maTpuubl [pama

1) Marpuua I'pama sro6oro 6a3uca eBKJAMI0BA MPOCTPAHCTBA HEBbI-
pOXKJIeHHas.

2) Matpuua Ipama J11060ro 6a3nca eBKJIMI0BA' MPOCTPAHCTBA CHM-
MeTpHUHasi, To ecTb g = FB‘

Jloka3aTeabCTBO.

1JIJist yHUTapHBIX IPOCTPaHCTB MaTpulia [pama siro6oro 6asuca obJianaer coictsoM I'g = F% (31ech
~ — KOMIIJIEKCHOE COTIPSKEHHE ).
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det (Tg) = 0. Torna cucTema ypaBHeHHit, B MaTpHUHOM hopMe HMEIOLLast
Bl I'g X = 0 nmeer HenysieBoe perienne X.
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O6o3HaunM uepe3 x TAaKOW BeKTOp mpocTtpaHcTtBa U, /1 KOTOPOro
[z]g = X. Torna B cusly TEOpEMbI O BbIYMCJEHHUH CKANPHOTO NPOU3-
BeJleHUs PAaBEHCTBO XtFBX = (0) osnauaert, uto (x,x) = 0, OTKy1a, MO
AKCHOMaM CKaJIAPHOrO MPOU3BEJICHUA B €BKJIUA0BOM MPOCTPAHCTBE,
nosyyaem x = 0, UTo NPOTHUBOPEUUT MPEITOJN0KEHUIO O TOM, UTO X —
HEeHyJIeBasi MaTPHULLa-CToNO L,
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2) Matpuna Ipama J11060ro 6a3uca eBKJIMI0BA” POCTPAHCTBA CHM-
MeTpHUHasi, TO eCcTb g = FB'
JloKa3aTeJbCTBO.

2J17151 yHUTapHBIX IPOCTPAHCTB, paccMOTpeHHbIX B pasnede [11, ctp. 129, matpuua [pama sno6oro 6azuca
obsanaet cocTBoM I'g = FE (31ech ~ — KOMIIJIEKCHOE COTIPSIKEHHE).
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JloKa3aTeJbCTBO.

2) OueBUAHO, TaK KaK 10 aKCHOMaM CKaJIIPHOTO MIPOU3BEIEHUS B €B-
KJAUJL0BOM MPOCTPAHCTBE

Yii =
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2) Matpuuna Ipama so6oro 6a3uca eBKJWA0BA MPOCTPAHCTBA CHM-
MeTpHUHasi, TO eCcTb g = FB'

JloKa3aTeJbCTBO.

2) OueBUAHO, TaK KaK 10 aKCHOMaM CKaJIIPHOTO MIPOU3BEIEHUS B €B-
KJAUJL0BOM MPOCTPAHCTBE

Yij = (Bz’, ej) = (Gj, ei) = Vji-



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b
ub' coomsemcmesenno, Tg_p — Mampuya nepexoda uz basucab s

6asucB’. Toeoa
. t

Jloka3areabcTBO. Mbl NpUBEIEM JIBa JIoKa3aTeJbCTBa PopMyJibl (3).
B nepBom cJsiyuae nepexoj1 K MaTpUUHOH ajire6pe MpoBeaeM B MOCJEIHHH
MOMEHT, @ BO BTOPOM CJlydae HauHeM C Mepexojia K MaTpUuHoi aJjrebpe.
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JHokasareabctBo. [lycth B = {e1,es,...,¢e,}, B ={e}, ey, ..., e}

n
r_
Hep, = 21 tap€q-
q:
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Hoka3zareabcTBo. [lepsviii cnocob. Hano nokasatb paseHcmso

mampuy. CJIGILOBaTeJH)HO, Haa0 10Ka3aTb paABEHCTBO COOTBETCTBYIOLLMX
KOMITOHEHTOB MATpPHUIIbI.
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Jloka3zareabcTBo. [Iepsoiii cnocob. meem

/ —
Yi; =
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Jloka3zareabcTBo. [Iepsoiii cnocob. meem

%j €, j = thzepvztcmeq =
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n n

%j €, j = Ztmepv thyeq = Z thitqj (€p; €q) =
p=1 ¢=1
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n n

%j z: j = E :tmemE :tqyeq = E :E :tpitqj (€p; €q) =
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n n
= E E i Vpatos-

p=1 g¢=1
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ub' coomsemcmesenno, Tg_p — Mampuya nepexoda uz basucab s

6asucB'. Toeda
it
JokazareabcTBO. [lepsoiti cnocob. B matpuuHoil popme 3anucu no-
JIlydeHHO€ PaBEHCTBO

n n
%(j = Z Z tpiVpqlyj-

p=1 g¢=1
«npeBpataercs» B dopmyay (3). B nanHom ciyuyae «odopmiienue» jno-
Ka3aTeJsIbCTBA CBOJUTCS K «YJIaJIEHUIO JIMILIHUX PACCYKAEHUI», clle/alTe
9TO CaAMH.
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(z,9) = [+)g T Wl -
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(2,9) = [l Ty Vg
C Jpyro# CTOPOHHI,
(z,y) = 2] I'p W -
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_ it

Hoka3zareabcTBO. Brmopoii cnocob. Hrak,

g Ty g = (#,9) = [z)5 T [¥)p -



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

it
Hoka3zareabcTBO. Brmopoii cnocob. Hrak,
2y Ty Wy = (2,9) = [2]g T Vg -

B Boipaxkenuu [x]fs I'p [ylp mepefinem K KoopaMHaTaM BEKTOPOB B Ga3u-
ce B’ ¢ nomoupio hopmy.ibl 115 BbIYMCAEHUS KOOPAMHAT BEKTOPA B
Apyrom dasmuce.
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Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

it
Hoka3zareabcTBO. Brmopoii cnocob. Hrak,
2y Ty Wy = (2,9) = [2]g T Vg -

CoryiacHO CBOMCTBAM TPAHCMOHMPOBAHUS MATPHULL [ZUH_; I'pg g =



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

it
Hoka3zareabcTBO. Brmopoii cnocob. Hrak,
2y Ty Wy = (2,9) = [2]g T Vg -

CoryiacHO CBOMCTBAM TPAHCMOHMPOBAHUS MATPHULL [ZUH_; I'pg g =

t
_ (TBﬁB’ [x]B,) 'eTs g Vg =



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

Joka3zaTeabcTBO. Brmopoii cnocob. I/ITaK,
2y Ty Wy = (2,9) = [2]g T Vg -

CoryiacHO CBOMCTBAM TPAHCMOHMPOBAHUS MATPHULL [ZUH_; I'pg g =

t
_ _ t
= (TB—B’ [37]5’) FBTB_B’ [?J]B ks ]B TBHB’FBTB—B' [Q]B’-



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

's =75 5 6 Tp_p" (3)

JokazarenabcTBO. Bmopoti cnocob. tak, nosyuniu paBeHCTBO

[37];5’ FB’ MB’ = |z ]B TEHB’FBTBHB' MB’-
KoneuHo, xore/1och Gbl <COKpAaTHTL Ha MaTpHLb> (2| 1 [y|gr. K coxa-
JIEHUI0, 9TO He TaK MPOCTO.



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

_ it

JokasareabcTBO. Bmopoti cnocob. Hanpumep

o0 ( ) ()00 n( ) ()

11 2 —1
HO, pasymeercs, | +# 4 _o |+ TO€CTb «COKpALIaTL Ha MATPH-

up» (1 —1)wu ( ; ) HeJIb39l.



.5. UameHeHnne maTpuubl [pama npu nepexonae B Apyroi 6asuc

Teopema 3 (o matpuue [pama B pa3Hbix 6a3ucax). [lycmo U — es-
Kaudoso npocmparcmso, I'g u I'g — mampuyor Ipana basucos b

uB’ coomsemcmsernno, Ty g — Mampuya nepexoda us 6asuca b s
6asucB’. Toeoa

_ it

Jloka3areabcTBO. Bmopoii cnocob. B Halem ciydae «roJioyKeHHe
CIacaeT» OJIMH KHIDAHCUK»: 00CYK1aeMoe PaBEHCTBO

[l’]tB’ I'g’ [?J]B’ = [x]ts’ T[tS_B’FBTB—B’ [?J]B’

CMpaBeVINBO 08 41006l MATPHULL (x| 1 [y]gr cooTBeTCTBYIOLIEH pas-
MepHOCTH. [103TOMYy Mbl MOXKEM COCJIATLCS HA JeMMY O COKpallleHuu
Ha MPoM3BOJbLHYIO MaTpully. Teopema 1oka3aHa.



I1. OpToroHanbHOCTb

Crparerusi IpUOPUTETHOIO U3YUEHHUS] SKCTPEMAJIbHbIX CUTYyalUH 1M03-
BOJISIET B T€OMETPHUHU (B TOM UUCJI€ AaHAJIUTUUECKON F€OMETPHH ) BbIIEJUTh
napaJijieJlbHOCTb U MePHEHIUKYIIPHOCTh 0O'BEKTOB (BEKTOPOB, MPSIMBIX,
MJIOCKOCTEH ) B KauecTBe KOHPUrypalui, HauboJiee nepCcreKTUBHbIX 15
M3yUCHHUS U UCIOJIb30BaHUA. B aHA/MMTHUUECKOH reOMeTPUU MTOHATHE Op-
TOTOHAJbLHOCTH UIPaeT faxKe OOJbIIYIO POJIb, YEM MAPaJJIeJIbHOCTb.

BBenenue ckassipHOro npousBejieHUst Co CBOMCTBAMH, 3a(hUKCUPOBaH-
HBbIMH B ONPEJEJICHHUH €BKJIUA0BA MTPOCTPAHCTBA, M03BOJIALT NEPEHECTH
Ha MPOU3BOJIbHbIC €BKJIMA0BbI U YHUTAPHbIE TPOCTPAHCTBA TeOMETpUUE-
CKO€ OTHOLLIEHHE OPTOTOHAJNILHOCTH U COOTBETCTBYIOLIME UHCTPYMEHTHI.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

B reomeTpuu orpoMHyto poJib MrpaeT MpsIMOYTroJibHAsH IeKapToBa CH-
crema KoopauHaT. CHCTeMa OpPTOB KOOPJIMHATHBIX OCell Ha3blBaeTcs,
KaK HU3BECTHO, OPMOHOPMUPOBAHHbIM bas3ucom. Ero TnaBHasi uep-
Ta: 6a3uCHble BEKTOPbl B3aUMHO OPTOTOHAJbHBI W MX JJIMHA paBHa 1,
TO ecTb +/(x,z) = 1. MHOTHe BBIKJAJKH B TaKOH CHCTEMe KOOPJH-
HaT 3HauMTeNbHO yrpouiatorces. /leso B ToM, uto matpuua [pama rta-
Koro 6asguca — eauHWYHAs, U ¢opmysa (2) npeobpasyercss K BHIY

(x,y) = det ([a:}%[y]s) WJIH, C YUETOM TIPUHSATOTO CorJiallleHusi 00 0TOXK-

JECTBJIEHUHN MATPULbl Pa3MEPHOCTH 1 x 1 ¢ ee e1MHCTBEHHbBIM 3JIEMEH-
t

ou, (2,) = [+l B,
B reomeTpuu oueHb MoJIE3HBIM 0KA3aJI0Ch MOHSATHE OPIMOHOPMUPO-

sanHo20 basuca, cokpailenHo OHbB. 9To nousitue okasbiBaeTcst J10-
CTATOUYHO YA0OHBIM U JI/151 TPOU3BOJILHOIO € BKJAMA0BA MPOCTPAHCTRBA.,



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Onpenenenue 4. basucb = {ey, ey, ..., e,} esxkaudosa npocmpan-

cmea U Ha3bieaemcs opTOHOPMUPOBaHHbIM 0a3ucom (OHb) mo-

eda u moavbko moeda, Koeda 0aa awboix 1<1i,7<n umeem

(€5, e;) = dij, ede b5 = { % Pt #“7. — Mak Ha3o.6aemolli CAMBOJI
I, npui=y

KpoHekepa uau 6-cumBoa KpoHekepa.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Onpenenenue 4. basucb = {ey, ey, ..., e,} esxkaudosa npocmpan-

cmea U Ha3bieaemcs opTOHOPMUPOBaHHbIM 0a3ucom (OHb) mo-

eda u moavbko moeda, Koeda 0aa awboix 1<1i,7<n umeem

(€5, e;) = dij, ede b5 = { % Pt #“7. — Mak Ha3o.6aemolli CAMBOJI
I, npui=y

KpoHekepa uau 6-cumBoa KpoHekepa.

Ho cefiuac Bce ynupaercsi B OTBET Ha BONPOC: 8 11000M Al (KOHe1UHO-
MEPHOM) eBKAUAOBOM NPOCMPAHCIIBE eChlb OPMOHOPMUPOBAH-
Hblll Oasuc?



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Ho cefiuac Bce ynupaercst B OTBET Ha BONPOC: 8 210O0M AU (KOHEUHO-
MEPHOM) e8KAUAOBOM NPOCMPAHCTIBE eChlb OPMOHOPMUPOBAH-
Holll ba3uc?

Kak mMoxkHO Obl10 Obl 0Ka3aTh, UTO B €BKJMAOBOM MPOCTPAHCTBE
ectb OHB? EcTb nBa nyTu: nepBblii — «OT MPOTHUBHOI0» (KOCBEHHbIN
nyTh ), U BTOpoi — HaTh OHDB («npsamoil, KOHCTPYKTUBHBIH MyTh» ).



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Ho cefiuac Bce ynupaercst B OTBET Ha BONPOC: 8 210O0M AU (KOHEUHO-
MEPHOM) e8KAUAOBOM NPOCMPAHCTIBE eChlb OPMOHOPMUPOBAH-
Holll ba3uc?

Kak mMoxkHO Obl10 Obl 0Ka3aTh, UTO B €BKJMAOBOM MPOCTPAHCTBE
ectb OHB? EcTb nBa nyTu: nepBblii — «OT MPOTHUBHOI0» (KOCBEHHbIN
nyTh ), U BTOpoi — HaTh OHDB («npsamoil, KOHCTPYKTUBHBIH MyTh» ).

Bropo#l nyThb, pagymeercsi, npeanoyTUuTesbHee.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Ho cefiuac Bce ynupaercst B OTBET Ha BONPOC: 8 210O0M AU (KOHEUHO-
MEPHOM) €B8KAUD0B0OM NPOCMPAHCTIBE eCllb OPHOHOPMUPOBAH-
Holll ba3uc?

Kak mMoxkHO Obl10 Obl 0Ka3aTh, UTO B €BKJMAOBOM MPOCTPAHCTBE
ectb OHB? EcTb nBa nyTu: nepBblii — «OT MPOTHUBHOI0» (KOCBEHHbIN
nyTh ), U BTOpoi — HaTh OHDB («npsamoil, KOHCTPYKTUBHBIH MyTh» ).

[To-BuarMomy, HaUMHATBL MPUIETCS C MPOU3BOJLHOTO 6a3uca. s To-
ro, uto6nl «npeBpatuTh>» ero B OHB, Hy>xHa Kakasi-To npouenypa. Takas
npolueaypa no UMeHaM aBTOPOB HA3bIBAETCS MPOLECCOM OPTOrOHaJM-
3auum [pama-LlImuara.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Ho cefiuac Bce ynupaercst B OTBET Ha BONPOC: 8 210O0M AU (KOHEUHO-
MEPHOM) €B8KAUD0B0OM NPOCMPAHCTIBE eCllb OPHOHOPMUPOBAH-
Holll 6asuc?

CHauaJia Mbl IOCTPOMM OPTOrOHaJbHbIN 6a3Uc, TO ecTh 6a3uc, B KO-

TOPOM BC€ BEKTOPbI MOMAPHO OPTOTOHAJbLHBI (HO HX MOJYJib MOXKET ObITh
OTJIMUEH OT ).



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

Ho cefiuac Bce ynupaercst B OTBET Ha BONPOC: 8 210O0M AU (KOHEUHO-
MEPHOM) €B8KAUD0B0OM NPOCMPAHCTIBE eCllb OPHOHOPMUPOBAH-
Holll 6asuc?

CHauaJia Mbl IOCTPOMM OPTOrOHaJbHbIN 6a3Uc, TO ecTh 6a3uc, B KO-
TOPOM BCe BEKTOPHI [10MapPHO OPTOTOHAJIbHbI (HO HX MOJLYJb MOYKET ObITh
OTJIMUEH OT ).

[Ipolienypa noctpoeHust OpTOroHaJbHOro 6azuca HOCUT UHYKTHBHbBIN
Xapakrep.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1,v9,...,v,} — NpPOU3BOJIbHBINA 6a3UC €BKJUI0BA MPO-
crpaHncrBa U.
Mui 6yieM CTPOUTH OpTOrOHa/bHBIN 6asuc B = {ey,es, ... e, }.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
baza. [losioxkum e; = vy.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Ecau m = n, To HCKOMBIH 6a31C y2Ke MoJyUeH.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

OcTaJjioch pacCMOTPeTh Clyda m < n.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

[TocTpouM BEKTOP €;,11 TAKUM 00pa3oM, UTOObI COXPAHUTb BbIMOJIHE-
Hue TpeboBaHuil 1)-2). [Inst aToro 6yneM UCKaTh 3TOT BEKTOP B BUJIE

Em+1l = Um+1 + Qpy1,1€1 + Q1 2€2 + o0+ Q1 m€m- (4)



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)

[lepBOe yCca10BHE TTPU 3TOM BBITIOJIHACTCS «aBTOMATUUECKU» .



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)
13 BTOpOro yCcJji0BUsS UMEEM:

0= (emt1, ) =



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)
13 BTOpOro yCcJji0BUsS UMEEM:

0= (emt1,€k) = (Um+1 + Qmr11€1 + Omr12€2 + . oo+ Q1 mEms €F) =



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)
13 BTOpOro yCcJji0BUsS UMEEM:
0= (emt1,€k) = (Um+1 + Qmr11€1 + Omr12€2 + . oo+ Q1 mEms €F) =

= (Umt1, €k) + my1a(er, ex) + amyi2(€2, ex) + ..o 4 aupgt ml€m, €x) =



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)
13 BTOpOro yCcJji0BUsS UMEEM:
0= (emt1,€k) = (Um+1 + Qmr11€1 + Omr12€2 + . oo+ Q1 mEms €F) =

= (Umt1, €k) + my1a(er, ex) + amyi2(€2, ex) + ..o 4 aupgt ml€m, €x) =

= (Um+1, €k) + i1 k(€x, €x).



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Emt1 = Umt1 + Q1,161 T Qpi12€2 + o oo+ Qi1 mCm- (4)
13 BTOpOro yCcJji0BUsS UMEEM:

0= (Umt1, k) + mr1k(€k, €k).



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tyete B = {vy, v9, ..., v, } — NpoU3BOJILHBIN Ga3UC €BKJIAUI0BA MPO-
crpaHcrBa U.
Lar. TlycTe yKe MOCTPOEHBI BEKTOPbI €1, €3, ..., €y, NPUUEM IS

Joboro ¢ ¢ ycjaopueM 1 < i< m u g JOObIX j,k C YCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v); 2)(ej,ex) = 0.

Em+l = Um+1 + Qpy1,1€1 + Qpyp12€2 + oo+ Q1 m€m- (4)

s BTOPOI'O YCJIOBHSA UMEEM!

0= (Um+1, ) + Qmr1k(er, ex).
CJieioBaTelibHO, noayuaem hopmyay 04 8oluUCAeHUSL KOIDPuyueH-
mos 8 hopmyre (4):
(Uerla ek)
(€x, er)

(5)

AOm+1,k — —



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.
Lar. [lyctb yxKe MOCTPOEHBI BEKTOPBI €1, €3, ..., €En, NPUUEM I/

Jo6oro ¢ ¢ ycjaopueM 1 <i<m u Mg JOObIX j,k C yCJOBHUSIMHU
1 <j < k<m cnpaBel/UBbl yTBEPKJIEHHUS (MPEANOJOKEHUE HHIYK-
un): 1) e; € (v, vg, ..., v:);  2)(ej,ex) = 0.

Em+1 = Umt1 T Q1,161 T Q1262 + - oo+ Qb1 mCm- (4)
Um+1, €k

G = — 128, (5)
<€k>€k)

HerpyaHo nokasaTb, 4To pu TaKOM BbIOOPE 3TUX KOS PHUIIMEHTOB MPejl-
MOJIOKEHUE UHIIYKLIMU BbIMOJHACTCS.



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara

[Tycts B = {v1, v9,...,v,} — Npou3BoJIbHBINA Ga3UC €BKJIKUI0BA MPO-
crpaHncrBa U.

3HAUHUT, Ha LIare ¢ HOMEPOM M = 1 TTOJYUUM HCKOMbBIHA OPTOrOHAJbHbIH
0asuc, COCTOALLUNA U3 BEKTOPOB BH/1a

Cm+1 = Umt1 T Qpy11€1 + Qupi12€2 + .o+ Qi m€m THE  (4)
(Um+17 ek)

(D)
(e, ex)
OcTtaeTrcd HOpMHUpOBaTb €ro, TO €CTb IMOCTPOUTL  6Oasuc

B' = {e},¢e,....e }, meel = ———-¢,.
<6i7€i)

Am+1.k — —



I1.1. IIpouecc oproronanusauuu I[pama-Llimuara
Takum o6pasom, 0KazaHa cJjeiyolas

Teopema 4 (0 cyuwectsoBaHuu OHDB B eBkJIMa0BOM NpocTpaHcTBE). Ecau U — ko-
HeYHoOMepHOoe e8KAud080 npocmpadcmeo, mo cyujecmsyemnt op-
mouopmuposaunbtii ba3uc npocmpadHcmesea U.

Paccmorperb npumep nocrpoeHus OHB?



I1.2. OpToroHajbHoe J0MOJIHEHHE

Onpepnenenue 5. [[lycmo M — nodmHoxucecmso (He 0043amenbHo
noonpocmparncmso!) eskaudosa npocmpancmea U. Toeda opTo-
roHaJbHbIM JOMOJHeHUeM K M naseisaemcs mHoxcecmso M+ scex
sexkmopos u3 U, opmoconasbHolx KO 8cem sekmopam u3 M, mo

ecrmob
Mt = {u

welU unu YveM (u,v):()}. (6)



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA nodnpocmpaﬂ—
CMBOM e8KAUD0B8A npocmpancmea U.

ILO Ka3aTeE€JdbCTBO.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA ﬂO()ﬂpOCl’ﬂpCZH—
CMBOM e8KAUD0B8A npocmpancmea U.

Joka3areabcTBo. OueBUIHOE CJAEACTBUE KPUTEPUS MOANPOCTPAH-
CTBa.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA nodnpocmpaﬂ—
CMBOM e8KAUD0B8A npocmpancmea U.

Jloka3areabcTBO. /[eCTBUTENBHO, HAJIO TPOBEPUTH, UTO €CJIH



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA nodnpocmpaﬂ—
CMBOM e8KAUD0B8A npocmpancmea U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
r,y € M+ 10\ + uy € M+



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
JU1s1 3JIeMeHTa Ax + 4y JIETKO TPOBEPSETCSI:



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
1151 3JIeMeHTa Ax + iy JIETKO npoBepsieTcsi: s Jroboro v € M



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
1151 3JIeMeHTa Ax + iy JIETKO npoBepsieTcsi: s Jroboro v € M

(Az + py, v) =



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
1151 3JIeMeHTa Ax + iy JIETKO npoBepsieTcsi: s Jroboro v € M

(Az + py,v) = Mz, v) + ply,v) =



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
1151 3JIeMeHTa Ax + iy JIETKO npoBepsieTcsi: s Jroboro v € M

(Az + py, v) = Mz, v) + ply,v) = A -0+ p- 0=



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 5 (06 OpPTOTrOHAJbHOM JONOJHEHUH). MJ‘ ABAACHICA no@npocmpaﬂ-
CmBeomM eskaudosa npocmpancmesa U.

Jloka3areabcTBo. JIeHCTBUTE/BbHO, HAAO TMPOBEPUTb, UTO €CJH
x,y € M+, to \x + uy € M+. Muoxectso M=+ 3anano xapaxmepu-
cmudeckum c8oicmaom (CM. paBeHCTBO (0)) BbIIOJHEHHE KOTOPOIO
1151 3JIeMeHTa Ax + iy JIETKO npoBepsieTcsi: s Jroboro v € M

(Az + py,v) = AMax,v) + p(y,v) =A-0+p-0=0.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

TeOpeMaﬁ(ouono.nHeHm/IKJu/IHeﬁHOﬁoﬁo.nque).B ./LfO6OM KOHedYHOoMep-
HOM €eB8KAUO080M npocmpadcmee umeernn mecmo paseHcmso

<U1, Vo .. .>J‘ = {Ul, V.. .}L

Jloka3aTreabCcTBO.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 6 (OILOIIO.HHCHI/H/I K JJUHEeHHO# 060J0UKe). B ./lfO6OM KOHedYHOoMep-

HOM eB8KAUD0BOM npocmpadcmee umeernn mecmo paseHcmso
L 1
<U1,U2...> = {’Ul,’UQ...}

Jloka3zaTeabCTBO. DTO OUEBHUIHOE CJEACTBUE TEOPEMbl O BHYTPEH-
Hel XapaKTepu3aluu JUHEHHOU 000JI0UKH.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

TeOpeMaﬁ(ouono.nHeHm/IKJu/IHeﬁHOi/’loﬁo.nque).B ./LfO6OM KOHedYHOoMep-
HOM €eB8KAUO080M npocmpadcmee umeernn mecmo paseHcmso

<Ul, Vo .. .>J‘ = {Ul, V.. .}L

Jloka3zaTeabCTBO. DTO OUEBHUIHOE CJEACTBUE TEOPEMbl O BHYTPEH-
Hel XapaKTepu3aluu JUHEHHOU 000JI0UKH.

C.He}lCTBl/le 1 (06 OpPTOroHaJbHOM J0MNOJHEHUH K 6a3Ucy NOANPOCTPAHCTBA). Ecau b
— basuc ﬂOdﬂpOCl’ﬂpClHCﬂle V aunetinoco npocmpadcmea U, mo
b =Vv+!

Jloka3aTteabcTBO. OUeBHIHO.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

Jloka3aTreabCTBO.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau

V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

Jloka3aTteabcTBO. V', Kak NOANPOCTPAHCTBO €BKJUI0BA MPOCTPaH-
CTBA, SABJISIETCS €BKJIMJ0BbIM IPOCTPAHCTBOM. 3HAUMT, y Hero ecTb OHbB.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

Hoka3areabctBo. [lycth By = {ej, ey, ...} — OHDB noanpo-
cTtpanctea V.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, mo ecmv V — nodnpocmparncmso e6KAud08a nPocmpan-
cmea U, moU =V o V+

Hoka3areabctBo. [lycth By = {ej, ey, ...} — OHDB noanpo-
ctpanctBa V. [Iponosmkum ero no 6asuca npoctpanctea U, noayuum 6a-

3HC B/ — {617' . 76/€7f/€+17 .- 7fn}



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, mo ecmv V — nodnpocmparcmso e6KAUA08a NPOCMPat-
cmea U, moU =V o V+

Hoka3areabctBo. [lycth By = {ej, ey, ...} — OHDB noanpo-
ctpanctBa V. [Iponosmkum ero no 6asuca npoctpanctea U, noayuum 6a-
3UC b’ = {61, ce .y €Ly fk+1, ce e fn}

[IpyumMeHHM K moJiyueHHOMY Gasucy Mmpolecc opToroHanusauuu Ipama-
[IImuara. [Ipu 3TOM nepBbie BEKTOPbI HE U3MEHSITCS, MO3TOMY MOJYYUM
6asuc b = {ey, ..., er, k11, ..., €0}



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, mo ecmv V — nodnpocmparncmso e6KAud08a nPocmpan-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau

V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,

[To onpenenenuio cymmbl noanpoctpancts umeeM U =V + V=4, Jleit-
CTBUTEJILHO,



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,

[To onpenenenuio cymmbl noanpoctpancts umeeM U =V + V=4, Jleit-
CTBUTEJIbHO, MO TeopeMe O JIMHEHHbIX KOMOUHALHUSX Oa3UCHBIX BEKTOPOB
1151 J1I000T0 BekTopa « u3 U
r =061+ ...+ e + Op41€k41 + ... T 0py.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,

[To onpenenenuio cymmbl noanpoctpancts umeeM U =V + V=4, Jleit-
CTBUTEJIbHO, MO TeopeMe O JIMHEHHbIX KOMOUHALHUSX Oa3UCHBIX BEKTOPOB
1151 J1I000T0 BekTopa « u3 U
T =Qe1+ ...+ ake@+gk+1ek+1 + ...+ Ol .

-~

“7 VJ_




[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,

[To onpenenenuio cymmbl noanpoctpancts umeeM U =V + V=4, Jleit-
CTBUTEJIbHO, MO TeopeMe O JIMHEHHbIX KOMOUHALHUSX Oa3UCHBIX BEKTOPOB
1151 J1I000T0 BekTopa « u3 U
T =Qe1+ ...+ ake@+gk+1ek+1 + ...+ Ol .

v vt
3uauut, paBenctso U = V + V- nokasano.




[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npocrpancta U. OueBuano, 4to aas i > k umeeM e; € V1.
CJ1eI0BaTeNIbHO (€)1, ..., e,) C VT,

Mbl JA0Ka3aJid, 4TO II0 OIlpeJc/JiecHnio  CYMMbBlL  TTOJITPOCTPAHCTB
U=V+V*



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau

V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npoctpancrea U.

Mbl  [0KasaiM, 4TO MO ONPEACJCHHIO CYMMbBI  TOANPOCTPAHCTS
U =V + V+. Ocranoch nposeputhb, uto V N V+ = {0}.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npoctpancrea U.

Mbl  f0Kasaau, UTo MO  ONPEJeJIeHUIO  CYMMbBL  TOJIPOCTPAHCTR
U =V + V+. Ocranoch nposeputhb, uto V N V+ = {0}.

[Tycts 2 € V N V. Torna, Kak BekTop U3 V', BEKTODP & OPTOroHaJeH K
JI060My BeKTopy U3 V1, B yacTHOCTH, K .



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 7 (0 CyMMe MOANPOCTPAHCTBA U €ro0 OPTOrOHAJbHOTO J1ONOJHEHUS ). Ecau
V < U, moecmovV — noonpocmparcmeso eKAUI08a NPOCMPAH-
cmea U, moU =V o V+

HNoka3areabctBo. [lonyuniu OHDB b ={ey, ..., ex ep01,...,6n}
npoctpancrea U.

Mbl  f0Kasaau, UTo MO  ONPEJeJIeHUIO  CYMMbBL  TOJIPOCTPAHCTR
U =V + V+. Ocranoch nposeputhb, uto V N V+ = {0}.

[Tycts 2 € V N V. Torna, Kak BekTop U3 V', BEKTODP & OPTOroHaJeH K
JI060My BeKTopy U3 V1, B yacTHOCTH, K .

[TosTOMy & opTOroHaJsieH K x, To ecThb (x, ) = 0, uTo 10 aKcMoMaM eB-
KJIMJIOBA MPOCTPaHCTBa 03HauaeT, uto x = 0.

Teopema nokasana.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 8 (ouono.nﬂeHI/m K J1OMOJIHEHUIO ). Ecau vV — nodnpocmpaﬂcmso
1
eskaudosa npocmpancmea U, mo (V)™ =V.

Jloka3aTeabCTBO.



[1.3. CBoiicTBa OPTOroHaJbHOT'O JONOJHEHUS

Teopema 8 (ouono.nﬂeﬂpm K J1OMOJIHEHUIO ). Ecau vV — nodnpocmpaﬂcmso
1
eskaudosa npocmpancmea U , mo (V)" =V.

Nloka3ateabcTBo. QUEBUAHO: HAJO JI0KA3aTh JBA BKJIOUEHHS:
L 1
(VH)" CVu (V)" DV, uro He BBI3bIBAET HUKAKUX TPOGJIEM.
PacceMoTpeTh IpuMep MOUCKA OPTOrOHANLHOTO J0MOMHEHUs ?



[1.4. OpToroHainbHas npoekuus

Onpenenenue 6. [/ycmo U — eskaudoso npocmparcmso u'V — eco
noonpocmparcmso ux € U. [lo meopeme 7 o cymme noonpocmpam-
cmea u e2o0 0pnocOHANbHO20 O00NOAHEHUS CYULeCmB8YOn maxue
gekmopov. v €V u w € VL umo x = v+ w. Toeda v Ha3vl8aemcs
OpPTOroHaJibHOM NpOeKUHen sexmopa x Ha noonpocmparcmso 'V, a
BEKMOP W — €20 OPTOroHaJbHOMN COCTaBJSAIOLLEHN.



[1.4. OpToroHainbHas npoekuus

Onpenenenue 6. [/ycmo U — eskaudoso npocmparcmso u'V — eco
noonpocmparcmso ux € U. [lo meopeme 7 o cymme noonpocmpam-
cmea u e2o0 0pnocOHANbHO20 O00NOAHEHUS CYULeCmB8YOn maxue
gekmopov. v €V u w € VL umo x = v+ w. Toeda v Ha3vl8aemcs
OpPTOroHaJibHOM NpOeKUHen sexmopa x Ha noonpocmparcmso 'V, a
BEKMOP W — €20 OPTOroHaJbHOMN COCTaBJSAIOLLEHN.

BaxkHyto posib urpaior HepaBeHCTBO Kowun-byHsikoBcKkoro, s
CYMM Ha3blBaemoe HepaBeHcTBOM Kouuu:

(z;9) < V(z;2)V (). (7)




I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

[oBOpS 0 €BKJIMAOBBIX MPOCTPAHCTBAX, Mbl OTPAHUUYMBAJIUCH TOJIBKO
CJIy4aeM IoJid ACUCTBUTEJIbHBIX uuces R B KauecTBEe OCHOBHOIO MOJISA JIN -
HelHoro npoctpancTBa U. OaHaKO, BO MHOTHX MPUJIOKEHUSX (B YACTHO-
CTH, B (DU3HKE U B PAJIMOIJEKTPOHUKE ) BAXKHYIO POJIb UTPAET MOJI€ KOM-
riekcHbIx ynces C B KauecTBe 0OCHOBHOTO 1oJist. [ [ToHATHO, UTO Takas no-
JIe3HAsl KOHCTPYKUHS, KaK CKa/sipHOE MPOU3BE/ICHUE, B CJIyUae yIauHOTO
nepeHoca ee Ha JinHelHble npoctpaHcTBa Hal C cyuiecTBeHHO 060raTUT
COOTBETCTBYIOLIME TCOPUH U, B UACTHOCTH, MaTEeMaTHUECKHH armnapar.



IIl. YuurapHbie (2pMUTOBBI) NPOCTPAHCTBA

UTo Halo0 U3MEHUTH B OTpe/ie/IeHHH eBKJIMI0BA MPOCTPAHCTBA, UTOObI
COXPaHHUTb «BCe caMoe 1IeHHOe» B CKaJIAPHOM MPOU3BEJEHHH JJisl TTPO-
ctpaHcTB Haja C?



IIl. YuurapHbie (2pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.



IIl. YuurapHbie (2pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

KommyTatuBHOCTb x0Tesi0Ch Obl COXpaHUTh. B KpailHeMm cayuae, ecan
9TO HE YIACTCS, HAJI0 XOTs1 Obl €€ «HE OUE€Hb UCTIOPTUTD ».



IIl. YuurapHbie (2pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

JIMHEAHOCTb MO MEePBOMY MHOXKHUTEJNIO TOXKE 2KeJIaTeJbHO OCTABUTH:

(Az + py, z) = Mz, 2) + pwly, 2).



IIl. YuurapHbie (2pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

Haubosbuine npobJiembl 10CTaBJASET TPEThS aKCUOMA:

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJ1s1 KOMIJIEKCHBIX YMCesl OTHOLIeHHe > He omnpeeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJ1s1 KOMIJIEKCHBIX YMCesl OTHOLIeHHe > He omnpeeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.

CJI02KHOCTb B TOM, UTO MOTILITKA, HanpuMep, 106aBHTL 3TO TpeGOBaHHE
B KAueCTBE aKCHOMBI ITPH COXpaHEHHH MePBLIX IBYX aKCHOM oOpeueHa Ha
npoBaJl.



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJisl KOMILJIEKCHBIX YMCeJs OTHOLIEHHE > He ONpeJeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.

Ecau (z,2) =k € R, 10

(14d)x, (1+i)x) =



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJisl KOMILJIEKCHBIX YMCeJs OTHOLIEHHE > He ONpeJeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.

Ecau (z,2) =k € R, 10

(14D, (1+d)z) = (14+9)*(z,2) =



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJisl KOMILJIEKCHBIX YMCeJs OTHOLIEHHE > He ONpeJeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.

Ecau (z,2) =k € R, 10

(144, (1+d)z) = (1+9)*(z,2) = 2i(z,2) =



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0.

Ileno B ToM, uTo, BOOOIIle TOBOPS, YUCJIO (X, ) Terepb SBJSETCST KOM-
MJIEKCHBIM, a JJisl KOMILJIEKCHBIX YMCeJs OTHOLIEHHE > He ONpeJeseHo!
3HAUUT, U3 aKCHOM JIOJIXKHO CJIe[IoBaTh, uto (z,z) € R.

Ecau (z,2) =k € R, 10

(1 +d)z,(14+9)2) = (14+4)* (2, 2) = 2i(z,2) = 2ki ¢ R(!?)



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

3HAuuT, 11 COXpaHEHUsI TPETbeH aKCHOMBI:

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0

NPUAETCS OTKA3aTbCs XOTS Obl OT OJIHOH U3 [NEPBLIX IBYX dKCHOM.



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

3HAuuT, 11 COXpaHEHUsI TPETbeH aKCHOMBI:

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0

NPUIETCS OTKA3aThCsi XOTs1 Obl OT OJHON U3 MEePBbIX JBYX aKCHOM.
JIMHEHHOCTb «XKaJIKO 70 CJIe3», YK Jiyullle Mbl KUCITOPTUM>» KOMMYTa-
TUBHOCTB!



I1l. YHutapHbie (3pMUTOBBI) NPOCTPAHCTBA

UTO HA/0 U3MEHUTb B ONPEICJICHUU €BKJIM0BA TPOCTPAHCTBA, YTOOBI
COXPAaHUTb «BCE CaMO€ LIEHHOE» B CKAJIIPHOM MPOU3BEACHUM JIJIS MPO-
ctpaHcTB Haja C?

$lcHo, uTO Temepb cKaJsIpHOE MPOU3BEIACHHE JOJKHO OTOOpaKaThb
U x U B C. IlosTOMy 0OCHOBHOE BHUMAaHHUE CJIEAYET YAEJUTh aKCUOMAaM
CKaJIAPHOTO NTPOU3BE/ICHHUS.

3HAuuT, 11 COXpaHEHUsI TPETbeH aKCHOMBI:

(x,z) >0, npuuem (x,z) = 0 moeda u moavko moeda, koeda x = 0

MPUIETCS 0TKA3aThCsl XOTs Obl OT OJIHOH U3 MEPBbIX JIBYX aKCHOM.
OkasblBaeTcs, JOCTAaTOUHO MOJOXKHTL (z,y) = (y,z). B uacTHo-

CTH, MeHsIsT MeCTaMH COMHOXXHTEJIM B BbIpaXKE€HWH (x,x), TMOJyuaem

(z,2) = (z,2), otkyna (z,z) € R. MTak, mosyuniu caeyoliee ornpese-

JICHUE.



I11.1. OnpeneneHre yHUTapHOIO NPOCTPAHCTBA

Onpenenenve 7. YHUTAPHbIM UAlL 3PMUTOBBLIM 1pOCMPAHCIMBOM
Hasoleaemcs aureiroe npocmparcmso U nad norem C komniexc-
HolX uucen, Ha Komopom onpedesera ¢pyuxyus (,): U x U — C,
Hasovleaemass CKaJdsIpHbIM NpOU3BeNeHHEeM (8 YHUMAPHOM NpPO-
cmpaxcmse), 049 KOmopou 8blNOAHAIOMCA caedyroujue ymaepacoe-
HUS, HA3blBAEMble AKCUOMAMM CKAJSIPHOTO NMPOU3BENEHUS 8 YHIL-
mMapHoOM LPOCMPaAHCIBe:

I (x,y) = (y,2);
2. (aunetinocmo no nepsomy MHOMCUMENIO)
(A + py, z) = Mz, 2) + iy, 2);

3. (x,x) > 0, kpome moeo, (x,x) = 0 moeda u moavbko moeda, Koeda
r = 0.



[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

[loutn BCe yTBepKICHHUS, KOTOPbIE Mbl JA0Ka3aJ/Ju A/ €BKJIUIOBbIX
MPOCTPAHCTB, MOCJe HEOOJbIIUX UCIIPABJICHUN CTAHOBATCS CIIPABEIJIH-
BbIMH /11 YHUTAPHBIX POCTPAHCTB. B 3TOM paszese Mbl yKaxKeM 3TH MC-
MpaBJICHUA.



[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

Bo-nepBbiX, CcKajJsgpHOE NMPOU3BEJIEHUE B YHU-
TaPHbIX IPOCTPAHCTBAX HE ABJAACTCS JIMHEHHBIM 110
BTOPOMY MHOKHTEJI0. TouHee, BMECTO JIMHEHHO-

CTH JJI1 BTOPOIO MHOKHTEJS MoJiydaeM CJeayro-
[1ee CBOMUCTBO;

(x, Xy + pz) = Az, y) +7lz, 2). (8)




[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

Bo-Bropbix, wmarpuua Ipama jsg  6Gasuca

b He sdaBasgercs, BooOule TOBOPS, CHMMET-
PUUYHOMU, TOUHEE, HMEEeM pPaBEHCTBO FB—FB,

rae i MaTpulbl  Xyxp 0] Xxn TO-
HUMaeTcsd Takas MaTpuua Ymxp, 4TO JUJId
(i,7) € {1,2,...m} x {1,2,...,n} umeem

Yij = Tij-




[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

B-TpeTbux, dhopmysia (2) aas1 BIUUCJIEHUS CKa-

JISPHOTO MPOU3BEJICHUS C TOMOLbIO MaTpULLbl [pa-
Ma B YHUTAPHOM I[IPOCTPAHCTBE UMEET BU/L:

(z,y) = [z]T Wlp. (9)



[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

B-TpeTbux, opmysia (2) 1jisi BBIYMCJIEHUST CKa-

JISPHOTO MPOU3BEJICHUS C TOMOLIBIO MAaTpULLbl [pa-
Ma B YHUTAPHOM I[IPOCTPAHCTBE UMEET BU/L:

(z,y) = [z]sTpWlp. (9)

Kak n npexne, B 3T0# popmyJie Mbl OMyCTHJIM ONEPALUIO, H3BJIEKA-
IOULYI0 U3 OJIHOKOMIMOHEHTHOH MaTpHlbl [ ]BFB[ |p ee eamHcTBEHHYIO
KOMTIOHEHTY. B KauecTBe Tako# onepaiuu MOXKHO B3ATb det WM tr, TO

ecTb (hopmysia 9 Ha caMoM fieJie uMeeT BUL (x, y) = det ([x]EFB%> WJTH

(x,y) = tr <[x]%FB%)




[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

B-uerBepThix, npu nepexome B JApyrou O6asuc

cbopmy.ia (3) A/ YHUTapHOTO MPOCTPAHCTBA U3Me-
HSIETCS CJIEIYOLIMM 00Pa30M:

Mg =T 6 Ip- ]

b B B_>B/7 (10)



[11.2. HekoTopble OTAMYHUSA YHUTAPHbIX IPOCTPAHCTB OT
€BKJIM0BbIX

B-nateix, B dhopmysie (5) M3 npoliecca opToroHa-

Judaunu Ipama-LImuara nopsiiok COMHOXKUTEIEH
JI/I1 YHATAPHOIO MPOCTPAHCTBA, B OTJIMUHUE OT €B-
KJWUJI0Ba, BakeH!



IV. HopmupoBaHHble U MeTpHUUeCKHE MPOCTPAHCTBA

Mbl PaCcCMOTPHUM 0000111eHUSsT MOHSATHH «PaACCTOSIHHUE MEXKLY TOUKAMU >,
KIAJIMHa», «11J1o0aiab>» " IP.



IV.1. MeTpuueckue npocTpaHcTBa

CkaJisipHoe Npou3Be/IeHHe MO03BOJISIET IPUMEHSITh B €BKJIMIOBBIX MPO-
CTpPaHCTBaX MaTeMaTHYECKUH amnnapaT MeTpUUeCKUX U HOPMUPOBAHHBIX
MPOCTPAHCTB. B 3TUX JIMHEHHBIX MPOCTPAHCTBAX BBEJIEHbI ClelHasbHble
MaTeMaTHUYeCKUe KOHCTPYKLMH, 0600ulatolde NOHATHE «JIJIMHbI BEKTO-
pa» WM «PaCCTOSIHUSI MEXKJy TOUKAMH». B HEKOTOPbIX MPHUJIOKEHHUSIX
JIMHEHHOU aJireOpbl 0000LIEHHE TOHATHUS «JIJIMHA BEKTOPA», OCHOBAHHOE
Ha dopmyaie ||z|| = v/ (x, z) ABAseTCS HEYIOGHBIM.

PaccrosiHue Mexy Toukamu (KOHILAMH pajiiyc-BeKTOPOB) 060011aeT
ornpejie/ieHHasi HUXKe MempuKa.



IV.1. MeTpuueckue npocTpaHcTBa

Onpenenenue 8. Jluneiinoe npocmparcmeo U Had noaem R Ha3ol-
gaemcs MeTpU4eCcKUM MPOCTPAHCTBOM 110204 U MOAbKO moeda, KO-
eda 8 Hem onpedeaena maxkas pynkuus p: U x U — R, dag komo-
poii 8vinoaAnAOmca caedyroujue ymsaepicoenus (aKcuomol mempu-
KU):

l. p(x,y) = p(y, x) (cummempuurocns);

2. p(x,y) >0, npuuem p(x,y) =0 moeda u moivko moeda, Koeda
x =1y (HesvLpONOeHHOCMD);

3. plx,y) < plx,z) + p(z,y) (HepaseHcmBo mpeyeorbHUKQ).

[Ipu amom pynkyus p Hazovl8aemcs METPUKOM.



IV.1. MeTpuueckue npocTpaHcTBa

MeTqueCKI/IMH [IPOCTPAHCTBAMH ABJIAIOTCA CJICAYIOLIHE aJH‘eépr.

— — - =
1. [TpocTpaHCTBO reOMeTpUUECKHX BEKTOPOB, p( X,y ) = |X — ¥ |.



IV.1. MeTpuueckue npocTpaHcTBa

MeTpruuyecKUMH MPOCTPAHCTBAMH SIBJISIIOTCS CJEYIOLIHE aJareOphl.
1 11 - =\ = —
. [TpocTpaHCcTBO reoMeTpUUeCcKHX BEKTOPOB, p( X,y ) = | X — ¥ |.
2. U — 1npou3BOJIbHOE KOHEUHOMEPHOE JIMHEHHOEe MPOCTPAHCTRO,
I, pu =z
plx,y) = { 1P 7Y Takoe merpuueckoe NpocTpaHCTBO Ha-

O, mpu ==y
3bIBACTCS AUCKPETHbBIM.



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

OnpenesieHHOE HUXKE MOHATHE HOpMbL 00001IAeT IJUHY BeKTopa. OT-
METHM, YTO BO MHOTHX CJIy4asiX, KOIJIa peub WJIET O €BKJIHAOBOM IPO-
CTpaHCTBe, TpeOyeTcs, UTOObl HOpMa OblJla «ECTECTBEHHON» JJIS TAKOTO

MPOCTPAHCTBA, TO eCThb ||z|| = \/(x, ).



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

Onpenenenne 9. Jlunerirnoe npocmparncmso U Ha3vieaemcs HOP-
MUPOBAHHbIM 110204 U MOALKO mo20a, Koeda 8 HeMm onpedeseHa
makas ¢yukyus || e|| : U — R, umo soinornsomces ciedyroujue
ymseepaucoerus (AKCUOMbL HOPMOL):

L. ||Az|| = |\| - ||x|| (00HOpOOHOCMb HOPpMOEL);
2. ||z|| = 0, npuuen ||z|| = 0 moeda u moavko moeda, koeda x = 0;
3.z +yl| < ||z|| + ||y|| (repasencmso mpeyeorvnuka);

[Ipu smon pynkyus || e || Hasvi6aeMCA HOPMOW.



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

Paccmorpum JsimHeliHoe npocTpaHcTBO BeKTOpPOoB myockoct ¢ OHb

— —
{ 1, ] } Ha sTom npoctpancTBe 0ObIYHO ONpPENESIOT OJIHY U3 CJEIy-
FOLLIUX HOPM:

— —
Lllei +yjll=+v22+v%



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

Paccmorpum JsimHeliHoe npocTpaHcTBO BeKTOpPOoB myockoct ¢ OHb

— —
{ 1, ] } Ha sTom npoctpancTBe 0ObIYHO ONpPENESIOT OJIHY U3 CJEIy-
FOLLIUX HOPM:

— —
Lllei +yjll=+v22+v%

7 7
2 le i +yjll=lzl+yl



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

Paccmorpum JsimHeliHoe npocTpaHcTBO BeKTOpPOoB myockoct ¢ OHb

— —
{ 1, ] } Ha sTom npoctpancTBe 0ObIYHO ONpPENESIOT OJIHY U3 CJEIy-
FOLLIUX HOPM:

— —
Lz i +yjll =22+ y%
- -
2 [z i +yjll =z + |yl
- -
3. ||z i +yj| =max{|z| |y}



IV.2. HopmupoBaHHble NPpOCTpaHCTBA

Paccmorpum JsimHeliHoe npocTpaHcTBO BeKTOpPOoB myockoct ¢ OHb

— —
{ 1, ] } Ha sTom npoctpancTBe 0ObIYHO ONpPENESIOT OJIHY U3 CJEIy-
FOLLIUX HOPM:

— —
Lz i +yjll =22+ y%
- -
2 [z i +yjll =z + |yl
- -
3. ||z i +yj| =max{|z| |y}

Jl7ist TOro, 4TOOBI «I€OMETPUUECKH» MPEACTaBHTh cebe, 4To Mpeji-
cTaBJisieT co60H KaXkiasi U3 3TUX HOPM, MOCTPOUM «EIMHUYHBIH LIAP»:
MHO?KECTBO TOUEK, KOHILIbI PaI1yCOB-BEKTOPOB KOTOPBIX YI0BJETBOPSIIOT
YCJIOBHIO Hx? +yj || <1. B cuiny akcuombl 1 HOpMBI «hopMa» 3TO-
ro Iapa He 3aBUCHT OT ero «pajauyca». JIJist Kaxj1oi 13 rnepeyncaeHHbIX
BbIllIe HOPM T10JIy4aeM:



IV.2. HopmupoBaHHble NPpOCTpaHCTBA
— —
Lllzi +yjll=va*+y3
7 Y
2 lz 1 +yjll =zl +yl;
- -
3. lz i +yj [l =max{|z] |yl}.
[TocTpoUM «eIMHUUHBIH 11ap»: MHOXKECTBO TOUEK, KOHIIbI PaJHyCOB-

H
BEKTOPOB KOTOPBIX YAOBJETBOPSIIOT yesoBHio ||z i + ¥y j || < 1. B cuny

akcuombl 1 HOpMbI «(hopMa» 3TOro Llapa He 3aBUCHT OT €ro «pajuyca.
1). |1

5



IV.2. HopmupoBaHHble NPpOCTpaHCTBA
— —
Lllzi +yjll=va*+y3
7 Y
2 lz 1 +yjll =zl +yl;
- -
3. lz i +yj [l =max{|z] |yl}.
[TocTpoUM «eIMHUUHBIH 11ap»: MHOXKECTBO TOUEK, KOHIIbI PaJHyCOB-

H
BEKTOPOB KOTOPBIX YAOBJETBOPSIIOT yesoBHio ||z i + ¥y j || < 1. B cuny

akcuombl 1 HOpMbI «(hopMa» 3TOro Llapa He 3aBUCHT OT €ro «pajuyca.
1). |1 2). |1

S



IV.2. HopmupoBaHHble NPpOCTpaHCTBA
— —
Lflzi +yjll=+va*+y%
7 Y
2 lz 1 +yjll =zl +yl;
- -
3. lz i +yj [l =max{|z] |yl}.
[TocTpoUM «eIMHUUHBIH 11ap»: MHOXKECTBO TOUEK, KOHIIbI PaJHyCOB-

H
BEKTOPOB KOTOPBIX YAOBJETBOPSIIOT yesoBHio ||z i + ¥y j || < 1. B cuny
akcuoMbl | HOpMbI «popMa» 3TOro 11apa He 3aBUCHT OT €ro «pajuyca.

). .1 2). 1 3). .1




IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ./Z}Z 2106020 sekmopa x
AUHEUHOO HOPMUPOBAHHOCO NPOCHPAHCIBd U umeem mecmo pa-
serncmso || — z|| = ||x||.



IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ/l}Z 2106020 sekmopa x

AUHEILHO020 HOPMUPOBAHHO20 npocmparcmsea U umeem mecmo pa-
serncmso || — z|| = ||x||.

Jloka3ateabcTBo. CorjlacHO akcMomMe OJIHOPOAHOCTH HOPMbI U aK-
CHOMaM JIMHEMHOTO MPOCTPAHCTBA, HMEEM

| ==l =



IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ/l}Z 2106020 sekmopa x

AUHEILHO020 HOPMUPOBAHHO20 npocmparcmsea U umeem mecmo pa-
serncmso || — z|| = ||x||.

Jloka3ateabcTBo. CorjlacHO akcMomMe OJIHOPOAHOCTH HOPMbI U aK-
CHOMaM JIMHEMHOTO MPOCTPAHCTBA, HMEEM

| =2l =[(=1) - z]| =



IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ/l}Z 2106020 sekmopa x

AUHEILHO020 HOPMUPOBAHHO20 npocmparcmsea U umeem mecmo pa-
serncmso || — z|| = ||x||.

Jloka3ateabcTBo. CorjlacHO akcMomMe OJIHOPOAHOCTH HOPMbI U aK-
CHOMaM JIMHEMHOTO MPOCTPAHCTBA, HMEEM

| =2l =(=1) -zl = [ = 1] - ||| =



IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ/l}Z 2106020 sekmopa x

AUHEILHO020 HOPMUPOBAHHO20 npocmparcmsea U umeem mecmo pa-
serncmso || — z|| = ||x||.

Jloka3ateabcTBo. CorjlacHO akcMomMe OJIHOPOAHOCTH HOPMbI U aK-
CHOMaM JIMHEMHOTO MPOCTPAHCTBA, HMEEM

| =l = 1(=1) -2l = [ = 1] - [lz|] = []]],



IV.3. Teopema 0 HOpMe NPOTUBOMOJOXKHOIO BEKTOPaA

Teopema 9 (0 HOpMe MPOTUBOMNOJIOXKHOTO BEKTOpA). ,ZZ/Z}Z 2106020 sekmopa x
AUHEUHOO HOPMUPOBAHHOCO NPOCHPAHCIBd U umeem mecmo pa-
serncmso || — z|| = ||x||.

Jloka3ateabcTBo. CorjlacHO akcMomMe OJIHOPOAHOCTH HOPMbI U aK-
CHOMaM JIMHEMHOTO MPOCTPAHCTBA, HMEEM

| =l = 1(=1) -2l = [ = 1] - [lz|] = []]],

uTO U TPeOOBAJIOCh 10KA3aTh.



IV.4. Teopema o HOpme pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOPMUPOBAHHO20 npocmparcmea U

[zl = lyll] < [lz—=yll.




IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ﬂOKaSaTe.ﬂbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

=] = Iyl =



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ﬂOKaSaTe.ﬂbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

2]l = [lyll = llz =y +yll = [lyl] <



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

2]l = [lyll = llz =y +yll = [lyll < |l =yl + [yl = llyll =



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,

= ([l = lyl) =



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOPpME NNPOTHUBOIOJO2XKHOI'O BEKTOpPaA

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,
= =l = Mlyll) = =llzll+[ly=z+z|| <



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOpME NNPOTHUHBOINOJO2KHOI'O BEKTOPa

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,
— (2l = lyll) = =llzll+ly—z+zl] < =[lz]l+[y—zl[+|x]] =



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOpME NNPOTHUHBOINOJO2KHOI'O BEKTOPa

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,
= Izl = Mlyll) = =llzll+lly=z+z|| < =[lz[|+|ly=z[[+]|z]| = [lz—yl|



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOpME NNPOTHUHBOINOJO2KHOI'O BEKTOPa

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,
= Izl = Mlyll) = =llzll+lly=z+z|| < =[lz[|+|ly=z[[+]|z]| = [lz—yl|
Caenosarensho, [[z]| — [[yl| < [lz = yl[u = ([|z|| = [ly[]) < |l =y

)



IV.4. Teopema 0 HopMe pa3HOCTH

Teopema 10 (o nopme pasnocrn). /{15 11006LX BEKMOPOB X, Y AMHEILHOCO
HOpMUpOBaHHO20 npocmparcmsea U

[zl = lyll] < [lz—=yll.

ILOKaSaTe.HbCTBO. CorJyiacHo HEPABEHCTBY TPEYroJbHUKaAa H TEOPEC-
M€ O HOpME NNPOTHUHBOINOJO2KHOI'O BEKTOPa

2l =Myl = llz =y +yll = [lyll < |z =yl + Iyl = Myl = |z = yll,

= (lll = Mlyll) = =llz[|+lly=z+2z|| < =[l2|[+|ly—z|[+]|z]| = [[z—yl|
Caenosatenbho, ||zf| — |yl < [z —yll v = (=[] = [lyl]) < |lz = yll,
otkyaa |||z]| — [|y||| < ||x — yl||, uto u TpeboBasoch n0Ka3aTh.




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

B HOpMHpOBaHHOM TMPOCTPAHCTBE €CTECTBEHHLIM 06pa3oM Ompeje-
Jasietcst MeTpuka: p(x,y) = ||x — y||. Ha nepsblii B3rsin, B MeTpuue-
CKOM MPOCTPAHCTBE MOXKHO OTIPEJIEIUTL HOPMY NpaBusioM ||z|| = p(z, 0),
OJIHAKO MpUMep 2 MeTPHUUECKOro MPOCTPAHCTBA MOKA3bIBAET, UTO 3Ta
(YHKLHS MOXKET He ObITb HOPMOH, TaK KakK MOXKET HapyIlaThCsl aKCH-
oma 1 HopMmbl. [T03TOMY MOHSITHE METPUUECKOrO MPOCTPAHCTBA CYILIE-
CTBEHHO 0000111a€eT MOHATHE HOPMHUPOBAHHOTO MpocTpaHcTBa. OKa3biBa-
eTCsl, B éBKJIUJIOBOM MPOCTPAHCTBE HOPMY MOXKHO BBECTH €CTECTBEHHBIM
06pa3oM, OTIHCAHHBIM B CJIeIyollel TeopeMe (TeopeMe 0 HOPME B eBKJIH-
JIOBOM MIPOCTPAHCTBE).



IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (0 HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HCL‘H = (.’L’, .77)
3&@@8”2BBBKﬂudOBOMIuﬂ%WnpaHHWBQl]HOpMy.

ILO Ka3aTeEJdbCTBO.



IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKE[SE[TC.H])CTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.



IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMe B €BKJMJ0BOM NMPOCTPAHCTBE). (pyHKZLﬂLﬂ HZCH = (SE, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

Jloka3areabcTBo. HeTpuBHANBHBIM SABJASETCH TOJBKO JIOKA3aTesb-
CTBO HEepaBeHCTBA TPEYroJbHUKA.

IDTO J0KasaTeJbCTBO 6Gasupyercsi Ha HepaBeHcTBe Kowwm-
byHsakoBckoro. /[IedcTBUTENBHO,



IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKE[SE[TC.H])CTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

|z +yll =



IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKE[SE[TC.H])CTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

|z +yll= V(@ +y,z+y) =




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKE[SE[TC.H])CTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKaSaTe.HbCTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <

< \/(aj,a:) +2v/(2,2)V/ (y,9) + () =




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKaSaTe.HbCTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <
< \/(aj,a:) +2v/(z,2)\/(y,y) + (4, y) =
E \/(\/(w,fEH (y,y)>2 =




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKaSaTe.HbCTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <
< \/(aj,a:) +2v/(2,2)V/ (y,9) + () =
= \/(\/(x,a:)+ (y,y)>2 =V (1, 2) +V(y,y) =




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HZCH = (.’IZ, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

II,OKaSaTe.HbCTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <

< \/(aj,a:) +2v/(2,2)V/ (y,9) + () =

_W @0+ V) =V + V) = el + 1l




IV.5. Teopema 0 HoOpmMe B €BKJHUA0BOM NMPOCTPAHCTBE

Teopema 11 (o HOpMeE B €BKJIUA0BOM MPOCTPAHCTBE). (pyHKILﬂLﬂ HCL‘H = (.’L’, x)
zadaem 8 eBKAUO0BOM npocmpadcmee U HOpPMY.

ILOKaSaTe.HbCTBO. HeTpHBHaJIbeIM ABJIACTCA TOJIBKO A0KA3dTeJIb-
CTBO HEPABCHCTBA TPE€YIroJbHHUKaA.

lz+yll = V(e+y,2+y) =(z,2)+2x,y)+ (y,y) <

< \/(93,93) +2v/(2,2)V/ (y,9) + () =

_\/( @0+ V) =V + V) = el + 1l

CnpaBelJIMBOCTb OCTaJbHbIX aKCHOM HOPMbI JIOKAXKUTE€ CaMOCTOSITENb-
Ho. Teopema nokasana.




IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

JloKa3aTeJbCTBO.



IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

Jloka3zareabcTBo. Tak Kak Mo ycioBuio Teopembl (x,y) = 0, TO

o+ yl* =



IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

Jloka3zareabcTBo. Tak Kak Mo ycioBuio Teopembl (x,y) = 0, TO

|z +yl)* = (z+y,z+y) =



IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

Jloka3zareabcTBo. Tak Kak Mo ycioBuio Teopembl (x,y) = 0, TO

lz+yl)? =@ +y,a+y) = (z,2)+2x,y) + (y,y) =



IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

Jloka3zareabcTBo. Tak Kak Mo ycioBuio Teopembl (x,y) = 0, TO
lo+yll* =(@+y,2+y) = (2,2) +2,9) + (y,y) =

= (v, z) + (y,y) =



IV.6. Teopema I[Mudaropa n/s eBKAUI0BbIX MPOCTPAHCTB

Teopema 12 (l'lmbaropamm €BKJIUJ0BbIX IPOCTPAHCTB). ,ZZ/Lﬂ A100bLX oprmoeco-
HAJAbHbLX BE€KMmMopos I,Y esKAuiosa npocmpaHcmsa ¢ HOpMOLZ
|z|| = \/(z, ) cnpasedauso paserncmso ||z||* + |ly||> = ||z + y||*

Jloka3zareabcTBo. Tak Kak Mo ycioBuio Teopembl (x,y) = 0, TO
lo+yll* =(@+y,2+y) = (2,2) +2,9) + (y,y) =

= (z,2) + (3, 9) = [|2]]* + |yl
uTO U TPeOOBAJIOCH 10KA3aTh.



IV.7. 9KBUBaJE€HTHOCTb HOPM

[TonsiTue HOpMbI AKTHUBHO MCMOJbL3YETCs MPU 0O0OUIEHHH HEKOTOPBIX
METOJIOB U MOHATUHA MATEMaTUUECKOro aHaJiM3a Ha MPOU3BOJIbHbIE JIK-
HelHble pocTpaHcTBa. [103TOMYy OJJHUM M3 OCHOBHBIX BOIPOCOB B 3TOH
00JIaCTH fABJISIETCA CJe/ytolas npobJema: BEpHO JIM, UTO €CJIH JIBE€ TOUKH
«OJIN3KU» B CMBICJI€ OJIHOM HOPMbI, TO OHU «OJIU3KU» U B CMbICJIE BTOPOH
HOPMbI?



IV.7. 9KBUBaJE€HTHOCTb HOPM

[ToHATHE HOPMBI aKTUBHO UCIOJb3yeTCsl MPH 0600LIEHUU HEKOTOPbIX
METOJIOB W IMOHATHH MaTeMaTHYeCKOro aHaJ/u3a Ha NMPOU3BOJIbHbIE JIH-
HelHble pocTpaHcTBa. [109TOMy OJJTHUM M3 OCHOBHBIX BOIIPOCOB B 3TOU
00J1aCTH SABJISACTCA CJeytolas npobJjaemMa: BEpHO JIM, UTO €CJIH JABE TOUKH
«OJIM3KU» B CMbICJIE OJJHOM HOPMBI, TO OHU «OJIU3KU>» U B CMbICJIC BTOPOX

HOPMbI?
«bauskn» He B CMbICJe KOHKPETHbIX 3HAUEHUHA HOPMbI BEKTOpa, a
B CJIEAYIOIIleM NMOHUMAaHUHU: MYCThb Up, U, Us . . . — MOCJAEL0BATEJBHOCTD

BEKTOPOB JIMHEHHOTO MpocTpaHcTsa U, Ha KOTOPOM ONpeeseHbl HOPMbI
e llinflel.



IV.7. 9KBUBaJE€HTHOCTb HOPM

[ToHATHE HOPMBI aKTUBHO UCIOJb3yeTCsl MPH 0600LIEHUU HEKOTOPbIX
METOJIOB W IMOHATHH MaTeMaTHYeCKOro aHaJ/u3a Ha NMPOU3BOJIbHbIE JIH-
HelHble pocTpaHcTBa. [109TOMy OJJTHUM M3 OCHOBHBIX BOIIPOCOB B 3TOU
00J1aCTH SABJISACTCA CJeytolas npobJjaemMa: BEpHO JIM, UTO €CJIH JABE TOUKH
«OJIM3KU» B CMbICJIE OJJHOM HOPMBI, TO OHU «OJIU3KU>» U B CMbICJIC BTOPOX

HOPMbI?
«bauskn» He B CMbICJe KOHKPETHbIX 3HAUEHUHA HOPMbI BEKTOpa, a
B CJIEAYIOIIleM NMOHUMAaHUHU: MYCThb Up, U, Us . . . — MOCJAEL0BATEJBHOCTD

BEKTOPOB JIMHEHHOTO TpocTpaHcTBa U, Ha KOTOPOM OTpejieieHbl HOPMBbI
Lol o]l

Bepno sn, uto nmocnenoBatenbHocThb ||uq||y, ||ually, ||usll;, ... cTpe-
MHUTCS K HYJIIO TOTJa W TOJbKO TOTAA, KOTJA TMOCJEN0BATENbHOCTD
1]y, [Juelly s [Juslly, - - - TaKKe cTpeMuTCs K HyJ110?



IV.7. 9KBUBaJE€HTHOCTb HOPM

Onpenenenue 10. Hopmor || e ||y u || ® ||o aureiinoeo npocmparncmsa
U Ha3bleatomcsa 3KBUBAJAEHTHBIMU 110204 U MOALKO moeda, Koeoa
cywecmsyrom makue noaroxcumenvuole yucia A u B, umo 0aa ato-
6oeo sekmopa x uz U umerom mecmo nepasercmsa ||zl < A -||z||s
u|zfly < B - [zl



IV.7. 9KBUBaJE€HTHOCTb HOPM

Onpenenenue 10. Hopmor || e ||y u || ® ||o aureiinoeo npocmparncmsa
U Ha3bleatomcsa 3KBUBAJAEHTHBIMU 110204 U MOALKO moeda, Koeoa
cywecmsyrom makue noaroxcumenvuole yucia A u B, umo 0aa ato-
6oeo sekmopa x uz U umerom mecmo nepasercmsa ||zl < A -||z||s
u|zfly < B - [zl

LLQJIbIO JAHHOI'O pasjiesia fABJAETCA N10KA3aTe/IbCTBO TEOPEMbI 00 K-
BUBAJICHTHOCTH HOPM B KOHEUHOMEPHOM ITPOCTPAHCTBE.



IV.8. Jlemma o npeaese HopMbl MTOKOOPAUHATHO 6€CKOHEUHO
MaJloM MocJie10BaTeJbHOCTH

Jlemma 1 (0 npeaeJ/e HOpMbl NOKOOPA.0eCK.Mal0i NoCae1-TH). HyCMb V —
KOHEeUYHOMepHOe HOPMUPOBAHHOE AUHEUHOe NPOCMPAHCMBO,
{x1,29,...,} — nocaedosamerpbrocmo B8eKMOPoO8 3IM0O20 NPO-
CMpancmaa, noKoopouHamHo cxodauwasics K Hymo (mo ecmo
oasa a0boeo 6asuca u aroboeo 1 <k < dim(V) nocaredosamenro-
Hocmo k-moix koopduram amux sekmopos cmpemumcsa k 0). Toeda
[|lzk|| — 0.

JloKa3aTeJbCTBO.



IV.8. Jlemma o npeaese HopMbl MTOKOOPAUHATHO 6€CKOHEUHO
MaJloM MocJie10BaTeJbHOCTH

Jlemma 1 (0 npeaeJ/e HOpMbl NOKOOPA.0eCK.Mal0i NoCae1-TH). HyCMb V —
KOHEeUYHOMepHOe HOPMUPOBAHHOE AUHEUHOe NPOCMPAHCMBO,
{x1,29,...,} — nocaedosamerpbrocmo B8eKMOPoO8 3IM0O20 NPO-
CMpancmaa, noKoopouHamHo cxodauwasics K Hymo (mo ecmo
oasa a0boeo 6asuca u aroboeo 1 <k < dim(V) nocaredosamenro-
Hocmo k-moix koopduram amux sekmopos cmpemumcsa k 0). Toeda
[|lzk|| — 0.

— — —
Jokasareabctso. [Iycto B = {€,°€,,...,€,},

— —
xk:Ak71e1+...+)\k7nen.



IV.8. Jlemma o npeaese HopMbl MTOKOOPAUHATHO 6€CKOHEUHO
MaJloM MocJie10BaTeJbHOCTH

Jlemma 1 (0 npeaeJ/e HOpMbl NOKOOPA.0eCK.Mal0i NoCae1-TH). HyCMb V —
KOHEeUYHOMepHOe HOPMUPOBAHHOE AUHEUHOe NPOCMPAHCMBO,
{x1,29,...,} — nocaedosamerpbrocmo B8eKMOPoO8 3IM0O20 NPO-
CMpancmaa, noKoopouHamHo cxodauwasics K Hymo (mo ecmo
oasa a0boeo 6asuca u aroboeo 1 <k < dim(V) nocaredosamenro-
Hocmo k-moix koopduram amux sekmopos cmpemumcsa k 0). Toeda
[|lzk|| — 0.

JloKa3aTeJbCTBO. 1) = )\;{;,1?1 + ...+ )\k,n?n.
okl < Pl - (1€l + -+ Pl - €] = 0,

— — .
TaKk Kak || €1]|,...,|| €| — koHcTanThl U mss Mo0GOTO @ MO YCJIOBHIO



IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
— — —
cmse V. 0an awboeo basuca b= {¢€,€,,...,€,} oaa awbo-

2o ¢ >0 cyujecmsyem makoe 4ucio M, 4mo us HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3aTreabCTBO.



IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

JlOKaSaTeJIbCTBO. HpHMeHHM METO/L 10Ka3aTeJIbCTBA «OT IPOTHUBHO-
ro».
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Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Hoka3zareabcTBo. [lyctb V' — KoHTpnipumep, TO €CTb HOPMHUPOBAH-

HOe MPOCTPAHCTBO, JJ/I1 KOTOPOr0 YTBEPXKJEHHE JOKA3bIBAEMOH JIEMMbI
He BbIMOJIHSIETCS.
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Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3aTeabcTBO. [1ycTh V' — KOHTpIpUMeEp, TO eCTh HOPMHPOBAH-

HOe TMPOCTPAHCTBO, JJIi KOTOPOTO YTBEP:KAEHHe J0KA3biBaeMOH JleM-
- — —

Mbl He BbinoJiasiercst. [Tyets B = {€'1,€5,..., €, } — coorBerctsyto-

WM 6as3uc, € — COOTBETCTBYIOLLEE MOJNOXKUTENbHOE Yhc/0. PaceMoT-

PHM MOHOTOHHO BO3PACTAIOLLYI0 HEOrPAHHUCHHYIO MOCJe10BATELHOCTD

My, My, ... IOJOXKHUTEJbHBIX YUCEJI.
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Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3aTeabcTBO. [1ycTh V' — KOHTpIpUMeEp, TO eCTh HOPMHPOBAH-
HOe TMPOCTPAHCTBO, JJIi KOTOPOTO YTBEP:KAEHHe J0KA3biBaeMOH JleM-
- — —
Mbl He BbinoJiasiercst. [Tyets B = {€'1,€5,..., €, } — coorBerctsyto-
Uil 6a3uc, € — COOTBETCTBYIOLLEE MOJOKUTEIbHOE uKc/0. PaceMoT-
PHM MOHOTOHHO BO3PACTAIOLLYI0 HEOrPAHHUCHHYIO MOCJe10BATELHOCTD
n
— —
My, My, ... onoutesbHbIX unces. O603HAUUM Yepe3 X, = Y A, €

=1
TaKOH BEKTOP, UTO AJIsI HEKOTOPOI'O 1 S m S T, BBITTOJIHAETCS HEPABEH-

CTBO | Ajm| > M.



IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Joka3areabctBo. M, M,, ... — MOHOTOHHO BO3pacTatouias Heorpa-
— L —
HUYEHHAas1 0C/Ie/10BATe/bHOCTb MOJIOKUTEIbHBIX UMCe, X ) = Y A\ €

i=1
TaKoOH BEKTOP, UTo (Im | g | > My).

— 1 —
Y Bcex BEKTOPOB Y = X BCE€ KOOPAMHATBI HE
2 2
\/)‘k,1+"'+)‘k,n

npesbiwaior 1. Ouesuano, uto ||y || — 0, T.x. [|X1]| < ewm

VAL X, > | > My — oo,



IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPOCMPpAH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} daa aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M,... | \| < M.

Joka3areabctBo. M, M,, ... — MOHOTOHHO BO3pacTatolias Heorpa-
n

— —
HUYEHHAasl 0C/Ie/10BATE/bHOCTb MOJIOKUTEIbHBIX UUCe, X ) = Y A €
i=1

- 1
Y= 5 >
NIRRT

1 <1, ||3¥%#|| — 0. Ilostomy, no Jiemme o cxosiefi-
VML X,
¢Sl MOJII0C/IeI0BATeLHOCTH OFPAHHYEHHOM M0C/IeN0BaTeIbHOCTH MOy~
yaeM, 4To CyLLECTBYET IOKOOPAMHATHO CXOAALLASCH MOANOCeN0BATE b
HOCTb 110C/1€0BATENLHOCTH BEKTOPOB Y .

TakoH BeKTOp, uTo (Im  |Apm| > My), X1,




IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

ﬂOKaSaTeﬂbCTBO. Ml [TOKasaJii, 4To CYUIECTBYET IMTOKOOPAHHATHO
CXodlascsd IoAInoc/Je10BaTEe/JIbHOCTL IMMOCJAEA0BATE/IbHOCTH BEKTOPOB

H
Y= 1 X ;. ¥JlaJIMB JIMIITHUE BEKTOPbI, MO2KHO CUUTATh,
\/A§1+...+>\§n




IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrpaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

J_IOKaSaTeJIbCTBO. Mbl [TOKasaJii, 4To CYUIECTBYET IMTOKOOPAHHATHO
CXodlascsd IoAInoc/Je10BaTEe/JIbHOCTL IMMOCJAEA0BATE/IbHOCTH BEKTOPOB

H
= 1 X ;. YIaJUB JIMIIHWE BEKTOPbI, MOXKHO CUH-
TR

0 mpejese HOPMbl MOKOOPAMHATHO GECKOHEUYHO MaJloi MocJjeno-

BaTeJbHOCTU BEKTOPOB KOHEUHOMEPHOTO MPOCTPAHCTBA MOJyUaeM,
- =

uto ||z — y'i|| — 0.



IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3atejbcTBO. Mbl MOKa3aJu, UTO CYIIECTBYET IMOCJEI0BATEb-
— —
HOCTb BEKTOPOB Y j = X k., TIOKOOPJIMHATHO CXOJIsI-
2 2
\/)\,ﬁ1 +. AL
— — =
masics Kk z, npuueM ||z — yi|| — 0. CnenoBatenbHo, ajsi 06010
T > 0 naupercsa tako N, uto s Jito060ro k£ > N BBINOJIHAOTCS Hepa-
— = —
BeHctBa ||z — ¥Yi|| < T, ||¥il| < T,




IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3atejbcTBO. Mbl MOKa3aJu, UTO CYIIECTBYET IMOCJEI0BATEb-
— —
HOCTb BEKTOPOB Y j = X k., TIOKOOPJIMHATHO CXOJIsI-
2 2
\/)\,ﬁ1 +. AL
— — =
masics Kk z, npuueM ||z — yi|| — 0. CnenoBatenbHo, ajsi 06010
T > 0 naupercsa tako N, uto s Jito060ro k£ > N BBINOJIHAOTCS Hepa-
— = —
BeHctBa ||z — ¥Yi|| < T, ||¥il| < T,
— — = —
1zl <[IZ = Yrl+[I¥yull <T+T=2T.




IV.9. Jlemma 06 orpaHM4€eHHOCTH OKPECTHOCTHU

Jlemma 2 (06 OrPaHUYEHHOCTH OKPECTHOCTH). B KOHEeUYHOMEPHOM NPpOCMpAaH-
cmee 'V 0an ao6oeo 6asuca B={¢€,€s,...,€,} dra aobo-
20 € >0 cywecmsyem makoe 4ucio M, 4mo u3 HepaseHcmsa
A€ +...F €, <ecaedyem, umo | \| < M, ..., |\| < M.

Jloka3atejbcTBO. Mbl MOKa3aJu, UTO CYIIECTBYET IMOCJEI0BATEb-

HOCTb BEKTOPOB y j = X, TIOKOOPJHHATHO CXOJIs-
NETERESTH

wasicst K z, npuueM ||z — ¥y ;|| — 0. Crenosartensno, ais o60ro
T > 0 naupercsa tako N, uto s Jito060ro k£ > N BBINOJIHAOTCS Hepa-
Benctea ||z — yil| < T, ||yl <7,
1Z]] < |7 = Vil +[¥ull < T+ T =2T.

Tak kKak 3TO paBeHCTBO BBIMOJHSAETCS JIJIs1 CKOJIb YTOJHO MaJibix 17, TO
|z|| = 0, uTo MpoTHUBOpEUUT MEePBOK akCHOMe HOPMBI. JIeMMa Jloka3aHa.




IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, onpede/zeﬂﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Jloka3aTreabCTBO.



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Joka3areabctBo. «OT npoTuBHOrO». [IycTh || @ ||1, || ® ||]2 — Heak-
BMBaJIEHTHbIe HOPMbI. Toraa, Mo onpeesneHuio,



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Joka3areabctBo. «OT npoTuBHOrO». [IycTh || @ ||1, || ® ||]2 — Heak-
BMBaJIeHTHble HOpPMbI. Toria, Mo ornpenesneHtto, CyllecTByeT Takoe Mo-
JIOXKUTEbHOE UMCJIO €, UTO JJIst JIIOOBIX TMOJIOXKUTENbHBIX udcen B,C

MHO>KECTBO {az |z|]; < B} He BKJIOUaeTcsl B {x |z]]2 < 5}, HJTH

{x |z]]2 < C} He BKJIIOUaeTCs B {:z: x| < 5}.



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Jloka3ateabcTBo. Bo3sbmeMm cxoasiuytocs K 0 mocJieqoBaTe/IbHOCTD
MOJIOXKUTEJIbHBIX uuces Ay, Ag, ..., unojoxum B, = C). = Ay.



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Hoka3areabcTtBo. Bosbmem  cxoasuytocas K 0 mocuseno-
BaTeJIbHOCTb  MOJIOXKUTeNbHbIX uucen Aj, As,..., U TOJOXKHM
By =Cp=A,. g kKaxaoro HoMmepa k BblbepeM 10 3Jie-

MEHTy X W3 {a:H:UH1<Ak}\{a:HxH2<6} WM Yy, W3

{ollall < A\ {a| lelh < e}



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Hoka3areabcTtBo. Bosbmem  cxoasuytocas K 0 mocuseno-
BaTeJIbHOCTb  MOJIOXKUTeNbHbIX uucen Aj, As,..., U TOJOXKHM
By =Cp=A,. g kKaxaoro HoMmepa k BblbepeM 10 3Jie-

MEHTy T W3 {a:H:UH1<Ak}\{a:H$H2<5} WM Y, M3
{xHx\|2<Ak}\{xHxH1<s} XoTsi Obl OJHO M3 MHOXECTB

{xk k € N} HJIH {yk k € N} O6eckoHeuHo. [lycTb, ans onpeneneH-

HOCTH, OECKOHEUHbIM SIBJISIETCSI MHOXKECTBO {xk k € N}.



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Jloka3arteabcTBo. Bosbmem A;, Ay, ... — 0, nosoxum B, = C). = Ay,
Ty € {:z: z|]; < Ak} \ {w l|z|]o < 8} u {xk ke N} SIBJISIETCS
OeCKOHEUHBLIM (Te uJieHbl MOCJeI0BATENbHOCTH Ay, AJis KOTOPbHIX Bbl-
OGupaJiy Yy, YIaJUM, H IepeHyMepyeM uJieHbl MOCJe10BaTebHOCTH ).



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

Teopema 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JItobvle
ose HOpMmbL, onpedeﬂenﬂbte HA KOHEeYHOMEePHOM AUHECLHOM npo-
cmpadcmee, 9KBUBANCHITIHbL Meﬂdey coboll.

Jloka3arteabcTBo. Bosbmem A;, Ay, ... — 0, nosoxxum B, = C). = Ay,

Ty € {:z: |z|[; < Ak} \ {:U l|z|]o < 5} u {xk ke N} SIBJISIETCS
6eCKOHEUHbIM (Te uJieHbl MOCJIe0BATENbLHOCTH Ay, JUIS KOTOPBIX BbI-
OupaJu Yy, yaaJauM, U IepeHyMepyeM UJieHbl TOCJIe0BATENLHOCTH ).

[To nemMme 06 orpaHUYE€HHOCTH OKPECTHOCTH, OTpelesIsieMOH Hop-
MO, BCe KOOPJIMHATHI BEKTOPOB '), OTPaHUUEHBI, TaK KaK JIJIs1 JIOOOTO HO-
Mepa k umeeM ||xi|lo < . 3HAUUT, MO JleMMe O CXOAsLIEHCs MOJoce-
JIOBATEJIbHOCTH OTPAHUUEHHON MOCJIeI0BATEJIbHOCTH T10JIyUyaeM, uTo Cy-

ILIECTBYET MOJMNOCJEA0BATENbHOCTb MOCJE10BATEbHOCTH {xk keN }
MOKOOPJAMHATHO CXOASIAsICsl K BEKTOPY Z.
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NpOCTPAHCTBE

TeopeMa 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JIrobvLe
ose HOpMbL, Oﬂpé@éﬂ@ﬁtﬂbte HA KOHEeYHOMEPHOM AUHEUHOM npo-
cmpadcrmee, 9KeUBANEHITTHbL Meofcdy coboll.

Jloka3arteabcTBo. Bosbmem A;, Ay, ... — 0, nosoxum B, = C). = Ay,

Ty € {:z: z|]; < Ak} \ {w l|z|]o < 8} u {xk ke N} SIBJISIETCS
6eCKOHEUHBbIM (Te UJIeHbI MTOCE0BATENbHOCTH Ay, ISt KOTOPBIX BbIOH-

paJin Y., ynaJuM, U IepeHyMepyeM UJi€Hbl HOCJIQILOBHTQJH)HOCTH). MoxxHo

CUMTATh, UTO MOCJEAOBATEJIbHOCTH {xk k € N} MOKOOPJAMHATHO CXO-
JIUTCA K BEKTOPY 2.
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NpOCTPaHCTBE

Teopema 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JItobvle
ose HOpMmbL, onpede/zenﬂbte HA KOHEeYHOMEePHOM AUHELHOM npo-
cmpadcmee, 9KBUBANCHITIHbL MQDdey coboll.

Jloka3arteabcTBo. Bosbmem A;, Ay, ... — 0, nosoxxum B, = C). = Ay,

Ty € {:z: |z|[; < Ak} \ {:z: l|z|]o < 5} u {:z:k ke N} SIBJISIETCS
6eCKOHEUHBbIM (Te UJIeHbI TOCIE0BATENLHOCTH Ay, JUIst KOTOPBIX BbIOH-
paJIn Yy, YAJIUM, U IepeHyMepyeM UJIeHbI 0CJIeI0BATENbLHOCTH ). MOXKHO

CUMTATh, UTO TMOCJEI0BATENHHOCTH {xk ke N} MOKOOPAMHATHO CXO-
JIUTCS K BEKTOPY 2.

[To nemme o mpeneje HOPMbl MOKOOPAUHATHO OECKOHEYHO Ma-
JOW MocJea0BaTeJbHOCTH BEKTOPOB KOHEYHOMEPHOT0 MPOCTpPaH-
cTBa noJiyyaem, uto ||z — xy||; — 0. Kpome Toro, no cofictBam npenena,
TaKk Kak Ay > 0, A, — 0" [|xg|]1 < Ag 1o ||xk|[1 — 0.



IV.10. Teopema 06 3KBUBAJ€HTHOCTH HOPM B KOHEUHOMEPHOM
NpOCTPAHCTBE

Teopema 13 (06 3KBUBAJEHTHOCTU HOPM B KOHEYHOMEPHOM NPOCTPAHCTBE). JI1obobLe
ose HOpMmbL, Oﬂpedeﬂeﬂﬂble HaA KOHEeYHOMEPHOM AUHECLHOM npo-
cmpadcriee, 9KBUBANECHITIHbL M@Odey coboll.

Jloka3areabcTBo. [0 HEpaBeHCTBY TpeyrojbHuKa
121l < 2 = @il + [l2e]s-

Ho BbIpaxkeHue B npaBoil yacTH 3TOro HepaBeHCTBA cTpeMuTces K O rpu
k ctpemsiiiemest K 6eckoHeuHocTu. [ToaTomy, Tak Kak ||z||; — KoHcTaH-
Ta, T0 ||z||1 = 0. C npyroit cTopoHbl, X0Ts1 Obl OJIHA KOOPJMHATA BEKTO-
pa z OTJIMYHA OT HYJil, TaK Kak, 10 BbIOOPY Tj, WA JOOOro k nMeem
||zk||2 > €. Takum o6pasom, ||z||; = 0, HO z # 0, UTO MPOTHBOPEUUT TEeP-
BOH aKCHOMe HOPMBI.

Teopema nokasana.
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