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I. MuHOp MaTpuLLbl

ail ... Qin
Onpenenenue 1. MuHopom mampuyo. A = , no-
am1 --.- Amn
cmpoerHoim Ha cmpokax {iy, is, ... ik} u cmoabyax {ji,jo, - -, Jji}
Giyjy Qiggy -+ Qiggy,
a. . CI/ B v CI/ B
nazosem onpedesumens M mampuyor M = 2 127k
ipji Qigga -+ Qigjy,

[Ipu amom camy mampuyy M mor 6ydem Haszvisame mampuyetl,
cooTBeTcTBylouei MuHopy M. Takum obpasom, M = det M. Ko-
auuecmso cmpok mampuyol M (mo ecmo nopadok demepmurar-
ma M = det M) nazeigaemcsa nopIaKOM 31moeo MUHOpPA.

Kak pasoOparbcs ¢ onpeaejeHuem?
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Onpenenenue 1. MuHopom mampuyo. A = , no-
am1 --.- Amn
cmpoerHoim Ha cmpokax {iy, is, ... ik} u cmoabyax {ji,jo, - -, Jji}
Giyjy Qiggy -+ Qiggy,
a. . CI/ B v CI/ B
nazosem onpedesumens M mampuyor M = 2 127k
ipji Qigga -+ Qigjy,

[Ipu amom camy mampuyy M mor 6ydem Haszvisame mampuyetl,
cooTBeTcTBylouei MuHopy M. Takum obpasom, M = det M. Ko-
auuecmso cmpok mampuyol M (mo ecmo nopadok demepmurar-
ma M = det M) nazeigaemcsa nopIaKOM 31moeo MUHOpPA.

Ananus onpenesieHus (B YaCTHOCTH, MOJydeHHe TEOPEM ) UJTH



I. MuHOp MaTpuLLbl

ail ... Qin
Onpenenenue 1. MuHopom mampuyo. A = , no-
am1 --.- Amn
cmpoerHoim Ha cmpokax {iy, is, ... ik} u cmoabyax {ji,jo, - -, Jji}
Giyjy Qiggy -+ Qiggy,
a. . CI/ B v CI/ B
nazosem onpedesumens M mampuyor M = 2 127k
ipji Qigga -+ Qigjy,

[Ipu amom camy mampuyy M mor 6ydem Haszvisame mampuyetl,
cooTBeTcTBylouei MuHopy M. Takum obpasom, M = det M. Ko-
auuecmso cmpok mampuyol M (mo ecmo nopadok demepmurar-
ma M = det M) nazeigaemcsa nopIaKOM 31moeo MUHOpPA.

Ananus onpenesieHus WM pacCMOTPEHHE TPUMEPOB (Mojiesielt ).



I. MuHOp MaTpuLLbl

PaccmoTrpuM MUHOP MaT- (2 1 5 7\

pHLBI, TMOCTPOEHHBLIH Ha 3 7 92 _3
CTPOKax ¢ Homepamu 2, 4 5 4 -9 1
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Paccmotrpum MUHOp MaT-
pHLbI, TIOCTPOEHHLIM HA
CTpPOKax ¢ Homepamu 2, 4
M cTosbax ¢ Homepa-
mu 1, 3.
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[1. OKamasilo WM MUHOP MaTpPHULLbI

Onpepenenue 2. [Ilycmo M — wmunop mampuyor A, nocmpoer-
HOllL HA CMPOKAX C HOMepaMu iy, . ..,t, U CMOAOYax ¢ Homepamu
J1y s Jkr L1 — HOMeEp cmpoxku mampuyol A, He 8x00auuil 8 MHO-
aHcecmaso {z’l, . ,z’k}, Jri1 — HOMEDp cmoabya, He 8X00AWuUL 8 cnu-
cOK {J1,--.,jr}- Toeda murop mampuyer A, nocmpoenHoLl Ha cMpo-
KAX 11, ..., 0k, tpr1 U CMIOAOYAX J1, . . ., Jk, Jke1 HASOLBACMCS OKAUMJISA-
UM 0asa muropa M.

PaccmoTrpum MuHOp Mar- (
pHLbI, TOCTPOCHHLIA Ha

2 -1 5 T\ |3 2'
3] -3
CTPOKax ¢ Homepamu 2, 4 5 4 -9 1
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M cToJiflax ¢ Homepa-
mu 1, 3. \
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OxalimsisieM 5-i cTPOKOH U 4-M CTOJOLOM.
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Onpepenenue 2. [Ilycmo M — wmunop mampuyor A, nocmpoer-
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CTPOKax ¢ HoMepamu 2, 4 5 4 -9 1 3 =%
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OkaiimssieM 3- CTPOKOU U 2-M CTOJIOLLOM.
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KAX 11, ..., 0k, tpr1 U CMIOAOYAX J1, . . ., Jk, Jke1 HASOLBACMCS OKAUMJISA-
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Onpenenenue 3. Henyresoli murop Haubosvuieeo NOpPsaO0Ka HA3bl-
saemcs 6a3UCHbIM MUHOPOM.



[1. OKamasilo WM MUHOP MaTpPHULLbI

Onpepenenue 2. [Ilycmo M — wmunop mampuyor A, nocmpoer-
HOllL HA CMPOKAX C HOMepaMu iy, . ..,t, U CMOAOYax ¢ Homepamu
J1y s Jkr L1 — HOMeEp cmpoxku mampuyol A, He 8x00auuil 8 MHO-
aHcecmaso {z’l, . ,z’k}, Jri1 — HOMEDp cmoabya, He 8X00AWuUL 8 cnu-
cOK {J1,--.,jr}- Toeda murop mampuyer A, nocmpoenHoLl Ha cMpo-
KAX 11, ..., 0k, tpr1 U CMIOAOYAX J1, . . ., Jk, Jke1 HASOLBACMCS OKAUMJISA-
UM 0asa muropa M.

Onpenenenue 3. Henyresoli murop Haubosvuieeo NOpPsaO0Ka HA3bl-
saemcs 6a3UCHbIM MUHOPOM.

B matpuie MoxKeT ObITb HECKOJBLKO OA3UCHBIX MUHOPOB, T.€. HEHyJie-
BbIX MUHODPOB MOPAAKa 7, IPUUEM 8C€ MUHOPLI Nopaaka r + 1 U BbILIE,
HYyJICBbIE.



I1l. OnpeneneHuss panra MaTpHULbl

Onpepnenenune 4. Panrom marpuubl A Hasei8aemcs MaKcuUmMarbHolLll
NOpA0OK HeHYre8bLX MUHOPOB. Parne Hyre80l mampuyvl NpuHUMA-
emcs pasHblM HYMO.



I1l. OnpeneneHuss panra MaTpHULbl

Onpepnenenue 4. Panrom marpuubl A Ha3vieaemcs MaKCumMaibHblll
nopa0oK HeHyresolx MUHOpos8. Pane Hysresoi mampuyol npuruma-
emcsa pasHolM HYAIO.
1120
Hanpumep, panr maTpuiibl 112 0 | paBeH aByMm.
—1 100
J1eJs10 B TOM, YTO UMEIOTCSI HEHYJIEBbIE MUHOPBI, TOCTPOEHHbIE HA OJTHOH
CTPOKE U OJIHOM CTOJIOLE (TaKUX MHOTO ), [T03TOMY PaHT 3TOH MaTPHULbI He
Menblie 1. EcTb HeHyJsieBble MUHOPBI, TOCTPOEHHbIE HA ABYX CTPOKax U

IBYX CTOJIOLAX, HAIPUMED, NTEPBOU U TPETbeH CTPOKAX U MEPBOM U BTO-

1 1/20 |1
poM cTOJIOLE (€CTh U APYTHE): 1120 ], =2 0.
~1 1[0 0 —H




I1l. OnpeneneHuss panra MaTpHULbl

Onpepnenenue 4. Panrom marpuubl A Ha3vieaemcs MaKCumMaibHblll
nopa0oK HeHyresolx MUHOpos8. Pane Hysresoi mampuyol npuruma-
emcs pagHulM HYNI0.

Hanpumep, panr maTpuiibl paBeH JBYM.

—_ = =
—_ =
[\ \V)
o O O

JI10601 MUHOD, MOCTPOEHHbBINA HA TPEX CTPOKAX HCXOJIHOM MATPHLLbI, pa-
BeH 0. [leficTBUTEILHO, YETBEPTHIN CTOJIOCIL HCXOHON MAaTPHULLbl — HyJle-
BOH, MO3TOMY JIOOOH MUHOP, MOCTPOEHHBIA HA CUCTEME CTOJIOLOB, BKJIIO-
yarollled B cebs1 ueTBepThlid cToJsidel, Oynem HyseBbiM. OcTanoch 3ame-

THTb, YTO MHUHOD, HOCTpOGHHbeI Ha I1epBOM, BTOPOM H TPETbEM CcTOJIOLAX
112

MCXOJIHOU MaTPULLbI: 1 12=0.
-1 10



I1l. OnpeneneHuss panra MaTpHULbl

Onpepnenenue 4. Panrom marpuubl A Ha3vieaemcs MaKCumMaibHblll
nopa0oK HeHyresolx MUHOpos8. Pane Hysresoi mampuyol npuruma-
emcs pagHulM HYNI0.

Onpenenenue 5. CTpouHbIM (CTONOUOBBIM) paHrom mampuuyol A
HA308eM PASMEPHOCTb NUHEUHOU 000A0UKI CUCHIeMbl MAMPUY-
cmpok (cooms. mampuy-cmoabyos) mampuysl A. Hroimu crosamu,
CMPOUHBLIL paHe Mampuyol — MAKCUMANbHOE YUCAO CIPOK MAMPU-
yol, 00PABYIOWUX NUHEIHO HE3ABUCUMYIO CUCTIEMY.

PaccmorpeTb npumep?



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Onpepenenue 5. CTpouHbiM (CTOJOLOBBIM) paHrom mampuuyst A
HA308eM PA3MepPHOCHIb NUHEIHOU 000A04KU cucmemol MAmMpul-
cmpok (cooms. mampuy-cmoabuyos) mampuyol A. Hroimu carosamu,
CMPOUHBLL PAHS MAMPULbL — MAKCUMAAbHOE YUCAO CIMPOK MAMPU-
Uvt, 06PA3YIOUWUX NUHELHO He3ABUCUMYTO CUCTIeMY.

Jlemma 1 (0 cBoCcTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, HOCMPOEHHbLIL HA CMPOKAX ¢ HOME-
pamu u3 I ={iy,... i} u cmoabyax J={j,...,Jx} makos, umo
M # 0, Ho scakuil okadmaarouuil e2o murop — Hysesou. Toeda
MHOHCECMBO CMPOK ¢ HOMepamu u3 I ssasemcs 6a3ucom AuHetHoll
0bon04UKU MHOJNCEcmBa cmpoKk mamputol A. AHaL0eUUHO MHONCE-
CMBO cmMoAbY08 ¢ HoMmepamu u3 J asiaemcsa 6a3ucom AUHelHO
0bon0UKU MHONecmBa cmoibyos mnampuol A.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asarsemcs 6a3ucom AUHetHoLl
000A04KU MHONCECMBA cMPOK mampuubl A. AnHaroeuuHo MHONMCE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

3amedaHue K Ha38aHuto remmol. PakTHUeCKH 3TO CBOMCTBO He Oa-
3UCHOI0 MMHOpa, a MUHOpa, (popMabHO GoJiee OOLIErO BUAA - HEHYJIe-
BOTO MMHOPA, BCe OKAWMJIsIOIMe MUHOPBI KOTOPOTO HyJieBble. Mbl 10-
KaxkeM MOTOM, UTO TaKOH MUHOP 00s13aTeJIbHO SIBJISIeTCS Ga3UCHBIM.
Paccmorperh npumep?



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asarsemcs 6a3ucom AUHetHoLl
000A04KU MHONCECMBA cMPOK mampuubl A. AnHaroeuuHo MHONMCE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Hoka3zareabcTBo. CorjiacHo Teopeme 0 JIMHEeHNHbIX KOMOMHAIIMAX Oa-
3UCHBIX BEKTOPOB (KpUTepuio Oasuca ) HaJo NPOBEPUTh, UTO, BO-TIEPBHIX,
BCe CTPOKH MaTpuilbl A ¢ HoMepamu W3 I JIMHEHHO He3aBUCHMbI H, BO-
BTODBIX, JI0Oasi CTpOKa MaTPULIbl A SBJISIETCS JIMHENHOW KOMOUHALM el
CTPOK MaTpHilbl A ¢ HOMepamu U3 1.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Joka3areabcTBo. [IycTh HaGop cTpok mMaTpulbl A ¢ HOMepamu u3 [
SBJIIETCS JIMHEHHO 3aBUCHUMOM CUCTEMOKM BEKTOPOB. Toraa CyulecTBYIOT
TaKHUE UUCAA Aq, A9, ..., Ak, UTO



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

JloKa3aTeJbCTBO.
)\1 ( Ay 1 Ajp2 . Qin ) + )\2 ( Qi1 Ajg2 -+ Qipn ) + ...+
+>\k(aik71 CLZ’]wQ a%n):(o 0 ... 0)



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Hoka3areabctBo. Torna jss no6oro Homepa j € {1,2,...,n} cnpa-
BEJUIMBO PABEHCTBO A1y, j + A2ty j + ... + Apa;, j = 0.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Hoka3areabctBo. Torna jss no6oro Homepa j € {1,2,...,n} cnpa-
BEJUIMBO PABEHCTBO A1y, j + A2ty j + ... + Apa;, j = 0.
B uacTHOCTH, 3TO paBeHCTBO CIpaBeIMBO /151 JIIOOOT0 HOMepa j € J.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
0bon04UKU MHOMecmBa cmoibyos mampuyol A.

Hoka3zateabctBo. Torna nus jio6oro Homepa j € {1,2,...,n} crnpa-
BEJUIMBO PABEHCTBO A1y, j + A2ty j + ... + Apa;, j = 0.

B yacTHoCTH, 5TO paBEHCTBO ClIpaBeVIMBO 1151 J1I0OOro Homepa j € J.
[TosTomy cuctema ctpok maTpuubl M, cooTBeTCcTBYOLLEH MUHOPY M, /11~
HEHHO 3aBHCHMA.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBoicTBe CTPOK «0a3UCHOTO» MUHOpA.). [Tycmo  mu-
Hop M mampuyor A = A, x,, HOCMPOCHHbLL HA CMPOKAX ¢ HOME-
pamu uz I ={iy,... i} u cmoabyax J={j,...,Jx} makos, umo
M # 0, Ho scakuil okadmaarouuil e2o murop — Hysesou. Toeda
MHOHCECMBO CMPOK ¢ HOMepamu u3 I ssasemcs 6a3ucom AUuHetHol
000104KU MHONCECMBA cMpOK mampuusl A. AnaroeuuHo mHoxmce-
CmMBo cmoAbyos8 ¢ Homepamu u3 J asiaemcsa 6a3ucom AUHEUHO
000n04KU MHONCECMBa cmoibyos mampuyol A.

Joka3areabctBo. Torna jsis o6oro Homepa j € {1,2,...,n} cnpa-
BEJUIMBO PABEHCTBO A1y, j + A2ty j + ... + Apay, j = 0.

B yacTHOCTH, 3TO paBEHCTBO CNPaBeJIMBO /11 JE0OOOro HoMepa j € J.
[TosToMy cucTeMa cTpoK MaTpulibl M, cOOTBeTCTBYIOLLEH MUHOPY M, U~
HeliHO 3aBucuMma. CuoenoBatesnbHo, M = det M — HyJ1eBOH MHHOP, UTO
POTUBOPEUHUT BIOOPY M .



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asarsemcs 6a3ucom AUHetHoLl
000A04KU MHONCECMBA cMPOK mampuubl A. AnHaroeuuHo MHONMCE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Joka3areabctBo. Ham ocranoch nokasartb, uto Jirobasi CTpoka Mar-
pyLbl A siBJIIeTCS IMHEeMHO W KoMOUHalMel CTPOK ¢ HoMepaMu U3 1.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asarsemcs 6a3ucom AUHetHoLl
000A04KU MHONCECMBA cMPOK mampuubl A. AnHaroeuuHo MHONMCE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Joka3areabctBo. Ham ocranoch nokasartb, uto Jirobasi CTpoka Mar-
puubl A sBjsieTcs JMHeHo KomOuHaluel CTPOK ¢ HoMepamu us 1.
[IycTb ¢ — HOMep MPOH3BOJILHOM CTPOKH MaTPHLbI A.



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asarsemcs 6a3ucom AUHetHoLl
000A04KU MHONCECMBA cMPOK mampuubl A. AnHaroeuuHo MHONMCE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Joka3areabcTBo. Ecan ¢ € I, To i-91 cTpoka MaTpulbl A sIBJsieT-
csl JIMHEeUHON KomOuHalmel CTpokK MaTpuibl A ¢ KosdduimeHTaMu

0, npu 7J #1,
)\1,...,)\]€,I‘IL€)\]'={1 HEH ;iz



IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

Jlemma 1 (0 cBOMCTBE CTPOK «0a3UCHOrO» MUHOPpA.). [lycmo  mu-
Hop M mampuyor A = A, x,, NOCMPOEHHbLL HA CMPOKAX ¢ HOME-
panu us I ={iy,... it} u cmoabyax J = {j,...,jk} makos, umo
M # 0, HO 8caKuil okatumaaouwul eeco muHop — Hyaesoll. Toeda
MHOMCECMBO CMPOK ¢ Homepamu u3 I asasemcs 6a3ucom AUHeUHO
0bon04UKU MHOJNCECMBA cmpoK mamputol A. AHaL0eUUHO MHON CE-
CMBO cmMoAbyo8 ¢ Homepamu u3 J asraemcsa 6a3ucom AUHeUHO
000n04KU MHONCECMBa cmoabyos mampuyol A.

Hoka3areabctBo. Ocraercsi paceMotpersb cayuar @ ¢ I. [Tycts j —
HOMEP MPOU3BOJILHOTO CTOJOLA MAaTPHULLbL A.



IV. Jlemma o cBoiicTBe CTPOK 6a3MCHOr0 MMHOpa

( Qiyjr Fingy - -+ Qg am’\
. Qigjy Qigjy - -+ Qiggy Gigj
[Tosoxkum MU = . Takum o6pasom,
Qipgy Qiggy -+ -+ iy Aigg
Aijy - Qigy -+ Qigy, i

MV! nostyuena us M 106aBieHHeM CTPOKH CHH3Y H CTOJ01IA CIIpaBa, Co-
CTOSALLMX M3 COOTBETCTBYIOLLUMX 3JIEMEHTOB i-H CTPOKH H j-TO cTos6La
marpuibl A. 3amerum, uto det (MV!) = 0. B camom nene, ecau j € J, 1o
B MU/ nmeercst 1Ba ognnakoBeix crosioua, nostomy det (MV)) = 0. Ecan
xe j ¢ J, 1o MU — marpuia, cootBercTBylolas MHHOPY, OKaiMJIsiio -
wemy mMusop M, nosromy det (MU)) = 0 no BeiGopy munopa M.



IV. Jlemma o cBoiicTBe CTPOK 6a3MCHOr0 MMHOpa

Hrak, nokasano, uto det (MM) = 0. A celiuac Hac 0xKUlaeT MPUSITHBIH
ctoprnpus. «PackpoemMm» 3TOT JeTepMHUHAHT M0 MOCJEAHEMY CTOJOLLY:

0= det (MM) = ailjBl -+ amBg 4+ ...+ Cll'ij]{; + &UM, (1)

iy Ajqjy - - - iy jy,

Aigjy Aigjy -+ - Aoy

Qi _oj1 Aip_ojo -+ iy _ojy

B - (_1)p+k+1 Wiy, 151 Qip_1jo -+ Qip_yjp,
p+11 pr1J2 0 Pipr1Jk

Qipyoji Aiprojo -+ -+ Aipiojy

iy, 1 Qigjo - - Wiy ji,

CL@'jl CLijQ ... aijk




IV. Jlemma o cBoiicTBe CTPOK 6a3MCHOr0 MMHOpa

A Tenepb — oGellaHHbIf clopnipus: vucaa B, ne s3asucsam om 8o100-
pa j. J1edcTBUTENbHO, OT BbIOOPA HOMEPA j 3aBUCST TOJbKO 3JIEMEHTHI

/ Qiyjr Qirgy -+ - Qiggy, Qigj \
‘ Qigjr Gigja - Qigjy, Digj
rocJieiHero cro6ua Marpuis MU = . , HO
Qipjr Qiggy -+ Qiggy, Digg
\ Qijy - Gigy -+ Qigy, Qi )

npu 8olYUCACHUL OONOAHUMEAbHOLX MUHOPOB K dAeMEeHMaM NOCAeO0-
neeo cmoabya mamputel MU cam amom cmoabey soLueprusaemes.

Bbl He BuaMTe MoBoja /sl JUKOBaHUSI? BOT OH: Mbl MOJYUHJU paBeH-
cTBO (1), U3 KOTOPOIO CJENYET, UTO
B B By,
ij = = p Ging T qp Qi T T g iy




IV. Jlemma o cBo¥icTBe CTPOK 6a3MCHOro MUHOpa

B By By,
ST T e T T
B, .
MpUYeM B 3TOM PaBEHCTBE KOI(DPUIMEHTHI —/ He sasucam om j. 14

BOT 3(h(peKTHAast KOHLIOBKA: [0 OTPeJIeJIeHHI0 MATPHUHBIX OMepalii «CJ10-
YKEHHe» U KYMHOXKEeHHE Ha CKaJisip» M0oJlydaeM PaBeHCTBO

(an ... am)zk:<—%)-<a¢p1 a),

p=1
TO €CTb ¢-51 CTPOKA MaTpHUllbl A JEHCTBUTEJbHO SIBJSIETCS JIMHENHON
KoMOuHauuel cTpok MmaTpulibl A ¢ Homepamu u3 . JIlemma nokasana.



V. Kputepuit 6a3ucHoro MmuHopa

Teopema 1 (kpurepwii 6asucnoro munopa). Murnop mampuyoe. A asasemcs
Oa3UCHBIM MO20a U MOAbKO moeda, K0eoa OH HeHYAeBOIL L BCe M-
HOpbL, €20 oKaumaaouue, pagrol 0.

JloKa3aTeJbCTBO.



V. Kputepuit 6a3ucHoro MmuHopa

Teopema 1 (kpurepwii 6asucnoro munopa). Murnop mampuyoe. A asasemcs
Oa3UCHBIM MO20a U MOAbKO moeda, K0eoa OH HeHYAeBOIL L BCe M-
HOpbL, €20 oKaumaaouue, pagrol 0.

Joka3areabcTBo. HeoOX0MUMOCTh CaelyeT U3 onpejeieHus 6asuc-
HOTO MMHOPA.

JloctaTounocTk. ITycTh y paceMatpuBaeMoro HeHyJieBoro munopa MY
BCE MUHOPBI, ero okanumJastouiue, pasubl 0. B kauectse M B ycioBUH
JIEMMbI O CBOHCTBE CTPOK «Oa3UCHOTO» MHHOPA MOKHO B35ITb U MUHOP
MV w mo6oit 6asucHbiil MUHOD. 1o JieMMe 0 CBOHCTBE CTPOK «6a3uCHO-
ro» MUHOPA U TEOPEME O KOJIMUECTBE OA3UCHBIX BEKTOPOB Y 3THX MUHO-
POB OJIMHAKOBAs1 pa3MepHocThb. Takum obpasom, MY — MakcuMaIbHbIH
HEeHyJIeBOH MUHOD, TO ecTh OasucHbIi. Teopema JoKa3aHa.



VI. Teopema o coBnageHuu Tpex paHroB

Teopema 2 (o cosnanenun rpex panros). Pare mampuyol A coenadaem c ee
CMPOUHOLM U CTMOAOYOBOIM PAHSOM.

ILOKaSaTe.HbCTBO T€OpEMbI O COBIIAACHHUHU TPEX PAHTOB.



VI. Teopema o coBnageHuu Tpex paHroB

Teopema 2 (o cosnanenun rpex panros). Pare mampuyol A coenadaem c ee
CMPOUHBIM U CIOAOYOBbLM PAHSOM.

Jloka3aTebCTBO TeOpeMbl O COBMAaAeHUU TPeX paHroB. Jlokaxem,
UTO CTPOYHbIN paHr paBeH paHry matpuibl. [IycTh cTpoku ¢ Homepa-
Mu I = {iy,1s,...,9;} 06pasyoT 6a3uc JuHEHHON 000J0UKH MHOMXKe-
cTBa cTpok MaTtpuubl A. [Tycte M — 6azucHbiil MuHop MaTpuiibl A. To-
rjia no JieMMme 0 CBOMCTBE CTPOK «OA3HCHOT0» MHHOpA M TeOpeMe O KO-
JiuuecTBe 6A3UCHBIX BEKTOPOB MOJydaeM, UTO KOJIMUECTBO CTPOK MHHOPA
M (T0 ecTb paHr maTpuiibl A) paBHO pa3MEPHOCTH JIMHEHON 000J104KK
MHOKEeCTBa CTPOK MaTpulbl A (TO €eCTb CTPOUHOMY PaHTy MaTpuilbl A).
AHaslorMuHo 10Ka3bIBAETCS U YTBEP2KIEHHE O PABEHCTBE PaHTa MaTPHLIbI
A u cTosibuoBoro panra matpuubl A. Teopema nokasaHa.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

Teopema 3 (06 MHBAPUAHTHOCTHU PAHTOB MaTPULLbI). HpLL A100bLX dnemeHmap-
HbLX NPeodpPa308aAHULX MAMPULbL ee CMPOUHbLL U cmoaby08bLl
pareu He menaromcea. He mensiom panea maxauce caedyroujue npe-
obpazosarus mampuyol:

1) yoarenue Hyres0l cmpoKU;

2) yoaisenue HYyre80e0 cmoibya;

3) yoaseHnue cmpoku, Asrfrowjelics AuHelHol rKomOunayuerl
OCMANAbHOLX CIMPOK MAMPULbL;

4) yoasenue cmoabya, A6as10ULe0CA NUHEUHOU KOMOUHAUUe
OCMAAbHOLX CMOAOU08 MAMPULbL;

5) MpaHcnoHuposaHue Mampuyol;

6) YymMHOMCEHUE HA HEBBLP OHCOECHHY IO MAMPULY.

Jloka3aTeJjbCTBO



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

Jloka3aTeJbCTBO, UTO He MEHSIIOT paHra MaTpuilbl npeobpa3oBa-
Hus: 1) ynaseHue HyJeBOH CTPOKH; 2) ylaJieHWe HYJIeBOro CToJb11a;
3) yiaJjieHue CTPOKH, ABJSIOUIEHCS JMHeUHOW KoMOUHauuen octajb-
HbIX CTPOK MaTpulibl, 4) ynajeHue cTosoua, BASOUIEroCs JUHENHON
KoMOMHauMel ocTaJbHbIX CTOJOLOB MAaTPULIbI, D) TPAHCIIOHUPOBAHUE
MaTPHULbl — CJIEAYeT U3 TEOPeMbl 2 0 COBIAJIEHHU TPEX PAHIOB H CBOVCTR
JIMHEHHO 3aBUCUMbIX W JINHEHHO HE3aBUCHMbIX CHCTEM BEKTOPOB.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

OcTaJnochb [10Ka34aTb, YTO YMHO2KE€HHUE HAa HEBbLIPOXKEHHYIO MATPHUILY HE
MEHSAET paHra HUCXOJIHOU MAaTpHLbI.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

OcTaJioch MoKa3aTh, YTO YMHOXKE€HHE Ha HEBLIPOXKEHHYIO MaTPHUILy He
MEHSIET paHra UCXOJHOH MaTpulbl. CHavaJsia JoKaxKeM 3TO AJs cjyuasi,
KOTJla YMHOXKEHHE HA HEeBbIPOXKAEeHHYI MaTpPHUIly MPOBOJAUTCS CJIeBa.
MTak, nyctb



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

Ocranoch NOKa3aTh, UTO YMHOXKEHUE HA HEBBIPOKEHHYIO MATPHILy He
MEHsSIeT paHra UCXoJHOW maTpulbl. CHauaja JOKaKeMm 3TO Jisl CJy-
yasi, KOrJla yMHOXKEHHE HA HEBbIP 02K /1€ HHYIO MATPULLY IPOBOJUTCS CJie-
Ba. Mrtak, nycts A = (a;j), ..., B = (b;) det A #£ 0. Hano noka-
3ath, uto Rg (AB) = Rg (B).

PaccMoTpum JiMHeRHOe npocTpaHeTBO U pasMepHOCTH m, U BbiIOepeM

mxn’

!/
B HeM 0aguc b = {ey, ..., e, }. [lonoxum e = aer + ... + apie, s
i €{1,2,...,m}, rue a;; — Kosppuurents matpuibl A. Toraa cucrema
b’ = {¢],..., ¢l } aBasiercs 6asucom nunelHoro npoctpanctsa U, npu-

yeM, CoryiacHo hopmyJie U3 ornpejesieHns MaTpUlibl lepexoid, — JJIs MaT-
pulibl epexosia umeem T g = A.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

PaccmoTpum snHelHoe npocTpancTBo U pasMepHOCTH m, U BbiOepeM

/
B HeM 6asuc b = {ey,...,e,}. [lonoxum € = aeq + ... + amie, 104
i €{1,2,...,m}, rne a;; — Ko3pduunentsl matpuubl A. Torna cucre-
ma B’ = {e},..., e, } aBasercsa 6asucom JuHelHOro npoctpaHctBa U,

MpUYeM, COrJIaCHO (POPMYJIC U3 OIPeIe/ICHUST MATPULLLL TIepexoia, s
matpuiipbl nepexojia umeeM T g = A. OGosHauum uepes V' JIMHERHYIO
060JI0UKY CHUCTeMbl BEKTOPOB BUAA v; = byje) + ... + byel,, rae by —
Ko3(pdbuuneHTs MaTpulbl B. CornacHo teopemve 0 KOOpMHATAX BEKTOPA
B pasHbix Oazucax, cToJa0UaMu MaTpulbl AB sBASIIOTCS CTOJOUBI KOOP-
JMHAT BEKTOPOB v; B Oasuce b.

Takum oOpasom, matpuubl B 1 AB cocTodT U3 cTo010B KOOPAUHAT
BEKTOPOB v; B 0a3ucax, cooTBercTBeHHo, b u b’.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

Paccmorpum sinbeliHoe nipoctpanetBo U pasMepHOCTH m, U BbiGepeM

B HeM Gasuc b = {ej,...,e,}. Mbl BBesin o603Hauenus: A = (a;j), .,
/ ’ / /

B = (bij)mxn’ €; = a1ie1 + ...+ Ami€m, b’ = {61, c. ,em}, Vv —
JIMHelHas 060J10UKa CUCTEMbI BEKTOPOB BUAA v; = by;€] + ... + b€l .

Marpuubl B 1 AB cocToAT U3 CTOJIOLOB KOOPAMHAT BEKTOPOB v;
B 0Oasucax, cooTrBercTtBeHHo, B u B’. Bribepem B cucreme BekTO-
poB {v1, ..., Uy} MAKCUMAJIbHYIO JIMHEHO HE3aBUCUMYIO TTOJICUCTEMY
{Vpy, Upys - - -, Up, }. COTNIACHO TEOpEME O cTaHAaPTHOM H30MO(u3me B R”,
cHCTeMa MaTpHL-CTONOLOB {[vy g, - - - [Up,]p } SIBASIETCST MaKCHMAD-
HOU JIMHEWHO He3aBUCUMOM TMOJACUCTEMON CUCTEMbI CTOJOLIOB MAaTpPH-
bt B, 1 cnerema matpui-cronionos { vy g, - - - , [vp, Jg! } fBAISIETCS MaK-
CUMaJIbHOU JIMHENHO HEe3aBUCUMOMU TOJACUCTEMOHN CHCTEMbI CTOJIOLIOB
maTpulbl AB.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

Paccmorpum JsinHeliHoe npoctpaHcTBo U pa3MepHOCTH 1, ¥ BbiGepeM
B HeM Gasuc b = {ej,...,e,}. Mbl BBesin o603Hauenus: A = (a;j), .,
/ ’ / /
B = (bij)mxn’ €; = a1ie1 + ...+ Ami€m, b’ = {61, c. ,em}, Vv —
JIMHeHHas 060J104Ka CHCTEMbI BEKTOPOB BUIA v; = by€] + ... + by el .

Cucrema Matpui-cToabuoB {[vp g, .-, [vp g} sBISETCS Makcu-
MaJIbHOU JIMHEWHO He3aBUCUMOMW TIOJICUCTEMONU CUCTEMbLI CTOJOIIOB
maTpuubl B, u cucrema mMatpui-cToa010B {[Uplhsv e [UPT]B’} ABJISI-

eTC MAKCUMAaJIbHOH JIMHEWHO HEe3aBUCUMOU TOACUCTEMOH CHCTEMBbI
cToa1610B MaTpulbl AB. [TosTomy, mo Teopeme o JIMHEHHBIX KOMOUHATIH-
sx OasucHbix BekTopoB r = RgB = Rg (AB). MubiMu cjioBaMH, yMHO-
JKCHHE CJICBA HA HEBLIPOXKAEHHYIO MATPULY HE MEHSET PaHra HCXOJIHOH
MaTpPHULbI.



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

TeopeMa 4 (06 MHBAPUAHTHOCTH PAHTOB MaTPULLbI). HpLL Ar0bbLx dnemeHmap-
HOLX NPeodPA30BAHULX MAMPULbLL ee CMPOUHbLL U cmoAOY08bL
paxeu He menaromes. He mensrom panea:

1) yoarenue Hyresol cmpoKu;

2) yoaisernue HYyre80e0 cmoibya;

3) yoasenue cmpoku, Agrarowjelics AuHelHol rKomOunayuetl
OCMANAbHOLX CIMPOK MAMPULbL;

4) yoasenue cmoabya, A68as10ULee0Ce NAUHEUHOU KOMOUHAUUe
OCMAAbHOLX CMOAOU08 MAMPULbL;

5) MPAHCNOHUPOBAHILE MAMPULbL;

6) YmMHOMCEHUE HA HEBBLP OHCOECHHY IO MAMPULY.

[lpononxeHue goKasarenbCTBA. E.CM YMHOXKEHUE HA HEBBIPOXKEH-
HYI0 MaTpHIy MPOBOJUTCS ClpaBa, TO C MMOMOIIbIO TPAHCTTOHUPOBAHUS
CUTYaLMs CBOJUTCS K y2K€ PACCMOTPEHHOMY CJIyUalo:



VII. Teopema 06 MHBAapUAHTHOCTU PAHTOB MaTpPHUILLbI

MpopomkeHne noKasarenbcTBa. Ecin yMHOXKEHHE Ha HEBBIPOYKEH-
HYI0 MaTPHILy MPOBOAMTCS CIIPaBa, TO C MOMOILbLIO TPAHCIIOHHPOBAHHSI
CHTYyallHsl CBOAMTCS K Y’K€ PACCMOTPEHHOMY CJIydalo: B CHJTy H3BECTHO-
ro Toxkecta umeeM (BA) = A'B!, numeem

RgB =Rg (B") =Rg (A'B') = Rg ((BA)') = Rg(BA).

Hakoner, eciu A 1 C — KBajipaTHble HEBbLIPOXK/EHHbIE MaTPHLLbI
u npoussenenue ABC onpenesieHo, TO, COIIACHO aCCOLMATUBHOCTH
onepaumMu YMHOMXEHUS MaTpul, U JOKA3aHHBbIM BbIlLIE PABEHCTBAM,
MMeeM

Rg (ABC) = Rg((AB)C) = Rg(AB) = RgB.



VIII. Kputepuit BbIpOXKAEHHOCTH MAaTPHULLbI

Teopema 5 (KkpuTepuil BbIpOXKAEHHOCTU MaTpullbl ). Caedyoujue
YCA0B8USL IKBUBANCHITIHOL:

[. Xomsa 6b. 00Ha u3 cmpox mampuysl A asasemcs AUHEUHOL
KomOUuHauuel OCMAAbHbLX CHPOK;

2. xoms 66l 00UH U3 cMoabY08 A ssisemcs AUHelHOU KOMOUHA-
yuet OCMmaabHolX CmMmoabyos;

3. det(A) = 0.

DTO CJAEACTBHE U3 TEOPEMBI O COBITAJICHUHU TPEX PAHI'OB.



Cnacub6o

3a
BHUMAaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyTbcCsl K CIUCKY Npe3eHTauun?
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