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I. [loHaTHE IMHEHHOrO onepaTopa

MbI U3yuuIM OCHOBBI T€OPUM JUHENHbIX NpocTpaHcTB. [Ipumenss
CTpaTeru nepexoja OT U3yUeHUs OTAEJbHOro o0beKTa K uccJje-
NOBAHUIO CUCTEMbI 00bEKTOB U CTPATErui0 MNOCTPOCHUS MOJIEJU MbI
BbIJICJIMJIA B JIMHEHHOM TMPOCTPAHCTBE MOAMNPOCTPAHCTBA U MOCTPOUJIH
HOBYIO aJirebpy — anreOpy noanpoctpaHcTs. McecenenoBanue, npeacras-
JIEHHOE B 3TOM pazjiesie, MOXKHO pacCMaTpPUBATh KaK MPUMEHEHHE K U3Y-
UEHUIO JIMHEHHOTO MPOCTPAHCTBA cTpaterun oborauieHuss MOJaesn U
cTpaTeruu cMeHbl poJieil M MTPUOPUTETOB. A UMEHHO, Mbl BBEJIEM B JIH-
HEHHOM MPOCTPAHCTBE €LIE OJHY XapPAKTEPUCTUKY — JIMHEMHbIX onepa-
TOP WK (CUHOHUM ) IUHEHOE 0TOOpaXKeHue.



I. Onpenenenune JuHedHOro oneparopa

Onpepneaenue 1. [lycmo U u'V — aunevnsie npocmpancmea Hao
noasem K. JInHeHHbIM onepaTopoM auretiHoeo npocmparcmsea U
8 MUHelHoe npocmparcmao V. Has3ol8aemcs NUHeUHAs YHKYUA

A:U—-=YV.
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A U=V,

OcoObl#i HHTepec NnpecTaBJsieT YacTHbIN cayuail, korna U = V:

Onpenenenue 2. JIuHeHHbIM ONEPATOPOM UHELUHO20 NPOCITLPAH-
cmea U nasoisaemcs aunetinas ¢pyuxyusas A U — U.
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Onpenenenue 2. JIuHeHHbIM ONEPATOPOM UHELUHO20 NPOCITLPAH-
cmea U nasoisaemcs aunetinas ¢pyuxyusas A U — U.

Takum o6pa3om, JIMHEHRHBIH orepaTop — 3TO NMPOU3BOJIbHAS (YHKLHUS
A U — V rtakas, uto 115 JIOObIX BEKTOPOB X,y € U U Jil0ObIX CKaJsi-
POB A, 1t UMEET MeCTO TOKIeCTBO A (Ax + py) = AA(z) + pA(y).
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I. Onpenenenune JuHedHOro oneparopa

Onpepneaenue 1. [lycmo U u'V — aunevnsie npocmpancmea Hao
noasem K. JInHeHHbIM onepaTopoM auretiHoeo npocmparcmsea U
8 MUHelHoe npocmparcmao V. Has3ol8aemcs NUHeUHAs YHKYUA
A U=V,

OcoObl#i HHTepec NnpecTaBJsieT YacTHbIN cayuail, korna U = V:

Onpenenenue 2. JIuHeHHbIM ONEPATOPOM UHELUHO20 NPOCITLPAH-
cmea U nasoisaemcs aunetinas ¢pyuxyusas A U — U.

Kak paso6paTbces ¢ Tem, uTo Takoe JIMHEHHbIH orepaTop?

EcTtb 1Ba crocooba:

— PaccMOTPEThb JOCTATOYHO OOJIbLIOE YUACJO PA3HOOOPA3HBIX NPUME-
pOB;

— W3YUCHHUE ONPENICJICHHUS, MTOJYUCHHUE CIEICTBUH.



[.2. [Ipumepbl NUHEHHbIX ONIEPAaTOPOB
CHauaJsia, eCTeCTBEHHO, TPUMEHHUM MePBbId C10CO6: PACCMOTPHUM TPHU-
Mepbl JIMHEHHBIX OTIepaToOPOB.

e 130MopdpU3M 0J1HOrO JIMHEHHOTO MPOCTPAHCTBA B JAPYTOE.
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yae «IoBeJieHHe» KOOPJMHAT BEKTOPA OMUChIBAETCS MATPHIIEH TTepe-
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[.2. [Ipumepbl NUHEHHbIX ONIEPAaTOPOB
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e 130MopdpU3M 0J1HOrO JIMHEHHOTO MPOCTPAHCTBA B JAPYTOE.

e [[0BOPOT NJIOCKOCTH HA yroJl v BOKPYT HauaJsia KoopauHar. [/pu amom
umeerm Mecmo HeKas «CUMMEeMmpus»: 80-nepsvlx, MOMCHO CUl-
mameo, 4mMo 6Q31UC MblL HE MEHAAU, & NOBEPHYAU B8Ce NPOCMPAH-
CMB0, MO ecms UBMEHUAL NOA0NCeHUe Kando2o sekmopa x. Bo-
8MOPbLLX, MONCHO, HAOOOPOM, CHUMAMb, YMO B8Ce NPOCMPAH-
CMBO HeNnoOBUNMHO, U MbL 1POCMO MeHiem Oazuc. Bo BTopom cy-
yae «MOBEJICHUE» KOOPJMHAT BEKTOPA OMUCHIBACTCH MATPULICH TTepe-
xona. OTcroa cjeyer, uTo «MoBejleHue» KOOpAUHAT 06pa3a BEeKTO-
pa & OTHOCHUTEJILHO JICUCTBUSA JJUHEHHOTO orepaTopa A nomkHo oru-
ChIBaTbCsl POPMYJIOH, MOX0KEH HA (hOPMYJTY BIUKCICHUS KOOPIMHAT
BEKTOpa B HOBOM Oasuce.
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[.2. [Ipumepbl NUHEHHbIX ONIEPAaTOPOB
CHauaJsia, eCTeCTBEHHO, TPUMEHHUM MePBbId C10CO6: PACCMOTPHUM TPHU-
Mepbl JIMHEHHBIX OTIepaToOPOB.

e 130MopdpU3M 0J1HOrO JIMHEHHOTO MPOCTPAHCTBA B JAPYTOE.

e [I0BOPOT NJIOCKOCTH HA YroJl & BOKPYT HauaJsia KOOPAUHAT,

e [[poelpoBaHue Ha OCh, MPOXOAALLYIO Yepe3 HauaJI0 KOOPIMHAT.
o JluddepeHurpoBaHue B NpoCcTpaHCTBE MHOTOUJIEHOB,

ofl(X):SXT IJIsT  HEKOTOpbIX Matpull S,7T" B TPOCTPAHCTBE
m X n-MaTpHLL

e A(X) = XTX — ue suneiinplit oneparop!



[.2. [Ipumepbl NUHEHHbIX ONIEPAaTOPOB

[Ton npoexyueii sBekmopa 3neckb OyjeM NOHUMATb T€OMETPHUYECKYIO
npoekuuio. B kypce BeKTOpHOI/I a.nreépbl Bbl paccMaTpuBaJid aarebpa-
HUeCKYIO TTPOEeKLHIO BeKTopa a Ha b, 3HaueHue KOTOPOH MOKHO Bbl-

/\

—> — o
UACJUTb KakK | a ‘ COS (a, b ) Crtporyio ¢popMyJIMPOBKY oIpeaeseHn

reOMETPHUUECKOH MPOEKILMH BEKTOPA HA OCb MapaJiiiesibHO MJOCKOCTH U
PeOMETPUUECKOU MPOCKIUHU BEKTOPA Ha MJIOCKOCTb Bbl MOXKETe MOJYYUTh
CaMOCTOSATEJIbHO, UCIOJIb3Ysl 3HAHUE CTPYKTYPbl ONpeaeJeHus, U co-
OTBETCTBYIOIIME «111a0J0HbI», C UCIIOJIb30BaHUEM (DOPMYJI JIJIs OTlepaTo-
poB P, MOJYYEHHBIX MIPU pelieHuu npumepos. Mbl IPOUJIIIOCTPUPOBA-
JIM 9TU MOHSITHUS pUCYHKaMU puc.l u puc.2.



— —
a a
$
Yy
a) 6)

— — —
Puc. 1. a)y — oproronasbHasi NpoeKiMsi BEKTOpa X Ha OCb BeKTOpa a’;
— — —
6) y — NpoeKlHsl BEKTOpa X Ha OCb BEKTOPAa a MapaJijiesIbHO MJIOCKOCTH C
H

HOPMaJIbHBIM BEKTOPOM b .

e s

Puc. 2. y — OPTOroHaJibHas nmpoeKuus BGKTOpa X Ha MJIOCKOCTb ¢ HOPpMaJilbHbIM
BEKTOPOM a ,
— — —
6) y — NpoeKuusi BeKTopa X NapaJjiesbHO BEKTOPY b Ha MI0CKOCTb ¢ HOPMAaJbHbIM
H
BEKTOPOM a'.



II. MaTpuua JMHeHHOro oneparopa

[TosiydeHHbIe TIPU peLIeHUH T1pUMepa Ha 3ajanue orepatopa, hopmy-
Jibl 00J1aJIaI0T OJJHUM CYLIECTBEHHBIM HEIOCTATKOM: OHHU HEIOCTATOUHO
YHUBEpCaJIbHbL. VX He/b3sl UCMOJAB30BATh A/ TPOU3BOJIBHOIO JIMHEH -
HOrO MPOCTPAHCTBA, MO KPaUHEH Mepe JI0 TeX Mop, MOoKa Mbl He BBEIEM
KaKUM-J1160 06pa3oM CKaJIsipHOe MPOU3BeieHHe. B COOTBETCTBHU C Bbl-
JIBUHYTOM HAMU MPOrpaMMOK HaM Haj0 MOJIyYUTh (OPMYJTy, TTO3BOJSIO-
1Lyl 3aJaBaTh 10001 JUHeHHbIH onepaTop B R" («KOOpJAMHATHOM MPO-
CTPaHCTBE ).



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa
b={e,e,...,€
HYCTI){ / { 1, €2, n}
b —{61,62,... e},
U, COOTBETCTBEHHO, V.

— Gaszuchbl JUHEHHBIX TpocTpaHCcTB U



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

M1
b= {ees,...,e,}, . B &,
[TycTb { B —{e ¢\ . 1 [A(x)]BV =1 ... |, x—;)\lez.

Hm



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa
M1
b= {ees,...,e,} A n
HyCTb{ , e A g = s ], =) Nes.
B = {e],¢h....e}, by =
[
[To onpenesiennto KOOPAMHAT BEKTOPA, MaTPHIILI JUHEHHOTO OTlepaTopa
A m A
U B CUJTy JIMHEHHOCTH oriepaTopa A rnoJsiyuaem 21 pie = A(r) =
J:
n

:A Z)\iei =

1=1



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

H1
b=1{ee,....¢ . n
[IycTb { B/ _{ A 73}’ [A(x)]BV = ... |, x=> \Ne;.
={el, ey, ....e ) =
Hm,
[To onpenenenno KOOpAUHAT BEKTOPA, MAaTPHLIbI JMHEHHOTO orepaTopa

A m A
W B CHJY JIKHEHHOCTH onepaTtopa A nosiyyaem  pje’ = A(x) =
j=1

1=1 1=1



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

M1
b= {ees,...,e,}, . B &,
[Tyctb { B —{el ¢\ . . [A(m)]BV = ... |, x—;)\zel.

Hm
[To onpenenennto KOOpAMHAT BEKTOPA, MaTPHULLbI IMHEHHOTO oniepaTtopa

A m A
W B CHJY JIKHEHHOCTH onepaTtopa A nosiyyaem  pje’ = A(x) =
j=1

1=1 1=1

OTmeTuMm, uto A(e;) He 3aBUCHUT OT .
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M1
b= {ees,...,e,}, . B L
HyCTb{B,: feleh et [A(m)]BV = ... |, x—;)\zel.

Hm
[To onpenenennto KOOpAMHAT BEKTOPA, MaTPHULLbI IMHEHHOTO oniepaTtopa

A m A
W B CHJY JIKHEHHOCTH onepaTtopa A nosiyyaem  pje’ = A(x) =
j=1

1=1 1=1

Otmetum, uto A(e;) He 3aBucHT OT x. Pasoxum ero no 6asucy B':
N m
Ale;) = Zlaﬂej.
j:



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

241
b=1{ee,....¢ . n
B, _{ /’ /’ ’ 73}’ [A(CU)]BV = Ce , X = Z )\262
_{617627°°'76m}7 m =1
m
[Io onpeae/JIeHUI0 KOoOpaAuHAaT BEKTOPA, ManHLLbI JJUHEUHOTO oriepartopa

[lycThb {

W B CHJIy JIMHEHHOCTH orepatopa A nosyuaem Z pie = A(r) =
J_

m

— A Zn: Nei | = z": )\Zfl(eZ Z A\ Z aﬂe =
i=1 i=1

Otmetum, uto A(e;) He 3aBucHT OT x. Pasoxum ero no 6asucy B':

R m
A(Gl) = Z aﬂe;.
j=1
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241
b=1{ee,....¢ . n
B, _{ /’ /’ ’ 73}’ [A(CU)]BV = Ce , X = Z )\262
_{617627°°'76m}7 m =1
m
[Io onpeae/JIeHUI0 KOoOpaAuHAaT BEKTOPA, ManHLLbI JJUHEUHOTO oriepartopa

[lycThb {

W B CHJIy JIMHEHHOCTH orepatopa A nosyuaem Z pie = A(r) =
J_

= A (Zn: )\i€i> Z )\ A GZ = Z >\z zm: CLjZ'G;- = zm: (271: )\Z'Cl,jz') 6;-.
1=1 1=1 J

=1 j=1 \i=1



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

_ . 2 n
[Tycthb { b={eie2... en}, A)g. =1 --- |, =2 \ei.
i=1

I ! / /
b ={e},e,....e }, v
Hm
[To onpenesennto KOOpAUHAT BEKTOPA, MaTPHLEL JIMHEHHOTO oTiepatopa

W B CHJIy JIMHEHHOCTH orepatopa A nosyuaem Z pie = A(r) =
J_

m

= A zn:)\iei :zn:)\ifl(ez ZAZZaﬂe —Z ZA@N ef-.
i=1 i=1

B utore nosyunsiv BoipaxkeHue, 3aBUCsIee TOJIbKO OT KOOPJMHAT \; BEK-
TOpPa & U KO3(M(MULHUEHTOB @, TIIe

. m
A(GZ) = Z ajieg.
J=1



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

Onpepenenue 3. [lycmo U u V — aunetinole npocmpancmsa Hao
nosem K, By ={ey,...,e,} uby ={¢e},....e .} — Oasucor auneti-
noLx npocmparcms U u, coomsemcemsenno, V, A — auneiinoiii one-
pamop auretHoeo npocmparcmsea U 8 auHelHoe npocmpanHcmao
V. Toeda matpuuei auneiinoro onepatopa A B 6asucax by-by na-
36L8aeMcsa mampuya ABU,BV = (@ )mxn, KOIPPUYUEeHmMbL KOMopou
onpedesitoncs pasercmaamu

121(6@) = Z ajie;. ( | )



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

Onpepenenue 3. [lycmo U u V — aunetinole npocmpancmsa Hao
nosem K, By ={ey,...,e,} uby ={¢e},....e .} — Oasucor auneti-
noLx npocmparcms U u, coomsemcemsenno, V, A — auneiinoiii one-
pamop auretHoeo npocmparcmsea U 8 auHelHoe npocmpanHcmao
V. Toeda matpuuei auneiinoro onepatopa A B 6asucax by-by na-
36L8aeMcsa mampuya ABU,BV = (@ )mxn, KOIPPUYUEeHmMbL KOMopou
onpedesitoncs pasercmaamu

= aje}. (1)

j=1
Hrak, i-mown cmoabyom mampuysr onepamopa 8 basucax by-by

asasemca cmoabey koopduram 8 basuce by obpasa i-moeo basuc-
H020 sBekmopa basuca by.



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa

B cayuae, korna U =V, TO ecTb Koraa A sBasiercst JMHERHbIM
OrnepaTopoM JIMHEHHOro npocTtpaHcTBa U <10 yMOJIUAHHUIO» T0JIaraioT
by = by. [1pu 3tom rosopsit 0 mampuye onepamopa 8 basuce by, u
9Ta MaTpPULA ONPEJIENSIeTCs] PABEHCTBOM

n

Ales) =) ajie;. (2)

j=1



[1.1. Onpenenenne maTpuilbl TMHEHHOrO oneparopa
B cayuae, korna U =V, TO ecTb Koraa A sBasiercst JUMHERHbIM
ornepaTtopoM JMHeHHOro npocTpaHcTBa U «MO yMOJUYAHHIO» TOJIararmT
by = by. [1pu 3tom rosopsit 0 mampuye onepamopa 8 basuce by, u
3Ta MaTpHUlla ONpejieisieTcs paBEHCTBOM
R n
Ales) =) ajie;. (2)
j=1
Takum o6paszom, /151 IMHEHHOTO orepaTopa JIMHEHHOTO MPOCTPaHCTBA
U i-moin cmoabyom mampuyvl onepamopa 8 basuce b asaaemcs
cmoabey koopouram 8 basuce b obpasza i-moeo bazucHoeo 8exno-
pa basucab.
Paccmorperb npumep?



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmparcmsaa Hao nosem K, By ={ey,... e }, by ={e}, ..., e}
— Oas3ucsl IMuUx 1POCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

A(@))g, = Ap, B, " []p, (3)

«CTaHgapTHOE» 10Ka3aTeJabCTBO .

'Huxe MPpUBEAEHO J0Ka3aTe/JIbCTBO, OCHOBAHHOE HAa YMHO2KE€HHWH MAaTPHUL KHa MaKpPOYPOBHE>».



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmpancmsa Hao nosem K, by ={ey,... e}, by ={e},... e }
— Oas3ucsl IMuUx 1POCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

Alz)lg, = Ap, B, " 7], (3)
«CtaHaapTHoe» 10Ka3aTedbCcTBO. [[psiMoe ciencTBIE U3 OMnpeiene-
A Ml n
Hui. B camom nesie, mycthb [A(x)]BV = ... |,z= 21 Ai€;.

fim



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmpancmsa Hao nosem K, by ={ey,... e}, by ={e},... e }
— Oas3ucsl IMuUx 1POCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

A(@))g, = Ap, B, " []p, (3)

H1
«CtaHpapTHoe» Joka3aTeabcTBO. [lycThb [A(x)]BV =1 ... |,
Hm
n
xr =Y N\e;. [1o onpenenennio KoopauHat BeKTopa, MaTPULbl JIMHEHHOTO

1=1
oneparopa u B CHUJIY JJUHEHHOCTH oneparopa A [10JIy4aeEM



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmpancmsa Hao nosem K, by ={ey,... e}, by ={e},... e }
— Oas3ucsl IMuUx 1POCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

A(@))g, = Ap, B, " []p, (3)

m A
«CTaHaapTHOE» 10Ka3aTeNbCTBO. ) jije; = A(r) =
j=1

m

= 121 zn: )\ZB@' = zn: )\2121(6@) = zn: >\z zm: CL]'@'G; = Z zn: )\iaﬂ 6;.
1=1 1=1 1=1 J=1

j=1 \i=1



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o xoopaunarax o6pasa sexropa). [[ycmo U u V' — auneiinole
npocmpancmea Had noarem K, by ={ey,...,e,}, by ={e},..., e}
— Oasucsl IMux 1PoOCMpanHcms, ABUaBV — mampuuya onepamo-
pa A eamux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aro-
boeco sekmopa x € U cnpagedauso pageHcmaso

[A())g, = Ap, B, " ], (3)
«CTanjaapTHoe» 10Ka3aTeNbCTBO. ) [ijc; = Alz) =

j=1

n n

= 121 zn: )\ZBZ‘ = zn: )\ZA(GZ) = Z )\z zm: CLJ‘ZB; = zm: Z )\Z-aﬂ 6;.
1=1 1=1 '

=1 j=1 j=1 \i=1
JlanbHedue paccyKaeHnus CTaHAAPTHBI, CM. 1I-BO TCOPEMbI O KOOPIMHA -
Tax BEKTOpa B pa3Hbix Oasucax.



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o xoopaunarax o6pasa sexropa). [[ycmo U u V' — aunelinole
npocmparcmea Hao nosem K, By ={ey,... e }, by ={e, ..., e}
— 0Oasucsl IMuUx 1POCMpaHcmas, ABU p, — Mampuua onepamo-

pa Asamux baszucax aurneiino2o npocmparcmsa U. Toeda 045 ato-
b6oco sekmopa x € U cnpasediuso paseHcmaso

[A(@))g, = Ap, B, " []p, (3)

m A
«CTaHaapTHOE» 10Ka3aTeNbCTBO. ) | jije); = A(r) =
j=1

= 121 zn: )\iei = zn: )\2121(6@) = zn: >\z zm: aﬂe} = zm: zn: )\iaji 6}.
1=1 1=1 1=1 J=1

j=1 \i=1
B CUJTY TCOPEMbI O €JIMHCTBEHHOCTH PA3JIOKEHHUS 110 Oa3KCy MoJIyuyaeM pa-

n
BEHCTBA i = Y  N\jQjj.
3 2

1=



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o xoopaunarax o6pasa sexropa). [[ycmo U u V' — auneiinole
npocmpancmea Had noarem K, by ={ey,...,e,}, by ={e},..., e}
— Oaszucel 3Mux nPOCMpaHcms, ABUaBV — mampuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmsa U. Toeda 045 ao-
b6oco sekmopa x € U cnpasediuso paseHcmso

[A())g, = Ap, B, " ], (3)
«CTanjaapTHoe» 10Ka3aTeNbCTBO. ) [ijc; = Alz) =

j=1

n n

= 121 zn: )\Z-ei = zn: )\ZA(GZ) = Z )\z f: CLJ‘ZB; = zm: Z >\iafj2' 6}.
1=1 1=1 '

=1 j=1 j=1 \i=1

B maTpuuHO# 3amucH 3Ta cucTema paBeHCTB UMeeT BUJ popmyJibl (3).
«CTaH1apTHOE» JI0Ka3aTeJIbCTBO 3aKOHUEHO.



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmpancmsa Hao nosem K, by ={ey,... e}, by ={e},... e }
— Oas3ucsl IMuUx 1POCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

Alz)lg, = Ap, B, " 7], (3)

Jloka3aTeJbCTBO C MOMOILbI0O YMHOXKEHHUS] MAaTPHUL «HA MaKpo-
A1

ypoBHe». ToT ¢akr, uto [w]BU = | ... |, o3Hauaer no omnpejaesneHuio,
)\n

uto T = A1 + ...+ A\ye,. [lo3TOMY B cusy JinHeldHOCTH onepatopa A



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmparcmsaa Hao nosem K, By ={ey,... e }, by ={e}, ..., e}
— 0Oasucsl IMuUx LPOCMpanHcmas, ABU p, — Mampuua onepamo-

pa Asamux bazucax aurneiino2o npocmparcmsa U. Toeda 045 ato-
b6oco sekmopa x € U cnpasediuso paseHcmaso

A(@))g, = Ap, B, " []p, (3)

Jloka3aTeJabCTBO C NMOMOULbID YMHOXKEHUS MaTpPpHUL, «KHA MaKpo-
YPOBHE».

Ay =AMer+ ...+ en) = MA(e) + ...+ MAle,).

[Tepeiinem B 3TOM paBeHCTBe K 00pa3aM BEKTOPOB MPH CTAHIAPTHOM 30—
Mopduame, nopoxkaeHHoM 6asucom by :



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmparcmsaa Hao nosem K, By ={ey,... e }, by ={e}, ..., e}
— Oas3ucsl IMuUx 1POCMpanHcmas, ABU p, — Mampuua onepamo-

pa Asamux bazucax aurneiino2o npocmparcmsa U. Toeda 045 ato-
b6oco sekmopa x € U cnpasediuso paseHcmaso

Alz)lg, = Ap, B, " 7], (3)
JloKa3aTeJabCTBO C MOMOLIbIO YMHOXKEHHUSI MATPHUL, <HAa MaKpoO-

ypOBHE». [121(90)]5 =
v

_ [MA (e) 4 ...+ MA (en)}BV —\ [A (61)]Bv+ A [A (en)]BV.

dopmyna (3) caenyer U3 yMHOKEHHUS MATPULL HA «MaKPOYPOBHE»:



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sekropa). [[lycmo U u V' — aumneiinole
npocmpancmsa Hao nosem K, by ={ey,... e}, by ={e},...,¢e }
— Oa3zucel 3MUX LPOCMPAHCMS, Ap,p, — Mampuya onepamo-
pa Asasmux 6asucax auneiinozo npocmparcmsa U. Toeda 045 aio-
6oeo sekmopa x € U cnpasedauso pasencmso

A

Alz)lg, = Ap, B, " 7B, (3)
JloKa3aTeJabCTBO C MOMOLLbIO YMHOMEHHS MaTpHUL, «HAa MakKpo-
YPOBHE>,

+...+An[ﬁ(en>] —

[A(x>]sv =N [A (elﬂs B,

:([A(el)}sv [A(en)}sv) .. | = Ag, g, l7)g,



[1.2. Teopema o KoopauHaTax o6pa3a BeKTopa

Teopema 1 (o koopaunarax o6pasa sexropa). [lycmo U u V' — auneiinole
npocmparcmsaa Hao nosem K, By ={ey,... e }, by ={e}, ..., e}
— 0Oasucsl IMuUx LPOCMpanHcmas, ABUaBV — mampuuya onepamo-
pa A s amux 6asucax auneiinoeo npocmparcmesa U. Toeda 0.as aio-
boco sekmopa x € U cnpagedauso pageHcmso

A(@))g, = Ap, B, " []p, (3)

Teopema nokasana.
PaccmoTrpeTb npumepbl?



1. Anre6pa JiMHeHHbIX ONepaTopoB

[IpyMeHUM CTpaTeruio nepexoja OT U3YyUEHHUsT OTACJAbHOr0 00bEKTa K
cucteme 00bekToB. Ha MHOXKecTBe Bcex JIMHEHHBIX OrepaTopoB MPo-
ctpaHcTBa U B NpoCTpaHCTBO V' Mbl BBEJIEM Psijl €CTECTBEHHBIX («CaMo
co60i padyMelolIUXCsi» ) orepauui.



[11.1. Cymma JMHEHHbIX OEepPaTOPOB

Onpe;leJleHMe 4. Cymmoii oneparopoB A u B naswisaemcs onepa-
mop A + B, onpedeaerolii Gdopmyroti:

(A + B) (x) = A(z) + B(x). (4)



[11.2. [Ipou3BeneHue onepaTtopa Ha CKaJsip

Onpe;leJleHMe 4. Cymmoii oneparopoB A u B naswisaemcs onepa-
mop A + B, onpedeaerolii Gdopmyroti:

(A + B) (x) = A(z) + B(x). (4)

Onpepnenenue 5. [IpousBseneHuem oneparopa A Ha cKajasap A Hasol-
saemcs onepamop \A, onpedearerHoltl hopmyroii:

(AA) () = A (A(x)) . (5)



[11.3. [Ipou3BeneHue NMHEHHBIX ONepPaTOpPoOB

Onpenenenne 4. Cymmoit onepatopoB A u B na3visaemcs onepa-
mop A+ B, onpedeaernolti hopmyaroti:

(A + B) () = A(z) + B(2). (4)

Onpepnenenue 5. [IpousBeneHuem oneparopa A Ha cKajasip A Hasol-
saemcs onepamop \A, onpedearerroltl hopmyroii:

(AA) () = A (A(x)) . (5)
B cayuae U =V M0KHO BBeCTH ellle OJIHY UpPe3BbIYAaHHO IMOJIE3HYIO

ornepatuio.

Onpene.nerme 6. Ecau U =V, mo npousBeaeHnem onepatopos A u
B naswisaemcs onepamop A - B, onpedenerrolii popmyiol:

(A - B) () = A (B(a:)) . (6)



[11.4. Teopema 00 anredpe JUHEHHbIX ONEPATOPOB

Teopema 2 (06 aare6pe auneiinbix oneparopos). [lycmo A u B — aunelinole
onepamopul AuHetiHoco npocmparcmea U 8 aurnetlHoe npocmpar-
cmeo V. Toeda cnpasedausol caedyroujue ymaeprcoeHus:

I. Cymma A+ B aunetnolx onepamopos A u B asasaemcs aurel-
HbLM ONEepPamopoM.

2. [Ipoussedenue NA aurnetinoeo onepamopa Ha CKAASLP A8A51emcs
AUHELHbIM ONepamopom.

3. EcauU =V, monpoussedenue A - B aunetinolx onepamopos 18-
ASLeMCs MHeILHbIM 01epaniopo.

ILO Ka3aTeE€JdbCTBO.



[11.4. Teopema 00 anredpe JUHEHHbIX ONEPATOPOB

Teopema 2 (06 aare6pe auneiinbix oneparopos). [lycmo A u B — aunelinole
onepamopul AuHetiHoco npocmparcmea U 8 aurnetlHoe npocmpar-
cmeo V. Toeda cnpasedausol caedyroujue ymaeprcoeHus:

I. Cymma A+ B aunetnolx onepamopos A u B asasaemcs aurel-
HbLM ONEepPamopoM.

2. [Ipoussedenue NA aurnetinoeo onepamopa Ha CKAASLP A8A51emcs
AUHELHbIM ONepamopom.

3. EcauU =V, monpoussedenue A - B aunetinolx onepamopos 18-
ASLeMCs MHeILHbIM 01epaniopo.

JokazareabcTBo. OueBUAHOE CJIECTBUE U3 ONPee/IeHHUs OTlepallni.



[11.5. Teopema 0 JMHEHHOM MPOCTPAHCTBE JHHEWHbIX
ornepaTopoB

Teopema 3 (onuﬂeﬁﬂom NMPOCTPAHCTBE JUHEWHbIX ONEePaTOPOB). MHooxcecmso
B8Cex AUHCLHbLX orteparnopos npocmpaHcmsa U 6 auneiinoe npo-
CMpaHcrmeo V' asasemcsa auHetHoim npocmpaHcmeom OMmMHOCU-
meavbHo OI’LQpQL{LLL'Z CAOMCEHUA onepamopos U YMHOMEHUA onepa-
mopa Ha cKaadp.

Jloka3aTeJbCTBO



[11.5. Teopema 0 JMHEHHOM MPOCTPAHCTBE JHHEWHbIX
ornepaTopoB

Teopema 3 (onuﬂeﬁHOM NMPOCTPAHCTBE JUHEWHbIX ONEePaTOPOB). MHooxcecmso
B8Cex AUHCLHbLX orteparnopos npocmpaHcmsa U 6 auneiinoe npo-
CMpaHcrmeo V' asasemcsa auHetHoim npocmpaHcmeom OMmMHOCU-
meavbHo OI’LBpQL{LLL'Z CAOMCEHUA onepamopos U YMHOMEHUA onepa-
mopa Ha cKaadp.

,ZlOKaSaTe.HbCTBO CBOAUTCA K IIPOBEPKE AKCHOM JIMHEUHOTO [Ipo-
CTPaHCTBA, HpOﬂeﬂaﬁTe 9TO CAMOCTOSATEJIbHO.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Teopema 4 (06 M30MOP(HOCTH JMH.NP-Ba ONEPATOPOB U JUH.MP-Ba MATPHLL). HyCIﬂb

U, V. — aunetinoie npocmparcmsa Hao noasem K, by, by — 6a-
3ucel amux npocmpancms, W — AuHetiHoe npocmpaHcmso Al-
Helinblx onepamopos npocmparncmsea U 8 npocmparncmso V. To-
eda omobpaxcenue f, onpedesernnoe Ghopmyroi f(fl) :ABU,Bv’
ABALeMCS U3OMOPPUIMOM AUHelHo20 npocmpancmea W Ha au-
HelHoe NPOCMPAHCMBO B8CeX MAMPuUYy pasmepHocmu m X n ¢
Koagppuyuenmamu uz noas K. boaee moeo, ecau U =V, mo

F(4-8)=s(4)7(B)

JloKa3aTeJbCTBO.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONepPaTOPOB U JUHEHHOTrO MPOCTPAHCTBA MATPHULL

ILOKaSaTe.HbCTBO. yTBep)KILGHHe 9TOH TEOpEMbI, KaK H IIPEIAbl-
NYLIMX, SIBJSIETCA CJIEJCTBUEM onpejeseHnd. JIedCTBUTENbHO, MyCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONEePaTOPOB U JIMHEWHOTO MPOCTPAHCTBA MATPHUILY

Jloka3aTeJbCTBO. YTBep)KJIeHHE 3TOH TeopeMbl, KakK M TMpeJbl-
AYLIKX, SIBJASIETCS CJIeJACTBUEM orpejesneHuid. JlelcTBUTENbHO, TYCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.

BaanmHast 0JlH03HAUHOCTL f CJie[lyeT U3 OrpejiesieH|sl MaTPHIbl Ore-
patopa (paBeHCTBO (1)) U TeopeMbl O €IMHCTBEHHOCTH Pa3JIOXKEHHUS 110
Oasucy.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL

Jloka3aTeabCTBO. YTBepxKjeHHEe 3TOH TeopeMbl, KaK W TMpellbi-
AYLIKX, SIBJASIETCS CJIeJACTBUEM orpejesneHuid. JlelcTBUTENbHO, TYCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.

Tot daxr, uto 1151 KaXK10# MaTpullbl HaljaeTcsl NpooHpas, OUeBHUJIEH:
nycTb A = (a;;)mxn — NpoU3BOJbHAsE MaTpuua. Torna otobpaxeHue A,
onpejeseHHoe popMmyJIoH

n n m
E e | = E by E aﬂe
i=1 =1 j=1

SIBJISIETCSI, OUEBHJIHO, JINHEHHBIM OTIepaTOPOM JIMHEHHOTO MPOCTPaHCTBA
U B MHerHOe mpocTpaHcTBo V, npuueM f(A) = A.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONepPaTOPOB U JUHEHHOTrO MPOCTPAHCTBA MATPHULL

ILOKaSaTe.HbCTBO. yTBep)KILGHHe 9TOH TEOpEMbI, KaK H IIPEIAbl-
NYLIMX, SIBJSIETCA CJIEJCTBUEM onpejeseHnd. JIedCTBUTENbHO, MyCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.

3HauuT, OCTAJOCh NMPOBEPUTH JUHeHHOCTh hyHkuuu f. Hano npose-
PUTb paBeHCINB0O



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONepPaTOPOB U JUHEHHOTrO MPOCTPAHCTBA MATPHULL

ILOKaSaTe.HbCTBO. yTBep)KILGHHe 9TOH TEOpEMbI, KaK H IIPEIAbl-
NYLIMX, SIBJSIETCA CJIEJCTBUEM onpejeseHnd. JIedCTBUTENbHO, MyCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.

3HauuT, OCTAJOCh NMPOBEPUTH JUHeHHOCTh hyHkuuu f. Hano npose-
PUTb paBeHCINB0O

FOA+ uB) = Mf(A) + puf(B). (7)



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONepPaTOPOB U JUHEHHOTrO MPOCTPAHCTBA MATPHULL

ILOKaSaTe.HbCTBO. yTBep)KﬂeHHe 9TOH TEOpEMbI, KaK H IIPEIAbl-
NYLIMX, SIBJSIETCA CJIEJCTBUEM onpejeseHnd. JIedCTBUTENbHO, MyCTh
by ={ey,...,en}, by ={e€),...,€e }. IlpoBepum, urto f — wusomop-
duam.

3HauuT, OCTAJOCh NMPOBEPUTH JUHeHHOCTh hyHkuuu f. Hano npose-
PUTb paBeHCINB0O

FOA+ uB) = Mf(A) + puf(B). (7)

Bblunc/iuM JIeBYIO M ITPaBYIO YACTb 3TOrO PABEHCTBA U NPHUBEEM HX TOXK-
JIECTBEHHbIMU ajireOpanyeckuMu npeoO6pa3oBaHUSIMU K OJHOMY M TOMY
»Ke BUJLY.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

A A

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

A A

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

m
.. / —_—

J=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

A A

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

zm:cjie; = ()\/1 + ME) (e;) =

J=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

A A

f(A) — ABU>BV = (aij)mxna f(B) - BBU75V — (b’ij)mxny A€ K.
OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBU B, MMeeM

zm:Cji ; = ()\A + ME) (e;) = )\A(ei) + Mé(ei) _

J=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

N A

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

zm:Cji ; = ()\A + ME) (e;) = )\A(ei) + Mé(ei) _

J=1

m m
=AY i+ bic; =
j=1 j=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

S cie = (M + uB) (o) = M(e)) + uB(er) =
j=1

m

—)\Zaﬂe +,u2bﬂe —Z (Aaji + pbj;) €,
7=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBA ONMEPATOPOB U JIMHEMHOTO MPOCTPAHCTBA MATPHUILL
Joka3areabcTBO. [IycTh

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

zm:Cji ; = ()\A + ME) (e;) = )\A(ei) + Mé(ei) _

J=1

—)\Zaﬂe +,u2bﬂe —Z (Aaji + pbj;) €,
7=1

3Haqm, B CHJIy TE€OpeEMbl O €IUHCTBEHHOCTHU PaA3JI02KEHUSA 110 6213I/ICy,
Cji = )\CLJ'Z’ + ,ubﬂ



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MAaTPHULL
Joka3areabcTBO. [IycTh

f(A) - ABU>BV — (aij)mxna f(B) — BBUaBV = (bz’j)an, )\,u c K.

OG603HauUM JIEBYIO UaCThb JIOKA3bIBAEMOI0 paBeHcTBa (7) uepes CBU B,
Torna n1a Ko3(HULHEHTOB ¢;; MaTPULLBI CBUaBV MMeeM

S cie = (M + uB) (o) = M(e)) + uB(er) =
j=1

m

—)\Zaﬂe +,u2bﬂe —Z (Aaji + pbj;) €,
7=1

Takum o6pasom, f(AA +uB) = Cp, B, = Af(A) + pf(B), t0ectb f —
JIMHeHHast GyHKUMSA. SHAUUT, f — U30MOPMU3M.



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem
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CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem

(A-B) () =



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem

(A . B) () = A (3(@)) _



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem

(A-B) (e =A(Ble) = A i”ﬂ‘%’ _



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem

(121 - E) () = A (B(eﬂ) = A i bjiej | = i biA (e)) =



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem
(121 . E) (62) = 121 (B(eﬂ) = A Z bjiej = Z bﬂA (Gj) =
j=1 j=1

n n

= Z bjz' Z A€k =

j=1 k=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONEepPaTopoB U JUHENHOrO MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcTtanochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f <B) [TycTb U=V,
b=by=by={e,...,e,}. Bpemem crenyoiee o603HaUEHHE!

A A

J|A-B) =Cg. Torna, mo onpejesieHuio Npou3BeieHUs1 OnepaTopos

(paBeHCTBO (0)), MoJiyyaem
(121 . E) (62) = 121 (B(eﬂ) = A Z bjiej = Z bﬂA (Gj) =
j=1 j=1

n n n n

= b > ager =Y | Y arbji | e

j=1 k=1 k=1 \ j=1



[11.6. Teopema 06 n3oMmop(PHOCTH JUHEHHOTO NPOCTPAH-
CTBa ONMepaTopoB U JUHENHOI0 MPOCTPAHCTBA MaTPHLL

Jloka3aTeJbCTBO. OcraJnochb MPOBEPHUTH paBeH-
CTBO f (fl : B) =f (/1) - f (B) [TycTb U=V,
b=by=by={e,...,e,}. Benem cuenywinee o0603HaueHHE:

A A

flA- B) = Cp. Toraa, no onpejesieHuio MPOU3BEJEHHsT OMEPaTopoB
(paBeHCTBO (0)), MoJiyuaem

(A B) Z ]Zak] i | ek

CJIGILOBE[TGJH)HO, 10 TeopemMe 0 EAIMHCTBEHHOCTHU PaA3JO2KEHHUSA 110 oa-
n

3UCY, Cki = Y, Qj;bji, TO €CTh CB = ABBB, UTO U TpeOOBaJIOCh J0KA3aTh.
j=1



[11.7. CnencrBue 0 pa3MepHOCTU JUHEWHOTO NPOCTPAH-
CTBa JJUHEHHBbIX ONEePaTopoOB

CJIG)ICTBl/le 1 (0 pa3MepHOCTH JIMH.MP-Ba JUHEHHbIX ONEepPaTOpPOB). Paamepﬂocmb
AUHELHO20 NPOCMPAHCMBA BCEX AMHELHbLX ONepanopos8 AMHEUHO-
2o npocmparcmsa U 8 aurneliHoe npocmpancmso V. pasHa m - n,
eden =dmU, m =dimV.

JloKa3aTeJbCTBO.



[11.7. CnencrBue 0 pa3MepHOCTU JUHEWHOTO NPOCTPAH-
CTBa JJUHEHHBbIX ONEePaTopoOB

C.ne)lcmue 1 (0 pa3MepHOCTH JIMH.MP-Ba JUHEHHbIX ONEepPaTOpPOB). Paamepﬂocmb
AUHELHO20 NPOCMPAHCMBA BCEX AMHELHbLX ONepanopos8 AMHEUHO-
2o npocmparcmsa U 8 aurneliHoe npocmpancmso V. pasHa m - n,
eden =dmU, m =dimV.

Joka3areabcTBo. Tak Kak JiuHEHHOE MPOCTpaHCTBO W BCex JIMHEH-
HBIX OTIEPATOPOB JIMHEHHOTO NMPocTpaHcTBa U B JIMHEHHOE MPOCTPAHCTBO
V' u3oMopgHO JMHEHHOMY NPOCTPAHCTBY M, (K) BCEX m X m-MaTpHiL
¢ Koadduurentamu u3 K, To, 10 KPUTEPUIO U30MOPGPHOCTH JIMHEHHBIX
npoctpaHcTB, uMeeM dim W = dim M, ., (K).



[11.7. CnencrBue 0 pa3MepHOCTU JUHEWHOTO NPOCTPAH-
CTBa JJUHEHHBbIX ONEePaTopoOB

C.ne)lcmue 1 (0 pa3MepHOCTH JIMH.MP-Ba JUHEHHbIX ONEepPaTOpPOB). Paamepﬂocmb
AUHELHO20 NPOCMPAHCMBA BCEX AMHELHbLX ONepanopos8 AMHEUHO-
2o npocmparcmsa U 8 aurneliHoe npocmpancmso V. pasHa m - n,
eden =dmU, m =dimV.

Hoka3areabctBo. dim W = dim M, ., (K).

Jns moObIX 2,7 ¢ yeaoBusaMu 1 <7 < m, 1 <7 < n, o603HaUUM ue-
pe3 Ej; MaTpHuLLy, y KOTOPOH BCe 3JIEMEHThI HyJIeBble, KpOME 3JIeMEHTA €;;,
0, eClUp # 1t WIH q F# J

Kotopbld pasen 1. Takum o6pasom, ey, = { | ecnup—ing =]



[11.7. CnencrBue 0 pa3MepHOCTU JUHEWHOTO NPOCTPAH-
CTBA JUHEHHbIX ONEePaToOpoOB

CJIC)ICTBl/le 1 (0 pa3MepHOCTH JIMH.MP-Ba JUHEHHbIX ONEepPaTOpPOB). Paamepﬂocmb
AUHELHO20 NPOCMPAHCMBA BCEX AMHELHbLX ONepanopos8 AMHEUHO-
2o npocmparcmsa U 8 aurneliHoe npocmpancmso V. pasHa m - n,
eden =dmU, m =dimV.

Hoka3areabctBo. dim W = dim M, ., (K).

st mobbIx 7, j ¢ yeqoBusamu 1 <7 < m, 1 < 5 < n, 0603HauUuUM uepes
Ei; MmaTpHlly, y KOTOPOH BCe 3/IEMEHThI HyJIeBble, KPOME 3JIeMEHTa €;;, KO-
0, eC/IUp # 1 WIH q F# J To
I, ectup=iug=75
raa cucrema Marpuil Eyj, tne 1 <@ <m, 1 < j < n, 0ueBHIHO, ABJISAETCS
6a3uCoM JIMHEHHOTO MpocTpaHCTBa My, (K).

Topblii paseH 1. Takum o6pasom, e,, = {



[11.7. CnencrBue 0 pa3MepHOCTU JUHEWHOTO NPOCTPAH-
CTBA JUHEHHbIX ONEePaToOpoOB

CJIC)ICTBl/le 1 (0 pa3MepHOCTH JIMH.MP-Ba JUHEHHbIX ONEepPaTOpPOB). Paamepﬂocmb
AUHELHO20 NPOCMPAHCMBA BCEX AMHELHbLX ONepanopos8 AMHEUHO-
2o npocmparcmsa U 8 aurneliHoe npocmpancmso V. pasHa m - n,
eden =dmU, m =dimV.

Hoka3zareabctBo. dim W = dim M, (K).

Jns moObIX 2,7 ¢ yeaoBusaMu 1 <7 < m, 1 <7 < n, o603HaUUM ue-
pes L MaTpHiLy, y KOTOPOH BCe 3JIEMEHTDI HyJIeBbIe, KpOME JIEMEHTA €,
0, eClUp # 1t WIH q F# J
I, ectup=iug=75
Torma cucrema marpuu Ej;, roe 1 <7 <m, 1 <j <n, OUeBUIHO, AB-
JsieTcsi 6a3ucoM JIMHeHHOTO npocTpaHcTBa M, ., (K ). Takum o6paszom,
dim W = dim M« (K) = m x n. Cieactsue 10Ka3aHo.

Kotopbld pasBen 1. Takum oGpasom, e,, = {



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

Kak ™Mbl y»Ke oTMeuaJid, OJHHM M3 «CTaHAAaPTHLIX BOMPOCOB» B pac-
CMaTpPUBAeMOH TEOPHH SBJISETCSl BOMPOC 00 H3MEHEHHH HCCJIelyeMOTro
o0bekTa (B JaHHOM CJiyyae, MaTPHULIbI OTlepaTopa ) pH Mepexojie B APYrom
0asuc.



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

ILO Ka3aTeE€JdbCTBO.



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpule oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmsa Hao nosem K, By, By — 6azucer auneinoeo npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
_ b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda us 6asuca by 8 6azuc By, A — auneiinoiil
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . ’
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)
Jloka3ateabcTBO. [Io Teopeme 0 KoopaMHaTax BeKTOpa B Pa3HbiX

0asucax ¥ TeopemMe 0 KoopauHaTtax o0Opa3a BeKTopa 1/ JI0O0ro BeK-
Topa x € U umeeM, C OJIHOU CTOPOHBI,



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

Jloka3aTeJbCTBO. [/1(:13)]5/ =
|4



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

— —1 . . [}
A — -1 . A —
Jloka3aTeJbCTBO. [A(:c)]B/V = TBV—>B§/ [A(»’U)]BV



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

— —1 . . [}
A — -1 . A —
Jloka3aTeJbCTBO. [A(:c)]B/V = TBV—>B§/ [A(»’U)]BV

—1
— TB . ABU7BV . [x]BU —

B



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

Jloka3aTeJbCTBO. [A(:c)]B/V = Tl;HBQ, : [A(:c)]BV =

_ -1 . . — —1 . . /A !
_TBVHB;/ ABU7BV [x]BU—TBV_)BQ/ ABU,BV TBU—>BU [x]BU



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

p— _1 . . ’
AB’UaB,V a TBV—B’V ABUaBV TBU—>B U’ (8)
JloKka3aTteabcTBo. MTaxk,

1 —1

/



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle
npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-
cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
TBUHB’U — mampuya nepexoda uz basuca by 6 basucb’y, TBVHB’V
— mampuya nepexoda uz 6asuca by 8 6asuc By, A — auneiinoLi
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

JloKka3aTteabcTBo. MTaxk,

A -1
A@lg, =T5" & - 4B,B,  Tp, B, ",

/
Vv V—>BV U

C 1pyro# CTOPOHBI,



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

JloKka3aTteabcTBo. MTaxk,

A _ m—1

U

C 1pyroi CTOpOHBI, [A(x)]B/V = AB'U B, [z]g -

U



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpulie oneparopa B Apyrom 6asuce). Hycmb U, V — auneillHovle

npocmparcmea nad nosem K, By,B; — 6asucer auneino2o npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
JR— b

TBUHB’U mampuya nepexoda us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz basuca by 6 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB’UaB,V N TBV—B’V ABUaBV TBU—>B U’ (8)

Joka3zareabcTBo. Ciie/10BaTeNbHO, MOJYUHJIH PABEHCTBO

-1 o
5. 5. “B,By 1B, B, g, =4p,p, g, (O

/
V_>BV



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

Teopema 5 (0 mMaTpuue oneparopa B Apyrom 6asuce). Hycmb U, V — auneiinovle

npocmparcmea nad nosem K, By,B; — 6asucer auneiinoeo npo-

cmpancmea U, By, B, — 6asucer auneiinoeo npocmparcmsa V,
_ b

TBUHB’U mampuya nepexooa us 6asuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz 6asuca by 8 6asuc By, A — aunetinoiii
onepamop, omobpascaroujutl auretinoe npocmparcmso U 8 aurneti-

Hoe npocmparcmeo V. Toeda

— —1 . . ’
AB,UaB,V_TB b’, ABUaBV TBU—>B U’

V—)
Joka3zareabcTBo. Ciie10BaTeNbHO, MOJYUHJH PABEHCTBO

1 o
6. 5. “ByBy T, B, g, = g, B, [7lp,-

/
V_>BV

(8)

(9)

K coxanenuto, «cokpaiiatb» Ha £ B 9TOM PaBEHCTBE, BOOOILE MOBOPS,

Hesib3s1. Tep3aloT coMmHeHus?



[11.8. Teopema o maTpuue oneparopa B Apyrom 6asuce

TeopeMa 5 (0 mMaTpuue oneparopa B Apyrom 6asuce). Hycmb U, V — aunetlHoble

npocmparcmsa Hao nosem K, By, By — 6azucer auneinoeo npo-

cmpancmsa U, By,By, — 6asucer aunetinoeo npocmparcmsa 'V,
R b

TBUHB’U mampuya nepexoda us basuca by s bazuc by, TBVHB’V

— mampuya nepexoda uz 6asuca by 6 6azsuc By, A — aunetinoii
onepamop, omobpascarouuti auretnoe npocmparcmso U 8 auneti-
Hoe npocmparncmso V. Toeda

_ -1 . . y
AB,UaB,V - TBV—B’V ABUaBV TBU—>B U’ (8)
JlokasareabcTBo. C/1e10BaTENLHO, TOJYUHUIN PABEHCTBO
1 B . /
s, -5, 46,6, Tp,_B, B, =4, B, g, (9

[losi0keHue criacaer JjemMMa 0 COKpalleHUH Ha MPOU3BOJbHYIO MaT-
puily, U3 KOTOPOH CJie/lyeT 10Ka3blBaeMoe PaBEHCTRO (8).



IV. inpo auHeliHoro oneparopa

CoueTaHue cTpaTeruu oboraieHust MoJeJu U cTpaTeruu Npuopu-
TETHOI0O U3YYEHHUSA IKCTPEMAJbHbIX Cl/lTyaU,l/lﬁ [IPUBOJHUT K BA2KHOMY
MOHSITHIO JIMHEHHON a/ire6pbl — MOHSATHIO 20pa AUHELH020 Onepamo-

pa.



IV.1. OnpeneseHue aapa JuHedHOro oneparopa

Onpeneaenue 7. Anpom aureiinoeco onepamopa A auneiinoeo npo-
cmpancmsea U 8 auneliHoe npocmparcmso V' Ha3eleaemcs MHO-
olcecmeso scex makux sekmopos x u3 U, obpas komopolx nod odeii-
cmauem onepamopa A— HYAeBOU BeKMOpP MHeUH020 NPOCMpPAaH-
cmsa V.



IV.1. OnpeneseHue aapa JuHedHOro oneparopa

Onpeneaenue 7. Anpom aureiinoeco onepamopa A auneiinoeo npo-
cmpancmsea U 8 auneliHoe npocmparcmso V' Ha3eleaemcs MHO-
olcecmeso scex makux sekmopos x u3 U, obpas komopolx nod odeii-
cmauem onepamopa A— HYAeBOU BeKMOpP MHeUH020 NPOCMpPAaH-
cmsa V.

SInpo oneparopa mbl 6yjnem o6o3HauaTh yeped Ker A. MoxxHo 3anu-
caThb ornpejeseHue sijpa ¢ MNoMollblo paBeHCTBA:

Ker A = {SCA(CU)Zﬂv}. (10)



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

JloKa3aTeJbCTBO.



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabctBo. [lo kputepuio noanpocrpaHcTBa JOCTATOUHO
MPOBEPUTD, UTO JJIs1 JIIOObIX JIBYX BEKTOPOB x,y € Ker A u J0OBIX JBYX
CKaJISIpOB A, 1 € K MMeeT MecTo BKJIoueHue Ax + uy € Ker A.



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3areabctBo. [lo kpurepuio noanpocTpaHcTBa JOCTATOUHO
MPOBEPUTH, UTO

xEKerA 299 ~
P\ e Ker A.
{yGKerA Ty o



IV.2. Teopema o siape JiIMHEeHHOTrO oneparopa
Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-
cmea U.

Hoka3zareabctBo. [lo kputepuio noanpocrpaHcTBa JOCTATOUHO
MPOBEPUTD, UTO

xEKerA 299 ~
o= e Ker A.
{yEKerA Ty o

g;:g’ = Az +py) =0.

:]>> :b>



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3areabctBo. [lo kpurepuio noanpocTpaHcTBa JOCTATOUHO
MPOBEPUTH, UTO

xEKerA 299 ~
P\ e Ker A.
{yGKerA Ty o

{f:f”):“’ = Ao+ py) = M (2) + pd (y) =



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3areabctBo. [lo kpurepuio noanpocTpaHcTBa JOCTATOUHO
MPOBEPUTH, UTO

xEKerA 299 ~
P\ e Ker A.
{yGKerA Ty o

{ fi(@ =0 Az + py) = )\A(()x)—l—,ufi(()y) —



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3areabctBo. [lo kpurepuio noanpocTpaHcTBa JOCTATOUHO
MPOBEPUTH, UTO

xEKerA 299 ~
P\ e Ker A.
{yGKerA Ty o

A(z) =0, A . _—



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.
Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

T € Kerfl,
Yy € Ker A



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0

A

= A(dz+py) =



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0

= Az +py) =M (2) + pd (y) =



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0

= A\x+ —NA(2)+u A (y) =
(Az 4 py) (():U)ugy)



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0

= ADz+ )= A@2)+pA(y)=0 =
(Az + py) (():U)ugy)



IV.2. Teopema o siipe JMHEHMHOrO onepaTopa

Teopema 6 (o snpe auneiinoro oneparopa). Adpo auneiinoeco onepamopa
A UV asasemca noonpocmpancmaom AHeiuHoeo npocmpar-

cmea U.

Joka3zareabcTBo. MTak, ohopmMuM 10Ka3aTe/bCTBO:

A

{ x € Ker 4, { A(z) =0,
=

h h =X
y € Ker A Aly)=0

= AQr+py) = A(2)+pA(y) =0 = I+ py € Ker A.
(Az + py) (()56) o gy) x + py € Ker
Teopema nokasana.



IV.3. Panr u nedekr JuHeHOro oneparopa

Onpepenenue 8. Pasmeprnocme sdpa onepamopa A Ha3eisaemcs
nedekTom aunerinoeo onepamopa. PasmepHrocme noonpocmpam-

cmsa A(U) = {A(:c) T € U}, m.e. obpasa npocmparcmsa U omHO-

cumenvHo delcmsaus A, Haszvlaemcs paHroM AUHElH020 onepamno-
pa A.



IV.3. Panr u nedekr JuHeHOro oneparopa

Onpepenenue 8. Pasmeprnocme sdpa onepamopa A Ha3eisaemcs
nedekTom aunerinoeo onepamopa. PasmepHrocme noonpocmpam-
cmea A(U) = {A(:c) T € U}, m.e. obpasa npocmparcmsa U omHO-
cumenvbHo delicmsusi A, Ha3vl8aemcsi PAaHTOM AUHElHO20 onepamno-
pa A.

Panr sinnefinoro onepatopa A mbl 6Gyjnem o6o3HauaTh yepe3s Rg A, a

A

nedekt — uepe3 d(A).



IV.4. Teopema 0 paHre TMHEMHOT 0 oneparopa

TeopeMa7 (0paHre.nuHeﬁﬂoroonepaTopa). Ecau AB — Mmampuya one-
pamopa A 8 6asuce b aunetinoco npocmpancmea U, mo

Rg Ag = Rg A.

Jloka3aTreJabCTBO.



IV.4. Teopema 0 paHre TMHEMHOT 0 oneparopa

TeopeMa 7 (0 paHre JUHeMHOro oneparopa). Ecau AB — Mmampuya one-

pamopa A 8 6asuce b auneilnoco npocmpancmsa U, mo
Rg Ag = Rg A.

Jloka3aTeJabCTBO. [TycTb by ={e1,...,en}. Eciou
b, = {/10%1),-~,z4(6u)} — MakCUMaJibHasl JIMHEHHO He3aBUCH-
Masi MOJICHCTEMA CHUCTeMbl BeKTOpoB b = {/1&3),”.,f1Q%)}, TO,

oueBUHO, By siBasieTcs 6asucom suHeliHoro mnpoctpanctBa A(U)
(JIerko cJyellyeT U3 TeopeMbl O JHUHENHbIX KOMOMHAUMAX 0a3uCHBIX
BEKTOPOB).



IV.4. Teopema 0 paHre TMHEMHOT 0 oneparopa

TeopeMa 7 (0 paHre JUHeMHOro oneparopa). Ecau AB — Mmampuya one-

pamopa A 8 6asuce b auneilnoco npocmpancmsa U, mo
Rg Ag = Rg A.

Jloka3aTeJabCTBO. [TycTb by ={e1,...,en}. Eciou
b, = {A (€iy),..., A (eir)} — MakCUMaJibHasl JIMHEHHO He3aBUCH-
Masi MOJICHCTEMA CHUCTeMbl BeKTOpoB b = {A(el),...,A(en)}, TO,

oueBUHO, By siBasieTcs 6asucom suHeliHoro mnpoctpanctBa A(U)
(JIerko cJyellyeT U3 TeopeMbl O JHUHENHbIX KOMOMHAUMAX 0a3uCHBIX

A

BekTopog). [Tostomy r = Rg A.



IV.4. Teopema 0 paHre TMHEMHOT 0 oneparopa

TeopeMa 7 (0 paHre JUHeMHOro oneparopa). Ecau AB — Mmampuya one-

pamopa A 8 6asuce b auneilnoco npocmpancmsa U, mo
Rg Ag = Rg A.

HokasareabctBo. by ={ey,...,e,}, By= {A (€iy),.-., A (e,-r)}
— MAakKCHMaJibHasl JIMHEHHO He3aBUCHMAas MOACHCTEMA CHCTEMBI BEKTO-

A A

poB b = {A (e1),..., A (en)}, b, — 6asuc JMHeliHOrO MPOCTpaHCTBA

A(U), r=RgA. C nomMolpio TeopeMbl 0 JHHEHbIX KOMOUHAINSX
0a3uCcHbIX BEKTOPOB JIETKO MOJYUYHTb, YTO CUCTEMA CTOJIOLOB KOOPIU-
HaT BeKTOpPOB U3 by sBssgercs 6a3ucom JIMHEHHOU 0O0JIOUKH CUCTEMbI
CTOJIGLOB MaTPHILbI AR.



IV.4. Teopema 0 paHre TMHEMHOT 0 oneparopa

TeopeMa7 (0 paHre JuHeilHOro oneparopa). Ecau AB — MmMampuua orne-

pamopa A 8 6asuce b auneirnoeo npocmpancmsa U, mo
Rg Ag = Rg A.

Hoka3zareabctBo. by ={e,...,e,}, b= {A (€i)),..., A (%)}
— MaKcHMaJbHasl JJHHEHHO He3aBUCHUMAasl MOACHCTEMA CUCTEMbI BEKTO-

A A

poB b = {A (e1),..., A (en)}, by — 6asuc JMHeHHOro NpoCTpaHCcTBa

A(U), r=RgA. C nomolpio Teopembl 0 JUHEHHBIX KOMOMHALMSIX
0a3MCcHbIX BEKTOPOB JIETKO MOJYUHTh, UTO CHCTEMA CTOJIOLOB KOOPIU-
HaT BeKTOpoB U3 By siBisieTcss 6a3ucoM JIMHEHHOH 0GOJOUKH CHCTEMbI
CTOJIOLOB MaTPHILbI AR .

CuiefloBaresibHO, 7 paBHO CTOJIGLOBOMY paHry mMatpHibl Ag. [To Teo-
pemMe 0 COBNAaJeHNUM TPeX PaHrOB CTOJNOLOBBIA paHr MaTpulbl A pa-

BeH ee panry. [Tostomy Rg Ag = r = Rg A, uto n TpeOOBAJIOCH J0KA3aTh.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparncmso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

Jloka3aTeJibCTBO.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparncmso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNokasateabctBo. [lyctb by ={ey,...,eq} — Oasuc dn-
pa omnepartopa A. JlomonmHum ero g0 06asuca BCEro MPOCTpaH-
ctea U: Bb={e,...,eq,e4:1,...,€,}. HerpynHo noxkasatb, uro

{fl(edﬂ), e A(en)} siBJIsieTCs GasucoM npoctpanctsa A(U).



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNokasateabctBo. [lyctb by ={ey,...,eq} — Oasuc dn-
pa omnepartopa A. JlomonmHum ero g0 06asuca BCEro MPOCTpaH-
ctea U: Bb={e,...,eq,e4:1,...,€,}. HerpynHo noxkasatb, uro

{fl(edﬂ),...,fl(en)} sBJsieTcss  Gasucom rmpoctpanetsa A(U). B
caMoM JeJie, TIO TeopemMe O JHHEeWHbIX KOMOMHAUUAX O0a3UCHBIX
BEKTOPOB, JIJIS1 3TOr0 JOCTATOYHO J0Ka3aTh JMHEHHYIO HE3aBHCUMOCTb
9TOH CHCTEMbI BEKTOPOB U €€ MOJIHOTY.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparncmso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JloKaxkeM JINHEHHYI0 He3aBUCUMOCTh. [IyCTh

Aas1Aleqin) + AasaA(eqa) + ...+ MA(e,) = Oy (11)



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpaHctBa U. JlokaxkeMm, uTo {A(ed+1), e A(en)} — 6a3ucom Mpo-
crpancta A(U).

Jlokaxkem JIMHEHHYIO He3aBUCUMOCTh. [1ycThb

A1 A(egir) + AaoA(eqrs) + ...+ AA(e,) = Oy. (11)
Torna

A(Nar1€ars + Adroeara + -+ Anen) = Oy,

A

TO €CTb A\g11€4+1 + Adao€dio + ... + Ape, € Ker(A).



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), e A(en)} — 6a3nucom Mpo-
crpancta A(U).

Jlokaxkem JiIMHelHY10 He3aBUCUMOCTh. [IycTh

)\d+1A(6d+1) + )\d+2A(6d+2) + ...+ )\nA(en) = 0y. (1 1)
TOFﬂa )\d+1€d+1 + )\d+2€d+2 + ...+ )\nen € KGT(A)
Tak kak by — 0asuc daupa, To HaimyTcs Takhe KO3(PHUUHEHTHI

Ay ooy Agy UTO A\gp1€4041 + Agio€dio + ... + Apen = Aer + ...+ Ageq.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

TeopeMa 8 (0 cymMme paHra u iedekra JUHeHHOro oneparopa). ,ZZ./lfl a0boeo  au-
HellHoeo onepamopa A aunelinoeo npocmparcmea U 8 aureiHoe
npocmparcmso V umeem mecmo paserncmso Rg A+ d(A) = dim U,

Hoka3areabctBo. b = {e1,... e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), e fl(en)} — 6asnucom mpo-
ctpatctea A(U).

Jlokaxkem JiHelHyt0 He3aBUCUMOCTb. [IycThb

)\d+1A(6d+1) + )\d_|_2A(6d+2) + ...+ )\nA(en) = 0y. (1 1)

Torna Ajyriegi1 + Ago€agio + ... + ey = Aer + ... + Ageg.
Takum o6pazom, noJsyunJiu

—A1e1 — ... — Ageq + Agr1€ar1 + Aipoeirr + ...+ Aen, = 0.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymme paHra u aedekra JuHeiHOro oneparopa). ,ZI./UZ arboeo  au-
HelHoeo orteparmopa A aunetiHoeo npocmpaHcmsa U 8 auHetiHoe
npocmparcmso V umeem mecmo paserncmso Rg A+ d(A) = dim U.

HNoka3zareabctBo. b = {ey,...,¢e4,€4.1,...,€,} — 0asuc Bcero npo-
crpanctBa U. JlokaxkeM, 4To {A(ed+1), . .,A(en)} — 0asucom Mpo-
crpanctBa A(U).

Takum o6pasom, nosryuuiu
—A1e1 — ... — Ageq + Agr1€ar1 + Aip2eirr + ...+ Aen, = 0.

Ho b — 6asuc, nostomy Bce KoaphULIMEHTbI A; — HyJIeBble. DTO 03HA-
yaer, uto paBeHCTBO (| 1) BbIMOJHAETCS TOJNBLKO NPU HYJIEBbIX KOI(PhHULIK-

A A

€HTax \;, TO €CTh {A(edﬂ), e A(en)} ABJISETCS JUHEHHO HE3aBUCUMOM
CUCTEMOMU.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparncmso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JIoKarkeM TMOJIHOTY 3TOH CUCTEMBI, TO €CThb JIOKAXKEM, UTO BCAKHH BEK-
Top U3 A(U) siBasieTcs IMHEHHOH KOMOUHALMEH BEKTOPOB STOH CUCTEMBI.



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JIoKarkeM TMOJIHOTY 3TOH CUCTEMBI, TO €CThb JIOKAXKEM, UTO BCAKHH BEK-
TOP U3 A(U) ABJIACTCA JIMHEHHOU KOMOMHALMEH BEKTOPOB 3TOW CHCTe-
Mbl. Bo3bMeM npon3Bosibibiii BekTop x 13 A(U). Toraa, 1o onpeeeHuio
MHO2KeCTBa A(U), HaieTcs Takou Bektop y € U, 4To



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JIoKarkeM TMOJIHOTY 3TOH CUCTEMBI, TO €CThb JIOKAXKEM, UTO BCAKHH BEK-
TOP U3 A(U) ABJIACTCA JIMHEHHOU KOMOMHALMEH BEKTOPOB 3TOW CHCTe-
Mbl. Bo3bMeM npon3Bosibibiii BekTop x 13 A(U). Toraa, 1o onpeeeHuio
mHoskecTBa A(U), Haitneres Takoil Bektop y € U, uto 2 = A(y).



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

Iokaxkem nosiHoTy 3T0# cuctembl. z € A(U), = = A(y).
Tak kak b — 6a3wuc, To 1o TeopemMe 0 JMHEHHbIX KOMOUHaALUAX Oa-
3UCHBIX BEKTOPOB HaUAyTCs TaKue KO3 PUIUMEHTDI fi1, . . . , [y, YTO

Y = €1 + poer + ..o+ Upey

(KoopMHaThl BekTopa y B 6asuce b).



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparncmso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JloKaKeM MOJIHOTY 3TOH CUCTEMBI. T € fl(U), x = fl(y),

y:,LL161+/L262—|—...+,LLnGZn
Ho {e1,...,es} — BekTOpHI U3 sigpa oneparopa A, nostomy

r=A(y) =



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6a3nucom Mpo-
crpanctBa A(U).

JloKaKeM MOJIHOTY 3TOH CUCTEMBI. T € fl(U), x = fl(y),

y:,u161—|—,u2€2—|—...—|—,unfzn
Ho {e1,...,es} — BekTOpHI U3 sigpa oneparopa A, nostomy

A

x=Ay) = A(per + poes + . . . + pnen) =



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cyMMe paHra u nedekra JUHeiHOro oneparopa). ﬂ/lﬂ a0boeo  au-
HelHo2co orieparnopa A auHetiHo2o rnpocmpancrmsea U 6 auHetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

Hoka3areabctBo. b = {e1,... e4,€4:1,...,€,} — 0asuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(ed+1), . .,A(en)} — 6asnucom Mpo-
ctpanctBa A(U).

JIokaxeM 1oJiHoTy 370i cuctembl. z € A(U), x = A(y),

Y = €1+ o€y + ...+ Hnn
Ho {e1, ..., es} — BekTOpHI U3 sigpa oneparopa A, mostomy

A

r=Aly) = A(uey + paes + ... + pinen) =

= w0y + ...+ pgOy + Nd+1121(6d+1> +... 1+ ,unA(en)a
TO €CTh



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymme paHra u aedekra JuHeiHOro oneparopa). ,ZI./UZ arboeo  au-
HelHoeo orteparmopa A aunetiHoeo npocmpaHcmsa U 8 auHetiHoe
npocmparcmso V umeem mecmo paserncmso Rg A+ d(A) = dim U.

Hoka3zareabctBo. b = {ey,...,¢e4,€4.1,...,€,} — 0asuc Bcero npo-
ctpanctBa U. Jlokaxewm, uTo {A(edﬂ), . .,A(en)} — 6asnucom mpo-
crpanctBa A(U).

JlokaxkeM MoJiHoTy 570i cucteMbl. ¢ € A(U), = = A(y),
Y = ey + po€2 + ...+ fin€y

Ho {e1, ..., es} — BekTOpBI U3 sigpa oneparopa A, To ecTh
L = :LLd+1A(€d+1) +... 7+ ,unA(en)'
Takum o6pasom, { (eqr1), A(en)} NIEHCTBUTEJILHO sIBJIsTeTCsT 6a3u-

com npoctpanctBa A(U).



IV.5. Teopema o cymme paHra u aedekra JUHEHNHOro
oneparopa

Teopema 8 (0 cymMMe paHra u aedekra JUHeiHOro oneparopa). ﬂ./lﬂ A0boeo  au-
HelHo2co orniepamopa A auneiinoeo npocmpancmesa U 8 aunetiHoe
npocmparcmeso V umeem mecmo pasercmso Rg A+ d(A) = dim U.

HNoka3areabctBo. b = {e1, ... ¢e4,€4:1,...,€,} — 0azuc Bcero npo-
cTtpaHceTBa U.

A A

IlokazaJiu, 4to {A(ed+1), . ,A(en)} — Gasuc npoctpanctsa A(U).

CuaieioBatesibHO, 10 ONpejiesieHuto panra onepartopa Rg A = n — d, uto
1 TpeOOBaJIOCh 1I0KA3AaTh.



IV.6. 3ameuaHue K TeopeMe o cymme paHra U aedekra
JJMHEMHOTO oneparopa

3ameuanue 1 (KTeopemeocymme paHra u aedeKra JUHEMHH. onepaTopa).ﬂaﬂfce npu
U=V usz amoiu meopemor He caenyet, umo U asasemca cymmotl
noonpocmparcms Ker Au A(U).



IV.6. 3ameuaHue K TeopeMe o cymme paHra U aedekra
JJMHEMHOTO oneparopa

3ameuanue 1 (KTeopemeocymme paHra u aedeKra JUHEMHH. onepaTopa).ﬂaﬂfCe npu
U=V usz amoiu meopemor He caenyet, umo U asasemca cymmotl
noonpocmparcms Ker Au A(U).

B camowm nene, paccmotpum B kauecTBe A npousBesieHue onepatopa P
MOBOPOTA MJOCKOCTH HA YroJl % MPOTHUB YaCOBOW CTPEJKU Ha orepaTop

() npoelMpoBaHus MJA0CKOCTH Ha och Ox. Slapo onepatopa A coBnajaer
¢ ocblo Oy (TO €CTb COCTOUT U3 BCEX BEKTOPOB ¢ HauajoM B Touke O H

KoHLOM Ha ocn Oy). O6pas npoctpanctsa, 10 ectb A(U) = P (Q(U))

TOXKe coBnajaet ¢ ocbo Oy, To ecThb ¢ Ker A.



V. BoipoxaeHHbIe 1 00paTUMble ONMEePATOPbI

Onpenenenue 9. Jlurnetiroiii onepamop A Ha3vi8aemcs BbIpOXKAeH-
HbIM moeda u moabKo moeda, Koeda eeco AdpPo — HeHyresoe,
mo ecmo omauuno om {0}. B NPOMUBHOM Cay4ae, Mo ecmv npu

Ker A = {0}, auneiinoii onepamop A Ha3616aeMCs HEBLIPOKIEH-
HbIM.



V. BoipoxaeHHbIe 1 00paTUMble ONMEePATOPbI

Onpenenenue 9. Jlurnetiroiii onepamop A Ha3vi8aemcs BbIpOXKAeH-
HbIM moeda u moabKo moeda, Koeda eeco AdpPo — HeHyresoe,
mo ecmo omauuno om {0}. B NPOMUBHOM Cay4ae, Mo ecmv npu

Ker A = {0}, auneiinoii onepamop A Ha3616aeMCs HEBLIPOKIEH-
HbIM.

Onpepneaenue 10. Juneiinoii onepamop A~' naszeisaemcs o6par-
HbIM K onepamopy A moeoa u moavko moeoa, Ko2oa umeron mecnio
pasencmea AA™' = FEu A'A=FE.

CJielyeT OTMETUTb, UTO TEPMUH «0OPaTHBIH» 00YCJOBJIEH TEM, UTO 00-
paTHbIH JIMHEeHHbIH ontepaTop A™! apasiercst o6parHoit K A hyHKLIHeH.



V.1. Kputeput HeBbIPOXKIAEHHOCTHU onepaTopa

Teopema 9 (Kpmepuﬁ HeBbIPOXKJIEHHOCTH onepaTopa). JIuHelHbll oneparmop A
HeBbLPONCOeHHbLIL Moeda 1 MOoAbKO moeda, Ko2oa OH 06pamu.

DTO CJIeJICTBHE U3 TeOpeMbl 00 H30MOPHOCTH MPOCTPAaHCTBA MaT-

pULL ¥ MPOCTPAHCTBA JUHEHNHbIX ONEPaTOPOB, U KpUTEepus oOpaTu-
MOCTHU MaTpPHUILbI.



V.2. Kputepuit BIpOXKAEHHOCTHU onepaTtopa

A

Teopema 10 (Kpmepuu BbIPOXK/JIEHHOCTH onepaTopa). Hycmb L — aunetinbLl
onepamop auretinoeo npocmparcmsa U, B — 6aszuc aunerinoeo
npocmparcmsa U. Caedyoujue ymsepicoerus IK8UBANCHITIHYL:

1) L — soiposicoernoiii onepamop; 2) Ker L # {0};

A

3) d(L) # 0; 4) RgL < dimU;

5) Rg (LB) < dimU; 6) det <LB) = 0;

7) cywecmsyem AUHEUHO HE3AB8UCUMAA CUCTEMA  BEK-
mopos {ui,us,...,up} makas, “MmMo cucmema B8eKmMopos
{ﬁ(ul), L(us), . .., L(uk)} AUHELHO 3a8UcCUMA.

8) L(U) < U, mo ecmo L(U) # U.



V.2. Kputepuit BIpOXKAEHHOCTHU onepaTtopa

Hoka3zareabctBo. [lyetb B ={ej,es,...,¢e,}. OueBumno, uro
1) & 2) & 3). DKBUBAJEHTHOCTD 3) <> 4) cjieyeT U3 TeOPEeMbl O CyMMe
paHra u jiehekra JuHelHoro ornepatopa. Jlokaxkem 4) < 5).



V.2. KpuTepuit BIpOXKAEHHOCTH onepaTropa

HokasatenbcTBo. Jlokaxem 4) <> 5). Cronbuamu matpuibl Ag 51B-
JISTIOTCS CTOJIGLB! KOOPAMHAT BeKTopoB L(e;) B Gasuce B. ITo reopeme o
cranpaptTHom nsomogusme B R" otrobpaxenue f (x) = |z]g aABIAETCSA
n3omMopduaMom JiHerHoro npoctpanctsa U B R”.



V.2. KpuTepuit BIpOXKAEHHOCTH onepaTropa

HokasatenbcTBo. Jlokaxem 4) <> 5). Cronbuamu matpuibl Ag 51B-
JISTIOTCS CTOJIGLB! KOOPAMHAT BeKTopoB L(e;) B Gasuce B. ITo reopeme o
cranpaptTHom nsomogusme B R" otrobpaxenue f (x) = |z]g aABIAETCSA
n3omMopduaMom JiHerHoro npoctpanctsa U B R”.

CornacHo Teopeme 06 o6pa3e cucTeMbl BEKTOPOB MpPU U30MOP-
(huame cucTemMa BEKTOPOB { €k, €y, - - -, €k, } SBIATCTCS MAKCUMANb-
HOUW AUHEUHO He3AB8UCUMOU Cucmemor BEKTOPOB JIMHEHHOTO MpPO-
ctparctBa L(U) Toria M TOJNBKO TOTAA, KOTJA CHCTEMA CTOJGLIOB
{ler)B s ekl s - - - s €] } SIBASIETCS MAaKCHMAJIBHON JIHHEHHO He3aBH-
CHMOH CHCTEMOH CTONIGLOB MaTpulibl L.



V.2. KpuTepuit BIpOXKAEHHOCTH onepaTropa

Jloka3aTteabcTBO. J[loKaxem 4) < 5).

CoryiacHo Teopeme 006 oOpa3e cucTeMbl BEKTOPOB NMPU U30MOP-
(msme cuctema BEKTOPOB {ep,,€py, ..., €, | SABISIETCS MAKCUMANL-
HOUW AUHEUHO He3AB8UCUMOU Cucmemor BEKTOPOB JIMHEHHOIO MpPO-
ctpanctBa L(U) Torma M TOJBKO TOMMA, KOTAA CHCTEMA CTOJIGLIOB

{ler)B s ekl s - - -+ [ern]p } SIBASIETCS MAaKCHMAJIBHO JIHHEHHO He3aBH-
CHMOH CHCTEMOH CTONIGIOB MaTpulibl L.
Tor ¢bakr, uTo cucTeMa BEKTOPOB { €k, €y, - - - ; €k, } FBJISETCH MaK-

CHUMAaJIbHOW JIMHEMHO HE3aBUCUMOW CHUCTEMOU BEKTOPOB JIMHEHHO-
ro mpoctpanctBa L(U) osnauaer, uto RgL =m, a TOT ¢akr, uTo
{ler]p s [erlp s - - -+ [ehn]p } SABASIETCS MAaKCHMAJIBHOM JIMHEHHO He3aBH-
CHMO¥i cHCTeMOH cTon6LOB MaTpulbl Ly, o3Hauaer, B Chily TeOpeMbl O
COBMajieHkk Tpex panros, uto Rg(Lp) = m. DKBUBaNeHTHOCTD 4) < 5)
JloKa3aHa.



V.2. Kputepuit BIpOXKAEHHOCTHU onepaTtopa
Joka3zateabcTBo. ToT dakr, uto 5) < 6) cjeayer U3 onpeaeseHust
paHra oriepaTopa.



V.2. Kputepuit BIpOXKAEHHOCTHU onepaTtopa
Joka3zateabcTBo. ToT dakr, uto 5) < 6) cjeayer U3 onpeaeseHust
paHra oreparopa.
YTBepxKnaeHue 4) < 7) cienyeT U3 orpejiesieHUsl paHra ornepaTtopa, B
KauecTBe CHCTEMbI BEKTOPOB {u1, U, . . . , Uj } MOXKHO B35ITh a3y JIMHEH -
Horo npoctpanctBa U.



V.2. Kputepuit BIpOXKAEHHOCTHU onepaTtopa

Joka3zateabcTBo. ToT dakr, uto 5) < 6) cjeayer U3 onpeaeseHust
paHra oreparopa.

YTBepxKnaeHue 4) < 7) cienyeT U3 orpejiesieHUsl paHra ornepaTtopa, B
KauecTBe CHCTEMbI BEKTOPOB {u1, U, . . . , Uj } MOXKHO B35ITh a3y JIMHEH -
Horo npoctpanctBa U.

Hakowelt, 5) < 8) cyenyer u3 Teopembl 0 pa3MepPHOCTH MOANPOCTPaH-
CTBa.



V.2. KpuTepuit BIpOXKAEHHOCTH onepaTropa

Joka3zateabcTBo. ToT dakr, uto 5) < 6) cjeayer U3 onpeaeseHust
paHra oreparopa.

YTBepxKnaeHue 4) < 7) cienyeT U3 orpejiesieHUsl paHra ornepaTtopa, B
KauecTBe CHCTEMbI BEKTOPOB {u1, U, . . . , Uj } MOXKHO B35ITh a3y JIMHEH -
Horo npoctpanctBa U.

Hakowelt, 5) < 8) cyenyer u3 Teopembl 0 pa3MepPHOCTH MOANPOCTPaH-
CTBa.

Teopema nokasana.

Paccmorperb npumep?



VI. UHBapuaHTHbIE NOANPOCTPAaHCTBA

A

Onpepneaenue 11. [Ilycmo A — auHetiHoll onepamop AUHEUHO20
npocmparcmsa U. [loonpocmparcmso V' aurHeiiHoeo npocmpa-
cmea U Hasvisaemces A-HHBAPUAHTHBIM MOANPOCTPAHCTBOM 110200
U MoAbKO moeda, Koeda 045 A0bo2o sexkmopa x € V umeem mecnio
siaouenue Alx) € V.

HMubiMu cjioBamu, onepatop A HU OJIMH U3 BEKTOPOB MOJANPOCTPAHCTBA
V' He «BbIOpachbIBaeT HAPYKy», «3a MpeeJibl» NOANPocTpaHcTBa V.



VI.1. Teopema 00 aaredOpe HMHBaAapUAHTHbLIX MNOANPO-
CTPaHCTB

A

Teopema 11 (06 aqre6pe MHBAapUaHTHbIX MOANPOCTPAHCTB). Hycmb A — auneil-
HblLll orteparnop AUHEUHO2O0 npocmpaHcmesa U. Toeoda CﬂpClBed/lLLBbL
caedyrowue ymeepacoeHus:

A

l.cymma  A-unsapuaummnolx  NOONPOCMPAHCMB  ABALEMCA
A-unsapuarmHolm nOORPOCMPAHCIMBOM;

A

2. nepeceuenue A-uHBAPUAHMHOLX NOONPOCMPAHCIE ABAACHICS
A-unsapuarmmrolm nOONPOCMPAHCIBOM.

JlokasareJybcTBO. OUeBHIHO.



VI.2. Kputepun nosypacnaguieics MmaTpuiibl oneparopa

Teopema 12 (kpuTepuit nosypacnaBliecs MaTpuUilbl oneparopa).
[Tycmeo A — auneiinoLi onepamop aureuro2o npocmparcmsa U ¢
baszucom b = {ey,...,e,}. Toeda cnpasedausol caedyoujue ymesep-
oicdenus (30eco 0y, — HYre8a8 MAMPUYA PASMEPHOCIIUD X q):

I. AB = (Pka Qkx("_k) ) moeda U moabKo moeda, KO-
Okx(n—t) Rin-kyx(nt)

eda (e, eq, ..., e) A8a3emcsa A-UHBAPUAHNMHLM NOONPOCMPAH-
CMBoM;

2. AB = (Pka Othx(n—) ) moeoda U MmoabkKo moeda, KO-
Qix(n—t) Rm—i)x(n—r)

20a (€n ki1, Cnfi2,---,€n) ABAAECMCA A-UHBAPUAHMHOIM NOO-
NPOCMPAHCIIBOM.



VI.2. Kputepun nosypacnaguieics MmaTpuiibl oneparopa

Joka3areabcTBO. JloKaKeM TOJLKO MEPBOE YTBEPKACHHUE, MOCKOJIb-
Ky paccyzKJieHUsl BO BTOPOM cJlydae aHaJlorMuHbl. Ecau maTtpuua one-
patropa UMeeT yKa3aHHbIH B MEPBOM IMyHKTe BHI, TO HJs1 J0OOTO
i € {1,2,...,k}, no onpejeaeHuio MaTpULbI orlepaTopa’ HMeeM

121(6@):p1¢€1+---+pk¢6k+0'€k+1+---+0'€n6 (e1,€2,...,€) .

3HauuT, mocJeaHee MOAMPOCTPAHCTBO siBJsieTcss A-HHBapUaHTHBIM. J1o-
KayKeM JJOCTaTOYHOCTb. EC/IM MOANPOCTPAHCTRO (€1, €9, . . . , €} ) SIBJISETCS

A

A-HWHBapHaAHTHBIM, TO
A(ez’) =aie1+ ...+ ager=arer+...+ager+0-e 1 +...+0-¢,,

TO €CTb MaTpulia onepatopa A uMeeT yKasaHHbIH BUL.

2CM. paBeHCTBO (2), ¢Tp.35.



VII. Co6cTBEHHbIE BEKTOPbI

[Ipy M3yueHHWH HMHBAPUAHTHBIX MOANPOCTPAHCTB, KaK OOBIUHO, OCO-
ObIH UHTEPEC NPEACTaBJIAIOT <<KpaﬁHHe>>, KIKCTPEMAJIbHbIE», B HEKOTO-
POM CMbICJIE, CUTYallHH.



VII. Co6cTBEHHbIE BEKTOPbI

[Ipy M3yueHHWH HMHBAPUAHTHBIX MOANPOCTPAHCTB, KaK OOBIUHO, OCO-
Obld MHTEpEC MPEACTABJAIT «KPAaHHHE», «IKCTPEMaJsbHbIe», B HEKO-
TOPOM CMbICJI€, CUTYyallMH. B JTaHHOM cJjyudae, KOraa pedyb UILT O MOJ-
MPOCTPAHCTBE, MOJ «3IKCTPEMAJbHOCTbIO» MOXKHO TMOHUMAaTb, HalpHU-
Mep, <IPeeJbHO BO3MOXKHbBIE» 3HAUCHUA pa3mepHOCHLL IOANPOCTPAH-
ctBa. CJlyuau, KOrd pa3MepHOCTb A-HHBAPHAHTHOTO MOANPOCTPAHCTBA
paBHa 0 wnn dim U, HeuntepecHsl. [lo3TOMY paccMOTpuUM OJIHOMEpPHbIE
A-nnBapuantiele nognpoctpancTsa. UTo HHTEPECHOrO MOKHO CKa3aTh
B 3TOH CHUTyalUH?



VIL.1. OnpeneseHne cOOCTBEHHOTI 0 BEKTOpa

Wrtak, nyctb V = (z) — A-unBapuantioe mnoanpoctpanctso. To-
I, 110 ONpe/e/eH o A-HHBAPHAHTHOO MOANPOCTPAHCTBA, MMEET MECTO
BKJIOUcHHe A(z) € V = (2),



VIL.1. OnpeneseHne cOOCTBEHHOTI 0 BEKTOpa
Urak, nycte V = (x) — A-unBapuanTHoe mnoanpoctpaHctBo. To-
rna, 1o ornpeseaeH’io A-uHBapUaHTHOTO TOANPOCTPAHCTBA, UMEET MECTO
BKJIoueHne A(x) € V = (z), T0 eCTb
A(z) = Mz (12)

JJ151 HeKOToporo A € K.



VIL.1. OnpeneseHne cOOCTBEHHOTI 0 BEKTOpa

Wrtak, nyctb V = (z) — A-unBapuantioe mnoanpoctpanctso. To-
I, 110 ONpe/e/eH o A-HHBAPHAHTHOO MOANPOCTPAHCTBA, MMEET MECTO
BK/IoueHHe A(z) € V = (), To ecThb

A(z) = Mz (12)
JJ151 HeKOToporo A € K.

Onpenenenne 12. Bexkmop x € U Ha3biBaenicsi cO6CTBEHHbIM BEK-
TOPOM AuHeliHo20 onepamopa A, omeseyarouium coOOCTBEHHOMY
3HAUEHUIO \ moeda U moavbKko moaoa, Ko2oa, B0-NepBulX, xr — HEeHY-
AeBOIL BeKMOP, U, BO-BMOPLLX, UMEELI MECnO PABEHCIBO fl(az) = A\z.



VIL.1. OnpeneseHne cOOCTBEHHOTI 0 BEKTOpa

Wrtak, nyctb V = (z) — A-unBapuantioe mnoanpoctpanctso. To-
I, 110 ONpe/e/eH o A-HHBAPHAHTHOO MOANPOCTPAHCTBA, MMEET MECTO
BK/IoueHHe A(z) € V = (), To ecThb

A(z) = Mz (12)
JJ151 HeKOToporo A € K.

Onpenenenne 12. Bexkmop x € U Ha3biBaenicsi cO6CTBEHHbIM BEK-
TOPOM AuHeliHo20 onepamopa A, omeseyarouium coOOCTBEHHOMY
3HAUEHUIO \ moeda U moavbKko moaoa, Ko2oa, B0-NepBulX, xr — HEeHY-
AeBOIL BeKMOP, U, BO-BMOPLLX, UMEELI MECnO PABEHCIBO fl(az) = A\z.

Onpenenenne 13. Mroaxcecmso scex cobcmBeHHbLX 3HAUEHUI -
Hellno20 onepamopa A Ha3vleaemcs e2o CNEKTPOM.

CrnekTp JiuHeriHoro onepartopa A Mbl OyjieM 0603HauaTh, Kak spec A.



VIL.2. Kputepuit coOCTBEHHOT0 BEKTOpa

TeopeMa 13 (Kpmepm"d COOCTBEHHOTO BEKTOPA). HBHyJLBBOLz BeKMOp I < U
ABAREMC COOCMBEHHBIM BeKMOPOM AUHelH020 onepamopa A
moeda u moavko moeda, koeda {x) — amo A-unsapuarmroe noo-
npoOCMmparHcmaso.

ILOKaSaTe.HbCTBO. DTO oyeBHJHOE CJACACTBHUE U3 OHpeﬂeﬂeHHﬁ.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpHLbl oneparopa

B cootBercTBUH cO cOpMYJMPOBAHHBIM HAMH MPABUJIOM pa38U-
8amob MexXHUKY 8bl4UCACHUL 045 3a0aY O AUHEUHOM NPOCMPAHCMEE
MOAbKO HaA A3blKe npocmparcmsa R" Mbl 10/2KHBI HAYUUTHCH HAXO-
JIUTb KOOpOuHamol coOOCTBEHHOTO BEKTOPA U COOCTBEHHbIE 3HAUEHUS
C MOMOLLbIO «0O'BEKTa», COOTBETCTBYIOLLEr0 JUHEHHOMY oniepaTtopy B R"™.
Takum «0ObEKTOM>» SBJISIETCSI MAaTpUlla oneparopa.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpHUllbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B. Ham nano pPEUIUTh ypaBHe-
nue (12), To ecTb ypaBHeHue A(z) = Az OTHOCHTEJBHO /1eMeHTa A T10JIs1
K v BekTOpa x JUHEHHOro npoctpanctsa U'.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpHUllbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B. Ham nano pPEUIUTh ypaBHe-
nue (12), To ecTb ypaBHeHue A(z) = Az OTHOCHTEJBHO /1eMeHTa A T10JIs1
K v BekTOpa x JUHEHHOro npoctpanctsa U'.

CpaBHUM KOOpOuHamobl, BEKTOPOB B JIEBOH W MPABOM YACTH pPaBeH-

ctBa (12): [121(:1:)}5 = [A\z]g.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpHUllbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B. Ham nano pPEUIUTh ypaBHe-
nue (12), To ecTb ypaBHeHue A(z) = Az OTHOCHTEJBHO /1eMeHTa A T10JIs1
K v BekTOpa x JUHEHHOro npoctpanctea U.

CpaBHUM KOOpOuHamobl, BEKTOPOB B JIEBOH W MPABOM YACTH pPaBeH-
ctBa (12): [121(:1:)}5 = [A\z]g.

C o/IHOH CTOPOHBI, IO TeopeMe O KoopAuHaTax oOGpa3a BeKTopa
HMeeM [fl(:c)]s = Ag |7]g- C apyroit croponsl, [A\r]g = A[z]g.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpulbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

[Tonyuaem maTpuunoe ypasHenue Ag |7|g = A[z]g, KOTOpoe MOXKHO
nepenucath B Buie Ag [z]g — Alz]g = [0]g- [Tocnennee ypasuenue ne-
penuiieM B «CTaHAAPTHONH» popMe MAaTPUUHOTO YpaBHEHHSI:



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpulbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

[Tonyuaem maTpuunoe ypasHenue Ag |7|g = A[z]g, KOTOpoe MOXKHO
nepenucath B Buie Ag [z]g — Alz]g = [0]g- [Tocnennee ypasuenue ne-
penuiieM B «CTaHAAPTHONH» popMe MAaTPUUHOTO YpaBHEHHSI:



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpulbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

[Tonyuaem maTpuunoe ypasHenue Ag |7|g = A[z]g, KOTOpoe MOXKHO
nepenucath B Buie Ag [z]g — Alz]g = [0]g- [Tocnennee ypasuenue ne-
pEernuilieM B «CTAaHAAPTHOH» (hOpMe MATPUUHOTO YPABHEHHUS:

DTO MaTPUUHAs 3aMUCh OJHOPOIHON CUCTEMbI JIMHEHHBIX ypaBHeHHH. [To
ONPeIeJIEHHI0 COOCTBEHHOTO BEKTO DA, ||| — HeHyJleBO# cTo/0eL, TO
eCTb cUcTeMa ypaBHeHu# ( 1 3) uMeeT HeHyJIeBO€e pelleHHe.



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpulbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

[Tonyuaem maTpuunoe ypasHenue Ag |7|g = A[z]g, KOTOpoe MOXKHO
nepenucath B Buie Ag [z]g — Alz]g = [0]g- [Tocnennee ypasuenue ne-
pEernuilieM B «CTAaHAAPTHOH» (hOpMe MATPUUHOTO YPABHEHHUS:

DTO MaTPUUHAs 3aMUCh OJHOPOIHON CUCTEMbI JIMHEHHBIX ypaBHeHHH. [To
ONPeIeJIEHHI0 COOCTBEHHOTO BEKTO DA, ||| — HeHyJleBO# cTo/0eL, TO
eCTb cUcTeMa ypaBHeHu# ( 1 3) uMeeT HeHyJIeBO€e pelleHHe.

[To reopeme Kpamepa 310 03HAuaer, uto

det (A — AE) = 0. (14)



VII.3. BbluncieHue coOCTBEHHOro BEKTOpa ¢ NOMOILbIO
MaTpHUllbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

det (A — AE) = 0. (14)

PapenctBo (14) npeacrasJjsieT coO0# ypaBHEHHE JJ1s1 HAXOXKIEHHUST COO-
CTBEHHbIX 3HaueHui onepatopa A. [1pu 3ToM BbipaxkeHue B JieBOH YacTh
9TOTO YPABHEHHUS ABJISETCH MHOTOUJICHOM OT A,



VIIL.3. Bblunciaenme coOCTBEHHOTO BEKTOPA € MOMOLLbIO
MaTpHUllbl oneparopa

Urak, nycte b = {ey, ..., e,} — 6asuc nuneitnoro npoctpanctsa U u
Ap — marpuua oneparopa A B 6asuce B.

det (A — AE) = 0. (14)

Onpenenenue 14. Boipascernue det (AB — )\E) U3 Aesotl Yyacmu pa-
gencmea (14) Hasvieaemcsa XapakTepUCTUUECKUM MOJUHOMOM UAU
XapaKTepUCTHYeCKMM MHOTrouJeHoM onepamopa’ A 8 6asuce B.

sKak mbl yBunnum Huxke, (cM. Teopemy 15 Ha cTp.190) Ha camoM siesie XapaKTepUCTHUECKUH MHOTOUJIEH
ot 6asuca He 3agucum!



VIl.4. IlnaH BbluKcAeHUS COOCTBEHHOI0 BEKTOpa C Nno-
MOILIbIO MATPHULbI ONepaTopa

det (AB — )\E) = 0. (14)
HTak, 17151 HAXOXKAEHUSA COOCTBEHHbIX BEKTOPOB U COOCTBEHHbBIX 3HA-
UEHUH JIMHEHHOT 0 oreparopa A Heo6xomumo:

BO-TNepBbIX, U3 YpaBHeHus (14 ) HaiiTu Bce cOOCTBEHHbIE 3HAUEHUST Olle-
patopa A, TO eCTb HaWTH CIIEKTP JIMHEHHOTO oniepaTopa A;

BO-BTOPbIX, JIJIS KAXKJIOI0 U3 HalJIeHHbIX COOCTBEHHbIX 3HAUEHUN \ Hal-
Th coOcTBeHHble BeKTOpbl, Kak DCP OCJLY (13).

B-TPEeTbUX, HAUTH BEKTOPbI, MHTEPNPETUPYS HakJeHHble (yHIaMeH-
TaJibHblE PELIeHHUs KaK CTOJIOLbI KX KOOPAUHAT.

Paccmorperbh npumep?



VIIIl. lnaronanu3auusa maTpuibl oneparopa

[Ton duaecorarusayuetri MaTpulbl oriepaTopa MOHUMAaETCS MOUCK Ha-
3HMca, B KOTOPOM MaTpula oneparopa aaroHasbHa. Takoi 6asuc cy-
LLIeCTBYET He BCerja.



VIII.1. Onepatop npocTo CTPYKTYpbl

Onpenenenue 15. Jlunetinoiti onepamop A auneiinoeo npoCmpaH-
cmsea U Ha3vleaemcs onepaTopoM MPOCTOUW CTPYKTYpPbl moeda u
moavko moeda, koeda U umeem baszuc, cocmosawull u3 coocmeen -
HblX BEKNMOPOB onepamopa A



VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

Onpenenenue 15. Jlunetinoiti onepamop A auneiinoeo npoCmpaH-
cmsea U Ha3vleaemcs onepaTopoM MPOCTOUW CTPYKTYpPbl moeda u
moavko moeda, koeda U umeem baszuc, cocmosawull u3 coocmeen -
HblX BEKNMOPOB onepamopa A

Teopema 14 (Kpmepuﬁ oneparopa npocToi CTPYKTypbl). JIurnetHolll onneparmop
121 AUHCLHO20 npocmpadHcmesa U sasasemcs oneparmopom npocmozi
cmpyKkmypol moeoa u MmoabKo moeda, Koeda 8 HeKomopom basuce
mampuya armoeo orieparnopa OUacOHANbHA.

Jloka3aTreabCTBO.



VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

TeopeMa 14 (Kpmepm"d oneparopa npocToi CTPYKTypbl). JIuHelHbLl oneparmop
A auneiinoeo npocmparcmsa U s8asemcs onepamopom npocmot
cmpykmypolL moeoa u moavko moeda, Koeda 8 Hekomopom basuce
mMampuya 3mo2o onepamopa OuacoHalbHA.

Joka3areabcTBo. Heobxodumocme. I1ycTtb A siBnsieTcs onepaTopom
NpocTou CTPYKTYpbl. Torma



VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

TeopeMa 14 (Kpmepm"d oneparopa npocToi CTPYKTypbl). JIuHelHbLl oneparmop
A auneiinoeo npocmparcmsa U s8asemcs onepamopom npocmot
cmpykmypolL moeoa u moavko moeda, Koeda 8 Hekomopom basuce
mMampuya 3mo2o onepamopa OuacoHalbHA.

A

Hoka3zareabctBo. Heobxodumocme. Ilycth A saBasercs
OornepaTopoM MNPOCTOM  CTPYKTypbl. Torma cyulecTByeT 0asuc
— — — o
b= { €1, €9,..., en}, COCTOSILIMHA M3 COOCTBEHHbIX BEKTOPOB
oneparopa A. O6o3Hauum 51 JOOOTO ¢ 4yepe3 A; — COOCTBEHHOE
H
3HAUCHUE BEKTOpa €.
Torna



VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

TeopeMa 14 (Kpmepm"d oneparopa npocToi CTPYKTypbl). JIuHelHbLl oneparmop
A auneiinoeo npocmparcmsa U s8asemcs onepamopom npocmot
cmpykmypolL moeoa u moavko moeda, Koeda 8 Hekomopom basuce
mMampuya 3mo2o onepamopa OuacoHalbHA.

A

Hoka3zareabctBo. Heobxodumocme. Ilycth A saBasercs
OornepaTopoM MNPOCTOM  CTPYKTypbl. Torma cyulecTByeT 0asuc
B:{?l,?g,...,?n}, COCTOSIIIMA M3 COOCTBEHHbIX BEKTOPOB
orieparopa A. OGoznaunm st JoGOro i uepes \; — COOCTBEHHOE
3HaueHHe BEKTOPa € ;.

Torna, no onpeneseHuto  MaTpulbl  JIHHEHHOro  orepaTo-
pa, C OIHOH CTODPOHBI, fl(?i):&?i, C Jpyrodl CTOPOHHI,
A(?i)ICLUE)l—{—CLQiE)Q—F...—FCLm?n.



A

CaenoBaTesibHO, ¢-Thlii cToJIOEll MaTpHllbl orepatopa A HMeeT BHJ

0
Ai
0

[0

\ o)

, e \; cTouT B ¢-To# cTpoke. [lostomy marpuua onepa-

Topa A B Gasuce B nuaromannma: aj; = { ())\ EEE;%;, TO €CTb
(A0 0 00 0
0 X ... 0 0

Ag =




VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

TeopeMa 14 (Kpmepm"d oneparopa npocToi CTPYKTypbl). JIuHelHbLl oneparmop
A auneiinoeo npocmparcmsa U s8asemcs onepamopom npocmot
cmpykmypolL moeoa u moavko moeda, Koeda 8 Hekomopom basuce
mMampuya 3mo2o onepamopa OuacoHalbHA.

Jloka3zareabcTBO. /[ocmamourocnis. [IpoBOMM 3TH 2Ke paccyxKe-
HUsi «B oOpaTHOM nopsiaike». [lyctb maTpuiia oneparopa A B 6asuce

O mpui# . Torna, o

— — —
b={€¢€,...,€,}, maronanbna: aj; = .
Ai IpUT =

OTpeJIe/IEHUIO MaTPHULIbI OTlepaTopa,

A(?O = CLM?l—l-aQiE)Q—l—. . .—|—CLm'E>n = 0?14—0?24—. . .—|—>\¢?i—|—. . —|—0€>n = )\z?z



VIIIL.2. Kputepuit onepatopa npoCcTol CTPYKTYPbI

TeopeMa 14 (Kpmepm"d oneparopa npocToi CTPYKTypbl). JIuHelHbLl oneparmop
A auneiinoeo npocmparcmsa U s8asemcs onepamopom npocmot
cmpykmypolL moeoa u moavko moeda, Koeda 8 Hekomopom basuce
mMampuya 3mo2o onepamopa OuacoHalbHA.

Jloka3zareabcTBO. /[ocmamourocnis. [IpoBOMM 3TH 2Ke paccyxKe-
HUsi «B oOpaTHOM nopsiaike». [lyctb maTpuiia oneparopa A B 6asuce

O mpui# . Torna, o

— — —
b={€¢€,...,€,}, maronanbna: aj; = .
Ai IpUT =

OTPENICJICHUIO MATPULLbI OllepaTopa,
A(?O = CLM?l—l-aQiE)Q—l—. . .—|—CLm'E>n = 0?14—0?24—. . .—|—>\¢?i—|—. . —|—0€>n = )\z?z
(2] ﬁ
Takum oOpasom, OasuCHBIA BEKTOp €'; SIBJSIETCSI COOCTBEHHbBIM, UTO U

TpebOBaJIOCh JOKA3aTh.
Teopema nokasana.



IX. UHBapuaHTbI IMHEMHOr 0 oneparTopa

Bo mMHorux pazaenax MmatreMaTUKH 0COOYIO POJib UIPAIOT (DYHKLIHH, 00-
JIACTh JIOMYCTUMbIX 3HAUEHHUH KOTOPBIX CONEPIKUTCS BO MHOXKECTBE JIeH-
CTBUTEJIbHBIX UJIM KOMITJIEKCHBIX uncesl. CylllecTBYeT Aaxe crelualbHoe
Ha3BaHue JJ/1s1 TakUX (PYHKUMH, OHH Ha3blBaloTCsl (PyHKUMOHaMaMu. B
TOM pasjieie Mbl PpAaCCMOTPUM OJIM3KHH K (hyHKIMOHAJIaM KJjacc (yHK-
LMK, oToOparkatoux JuHerdHoe npoctpanctso U nan nosem K B nose K.



IX. UHBapuaHTbI IMHEMHOr 0 oneparTopa

PaccMoTpuM HECKOJIbKO MPUMEPOB TakKUX (DYHKUMH, HO cHavaJja 06-
CYIMM, KaKOro THUMa MpUMepbl HaMm HyxKHbl. MoxKHO, KOHeUHO, OpaTb
KOHKpETHbIE JIMHEHHble MPOCTPAHCTBA (MPOCTPAHCTBO MATpPHL, MpPO-
CTPAHCTBO KaKUX-JMOO MHOIOUJIEHOB, FeOMeTPUUECKUX BEKTOPOB U
T.Il.) U paccMaTpUBaTh KOHKPETHblEe (PYHKUMUH, NOMYCTUM, (PYHKUMOHAJI
F(f(x)) = f(1) nast nuHelHOTO MPOCTPAHCTBA MHOTOUJIEHOB CTEMEHH He
BbIILIE 3, U T.1I.



IX. UHBapuaHTbI IMHEMHOr 0 oneparTopa

Kypc JinHeldHO# anreOpbl OCHOBAH Ha HJEe MePEeHOCa KKOHCTPYKLIMHA»,
BO3HUKAIOIIUX B KOHKPETHBIX JINHEHHBIX MPOCTPAHCTBAX PA3MEPHOCTH N,
Ha «CTAHJAPTHbIE KOHCTPYKLMU» JIMHEUHOTO npocTtpaHcTBa R”. J1jia Bek-
TOPOB 3TO OCYLIECTBJISIOCH C MOMOLIbBIO H30MOPhHU3Ma, I/ JTUHEHHbIX
OIMepaTopoB — C MOMOLIbIO H30MOp(dU3Ma B airedpy MaTpHLL, KaxKI0My
JIMHEHHOMY OTepaTopPy CTABSALIErO B COOTBETCTBHE MATPUILy 3TOTO Ole-
patopa B 6a3uce b, rine kospduieHTbl MaTPULLBI ONTPEESIOTCS PaBEH-
ctBamu (1). [TosTomy GyneT coBepuIeHHO €CTeCTBEHHO, €CJIM Mbl, pac-
cMaTpuBasi mpuMepbl (YHKIMHA, 0TOOparKalolux JUHEHHOE MPOCTpaH-
ctBo U Hax nosem K B noJie K, 6ynem 3a1aBaTh UX ¢ MOMOLLBIO MAMP UL bl
onepamopa B HEKOTOPOM Oasuce.



IX. UHBapuaHTbI IMHEMHOr 0 oneparTopa

[lyctb b ={ey,...,e,} — 06asuc JuHeHdHOro  MpoCTpaH-
ctBa U, A — snHeiiHblil oriepaTtop JMHEHHOro rnpoctpaHcTBa U,
ail ... Qaip
Ag = — marpuua onepatopa A B 6asuce B.
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IX. UHBapuaHTbI IMHEMHOr 0 oneparTopa

OTMETHM, UTO 3TH (PYHKILIMH MOXKHO pa3bUTb Ha JiBa Kjacca: PYHKLIHH,
3HaueHHe KOTOPbIX 3asucum oT Bbibopa 6asuca b, u ¢pyHkuuu, 3Haue-
HHe KOTOPbIX OT BbiGopa 6asuca b ne 3asucum. Cpeay paccMOTpeHHbIX
MPUMEPOB K MEPBOMY KJlacCy OTHOCATCS YHKIMHU f1 U f3, @ KO BTOPOMY,
KaK Mbl YBUJIUM HUKe, — PYHKUMH fo, f4. f5.



[X.1. OnpeneneHve vHBapUaHTa oneparopa

Onpepenenue 16. Qynxyusa f om koagpduyuenmos mampuyol one-
pamopa 8 basuce b Ha3vlBaenicss UHBAPUAHTOM AlUHEILHOE0 onepa-
mopa, ecau 3Ha4eHus Imoi pyHkyuu He 3asucam om golbopa b6a-
suca b.



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

Onpenenenue 16. Dynxyusa f om koagpduyuenmos mampuuol. one-
pamopa 8 basuce b Ha3viBaenicss THBAPUAHTOM AlUHECILHOEO Oonepa-
mopa, ecau 3Ha4erus 3mot GyHKyuu He 3asuciam om golbopa ba-
suca b.

A

Teopema 15 (06 MHBAPUAHTHOCTHU KO3((UIIMEHTOB XapaKT.MOJUHOMA ). HyCHZb A —
AUHeUHbL ortepamop AUHCLUHOO npocmpaHcmesa U. prHKL{LLﬂ Di,
cmasAuwias mampuue AB 6 coomeercmesue KIOE)Cf?Cf?LLL;LLQHm npu AP
xapakmepucmu4ecKko20 MHO204NEHA ‘AB — AE|, asaaemca un-

BAPUAHMOM MLHelUHO20 onepamopa A.



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTH KO3 (P (PUIIMEHTOB XapaKT.NMoJMHOMA). Hycmb A —
AUHel bl onepamop auretiHoeo npocmparncmsa U. Pyukyus py,
cmasauwjas mampuuye Ag 6 coomsememsue Kodgppuyuenm npu AE
xapakmepucmu4ecKko20 MHO204NeHA ‘AB — ME|, asaaemca un-

BAPUAHMOM AMLHelHO20 onepamopa A.

Hoka3zareabctBo. [lyctb T — wmarpuua nepexona u3 Oasuca b B
Kakoli-1m6o 6asuc B’ smneiinoro npoctpanctea U. Torma, cornacHo
TeopemMe 0 MaTpulie oneparopa B Apyrom 6asuce, TO €CTb (GopMy-
Jie (8), uMeem

Ag' — AE| = [T 'ART — AE| = |T'AgT — T (\E) T



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTU KO3((PUUHEHTOB XapaKT.MoJMHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHKL{LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)d?d?LLL{LLBHﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (A~ AE) T =



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTU KO3((PUUHEHTOB XapaKT.MoJMHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHKL{LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)d?d?LLL{LL@Hﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (A5 — AE) T| = |T7'|-|Ag — AE||T| =



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTU KO3((PUUHEHTOB XapaKT.MoJMHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHKL{LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)d?d?LLL{LL@Hﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (Ap — AE) T| = |T"'||Ap — AE[-|T| = [Ap — AE[-[T"|-|T| =



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTU KO3((PUUHEHTOB XapaKT.MoJMHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHKL{LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)d?d?LLL{LL@Hﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (Ap — AE) T| = |T"'||Ap — AE[-|T| = [Ap — AE[-[T"|-|T| =
= |Ap — AE[ - [T7'T| =



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTH KO3((PHUUMEHTOB XapaKT.MoJUuHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHK?L;LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)(f?d?LLL{LL@Hﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (A~ AB)T| = [T7'|-|Ag — XE|-[T| = [A5 — AE| [T7'|[T| -
= [Ap ~ AE[ [T | = [Ag  XE]  [E] -



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

Teopema 15 (06 MHBAPUAHTHOCTH KO3((PHUUMEHTOB XapaKT.MoJUuHOMA). H!/Cl”l’lb A —
AUHELLHbLL oneparnop AUHCLUHO2O0 npocmpadcmea U. (pyHK?L;LL}Z Pk,
cmasawias mampuue AB 6 coomeemcmesue KOE)(f?d?LLL{LL@Hﬂ’l npu )\k
xapakmepucmuiecKkoeco MHO204Y/1€eHa ‘AB — AE , ABAAdernca UH-

BAPUAHMOM MLHelHO20 onepamopa A.

ILOKaBaTeHbCTBO.
Ag/ — AE| = |T7'AT — \E| = [T'AgT - T~ (\E) T|.

JleTepMUHAHT NpoOU3BeleHUS MATPULL PaBeH NPOU3BEEHUIO AeTep-
MUHAHTOB, TO3TOMY

T (A~ AE) T| = [T 1[-|Ag — AE]-T| = Ap — AE|-|T1|-/T| =
= |Ap — XE| - [TT| = [Ag — AE| - | = |Ag ~ AE|



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTHUECKOTO MOJUHOMA

A

Teopema 15 (06 MHBAPUAHTHOCTHU KO3((HUIIMEHTOB XapaKT.MOJUHOMA ). Hycmb A —
AUHeUHbLL ortepamop AUHEILHO20 npocmpaHcmesa U. @ymmuﬂ D,
cmasAuwas mampuue AB B8 coomeemcmeue KOE)d)(f?LLL{LLéHm npu AP
xapakmepucmu4ecKk020 MHO204NEHA ‘AB — ME|, asaaemca un-

BAPUAHMOM AUHELHO20 onepamopa A.
JloKa3aTeJbCTBO.
_ |-t _ |-t 1
Ag/ — AE| = |T'AT — \E| = [T'AgT - T (\E) T|.
JleTepMMHAHT NpOU3BEJEeHUSI MATPULL PpaBeH MNPOU3BEAEHUIO 1eTep-
MUHAHTORB, TO3TOMY

3HauuT, P Nepexojie B APYroi 6azuc xapakrepucTuiecKuii NoJuHom
He uaMensiercs. Teopema nokasaHa.




[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTUUYECKOTO MOJUHOMA

B uacTtHocTH, paccMoTpeHHble Bbillle (OYHKIKHK fo, f4 CTABAT MaTpHUlie
oreparopa B COOTBETCTBHE cJeytolline KoIDPUIMEHTbl XapaKTepUCTH-
UeCKOro MHOToUJIeHa:

o byHKUMS fo — yMHOXKeHHbIH Ha (—1)" "1 kKoaduument npu N\~ 1;

o bynkuus fy — Koshduument npu A



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTUUYECKOTO MOJUHOMA

B uacTtHocTH, paccMoTpeHHble Bbillle (OYHKIKHK fo, f4 CTABAT MaTpHUlie
oreparopa B COOTBETCTBHE cJeytolline KoIDPUIMEHTbl XapaKTepUCTH-
UeCKOro MHOToUJIeHa:

o byHKUMS fo — yMHOXKeHHbIH Ha (—1)" "1 kKoaduument npu N\~ 1;
o bynkuus fy — Koshduument npu A

DyHKuMS f5 ABJASETCS UHBAPHAHTOM, MTOCKOJIbKY PAHT MaTPHIIbl OMe-
patopa paBeH pazmepHocTH ripoctpaHcTBa A(U), To ecTb 0T BhiGopa 6a-
3UCa He 3aBUCHT.



[X.2. Teopema 06 MHBapUAHTHOCTH KO3 (p(PULMEHTOB Xa-
pPaKTEpPUCTUUYECKOTO MOJUHOMA

B uacTtHocTH, paccMoTpeHHble Bbillle (OYHKIKHK fo, f4 CTABAT MaTpHUlie
orepaTopa B COOTBETCTBHE CJIeAyIOLIMe KODDULIHEHTbI XapaKTe pUCTH -
YeCcKOro MHOrouJieHa:

o byHKUMS fo — yMHOXKeHHBIHA Ha (—1)" "1 kKosdduument npu N\ 1;
o PyHkuMa f; — Koahduument npu V.

OyHKIMS f5 sIBJSIETCS] KHBAPUAHTOM, MOCKOJIbKY paHr MaTPHLbI Ore-
patopa paBeH paamepHocTH nipoctpancTBa A(U), To ecTb 0T BeiGOpa Ga-
3Uca He 3aBUCHT.

Coranawenue 1. B cury meopemot 15 eogopam «xapakmepucmuue-
CKULL NOAUHOM MHELHO20 ONEPAmMOpa» BMECMO «XAPAKMePUCTL -
YecKull NOAUHOM MAMPUYLL AUHELHO20 0Nepamopa 8 MmaKom-mo
basucey, mak KaxK 9Mmon NOAUHOM He 3asucum om basuca.



X. Teopema [amuabToHa-Kaau

Htak, B Teopeme 0060 MHBApUAHTHOCTU KO3 (PUUHEHTOB Xapak-
TEPUCTUYECKOTO MOJMHOMA, Mbl BbISICHUJIH, UTO KOI(D(PHUUIHMEHThl Xa-
pPAKTEPUCTUYECKOT0 MHOTOUYJIeHA MAaTPHULbl IMHEHHOTO orepaTopa siB-
JI0TC HHBapuaHTaMu. Ho, okasbiBaercsi, cripaBe//iiBa yJIMBUTE/bHAS
Teopema [amusbroHa-Ka/M, KoTOpylo Mbl NpuBelleM 0e3 JoKasaTellb-
CTBA.

Teopema 16 (TamuabtoH, Kaau). Ecau f(\) = |A — AE| — xapak-
mepucmuyeckuii mroeousen” mampuuyor A, mo f(A) — nyiesasn
mampuya.

‘B yactHocTH, MaTpuLia A — KBajpaTHast, IO3TOMY MOXKHO BbIUMCJIHTL A%, A3, .. ..
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e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru
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