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I. [loHsTME IMHEHMHOrO MPOCTPaHCTBA
MbI paccMOTpeJIM HECKOJIBKO aaredp, B KOTOPbIX UCIOJIb30BaJIOCh 1M0-
HSITHE CJIOKEHHUSI BEKTOPOB U YMHOKEHHSI BEKTOPA Ha UUCJIO.



I. [loHsTME IMHEHMHOrO MPOCTPaHCTBA

MbI paccMOTpeJIM HECKOJIBKO aaredp, B KOTOPbIX UCIOJIb30BaJIOCh 1M0-
HATHE CJIOXKEHUS BEKTOPOB M YMHOXKEHHS BEKTOPA HA UUCJIO.

[Ipu 3TOM MHOrMe CBOMCTBA 3THUX OlEpalMi B pa3HbIX ajaredpax O1u-
HAKOBBI:



I. [loHsTME IMHEHMHOrO MPOCTPaHCTBA

Mbl pPaCcCMOTpPESN HECKOJILKO a.nre6p, B KOTOPbIX UCITOJIb3OBAJIOCH 10—
HATHUE CJIO2KEHH ST BEKTOPOB U YMHO2KEHHA BEKTOPA HA YHUCJIO.
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I. [loHsTME IMHEHMHOrO MPOCTPaHCTBA
MbI paccMOTpeJid HECKOJIbKO aare6p, B KOTOPbIX UCITOJIb30BAJIOCh M0~
HSATHE CJIOKEHHUST BEKTOPOB U YMHOKEHHSI BEKTOPA Ha UUCJIO.

BekTopHas aare6pa | MaTpuuHas aare6pa
1. X+yYy=y+Xx; LX+Y=Y+X;
2. X+Y)+Z7= |[2X+Y)+Z=

=X +(y +7); =X+ (Y +7Z);
3.X + 0 = X; 3.X+0=X;
4.?4—(—?)23; 4. X + (—X) = 0;
5MX+Y) = 5 AMX+Y) =

= \X +)\Y; = AX + \Y;
6. A+ p)X = 6. A+ )X =

= \X +4uX; = \X + pX;
T.(A)X = ApX); |7 )X = A(uX);
8.1- X =% 8.1- X=X




I. [loHsTME IMHEHMHOrO MPOCTPaHCTBA
MbI paccMOTpeJid HECKOJIbKO aare6p, B KOTOPbIX UCITOJIb30BAJIOCh M0~
HSATHE CJIOKEHHUST BEKTOPOB U YMHOKEHHSI BEKTOPA Ha UUCJIO.

BekTopHas aare6pa | MaTpuuHas aare6pa Ajre6pa MHOTOYJIEHOB
L. X+ Y=Y +X; [ L.LX+Y=Y+X; |Lp)+q)=q)+p);
2. X+Y)+Z7= |[2X+Y)+Z= 2. (p(z) + q(z)) +r(x) =

=X+ (¥ +72); =X+ (Y + Z); = p(x) + (q(x) + r(z));
3.X+ 0 =X, 3.X +0=X; 3. p(z) + 0 = p(a);
4LX+(-X)=0; |4.X+(=X)=0; 4. p(x) + (—p(z)) = 0;
5MX+Y) = 5AMX+Y) = 5. Mp(x) + q(r)) =

= \X +)\Y; = AX + \Y; = \p(z) + Mg(2);
6. A+ p)X = 6. AN+ )X = 6. (A + p)p(x) =

= A\X + pX; = AX + pX; = \p(z) + up();
T.(M)X =ApX); |7 )X =MpX); |7 (\)p(z) = Mup(r));
8.1-X =% 8.1-X =X 8. 1-p(z) = p(x)




I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

[.x+y=y+x (KoMmymamusrHocme);



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

[.x+y=y+x (KoMmymamusrHocme);

2 (x+y)+z=a+(y+ 2) (accoyuamusrocmo);



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+2x (KoMmymamusrHocms);
2 (x+y)+z=a+(y+ 2) (accoyuamusrocmo);

3. cyuiecmsyem maxot sekmop 0, umo das 406020 sekmopa r u3
U soinoansemcea pasencmso x + 0 =x (cywecmsosanue Hyire-
8020 BEKMOPQ);

He cTout 3anuchiBaTh rpoMO3JIKYI0 CJI0BECHYIO (POPMYJIUPOBKY ITOM
AKCUOMBl...



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

[.x+y=y+x (KoMmymamusrHocme);

2 (x+y)+z=a+(y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa);

Tenepw apyroe neio...



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

[.x+y=y+x (KoMmymamusrHocme);

2 (x+y)+z=a+(y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa);

4. 021 ar06020 sexkmopa x u3 U cyujecmsyem 8eKmop —x makxol,
umo x + (—z) = 0;

Onare CJAUILKOM MHOTO CJIOB...



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+x (KoMmymamusHocmo);

2. (x+y)+z=x+ (y+ 2) (accoyuamusrocms);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa); 4Nz e U I(—z)eU (:c + (—z) = 0);

Bot teneps syule...



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+x (KoMmymamusHocmo);

2. (x+y)+z=x+ (y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa); 4Nz e U I(—z)eU (:c + (—z) = 0);

SN (x4+y)=A-z+A-y;



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+x (KoMmymamusHocmo);

2. (x+y)+z=x+ (y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa); 4Nz e U I(—z)eU (:c + (—z) = 0);

SbA(z+y)=A-z+ Xy 6. A+ p)-x=Xx+p-x;



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+x (KoMmymamusHocmo);

2. (x+y)+z=x+ (y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa); 4Nz e U I(—z)eU (:c + (—z) = 0);

SN (+y)=Az+ Ay 6. AN+p)-z=X\az+p-a;

7.o(Ap) =X (p-x);



I.1. OnpeneneHue JUHEHHOrO MNPOCTPAHCTBA

Onpepnenenue 1. JIuHeiiHoe npoctpaHcTBO Haja nojem K — amo
mHoocecmso U (eeo dnemermol Ha3618a10MCA BEKTOPAMHU), HA KO-
mopom onpedeseHa onepayus + u, 041 kaxcdoeo A u3 noad K, one-
pauus \-  YMHOMCEHUSL HA N\, NPUUEM BHINOAHAIOMC caedyroujue
8 coomnoulerull (AKCUOM AMUHELHO20 NPOCMPAHCIBA):

l.x+y=y+x (KoMmymamusHocmo);

2. (x+y)+z=x+ (y+ 2) (accoyuamusrocmo);

3.30eU VxrelU (x +0= ZC) (cyuecmsosarue HYre8020 8eK-
mopa); 4Nz e U I(—z)eU (:c + (—z) = 0);

SN (+y)=Az+ Ay 6. AN+p)-z=X\az+p-a;

7.(Ap) = () 8. 1-z=u



[lpenBaputesibHbIEe BbIBObI
Bo-nepBbiXx, Mbl aOCTparupyemcsi OT KOHKPETHOU «IIPUPOJIbI» 3JIeMEH-
TOB JIMHEHHOTO MPOCTPAHCTBA, MoJiyyasi 6oJiee abCTPAKTHYIO U YHUBEP-
CaJIbHYI0 Teopulo. JI106as TeopeMa TeOpUH JIMHEHHbBIX POCTPAHCTB MPU-
MeHHMMa K 211000MY TUHERHOMY TTPOCTPAHCTBY!
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Bo-nepBbiXx, Mbl aOCTparupyemcsi OT KOHKPETHOU «IIPUPOJIbI» 3JIeMEH-
TOB JIMHEHHOTO MPOCTPAHCTBA, MoJiyyasi 6oJiee abCTPAKTHYIO U YHUBEP-
CaJIbHYI0 Teopulo. JI106as TeopeMa TeOpUH JIMHEHHbBIX POCTPAHCTB MPU-
MeHHMMa K 211000MY TUHERHOMY TTPOCTPAHCTBY!

Bo-BTOpbIX, €C/iM Mbl XOTUM ApUMEHANL STy TEOPHUIO K KOHKPETHO-
MY MPUJIOKEHHIO CIIPABEJIMBOCTh AKCUOM JIMHEHHOTO MPOCTPAHCTBA 1151
9TOT0 MHOXKECTBA C pacCMaTPUBAEMbIMHU ONepaLUsSIMU HAJI0 JOKA3bIBATh.
Ho «srympu meopuuy 3T akCHOMbI CUMTAIOTCS HCTHHHBIMHU 110 OMpe-
JEJICHHUIO.



[lpenBaputesibHbIEe BbIBObI

Bo-nepBbiXx, Mbl aOCTparupyemcsi OT KOHKPETHOU «IIPUPOJIbI» 3JIeMEH-
TOB JIMHEHHOTO MPOCTPAHCTBA, MoJiyyasi 6oJiee abCTPAKTHYIO U YHUBEP-
CaJIbHYI0 Teopulo. JI106as TeopeMa TeOpUH JIMHEHHbBIX POCTPAHCTB MPU-
MeHHMMa K 211000MY TUHERHOMY TTPOCTPAHCTBY!

Bo-BTOpbIX, €C/iM Mbl XOTUM ApUMEHANL STy TEOPHUIO K KOHKPETHO-
MY MPUJIOKEHHIO CIIPABEJIMBOCTh AKCUOM JIMHEHHOTO MPOCTPAHCTBA 1151
9TOT0 MHOXKECTBA C pacCMaTPUBAEMbIMHU ONepaLUsSIMU HAJI0 JOKA3bIBATh.
Ho «srympu meopuuy 3T akCHOMbI CUMTAIOTCS HCTHHHBIMHU 110 OMpe-
JEJICHHUIO.

B-TpeTbuX, ykazaHHas <yHUBEPCAJbHOCTb» TEOPUU TPUBOJIUT K HEKO-
TOpPbIM NpobJemMaM B CO3JlaHUH MaTeMaTHuyeckoro arnmnaparta. Ham Hy»k-
Hbl (GOPMYJIbI JIJIS1 BBIYMCJIEHUS BEJIMUUH U 3aJlaHusl «0ObeKTOB». TpyaHO
NPeACTaBUTh ceOe HETPUBHAJLHYIO (POPMYJTY, KOTOPYIO MOXKHO C OJIMHA-
KOBBIM YCIIEXOM MPUMEHSITh U K MaTPULIAM, U K MHOTOUJIEHAM H T.II.



[lpenBaputesibHbIEe BbIBObI

[To3TOMy MbI BECb BbIUMCJIMTE/bHBINA aninapat Oyjl1eM pa3sBUBaTh TOJb-
KO JIJIS1 OJIHOTO THIAa MPOCTPAHCTB: J/1s1 TAaK Ha3blBaeMoro apugmeTnye-
CKOT0 JIMHEeNHOro npoctpaHcTBa R", To eCcTb NpocTpaHCTBA MaTpULL-
CTOJIOLOB (MaTpull pasamMepHocTd n X 1). Tlpu sToM MBI pazpaboTaem
«MeXaHU3M», C MOMOLLbIO KOTOPOTO 3ajauy JJIsl MPOU3BOJIBHOIO JIMHEH -
HOTO MPOCTPAHCTBA MOXKHO OYJIET «IlepeajipecoBaTh» B apuMeTHUECKOe
MPOCTPAHCTBO, TAM Mbl €€ PELIUM C TOMOILbIO CO3JAHHOTO HAMU BbIUMC-
JIUTEJIBHOTO arnmnapara, a oToM Pe3yJibTaT C MOMOLbIO HEKOH CTaHIapT-
HOU NpoLeypbl «MepeBeieM» 00paTHO «Ha HCTOPUUECKYIO POJMHY», Ha
13bIK UCXOJIHOTO JINHEUHOTO MpocTpaHcTBa. « Mexanuam», obecrneunBa-
[0llIMEe MEPEBOJL C SI3bIKA UCXOJHOIO JIMHEHHOIO MPOCTPAHCTBA Ha S13bIK
apupMeTHUeCKUX JIMHEHHBIX TPOCTPAHCTB U 0OpaTHO, Ga3upyeTcs Ha Mo-
HATUU U30MOPHU3MA, KOTOPLIM Mbl 3aUMEMCS CYLLIECTBEHHO MO3/HEE.



1.2. aJleMeHTaprle TeopeMbl TEOPHUH JUHEHNHbIX NpOCTPAaHCTB
Teopema 1 (Kpmepuﬁ HYJIeBOTO BEKTOpPa). Y = 0« (HCU r+y = {13)
Teopema 2 (06 YMHOXKE€HUHU Ha HYJIb). 0-z=0.

Teopema 3 (Kpmepuﬁ oGpatHoro BekTopa). Y = —T = T+ Y = 0.
Teopema 4 (06 YMHOXKEHUU Ha —1). (—1) X = —X.

TeopeMa 5 (06 YMHOXK€HUHU Ha (—N\)). (—A) - X = —()\ . x) =P (—CE)



[.2. 91emeHTapHbIE TEOPEMbI TEOPUH JUHENHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
Kpurepuii HyaeBoro Bektopa: y=0< (I x4y = x).



[.2. dnemMeHTapHbIe TEOPEMbl TEOPUU JUHEHHbBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.

Kpurepuii HyaeBoro Bektopa: y=0< (I x4y = x).
Heo6xonumocTb yTBepK1a€TCS B aKcuome 3.



[.2. dnemMeHTapHbIe TEOPEMbl TEOPUU JUHEHHbBIX IPOCTPAHCTB
Jloka3areJbcTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).
Heo6xonumocTb yTBepK1a€TCS B aKcuome 3.

OcTaetcs 10Ka3aThb JOCTATOUHOCTb.



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).
JIlokaxkem noctatoyHocTb. [TycTthb



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

JloKa3aTeJbCTBa.
Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).
Jlokaxkem nocrarouHoctb. [Tyeth x + y = .



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

JloKa3aTeJbCTBa.
Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).
Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-

cTBa 106aBUM (—x):



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).

Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-
cTBa 106aBUM (—x):

= (~2)+ (z+y) = (~2) + 7=



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).

Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-
cTBa 106aBUM (—x):

=((—z)+2)+y=(—2)+(z+y) =(—2)+2=



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).

Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-
cTBa 106aBUM (—x):

=0+y=(—2)+z)+y=(-2)+(@+y)=(-2)+z=



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).

Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-
cTBa 106aBUM (—x):

y=0+y=(-2)+z)+y=(-2)+@+ty) =(-2)+tz=



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuii HyneBoro Bektopa: y=0< (dz z+y=x).

Hokaxem noctatouHocThb. [lyeth o + y = x. K 06eum yactsam paBeH-
cTBa 106aBUM (—x):

y=0+y=((-z)+2)+y=(-2)+@+y)=(-x)+z=0.



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r+0-2=



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r4+0-x=1-240-2=



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r+0-x=1-2+0-2=(14+0) -2 =



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r+0-z=1-240-2=(140).-z2=1-2=



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r+0-z=1-240-2=(140)-2=1-2=u.



1.2. dnemeHTapHbIE TEOPEMbI TEOPHUH JUHEHHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHuH Ha HyJb: 0-x = 0.

r+0-z=1-240-2=(140)-2=1-2=u.

[To kputeputo HysneBoro Bekropa noJsyuaem 0 - x = 0.



[.2. dnemeHTapHbIE TEOPEMbl TEOPUM JUHEHUHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.
HeoOxo1uMocCTb.



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

(—2)+ (@ +y)=(-2)+0=



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

(—2)+(z+y) =(—2)+0=(—x).



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

(=) +2) +y = (~2) + (2 +y) = (~2) + 0 = (~z),



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

0+y=((~2)+2) +y=(~2) + (+y) = (~2) + 0 = (-2



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

y=0+y=(—x)+2)+y=(-2)+@+y) =(-2)+0=(-x).



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

y=0+y=(—x)+2)+y=(-2)+@+y) =(-2)+0=(-x).

Takum obpazom y = —=.



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB

JloKa3aTeJbCTBa.

Kputepuit o6patHoro Bekropa: y=—x < x+y = 0.

Heo6xonumocts. Ilycth z + y = 0. [lo6aBuM K 06enM 4acTsiM paBeH-
CTBa BEKTOP (—x).

y=0+y=(—x)+2)+y=(-2)+@+y) =(-2)+0=(-x).

Takum obpazom y = —=.
JlocTaTouHOCTh CJjie/lyeT U3 aKkCuoMbl 4.



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(=1)-x+x=



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(=) z+x=(-1)-x+1-z=



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(=) -z+x=(-1)-xz+1l-z=(-14+1) - =



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(—1)-z+x=(-1)-x+1l-z=(-141)-2=0-2 =



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(-1)-z+x=(-1)-z2+1-z=(-141)-2=0-2=0,



.2. dnemeHTapHbIe TEOPEMbl TEOPUU TUHENUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.
06 ymHOXeHun Ha (—1): (—1) -z = —ux.

(-1)-z+x=(-1)-z2+1-z=(-141)-2=0-2=0,

U 110 KPUTEPHIO 00paTHOTO 3jeMeHTa noJiyuaem (—1) - x = —x.



[.2. dnemeHTapHbIe TeOpEeMbl TEOPUHU JUHEUHBIX IPOCTPAHCTB
JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
[lepBoe n0Ka3aTeNbCTBO:



.2. dnemeHTapHbIE TEOPEMbI TEOPUU JUHEHHBIX TPOCTPAHCTB

JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).

[lepBoe nokazatesibCTBO: 10 akcMome 7 U TeopemMe 00 YMHOXKeHUU
Ha (—1) mosiyuaem:



.2. dnemeHTapHbIE TEOPEMbI TEOPUU JUHEHHBIX TPOCTPAHCTB

JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).

[lepBoe nokazatesibCTBO: 10 akcMome 7 U TeopemMe 00 YMHOXKeHUU
Ha (—1) mosiyuaem:

(=3) - =



.2. dnemeHTapHbIE TEOPEMbI TEOPUU JUHEHHBIX TPOCTPAHCTB

JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).

[lepBoe nokazatesibCTBO: 10 akcMome 7 U TeopemMe 00 YMHOXKeHUU
Ha (—1) mosiyuaem:

(=N -z =(=1)-N) 2=



.2. dnemeHTapHbIE TEOPEMbI TEOPUU JUHEHHBIX TPOCTPAHCTB

JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).

[lepBoe nokazatesibCTBO: 10 akcMome 7 U TeopemMe 00 YMHOXKeHUU
Ha (—1) mosiyuaem:

(=A)-z=((=1)-A)-z=(=1)-(A-2) =



.2. dnemeHTapHbIE TEOPEMbI TEOPUU JUHEHHBIX TPOCTPAHCTB

JloKa3aTeJbCTBa.

06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).

[lepBoe nokazatesibCTBO: 10 akcMome 7 U TeopemMe 00 YMHOXKeHUU
Ha (—1) mosiyuaem:

(=N -z =((=1)-A)-z=(=1)-A-2)==(A-2)



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
Jlpyroe nokasaTteJsibCTBO.



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
Jlpyroe nokasaTteJsibCTBO.

(=A)-z+A-z=



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
Jlpyroe nokasaTteJsibCTBO.

(=N z+ Xz =(=A+A) o=



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
Jlpyroe nokasaTteJsibCTBO.

(=N x4+ A z=(-A+A)-2=0-2=



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

Jloka3areJbcTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
Jlpyroe nokasaTteJsibCTBO.

(“A) - z+Aa=(-A+N)-2=0-2=0,



[.2. dnemeHTapHbIE TEOPEMbl TEOPUM JUHEHUHBIX MPOCTPAHCTB
JloKa3aTeJbCTBa.
06 yMmHOXeHuM Ha (—A): (—=A\)-x=—(A-2)=X-(—z).
JIlpyroe 10KkasaTesbCTBO.

(=N x4+ A z=(-A+A)-2=0-2=0,

U TI0 KPUTEPUIO 00paTHOTO 3jieMeHTa rnojydaeM —(\ - z) = (=) - .



[.2. dnemeHTapHbIEe TeOpeMbl TEOPHUHU JUHEWHBIX NIPOCTPAHCTB

3ameuaHue 1 (0 BTOPUYHBIX ONepalUsIX JUHEWHbIX TPOCTPAHCTB).
Becoma 6epoamno, umo 8oL He oyeHul 8 00CMamoO4HOL Mepe 3HA-
HeHue Kpumepus Hyiesoeo 8eKmopa u kpumepus o0pammnoeo 8ex-
mopa. Ha camom dese o0no3HaUuHOCHIb BbLOOPA KAKMOO20 U3 IMUX
BEKMOPOB8 03HAUACN, UIMO Mbl MOMCEM PACCMAMPUBANDL 8 AUHEll-
HOM NpOCMparcmee euje 08e «BMOPULHbLYY ONepayul: HYroMecnl-
HYy1o onepayuto (KOHCMAaHmMy ) « HYAe80lU 8eKMop» U OOHOMECMHYI0
onepayulo «83samue oopanHoco 8eKmopas.



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPAHCTB

[ToHATHE TMHEHHOTO MPOCTPAHCTBA ABJSETCA Pe3yJbTaToM abcTparu-
poBaHUs U 0000LIEHHUS, JAJIbHEHIIee NBUKEHHE 110 ITOMY MYTH B JAH-
HbId MOMEHT OyJIeT BeCbMa 3aTPyAHUTENbHbIM. K3yueHue ocoOGeHHOCTE!
OTJIEJIbHBIX BEKTOPOB JIMHEHHOTO MPOCTPAHCTBA U AaJIbHEHIIIee U3yUeHHUe
CBOUCTB OMepalid TaKxKe 3aTPYAHEHO B CBA3U C T€M, UTO Y HAC CJULIKOM
MaJio HHpopMaluu 06 3TUX 00beKTax: HEM3BECTHA UX MpUpojaa (Mbl OT
Hee aOCTparupoBaJIMCh ), KOHKPETHBINA CIIOCOO 3a/aHus ONepalyy.



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPaHCTB

M3yueHne o6bekTa o3Hauaer nocTpoeHue ero mojesd. CrenoBaTesb-
HO, HAaM HeOOXOAUMO COIMOCTABUTh JINHEUHOMY MPOCTPAHCTBY HEKOTOPOE
MHO»KeCcTBO. OJTHUM M3 OUEBUIHbIX BAPHAHTOB SIBJISIETCSI COMOCTaBJIEHHE
JIMHEHHOMY TPOCTPAHCTBY MHOKECTBA BEKTOPOB, HO, BUIUMO, OYJIET 3a-
TPYJHHUTEJBHO MOJYYUTh YTO-JUOO CYLIECTBEHHOE, KpOME PaCCMOTPEH-
HbIX BbILLIE 3JIeMEHTAaPHbIX TEOPEM TEOPHH JIMHEHHBIX MPOCTPAHCTB. B Ka-
yecTBe ellle OJIHOTO BApUAHTA MOCTPOEHUST MOJIENIN MOXKHO PAaCCMOTPETh
HEKOTOPbIE MOJAMHOXKECTBA HOCUTEJIS JIMHEHHOTO MTPOCTPAHCTBA.



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPaHCTB

Ha paccmatpuBaemom Hamu 3Tane pa3BUTHSI TeOPUU BecbMa deK-
TUBHbIMH OKAa3aJIMCh CTPATErMU ITOUCKA aHAJOTHH» U KTIePeXojia OT U3y-
YEHUS OTAEJNbHOTO 0O'bEKTA K U3YUEHHIO CUCTEMbBI 0O bEKTOBY .



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPAHCTB

B KauecTBe aHAJIOTHH PACCMOTPUM CTPYKTYPY apMeHCKOro nojpasje-
JieHusi. C 0JIHOH CTOPOHBI, MOJIpa3jiesieHue COCTOUT U3 BOEHHOCJYKallIHX.
OjnHaKo, ¢ TeX Mop Kak MojpasjiesieHusi CTajJu JOCTAaTOUHO KPYITHBIMH,
X CTaJM pas3iessiTb Ha OoJiee MEJIKHME UacCTH, MOXO0XKHUE MO CTPYKType
Ha WCXOJIHbIE: TIOJIK MOJApa3iensieTcss Ha OaTaJbOHbl U HEKOTOPbIE JPY-
rMe 4YacTH, KaXKJblH 0aTajibOH — Ha POTHI U T.J. J{pyroi BapyaHT cOCTO-
UT, HAMIpUMep, B BBIACJAEHUU IPYII BOEHHOCJYXKAIIUX B COOTBETCTBHU C
MX BOMHCKHMHU CIELMAJbHOCTSIMH, WJIM BblJE/JEeHHEe PSI0BOTO, MJIajlle-
r0 KOMaHJIHOTO COCTaBa W ApP. B COOTBETCTBUHM C 3TOH AHAJIOTMEH OJIMH
M3 BAPUAHTOB MPOJOJIKEHUST UCCJEIOBAHUST COCTOUT B TOM, UTOOBI Bbl-
OpaTbh MOJMHOKECTBA, MO3BOJSIOLIME MOCTPOUTb OOBEKTHI, NOX0KHUE Ha
UCXOJIHOE JIMHEHHOE MPOCTPAHCTBO — 3TOT BAPHAHT PAaCCMOTPEH HMXKe
(asireb6pa NMoOJANPOCTPAHCTB).



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPAHCTB

OJlHaKO pacCMOTpeHHasi aHaJlorusi ¢ BOMHCKHMM IMOjJpasjieJieHHeM B
JIAHHBIA MOMEHT He sBJIeTCsl HauOoJiee MepCcreKTUBHOM. boJiee ecte-
CTBEHHOH SIBJISAETCA U 0OPATUTLCS 32 UJIEIMU K PACCMOTPEHHBIM TTPH-
MepaM JIMHEHHbIX pocTpaHcTB. OHUM U3 HauboJiee 3(hheKTUBHBIX Me-
TOJIOB PEUIEHHUs 3a/]1au 10 BEKTOPHOU aJiredpe SABJSETCS METOJ KOOPIH-
HaT. 3aJlaHhe BEeKTOpa CTPOKOM ero KoopAuHaT B HEKOTOPOM Oasnce siB-
JIIETCS OJITHUM M3 CTAHJAPTHBIX clOCOOOB 3aj/iaHusl BekTopa. Takast pop-
Ma MpejicTaBJeHUsl BEKTOpa MO3BOJIMIA TPUMEHHTb MOLIHBIA M deK-
TUBHbLIM anmnapat MaTPUUHOU anreOpbl, UTO B HEMAJIOW CTEMNeHH 00yCJI0-
BUJIO YCIEUIHOCTb KOOPJAMHATHOTO MeToa. Mbl nonbiTaeMcsl epeHecTH
COOTBETCTBYIOLIME KOHCTPYKLMHU HA CJydyad MPOU3BOJBHOIO JIMHEUHOIO
MPOCTPAHCTBA.



[.3. BbiObepem HanpaB/jeHUs] MUCCJAeNOBAaHUM JIMHEHHBIX NpPO-
CTPAHCTB

B ocHoBe 3T0ro annapara JIexKUT CJeIyolas uiaes: B JUHEHHOM MPo-
CTPAHCTBE Mbl HAXOJUM HEKOTOPbIE «3JIeMEHTAPHbIe KUPITUUHUKH», U3 KO-
TOPBIX C MOMOILIbI «CTAHJAPTHBIX MPOLEAYP» CTPOATCHA UHTEPECYIOLIHE
Hac «0ObeKThl». B KauecTBe «3J€MEHTAPHBIX KUPIMUUUKOB» €CTECTBEH-
HO B3$ITb HEKOTOpble BEKTOPbl JIMHEHHOIO MPOCTPAHCTBA (B BeKT_o>png°1
asreOpe B 3TOM KAaueCTBE HEPEJIKO BBICTYIAKT OAa3UCHbIE OPThl 1, J,
?). «CoelMHUTE/IbHBIM MaTepHaJoM» IS «3JIeMEHTAPHbIX KUPITHUH-
KOB» OyJNlyT, padyMeeTrcs, onepalny JUHEHHOTO NMpocTpaHcTBa. Haunem
MbI C TOTO, UTO KOPPEKTHO chopmyJiupyeM oblilee onpeseseHne JuHen-
HOU KOMOWHALIMH 3JIEMEHTOB U JIMHEHHOU (PYHKIIMH,



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB
JIns1 cosanus npaBus BbI6OpA «3J1eMEHTaPHBIX KHPITUUKUKOB>», TPUMe-
HUM CTpaTervio npeaBKylleHusl.



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAlIpUMepP, CUCTEMY BEKTOPOB U1, Ug, U3.



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAII[PUMEP, CUCTEMY BEKTOPOB U1, Ug, U3 U3 U. Kak ¢ ux nomouibto
MOKHO «COCTPSINaTh» MPOU3BOJIbHBIN BeKTOp U3 U?



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAII[PUMEP, CUCTEMY BEKTOPOB U1, Ug, U3 U3 U. Kak ¢ ux nomouibto
MOKHO «COCTPSINaTh» MPOU3BOJIbHBIN BeKTOp U3 U?

M3 onpenesieHUs IMHEUHOTO MPOCTPAHCTBA CJIEYET, UTO JIJISl 3TO-
r0 Mbl MOKEM BOCIMOJIB30BATLCS TOJBKO OMEPALUAMHU +, -, TPOLELYPOH
HaXO0XKIAEHUsT 00PATHOrO BEKTOPA U HYJIEBBIM BEKTOPOM.



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAII[PUMEP, CUCTEMY BEKTOPOB U1, Ug, U3 U3 U. Kak ¢ ux nomouibto
MOKHO «COCTPSINaTh» MPOU3BOJIbHBIN BeKTOp U3 U?

M3 onpenesieHUs IMHEUHOTO MPOCTPAHCTBA CJIEYET, UTO JIJISl 3TO-
r0 Mbl MOKEM BOCIMOJIB30BATLCS TOJBKO OMEPALUAMHU +, -, TPOLELYPOH
HaXO0XKIAEHUsT 00PATHOrO BEKTOPA U HYJIEBBIM BEKTOPOM.

CorsiacHo TeopemMe 06 YyMHOXKeHHUU Ha (— 1) mpolleypa HaX0xK 1eHH s
006paTHOTO BEKTOPA CBOJUTCS K YMHOXKeHHI0 Ha (—1).



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAII[PUMEP, CUCTEMY BEKTOPOB U1, Ug, U3 U3 U. Kak ¢ ux nomouibto
MOKHO «COCTPSINaTh» MPOU3BOJIbHBIN BeKTOp U3 U?

M3 onpenesieHUs IMHEUHOTO MPOCTPAHCTBA CJIEYET, UTO JIJISl 3TO-
r0 Mbl MOKEM BOCIMOJIB30BATLCS TOJBKO OMEPALUAMHU +, -, TPOLELYPOH
HaXO0XKIAEHUsT 00PATHOrO BEKTOPA U HYJIEBBIM BEKTOPOM.

CorsiacHo TeopemMe 06 YyMHOXKeHHUU Ha (— 1) mpolleypa HaX0xK 1eHH s
006paTHOTO BEKTOPA CBOJUTCS K YMHOXKeHHI0 Ha (—1).

B cusy Teopembl 00 yMHOXK@HUU Ha HYJb MOJIyUeHHE HYJIEBOTO BEK-
TOpa TakxKe CBOJAUTCS K YMHOXKEHHIO Ha CKaJisip (B JJaHHOM cJydae, Ha 0).



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -

JlomycTuM, Mbl IPEJICTABUJINA HEKOTOPBIN BEKTOP v U3 U B BUJIE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -

JlomycTuM, Mbl IPEJICTABUJINA HEKOTOPBIN BEKTOP v U3 U B BUJIE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .

BhipakeHue B MpaBoi UaCTH 3TOTO PaBEHCTBA B CUJIy AKCUOM JIMHEUHO -
ro MPOCTPAHCTBA MOXKHO YIIPOCTUTh:



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -

JlomycTuM, Mbl IPEJICTABUJINA HEKOTOPBIN BEKTOP v U3 U B BUJIE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .

BhipakeHue B MpaBoi UaCTH 3TOTO PaBEHCTBA B CUJIy AKCUOM JIMHEUHO -
ro MPOCTPAHCTBA MOXKHO YIIPOCTUTh:

v = —6u; + 8usg + 3uy — 1bug + 15u; =



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -

JlomycTuM, Mbl IPEJICTABUJINA HEKOTOPBIN BEKTOP v U3 U B BUJIE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .

BhipakeHue B MpaBoi UaCTH 3TOTO PaBEHCTBA B CUJIy AKCUOM JIMHEUHO -
ro MPOCTPAHCTBA MOXKHO YIIPOCTUTh:

v = —6u; + 8ug + 3uy — 1bug+ 15u; = v = 9u; + 3uy — Tus.



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

151 co3nanus npaBuJ BIOOPA «3JIeMEHTAPHBIX KHPITUUUKOB», TPUME-
HUM CTpaTeruio npeaBKyueHus.

JlonycTuMm, 4Tto Mbl y2Ke BblOpasid HAOOp «3JE€MEHTAPHbIX KHPIHUH-
KOB», HAalIpUMep, CUCTEMY BEKTOPOB U1, U, Uz U3 U. MbI mokasaJjiu, uto
JJI51 TIOCTPOEHUS C UX TOMOLBIO MPOU3BOJILHOTO BeKTOpa U3 U joctatou-
HO UCII0JIb30BATh TOJLKO OMEPALUUAMHU + W -

JlomycTuM, Mbl IPEJICTABUJINA HEKOTOPBIN BEKTOP v U3 U B BUJIE

v =(—2) (3uy — 4uz) + 3 (ug — 5 (ug — uy)) .

BhipakeHue B MpaBoi UaCTH 3TOTO PaBEHCTBA B CUJIy AKCUOM JIMHEUHO -
ro NPOCTPAHCTBA MOXKHO YIIPOCTHUTb:

v = —6u; + 8ug + 3uy — 1bug+ 15u; = v = 9u; + 3uy — Tus.

Takum o6pasom, HanbGoJiee UHTEPECHBI BbIPAXKEHUS BUJIA auy + (Bug + Yus.



Il. JIuneiiHag KOMOUHALUSA BEKTOPOB

Onpenenenue 2. [[ycmo U — aureiinoe npocmpancmao Hao noiem
K. JIluHeiiHOW KOMOUHALUMEN F1eMECHIMOB U, U, ..., Uy AMHELUHO2O
npocmpancmsa U ¢ Koapuyuenmamu A\, As, ..., A\, u3 K Hasvlea-
emcs solpasicerue

AUl F A us+ . Ay Uy



I1.1. OnpHOo3HAUHOCTb pa3J0KeHUs
Tot daxr, uto passoxKeHne BeKTOpa v ABJSETCS OJHO3HAYHLIM, O3Ha-
yaer, uyTo

(

ay = O
V=Q1 Ul T+ Qo U+ ...+ Q- Up; g = 9]
vzﬁl-u1+ﬁg-u2+...+ﬁm-um

\amzﬁm-




I1.1. OnpHOo3HAUHOCTb pa3J0KeHUs
Tot daxr, uto passoxKeHne BeKTOpa v ABJSETCS OJHO3HAYHLIM, O3Ha-
yaer, uyTo

(

ay = O
V=Q1 Ul T+ Qo U+ ...+ Q- Up; g = 9]
vzﬁl-u1+ﬁg-u2+...+ﬁm-um

\amzﬁm-

TakuM 00pa3om, 0JIHO3HAUHOCTh Pa3JI0XKEHHUS BEKTOPa v 0O3HAYAET, YTO



I1.1. OnpHOo3HAUHOCTb pa3J0KeHUs
Tot daxr, uto passoxKeHne BeKTOpa v ABJSETCS OJHO3HAYHLIM, O3Ha-
yaer, uyTo

(

ay = br;
V=Q1 Ul T+ Qo U+ ...+ Q- Up; g = 9]
v=01-u+ B us+ ...+ By up

\@mzﬁm-

TakuM 00pa3om, 0JIHO3HAUHOCTh Pa3JI0XKEHHUS BEKTOPa v 0O3HAYAET, YTO

(041;5120;
1
(aq — B1)ur + ...+ (o — Bp) U =0 = ¢ ...
N—_—— N —
X Am O — B, = 0.
N——’

\ )\m




I1.1. OnpHOo3HAUHOCTb pa3J0KeHUs
3HauuT, POPMYyJIMPOBKA OJHO3HAYHOCTH PaA3JIOXKEHHUS

,
— B, =0
aq ; ﬁl )
1
(a1 — B1) ur + ... + (o — Bi) =0 = < ...
Ar—’ ——
A1 Am Oy, — /Bm = 0.
N —
\ Am
MPUBOJUT K hopmy.Jie
)\1 = O;
AU +Xu+...+A\, u,=0 = (2)

Am = 0.



I1.1. OnpHOo3HAUHOCTb pa3J0KeHUs

AU +X U +...+ A\, U, =0 = (2)
Am = 0.

Takum o6pasom, Mbl MOJYUHJIU BaXKHOE CJIEICTBUE (2) U3 OJJHO3HAYHO-
CTH pasJioxkeHus Bektopa (1 ). Kak mbl yBuaum, ecsint XoTst Obl 1151 OJTHOTO
BEKTOPA ¥ PA3JI0KEHHE HE SIBJSETCS OJHO3HAUHBIM, TO HEOJHO3HAUHBIM
OyJIeT U Pas3JIoxkKeHHe BCeX BEKTOPOB JMHEHHOro npocTpaneTtsa’ . [1o3To-
My Mbl B OCHOBY CO3JIaBaeMOTr0 MOHSITHHHOrO anmnapara rnoJoxxum hop-
MyJ1y (2), Ha OCHOBaHUM KOTOPOH Mbl chOpMyJIMPyeM OIpee/ieHue Au-
HelHO He3a8UMOLL CUCTeMbl BEKMOPOS.

' meetcst B BUy cBoicTBO CB.4 «06 0JTHO3HAUHOCTH passoxkenusi mo JIHC», ctp. 129.



B nanbHedeM, Kak 3T0 PUHATO B TEOPUU JINHEUHBIX IPOCTPAHCTB, MbI
OyJleM HCI0JIb30BATh BMECTO CJIOBOCOUETAHUS NOOMHONMECMBO BEK-
MOpPO6 TEPMUH CUCTEMA BEKTOPOB. B HEKOTOPBHIX HCTOUHUKAX B 3TOM
JKe CMBICJIE UCITOJIb3YeTCA CJI0BO «CEMEUCTBOY.



11.2. JIuHeiHast 3aBUCUMOCTD

Onpenenenue 3. Cucmema sekmopos® {ay,as,...,a;} AuHElHO20
npocmparcmsa U nad nonrem K Haszoisaemcs AMHEHHO He3aBUCH-
moi (cokpawernro JIHC) moeda u moavko moeda, koeda

Mai+Xoas+ ...+ ap, =0 = AN =X =...=\. =0,

m.e. cnpagedausa popmyaa (2).

2Mbl CYHTAeEM, UTO MPH 3aJlaHHUU MHO2KECTBA CITMCKOM 2JIEMEHTOB BCE 2JIEMEHTbI CITUCKA IMO0IMapHO pa3-

{p.¢} €{1,2,...,m}
JIMUHBI, TO €CTb = a Q.
{ p#q p 7 g



11.2. JIuHeiHast 3aBUCUMOCTD

Onpenenenue 3. Cucmema sekmopos {ay,as,...,ap} AUHELHO2O
npocmparcmsa U nad nonrem K Haszoisaemcs AMHEHHO He3aBUCH-
moi (cokpawerro JIHC) moeda u moavko moeda, koeda

Mai+Xoas+ ...+ ap, =0 = AN =X =...=\. =0,
m.e. cnpagedausa popmyaa (2).

B nportuBHOM cJjyuae cuctema BeKTOpoB {aq, as, . .., aj} Ha3blBaeTCs
JIMHEMHO 3aBUCUMOMN.



11.2. JIuHeiHast 3aBUCUMOCTD

Onpenenenue 3. Cucmema sekmopos {ay,as,...,ap} AUHELHO2O
npocmparcmsa U nad nonrem K Haszoisaemcs AMHEHHO He3aBUCH-
moi (cokpawerro JIHC) moeda u moavko moeda, koeda

Mai+Xoas+ ...+ ap, =0 = AN =X =...=\. =0,
m.e. cnpagedausa popmyaa (2).

B nportuBHOM cJjyuae cuctema BeKTOpoB {aq, as, . .., aj} Ha3blBaeTCs
JUHEUHO 3aBUCUMOM. DTO onpesieSiIeHUe HOCUT «HeraTHBHbIA XapaKkTep»
(ecJiv He ..., TOTAA ...). Mbl 1aIUM «[TO3UTUBHOE» ONpejiesieHHe JIMHERHO
HE3aBUCHMOM CHCTEMbl BEKTOPOB:



11.2. JIuHeiHast HE3aBUCUMOCTH

Onpenenenue 4. Cucmema sekmopos® {ay,as, ..., a;} AuHeiino2o
npocmparcmsa U Had nosem K Hasvisaemcs JUNHEHHO 3aBUCHU-
MOH moeda u moavko moeda, Koeda Hatldymcs maKkue 31eMeHmol
A, Ao, ..., Ar noas K, ne sce pasnole 0, umo umeem mecmo paseH-
cmaso

a1 + Xoag + ...+ Apap = 0.

Paccmorperbh npumep?

3Bce ay, nonapHo pasyuHbl.



11.2. JIuHeiHast HE3aBUCUMOCTH

Onpenenenue 4. Cucmema sekmopos {ay,as,...,ap} AUHELHO2O
npocmparcmsa U Had nosem K Hasvisaemcs JUHEHHO 3aBUCHU-
MOH moeda u moavko moeda, Koeda Hatldymcs maKkue 31eMermol
A, Ao, ..., Ar noas K, ne sce pasnole 0, umo umeem mecmo paseH-
cmaso

a1 + Xoag + ...+ Apap = 0.

Bo MHorux o6J1acTsiX Hayku, MCIOJb3YIOLIMX annapar JIMHEHHOH aJi-
reOpbl, onpesensieTcsl MOHsATHE JIMHEHHO HE3ABUCHMOK CUCTEMbI BEKTO-
pOB /151 0ECKOHEUHbIX CHCTEM BEKTOPOB (HanpuMep, B PYHKIIMOHAJIbHOM
aHaJiM3e, Teopuu psijioB Dypbe).



11.2. JIuHeiHast HE3aBUCUMOCTH

Onpenenenue 4. Cucmema sekmopos {ay,as,...,ap} AUHELHO2O
npocmparcmsa U Had nosem K Hasvisaemcs JUHEHHO 3aBUCHU-
MOH moeda u moavko moeda, Koeda Hatldymcs maKkue 31eMermol
A, Ao, ..., Ar noas K, ne sce pasnole 0, umo umeem mecmo paseH-
cmaso

a1 + Xoag + ...+ Apap = 0.

Bo MHoOrux o6/acTsix HayKH, UCIOJb3YIOLIMX anmnapaT JUHEHHOH aJi-
reOpbl, onpeeasieTcsi MOHATHE JIMHEHHO HE3aBUCHMON CHCTEMbI BEKTO-
pOB /151 0ECKOHEUHbIX CHCTEM BEKTOPOB (HanpuMep, B PYHKIIMOHAJIbHOM
aHajiM3e, TeopuH psiioB Pypbe). OObIUHO B 9TOM cJyyae onpejiessierTcs
MOHSATHE CYMMbL OECKOHEeUHO20 YUCAA BeKNOPO8B.



11.2. JIuHeiHast HE3aBUCUMOCTH

Onpenenenue 4. Cucmema sekmopos {ay,as,...,ap} AUHELHO2O
npocmparcmsa U Had nosem K Hasvisaemcs JUHEHHO 3aBUCHU-
MOH moeda u moavko moeda, Koeda Hatldymcs maKkue 31eMermol
A, Ao, ..., Ar noas K, ne sce pasnole 0, umo umeem mecmo paseH-
cmaso

a1 + Xoag + ...+ Apap = 0.

Bo MHoOrux o6/acTsix HayKH, UCIOJb3YIOLIMX anmnapaT JUHEHHOH aJi-
reOpbl, onpeeasieTcsi MOHATHE JIMHEHHO HE3aBUCHMON CHCTEMbI BEKTO-
pOB /151 0ECKOHEUHbIX CHCTEM BEKTOPOB (HanpuMep, B PYHKIIMOHAJIbHOM
aHajiM3e, TeopuH psiioB Pypbe). OObIUHO B 9TOM cJyyae onpejiessierTcs
MOHSATHE CYMMbL DeCKOHeUH0e0 uucia sexkmopos. KoppekTHoe BBee-
HHe TAKOro MOHsTHS TpeOyeT BJajieHHs] annapaToM TOMOJIOTHH, T03TOMY
Mbl He OyJleM B paMKax 3TOH IJ1aBbl yIJyOJIATHCS B JaHHYIO TEMY.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3aTreabCTBO.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

JloKa3areJbcTBO. [Heobxooumocme.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{ai,as, ..., a;} nuHeliHO 3aBUCHMA.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{a1,as, ..., a;} nuneitno 3aBucuma. Hano nokasats, uro ??»??



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{a1,aq, ..., a;} nuneitno 3aBucuma. Hano nokasatb, 4To 0JIMH U3 BEKTO-
POB CHUCTEMBI SIBJISIETCS JIMHEHHON KOMOUHALIMEH OCTaJIbHBIX.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{a1,aq, ..., a;} nuneitno 3aBucuma. Hano nokasatb, 4To 0JIMH U3 BEKTO-
POB CHUCTEMbI SIBJISIETCS JIMHEHMHOU KOMOMHALMeEH ocTasbHbiX. [1o onpe-
JEJICHUIO JINHEHHOU 3aBUCUMOCTH T10JydaeM, 4To



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{ai,aq,...,a;} auHeliHo 3aBUcuMa. Hano nokasatb, uTo OJMH U3 BeK-
TOPOB CHCTEMbI SIBJSETCSA JIMHEHHOHW KOMOMHauMeH ocTtajibHbiX. [lo
OTNpeJeJEeHUI0 JUHEHHON 3aBUCUMOCTH MOJIydaeM, UTO JJI1 HEKOTOPbIX
A1y A2y ...y Ay HMEET MECTO PABEHCTBO

Aag + Xoas + ...+ Apap. = 0,

npuyem



I1.3. Kputepuit nuHeiHOM 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Hoka3zareabcTtBo. Heobxodumocme. IlycTh cucTeMa BeKTOPOB
{ai,aq,...,a;} auHeliHo 3aBUcuMa. Hano nokasatb, uTo OJMH U3 BeK-
TOPOB CHCTEMbI SIBJSETCSA JIMHEHHOHW KOMOMHauMeH ocTtajibHbiX. [lo
OTNpeJeJEeHUI0 JUHEHHON 3aBUCUMOCTH MOJIydaeM, UTO JJI1 HEKOTOPbIX
A1y A2y ...y Ay HMEET MECTO PABEHCTBO

Aag + Xoas + ...+ Apap. = 0,

MpUueM OJIMH U3 KOIPPUUMEHTOB Ag OTJIMUEH OT HYJISI.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

JloKa3areJbcTBO. [Heobxooumocme.

Aar + Xoas + ...+ Apap = 0, )\5740



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

JloKa3areJbcTBO. [Heobxooumocme.
)\1a1+)\2a2—|—...+/\kak:0, )\5740

Torna
)\1 >\2 )\s—l )\3—1—1 /\z

Ay = ——0a] — —a2 — ... —

As As




I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

JloKa3areJbcTBO. [Heobxooumocme.

Aar + Xoas + ...+ Apap = 0, )\5740

Torna
Al A2 As—1 Asi1 Ai
s = _)\_sal - )\—SCL2 e T A As—1 — X, (s+1 — - )\—kak,
Aj



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

JloKa3areJbcTBO. [Heobxooumocme.

Aar + Xoas + ...+ Apap = 0, )\5740

Torna
. Al . >\2a As—1 . As+1 . Ai .
= ——0] — —ay — ... — 1 — 4] e — Ak
’ )\s )\s )\s ° )\s ° >\k ’
N
T.€., moJiaras j; = -
S

s = (1G] + (20 + ...+ Us—105—1 T MUst1Ast1 T+ - - . T UEQ-



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areJabcTBO. /[ocmamouHoCce.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ar = )\1G1+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ar = )\1@1 + )\2a2+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
a; = A\aj + \aao + A3as+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ar = )\1@1 + ...+ )\k_lak_1+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ar = )\1@1 + ...+ )\t—lat—l + )\t+1at+1+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ar = Aar + ...+ No1ai—1 + A1 + Appaap ot



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Aay+ ...+ No1ai-1 + A1t + Appalige + Ap3ai3+



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Ma1 + ...+ N1ai—1 + Mp1@p1 + ..+ Agag,



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Ma1 + ...+ N1ai—1 + Mp1@p1 + ..+ Agag,
TO (MepeHocs a; B PaBylo 4acTh)

Aay + .o+ Noqai—g + (—1) cay + M1 + ..o+ Apag = 0.



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Ma1 + ...+ N1ai—1 + Mp1@p1 + ..+ Agag,
TO (MepeHocs a; B PaBylo 4acTh)

Aay + ..o+ Noqa—g + (—1) ‘ap + Np1Qie1 + ..+ Apap = 0.
20

B sTOM pasnoxeHuu Ko3hPULIMEHT nepesl BEKTOPOM a; oTJiMueH oT 0, rmo-
3TOMY



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Ma1 + ...+ N1ai—1 + Mp1@p1 + ..+ Agag,
TO (MepeHocs a; B PaBylo 4acTh)

Aay + ..o+ Noqa—g + (—1) ‘ap + Np1Qie1 + ..+ Apap = 0.
20

B stom pasiioxkenun Ko GULKEHT repe BEKTOPOM a; oTjinueH ot 0, mo-
3TOMY cHcTeMa {ayq, . .., aj} JUHEHHO 3aBUCHMA,



I1.3. Kputepuit nTMHeiiHOW 3aBUCUMOCTH

Teopema 6 (Kpmepuﬁ JIUHEMHOWN 3aBUCUMOCTHU BEKTOPOB). Cucmena BEKMopos
a84emcsa AUHEUHO 3a8uUcumMOll moeda U MoabKO moeda, Ko2oa
xoms 6blL 00UH U3 BEKMOPOB 3MOILL CUCHemMbl A8ALeMc AUHeUHO1l
KombOuHayuet OCmanbHolX 86KMOPO8 IMOLL CUCIeMbL.

Jloka3areabcTBoO. /[ocmamourocme. Ecau
ap = Ma1 + ...+ N1ai—1 + Mp1@p1 + ..+ Agag,
TO (MepeHocs a; B PaBylo 4acTh)

a1+ ..o+ Nojap—q + (—1) Ay + >\t—i—1at+1 + ...+ Aeap = 0.
——

£0
B sTOM pasnoxeHuu Ko3hPULIMEHT nepesl BEKTOPOM a; oTJiMueH oT 0, rmo-
3ToMy cucteMma {ay, ..., a;} JUHEHHO 3aBUCHMA, UTO U TPeOOBAJIOCH JIO-

Ka34dThb.



I1.4. CoiicTBa JI3 1 He3aBUCUMBIX CUCTEM BEKTOPOB

CB.1: 0 IMHEHOW 3aBUCUMOCTH CUCTEMbI ¢ HyJleM. CUCcTeMa BEKTO-
POB, cojiep:Kalllasi HyJIeBOH BEKTOP, SABJSIETCS JUHEUHO 3aBUCUMOMN.

CB.2 0 HE3aBUCUMOCTH NojcucTemMbl. EC/IM cucTeMa BEKTOPOB SABJIS-
eTCsl JUHEMHO He3aBUCUMOM, TOo JiloOasl ee MojcUcTeMa TakxKe Ju-
HEeHHO He3aBUCHMA.

CB.3 0 3aBMCHMMOCTH HajacucTembl. Ecau noacucrema BeKTopoB B cu-
CTeMbl BEKTOPOB A siBJIsIeTCS JJMHEHHO 3aBUCUMOM, TO U A — JIMHEHRHO
3aBHCUMAasi CUCTEMA BEKTOPOB.

CB.4 06 ogHo3HauHocTH pa3aoxeHus no JIHC. Eciu A — nauneiiHo

n
He3aBUCHUMasi CUCTeMa BEKTOPOB U T = > A\yuy, The ux € A, —
k=1
pasJioyKeHHe BEKTOPA & B JIMHEHHYI0 KOMOMHALMIO MONAPHO Pa3jinud -

HbIX BEKTOPOB U3 A, TO KO3(PULHEHTBI A\j; ONpeiessiloTcs 0IHO-
3HAuYHO.



I1.4. CBoiicTBAa NTMHENHO 3aBUCUMbIX U HE3aBUCUMbIX CUCTEM BEK-
TOPOB

CB1: 0 IMHEHHOM 3aBUCUMOCTHU cUCTeMbl ¢ HyJaeM. Cucmema 8ek-
mopos, cooeprau,as HYAesotl 8eKmop, A8A1enCs MHeUHO 3a8UCU-
MOU.

Hoka3areabctBo. [lycth A ={0,a,b,...,c}. Torna B JuHEHHOH
KoMOUHaLMu BeKTopoB 1 -0+ 0-a+0-b+ ...+ 0-c = 0 He Bce KO3-
uumentol HyJsieBble (nepen 0 crout koadgduument 1).



I1.4. CBolicTBa JIMHEHHO 3aBUCUMbIX U HE3ABUCUMbIX CUCTEM BeEK-
TOPOB

CB2: 0 He3aBUCUMOCTH MOACUCTEMbI. Lcau cucmema 8eKmopos
ABAEMCA AUHEUHO He3asucumoll, mo awobdas ee noocucmema
makxkxce AUHelHo He3asucuma.

CB.3: 0 3aBUCHUMOCTHU HAJACUCTEMBI. Lcau nodcucmemna 8eKmopos
B cucmemor sBekmopos A ssasemcs auHelHo 3asucumotl, mo u A —
AUHCUHO 3ABUCUMAS CUCMEeMA BEKMOPOS.

JloKa3aTeJbCTBO.



I1.4. CBolicTBa JIMHEHHO 3aBUCUMbIX U HE3ABUCUMbIX CUCTEM BeEK-
TOPOB

CB2: 0 He3aBUCUMOCTH MOACUCTEMbI. Lcau cucmema 8eKmopos
ABAEMCA AUHEUHO He3asucumoll, mo awobdas ee noocucmema
makxkxce AUHelHo He3asucuma.

CB.3: 0 3aBUCHUMOCTHU HAJACUCTEMBI. Lcau nodcucmemna 8eKmopos
B cucmemor sBekmopos A ssasemcs auHelHo 3asucumotl, mo u A —
AUHCUHO 3ABUCUMAS CUCMEeMA BEKMOPOS.

Joka3areabcTBo. Jloka3biBaeM OT IPOTUBHOIO, KITPOJOJIKAEM>» KOM-
6uHaluio, narwliyio 0, ymHorkast Bekropbl Hajacuctembl Ha 0. 1 Bee!!!



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

n n
Z AU = Z ppty =
=1 =1



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

Z)\kuk = Zukuk = Z (A — i) up, = 0.
=1 =1 =1



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

Z)\kuk = Zukuk = Z (A — i) up, = 0.
=1 =1 =1

Tak Kak A — JMHelHO He3aBUCUMas CUCTeMa BEKTOPOB, TO BCE KO-
5(PPULMEHTHI B 9TOM pa3J/ioxKeHUH paBHbl (.



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

Z)\kuk = Zukuk = Z (A — i) up, = 0.
=1 =1 =1

Tak Kak A — JMHelHO He3aBUCUMas CUCTeMa BEKTOPOB, TO BCE KO-
5(PPULMEHTHI B 9TOM pa3J/ioxKeHUH paBHbl (.
CJyienoBartesibHO, Ay — . = 0, T.€.



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

Z)\kuk = Zukuk = Z (A — i) up, = 0.
=1 =1 =1

Tak Kak A — JMHelHO He3aBUCUMas CUCTeMa BEKTOPOB, TO BCE KO-
5(PPULMEHTHI B 9TOM pa3J/ioxKeHUH paBHbl (.
CaenoBartenbHo, A\ — . = 0, T.e. A\ = py.



11.4. CBoricTBa IMHEMHO 3ABUCUMbIX U HE3ABUCUMBIX CUCTEM BEK-
TOPOB
Cs.4.: 06 ogHo3HauHocTH pasjoxeHus no JIHC. Ecau A — au-

n

HellHO He3asucumas cucmema B8eKMmMOpPO8 U T = Y  Apug, 20e
k=1

up € A, — pasaoocerue 8eKmopa T 8 MHeUHY KOMOUHAYUIO 110~

NAPHO PABAULLHbLX BeKmopos u3 A, mo Koagpuyuenmor N\, onpede-
AH0MCSE O0OHO3HAUHO.

Jloka3aTesabcTBO. MBI ONTyCTUM «TeHepalyio J0Ka3aTelbCTBa», PHU-
BeJIEM TOJIbKO pe3yJsibTaT — oopMJIeHHOE loKa3aTeabCeTBO. KTak,

Z)\kuk = Zukuk = Z (A — i) up, = 0.
=1 =1 =1

Tak Kak A — JMHelHO He3aBUCUMas CUCTeMa BEKTOPOB, TO BCE KO-
5(PPULMEHTHI B 9TOM pa3J/ioxKeHUH paBHbl (.
CaenoBartenbHo, A — . = 0, T.e. A\, = . CBOUCTBO J0Ka3aHO.



I11. ba3suc

[Llesib 1aHHOTO pasjesa — MOUCK TaKOH CHCTEMbI BEKTOPOB, C MOMO-
111bI0 KOTOPOU MOXKHO OblJIO Obl O/IHO3HAYHO MPEJACTABJATb BCE OCTaJb-
Hble BeKTOopa npoctpaHcTBa. O6pasHo roBopsi, Mbl HaijaeM «Habop 6a-
3UCHBIX 3JIEMEHTOB», U3 KOTOPbIX BCE OCTaJbHble 3JE€MEeHThI (BeKTOpa)
JIMHEHHOTO TMPOCTPAHCTBA MOXKHO OyJIeT MoJiyuaTh C MOMOUIbIO KAaKOH-
JIMOO CTaHJApTHOW mpollelypbl. B KauecTBe Takod Npoleaypbl ecTe-
CTBEHHO B3SITb JIMHEHHYIO0 KOMOUHALIMIO «Oa3UCHbIX 3/leMeHTOB». OcTa-
JIOCh OTIPEJIeJIUTh, KAKOW HaOOp BEKTOPOB MOXKHO B35ITh B KAUECTBE «Ha-
6opa 0a3UCHbIX 3JEMEHTOB», U3YUUTh X CBOUCTBA, B YACTHOCTH, BbISIC-
HUTb, CKOJIbKO TaKMX «HAaOOPOB OA3UCHBIX 3JIEMEHTOBY .



II1. Basuc

OO6bIluHO TIpU onpejeeHun 6a3uca MoJb3ylTcs OJHUM K3 JBYX MO/~
X0/10B. C OJIHON CTOPOHbBI, MOXKHO 32 OCHOBY B3$ITb TpeOGOBaHUE, UTOObI
JIIOOOM BEKTOP JIMHEHHOrO MPOCTPAHCTBA MPEJACTABJISAJICS B BUE JIMHEH -
HOW KOMOWHALIMK OAa3UCHBIX BEKTOPOB (M0JX0/1, OCHOBaHHbIN Ha orpejie-
JIEHHOM HMzKe MOHSITHH «CUCTeMa MOPOKJIAIOIIMX 3JeMeHToB» ). Torna B
KauecTBe «Habopa OA3UCHBIX BEKTOPOB» MOXKHO B3SITb MUHUMANbHYHO
CUCTEMY MOPOXKIAIOLIKX 3JeMeHTOB. OKa3bIBaeTCs, UTO JIJIsi MUHUMaJb-
HOCTH TaKOW CHCTEMbI TPeOyeTCs TOJBKO ee JIMHEHHAs! He3aBUCUMOCT.



I11. ba3suc

OO6bIluHO TIpU onpejeeHun 6a3uca MoJb3ylTcs OJHUM K3 JBYX MO/~
X0/10B. C OJIHON CTOPOHbBI, MOXKHO 32 OCHOBY B3$ITb TpeOGOBaHUE, UTOObI
JIIOOOM BEKTOP JIMHEHHOrO MPOCTPAHCTBA MPEJACTABJISAJICS B BUE JIMHEH -
HOW KOMOWHALIMK OAa3UCHBIX BEKTOPOB (M0JX0/1, OCHOBaHHbIN Ha orpejie-
JIEHHOM HMzKe MOHSITHH «CUCTeMa MOPOKJIAIOIIMX 3JeMeHToB» ). Torna B
KauecTBe «Habopa OA3UCHBIX BEKTOPOB» MOXKHO B3SITb MUHUMANbHYHO
CUCTEMY MOPOXKIAIOLIKX 3JeMeHTOB. OKa3bIBaeTCs, UTO JIJIsi MUHUMaJb-
HOCTH TaKOW CHCTEMbI TPeOyeTCs TOJBKO ee JIMHEHHAs! He3aBUCUMOCT.

C 1pyroél CTOPOHbI, MOXKHO OCHOBBIBATbCS1 HA TPeOOBAHUH OOHO3HA U -
HOCMU PA3JI0XKEHUS BEKTOPA M0 6A3UCHBIM BEKTOPAM, TOT/IA B KAUECTBE
«Habopa ODA3UCHBIX BEKTOPOB» CJEAyeT OpaThb MAKCUMANbHOLE TUHEUHO
He3aBUCHUMbIe CUCTEMbl BEKTOPOB JIMHEHHOTO npocTpaHcTBa. OJUH U3
OCHOBHbBIX P€3yJIbTATOB COCTOUT B TOM, UTO 00a 3TH MOAX0J1a MPUBOJAT K
OJIHOMY U TOMY K€ pe3yJibTaTy. « bor xutep, HO He 3JI0BpPEeeH».



II1. Basuc

Onpenenenue 5. Cucmema sekmopos B auneiinoeo npocmpar-
cmsa U Ha3vi8aemcs CUCTEMOMW NMOPOKIAOLUIUX BEKTOPOB Ul CU-
CTEMOM MOPOXKAAUMX AUHeLIHO20 npocmpaHcmsa U, ecau scakul
sexmop uz U asasemcsa Aunelnol komobunayuetl sekmopos u3s B.

PaccmoTperb npumep?
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Onpenenenue 5. Cucmema sekmopos B auneiinoeo npocmpar-
cmsa U Ha3vi8aemcs CUCTEMOMW NMOPOKIAOLUIUX BEKTOPOB Ul CU-
CTEMOM MOPOXKAAUMX AUHeLIHO20 npocmpaHcmsa U, ecau scakul
sexmop uz U asasemcsa Aunelnol komobunayuetl sekmopos u3s B.

Onpeaenenune 6. MaxkcumasoHas AUHEUHO He3ABUCUMAA CUCITLE-
Ma 8eKmopos auxetiHoeo npocmparcmsa U, ecau maxasa cyuje-
cmeyem, Hasvleaemcs 6a30M auxetinoco npocmparncmsa U.
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Onpenenenue 5. Cucmema sekmopos B auneiinoeo npocmpar-
cmsa U Ha3vi8aemcs CUCTEMOMW NMOPOKIAOLUIUX BEKTOPOB Ul CU-
CTEMOM MOPOXKAAUMX AUHeLIHO20 npocmpaHcmsa U, ecau scakul
sexmop uz U asasemcsa Aunelnol komobunayuetl sekmopos u3s B.

Onpeaenenune 6. MaxkcumasoHas AUHEUHO He3ABUCUMAA CUCITLE-
Ma 8eKmopos auxetiHoeo npocmparcmsa U, ecau maxasa cyuje-
cmeyem, Hasvleaemcs 6a30M auxetinoco npocmparncmsa U.

Wubivu cioBamu, cucrema BektopoB b = {eq, ey, . . .} sHediHOrO Mpo-
ctpaHcTBa U Ha3biBaeTcst 6a30M, ecJiv, BO-MepBbIX, cucTeMa b inHeiHo
He3aBUCUMaA U, BO-BTOPbIX, MIPH JOOABJECHUU B 3Ty CUCTEMY XOTS Obl O1-
HOTO BEKTOpa JIMHEHHOTO MpocTpaHcTBa U, He NIpUHA/IeKAIero CUCTe-
me b, mosryueHHasi cuctTeMa CTaHOBUTCS JIMHEUHO 3aBUCHMOM.



I11. ba3suc

OTMeTHM, UTO UaCTO HApsIly C TEPMUHOM 6a3a B 3TOM Ke CMbICJIe UC-
noJib3yercsl TepMuH Oasuc. Mbl, ofHako, 0ObIUHO OyJeM HCIOJb30BATh
TEPMHUH «6a3UC» B HECKOJILKO JIPYTOM CMbICJIE, @ UMEHHO, B CMbICJIE Y1 O-
pPAO0OUYEHHOL CUCTEMbI BEKTOPOB.



II1. Basuc

Onpenenenue 7. ¥YnopsdouenHas 6aza 6eKmopos AUHEUHO20
npocmpancmea U Ha3oigaenicsi 6a3UCOM AUHELHO20 NPOCTIDAH-
cmsea U.



II1. Basuc

Onpenenenue 7. ¥YnopsdouenHas 6aza 6eKmopos AUHEUHO20
npocmpancmea U Ha3oigaenicsi 6a3UCOM AUHELHO20 NPOCTIDAH-
cmsea U.

B nasbheditem Mbl 6yiem 60a3uc v 6asy 3anucbiBaTb OJIMHAKOBbIM
obpasom: {eq, €9, ..., €,}, IPU STOM B C/aydae, KOrjaa peub UJET O
0asuce, OyaeM MpeanoJaratb, YTo MNOPsAA0K CJAA0OBAHUA BEKTOPOB
CYLLLeCTBEHEH (B HapyllleHHe 0ObIYHOTO MpaBUJIa 3aJJaHHUSI MHOXKEe-
CTBa CIUCKOM 3JjieMeHTOB). Kpome Toro, Mbl 6yjieM Bcerja npeji-
noJiaraTb (Kpome crielldajbHO OrOBOPEHHBIX CJyuaeB), UyTO B Ta-
KOM CITUCKE BCE€ 3JIEMEHTbI NONAPHO PaA3AUUHBL.




II1. Basuc

Onpenenenue 7. ¥YnopsdouenHas 6aza 6eKmopos AUHEUHO20
npocmpancmea U Ha3oigaenicsi 6a3UCOM AUHELHO20 NPOCTIDAH-
cmsea U.

B nasbheditem Mbl 6yiem 60a3uc v 6asy 3anucbiBaTb OJIMHAKOBbIM
ob6pasom: {ey,es,...,€e,}, IPU 3TOM B CJlyuae, KOrja peub UJIET O
0asuce, OyaeM MpeanoJaratb, YTo MNOPsAA0K CJAA0OBAHUA BEKTOPOB
CYLLLeCTBEHEH (B HapyllleHHe 0ObIYHOTO MpaBUJIa 3aJJaHHUSI MHOXKEe-
CTBa CIUCKOM 3JjieMeHTOB). Kpome Toro, Mbl 6yjieM Bcerja npeji-
noJiaraTb (Kpome crielldajbHO OrOBOPEHHBIX CJyuaeB), UyTO B Ta-
KOM CITUCKE BCE 3JIEMEHTL LONAPHO PA3AULHOL" |
[locmoTpeTh npumepbi?
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II1. Basuc

Onpenenenue 7. ¥YnopsdouenHas 6aza 6eKmopos AUHEUHO20
npocmpancmea U Ha3oigaenicsi 6a3UCOM AUHELHO20 NPOCTIDAH-
cmsea U.

Oxka3sbIBaeTcsi, Kak Mbl cedyac yBHJMM, ecJiM 6a3a CylllecTBYeT, To 6a-
3y U 0asuc (ecyid MOpsiIoOK «MepeurucJieHus1» BEKTOPOB CYLLIIECTBEHEH )
MO>KHO B3§Thb B KauecTBe Habopa OCHOBHBIX «KHPIHYMKOB», U3 KOTO-
PBIX «CTPOUTCS» (IIPUTOM OJIHO3HAUHBIM 00pasom!) 1060 BEKTOP ITOrO
JIMHeHoro npoctpaHcTBa. OCHOBOM JIJ1S1 TAKOTO YTBEPKAEHUS SBJISIOTCS
CJIe/IIOLIME IBE€ TEOPEMBI.



I11.1. Teopema o N1MHENHbIX KOMOMHALMUAX 0A3UCHbIX BEKTOPOB

Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HCZH cucmmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asagemca cucmemotil nopomdarou;ux5 oas U, mo ecmo 8cs-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

5B sToM ciyuae roBopsT, uto b siBnsercs nonaHou cucremoit B U.
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Komburauyuu sexkmopos cucmemot b.

ILO Ka3aTeEJdbCTBO.
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Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HQ}I cucmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.
Heobxodumocme.
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Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.
Heobxodumocno. Bosbmem npou3BoJibHBIN BeKTOp x 13 U.
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Hoka3areabctBo. [lyctb b = {e1,...,¢,}.
Heobxodumocmo. Bosbmem npousBoJibHbIA BekTop x W3 U. Torna
{e1,..., ey, x} — JIMHENHHO 3aBUCHMAst CHCTEMa BEKTOPOB (B CHJIy MaK-

cumaJsibHocTh B).
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{e1,..., ey, x} — JIMHENHHO 3aBUCHMAst CHCTEMa BEKTOPOB (B CHJIy MaK-

cumasibHocTu B). TTostomy niia noaxoasiumx saemeHToB noJist K nmeem
Aer + ...+ e, + px = 0, v He Bce KoaduiimeHnThl paBHb 0.
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Heobxodumocme. Ecaiv 6bl B BeIpaXkeHUu Ajeq + ... + \e, + px =0
Ob1710 Obl (4 = 0, TO B 6b110 Obl IMHEHHO 3aBUCHUMOM CUCTEMOM, CJe10Ba-
TeJibHO, 1t # 0.



I11.1. Teopema o N1MHENHbIX KOMOMHALMUAX 0A3UCHbIX BEKTOPOB

Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HQﬂ cucmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.

Heobxodumocme. Ecaiv 6bl B BeIpaXkeHUu Ajeq + ... + \e, + px =0
Ob1710 Obl (4 = 0, TO B 6b110 Obl IMHEHHO 3aBUCHUMOM CUCTEMOM, CJe10Ba-
TeJIbHO, 1t # 0. 3HAUUT, x SBJSETCS JIMHEHHOW KOMOMHAlMel BEKTOPOB

u3s b:
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Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HQﬂ cucmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.

Heobxodumocme. Ecaiv 6bl B BeIpaXkeHUu Ajeq + ... + \e, + px =0
Ob1710 Obl (4 = 0, TO B 6b110 Obl IMHEHHO 3aBUCHUMOM CUCTEMOM, CJe10Ba-
TeJIbHO, 1t # 0. 3HAUUT, x SBJSETCS JIMHEHHOW KOMOMHAlMel BEKTOPOB

usb: z = (—ﬁ) er+...+ (—ﬁ) en
H M



I11.1. Teopema o N1MHENHbIX KOMOMHALMUAX 0A3UCHbIX BEKTOPOB

Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HQ}I cucmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.
Jlocmamourocme.



I11.1. Teopema o N1MHENHbIX KOMOMHALMUAX 0A3UCHbIX BEKTOPOB

Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HCZH cucmmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.

Hocmamournocme. Tor ¢axt, uto B — MakcumanbHasi JUHEHHO
He3aBuCUMasi cucTeMa — OUYeBMJIEH, TOCKOJIbKY BCKHI JIPYrod BEKTOP
BbIpakaeTcs uepe3 BeKTophl U3 b.



I11.1. Teopema o N1MHENHbIX KOMOMHALMUAX 0A3UCHbIX BEKTOPOB

Teopema 7 (0 JIMHEHHbIX KOMOMHALUSAX 6GA3UCHBIX BEKTOPOB). KOH@%HCZH cucmmema
BEKMopos b as6a9emca 6asucon npocrmpadcrisea U moeda u moavKo
moeda, K020a 8blNOAHAIOMCA cAedyroujue 08a YCAOBU:

[.Bb— aunetino Hezasucumasn cucmema;

2. b asaaemca cucmemou nopoxcdarowux drs U, mo ecmo 8¢s-
Kui sekmop npocmparncmsa U npedcmasum 8 s8uoe AMHEUHOL
Komburauyuu sexkmopos cucmemot b.

Hoka3areabctBo. [lyctb b = {e1,...,¢,}.

Hocmamournocme. Tor ¢axt, uto B — MakcumanbHasi JUHEHHO
He3aBUCHUMAasi CUCTeMa — OUEBM/IEH, MOCKOJIbKY BCSAKHIH JIPYTOd BEKTOP
BbIpakaeTcs uepe3 BeKTophl U3 b.

Teopema nokasana.



I11.2. [TonHag cucTema BEKTOPOB

Onpenenenne 8. [lycmo V — noommnoaxcecmso HOCUMENL MHELUHO-
eo npocmpancmsa (U, F), moecmoV C U. Toeda eosopam, umo cu-
cmema W sexkmopos u3 vV aeasemcs noaHou B V moeda u moavko
moeoda, koeda At0b0il sekmop us vV asasemcs AUHeiuHoll KOoMOUHa-
yuett sekmopos cucmemol W. Ecau V = U, mo eogopam, umo cu-
cmema W noana (He ymouHsas, umo 8o ecem U ).

B uacTtHOCTH, TEOpEMaA O JUHEHHbIX KOMOUHALMAX OA3MCHbIX BEK-
TOPOB FOBOPHUT O TOM, UTO CUCTEMA BEKTOPOB sIBJIAETCA OA3UCOM TOr1a U
TOJIbKO TOTJIa, KOIJIa OHA JIMHEMHO He3aBUCUMA U T10JIHA.



I11.3. Teopema 0 eAMHCTBEHHOCTH Pa3J0KEeHHUSI o 6a3ucy

Teopema 8 (0 €/IMHCTBEHHOCTHU Pa3JoxKeHus no 6asucy). KOQ(p(ﬁLLL{LL@HlnbL neped
OQA3UCHBIMLU seKmopamu 8 pasaoiceHuu seKkrmopa rno 6a3ucy onpe-
oeasttiomca 00HO3HAYHO.
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Teopema 8 (0 €/IMHCTBEHHOCTHU Pa3JoxKeHus no 6asucy). KOQ(p(ﬁLLL{LL@HlnbL neped
OQA3UCHBIMLU seKmopamu 8 pasaoiceHuu seKkrmopa rno 6a3ucy onpe-
oeasttiomca 00HO3HAYHO.

JloKa3aTeJbCTBO.
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oeasttiomca 00HO3HAYHO.

Joka3zareabcTBO. DTO ceAcTBUe U3 cBolcTBa CB.4. Bocnpousseaem
JI0KA3aTeJIbCTBO JIJIs1 JAHHOTO CJIyuast.
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Joka3zareabcTBO. DTO ceAcTBUe U3 cBolcTBa CB.4. Bocnpousseaem
JI0KA3aTeJIbCTBO JIJIs1 JAHHOTO CJIyuast.

[Tycte B = {ey,e9,...,e,} — 6Gasuc auHeliHoro npoctpanctsa U, u
rT=M\Ney+ ...+ \en, = €1 + ... + ppe,. Hano nokasatb, uyto
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Teopema 8 (0 €/IMHCTBEHHOCTHU Pa3JoxKeHus no 6asucy). KOQ(p(ﬁLLL{LL@Hl’HbL neped
OQA3UCHBIMLU seKmopamu 8 pasaoiceHuu seKkrmopa rno 6a3ucy onpe-
oeasttiomca 00HO3HAYHO.

Joka3zareabcTBO. DTO ceAcTBUe U3 cBolcTBa CB.4. Bocnpousseaem
J0Ka3aTeJbCTBO JJIs1 JAHHOTO CJyuasi.

[Tycte B = {ey,e9,...,e,} — 6asuc suneliHoro npoctpaHctBa U,
U = Me+...+\e, = e +...+ pue,. Hano nokazatb, uTO
An = .



I11.3. Teopema 0 eAMHCTBEHHOCTH Pa3J0KEeHHUSI o 6a3ucy

Teopema 8 (0 €/IMHCTBEHHOCTHU Pa3JoxKeHus no 6asucy). KOQ(p(ﬁLLL{LL@Hl’HbL neped
OQA3UCHBIMLU seKmopamu 8 pasaoiceHuu seKkrmopa rno 6a3ucy onpe-
oeasttiomca 00HO3HAYHO.

Joka3zareabcTBO. DTO ceAcTBUe U3 cBolcTBa CB.4. Bocnpousseaem
J0Ka3aTeJbCTBO JJIs1 JAHHOTO CJyuasi.

[Tycte B = {ey,e9,...,e,} — 6asuc suneliHoro npoctpaHctBa U,
U = Me+...+\e, = e +...+ pue,. Hano nokazatb, uTO
An = . HO

0= Aer+. ..+ \en—(prer + .o+ ppen) = (Ar—pr)er+. . +(N—pn)en.



I11.3. Teopema 0 eAMHCTBEHHOCTH Pa3J0KEeHHUSI o 6a3ucy

Teopema 8 (0 €/IMHCTBEHHOCTHU Pa3JoxKeHus no 6asucy). KOQ(p(ﬁLLL{LL@HlnbL neped
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An = . HO

0= Aer+. ..+ \en—(prer + .o+ ppen) = (Ar—pr)er+. . +(N—pn)en.

Tak kak b — 6a3uc, To 3T0 IMHEMHO He3aBUCUMAsl CUCTEMA BEKTOPOB,
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11.4. KoopauHaTtbl BeKTOpa

Onpenenenune 9. Ecau b= {ey,...,e,} — 6asuc auwneiinoco npo-
cmparncmsa U, mo 0as a0b60eo sekmopa x u3 U koagpduyuenmor \;
pasaodcerus sekmopa x no basucy b nazeisaomea koopauHaTamu
sekmopa x 8 basuce b. [Ipu amom cmoabey koopournam sekmopa x

6 basuce b 6ydem obosnauame uepes [x|g.
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Onpenenenune 9. Ecau b= {ey,...,e,} — 6asuc auwneiinoco npo-
cmparncmsa U, mo 0as a0b60eo sekmopa x u3 U koagpduyuenmor \;
pasaodcerus sekmopa x no basucy b nazeisaomea koopauHaTamu
sekmopa x 8 basuce b. [Ipu amom cmoabey koopournam sekmopa x

6 basuce b 6ydem obosnauame uepes [x|g.

Buumanune! 310 BaxkHO!

Cronbew, koopauHat [7]g BekTopa T B basuce b = {ey, ..., e,} onpege-
NAeTca cnefytownmM obpasom:

A1
[CE]B = S = Aep+ e+ .o+ e, (3)
An

[locmoTpeTbh Npumepbl?



I11.5. PasamepHocCTb

Onpeneaenne 10. fosopsam, umo cucmema sekmopos A JUHEHHO
BoIpaxkaeTcs’ uepes cucmemy 6exmopos B, ecau 8cAKull 8eKmop
us A npedcmasum 8 sude aurerHot KombuHayuu 8exkmopos u3 B.
Cumsoauuecku amo sanucoisaemces makx: A - B.

¢]To moBoy JinHENHOH aareGpbl BhIpaXKanTech, MoxkaJjyicTa, JHHEHHO!
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Onpeneaenne 10. fosopsam, umo cucmema sekmopos A JUHEHHO
BbIpaXKaeTcsl uepe3 cucmemy 8eKkmopos B, ecau BCAKUIL B8EKNOP
us A npedcmasum 8 sude aurerHot KombuHayuu 8exkmopos u3 B.
Cumsoauuecku amo sanucoisaemces makx: A - B.

Jlemma 1 (o TpaH3UTUBHOCTHU oTHOWeHUs ). Ecau cucmema A au-
HellHo sulpacaencs wepes B, komopas, 8 c80t0 ouepeds, MHELHO
soipascaemcs yepes C, mo cucmema A AUHEUHO Bblpaicaemcs ye-
pes C. Hnoimu crosamu, ud3 A 4B u B - C caedyem, umo A - C.

JloKa3aTeJbCTBO.
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Jlemma 1 (o TpaH3uTUBHOCTH OTHOWeHuUs1 1). Ecau cucmema A au-
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a = \by —l—)\2b2—|—...—|—>\pbp.
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Jlemma 1 (o TpaH3uTUBHOCTH OTHOWeHuUs1 1). Ecau cucmema A au-
HelHo solpancaemcea yepes B, komopas, 8 8010 ouepedsb, MHeHO
golpascaemcs yepesd C, mo cucmema A AurelHO 8vlpaycaemcs ve-
pes C. Huoimu crosamu, us A 4B u B - C caedyem, umo A - C.

Hoka3zareabcTBo. [IycTth a € A. 1o ycsioBuIo HalyTCs TaKHe BEKTO-
pbl by, ... b, U3 B ¥ TaKHe 3JIEMEHTHI A1, . .., A\, 0Js K, 4TO

a = Aby+ Xobo + ...+ )\pbp.
Hanee, Tak kak B = C, To HalyTCsl TAKHE BEKTOPHI

6117"'7clql76217'°'7CQQQ7"°7cp17'°'7cqu7
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a = Aby + Xoby+ ...+ Apbp-
Tak kak B - C, To HaligyTCs TaKhe BEKTOPbI
C115---5,C1q1,C215 - - -y C2g95 - - -, Cpl,y - - .,Cpqp,

4yTo
(

a0
by = p11¢c11 + .+ H1g,Clg, = D, H1KkClk
=1

P
by = [21Co1 + . . . 4 H2g,Cogy = Y H2kC2k
k=1

dp
bp = Hp1Cp1 + - - + Hpg Cpgy = kZl HpkCpk
\ f—
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a = Aby + Xoby+ ...+ Apbp-

( q

b1 = pyicin + ...+ H1g,Clq; = Z H1kCik
k=1

Q2
by = porco1 + ... + H2q,C2g9 = Z 2k Cor;
k=1

dp
bp = pp1Cp1 + - -+ Hpg Cpgy = kZl HpkCpk

\
CJieoBaTebHO,

q1 q2 dp
a= M\ Z pikCii + A2 Z UokCok + ...+ Ay Z UpkCp -
=1 =1 =1



I11.5. PasamepHocCTb

q1 q2 dp
a= A\ Z UikCik + A2 Z UokCok + ... + Ay Z LpkCpk -
k=1 k=1 k=1

Takum o6pasom, Jio60# BekTOp U3 A aBJIsIeTCS JUHEHHONH KOMOUHALMEH
BekTOpoB U3 C. Takum oO6pazom, o onpeaenenuto, A - C, uto u Tpebo-
BAJIOCh J1I0KA3aTh.



I11.6. Teopema LliTeiiHuua

Teopema 9 (LUrteitnuun). Ecau aunetno Hezasucumasn cucmema

sexmopos A= {ai,as,...,a,} AuHeEHO Bblpadcaemcs uepes AU-
HeliHo He3asucumyto cucmemy B = {by, by, ..., by}, mon < m.

Joka3areabcTBo. MbI NpUBeIEM Ba 10KA3aTEAbCTBA 3TOU TEOPEMBI.
[lepBoe, B HallleM cJjyuae, siBJsieTcs1 6oJiee CTPOTHUM, @ BTOPOE OMUPAETCS
Ha pe3yJ/ibTaT, [1OUTH JIOKA3aHHbIK» HaMH.
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[lepsoe dokazameavcmso. O603HaUUM uepe3 D Takylo JUHEUHO
He3aBUCUMYIO CUCTEMY U3 m BEKTOPOB, UTO A - D W uucjio BEKTOPOB
BO MHO>KecTBe A N D — MakcHMaJsibHOE U3 BO3MOXKHBbIX.
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m
r = > A\ibp. 3ameTuM, uTo He Bce A\ paBHbI 0, MOCKOJbKY HHAUE TOJTYy-
k=0

m

unJsi Obl, uTo = » 0 - by = 0, UTO MTPOTUBOPEUUT JIMHEHHOH HE3ABHUCH -
k=0

MOCTH cucteMbLA 1 cBolicTBY CB. 1.
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HOMepa p umeeM A, # 0.
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B-YeTBEPTHIX, UUCJO BEKTOPOB BO MHOxKecTBe A NC GoJblie, ueM BO
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[lepsoe dokazameavbcmso. O603HauuM depe3d D Takylo JUHENHO
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HerpynHo npoBepuTh, uTo Bo-1MepBbIX, C COCTOUT U3 m IITYK BEKTO-
poB, Bo-BTOphbIX, A - C, B-TpeThbuX, cucteMa C JMHEHHO He3aBUCUMA,
B-YeTBEPTHIX, UUCJO BEKTOPOB BO MHOxKecTBe A NC GoJblie, ueM BO
mHoxkecTBe A N D. Ho nocnenHee tpeGoBaHue MPOTHBOPEUUT BhIGOPY D.
3Hauut, Halle npeanoJoxenue A € D Obl1o HeBepHbIM, TO ecTh A C D,
B yactHocTH, n < m, uTo ¥ TPeGOBaANOCh 10KA3aTh.
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He3aBUCHUMA, TO €CTb PaBEHCTBO Y A,a, = 0 BO3MOXKHO TOJILKO IIpH

p=1
AM=...=)\,=0.
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Teopema 9 (LUrteitnuun). Ecau aunetno Hezasucumasn cucmema
sexmopos A= {ai,as,...,a,} AuHeEHO Bblpadcaemcs uepes AU-
HeliHo He3asucumyto cucmemy B = {by, by, ..., by}, mon < m.

Bmopoe dokasamesvcmeso. Ilo ycioBuio cucrema A JMHEHHO
n

He3aBMCUMaA, TO €CTb PaBEHCTBO Y A,a, = 0 BO3MOXKHO TOJIKO MPH
p=1
A =...= X\, =0. Tak Kak A 4 B, T0, 10 onpejeseHnto OTHOLLIEHHS i,

m
HaliLyTcsl Takue oy € K, uto a, = Y agyb,. CienoBatesbHO, TOJIBKO

q=1
IIPH HYJIEBBIX A\, HCTHHHO

0= N aghy=> (D agh | b,
p=1 q=1

g=1 \ p=1
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Ho B siBjisieTcsi TIMHEWHO He3aBUCUMOM CUCTEMOM, TTIOITOMY
4 n

> aipAp =0

p=1

> QgpAp =0
p=1

> AmpAp = 0

. p=1
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Teopema 9 (LUrteitnuun). Ecau aunetno Hezasucumasn cucmema
sexmopos A= {ai,as,...,a,} AuHeEHO Bblpadcaemcs uepes AU-
HeliHo He3asucumyto cucmemy B = {by, by, ..., by}, mon < m.

Ecan 6Bl m > m, TO UHUCJ0 HEU3BECTHbIX B 3TOH CHCTEME JIMHEH-
HbIX ypaBHEHUH OoJibliie uncsaa ypaBHeHui. [Toab3ysick Metonom Taycca,
MOYKHO T0Ka3aTh, YTO B ITOM CJiyuae TakKasg CUCTEMa YPABHEHUH UMEET
OECKOHEUHO MHOTO PELICHHUH.
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Ecan 6Bl m > m, TO UHUCJ0 HEU3BECTHbIX B 3TOH CHCTEME JIMHEH-
HbIX ypaBHEHUH OoJibliie uncsaa ypaBHeHui. [Toab3ysick Metonom Taycca,
MOXKHO T10Ka3aTh, UTO B 3TOM CJIydae Takasi CUCTeMa YpaBHEHUH UMeeT
OECKOHEUHO MHOro perieHud. Ho U3 JiMHeHHOW HE3aBUCUMOCTH CHCTE-
Mbl BEKTOPOB A CJie/lyeT, UTo 3TO pellieHue J0JKHO ObITh €IMHCTBEHHBIM
— HyJieBbIM. [TosryueHHOe (TOUHEe, ITOUTH MOJYyUeHHOE» ) IPOTUBOPEUHE
MOKa3bIBAET, UTO HALLIE MPEANOJ0KEHHE ObIJI0O HEBEPHBIM, TO €CTb 1 < 1M,
4TO M TpeOOBAJIOCh 10KA3aTh.



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (0 KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb 51 u BQ — 0dsa 6a3u-
ca MHeUHoeo npocmpaHcmsa U, npudyem 51 — KOHEeUHOe MHOIMCe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

JlOKaSaTeJIbCTBO. Mbl He 6y,ZL€M [TOJTHOCTBLIO IPUBOJAUTDL PACCYKIACHHUS
9Talla «reHepalrHu 10Ka3aTeJIbCTBa», a IpuBeaAEM JIUIb <<OdDOpMJ1€HHO€
JOKA3dTeJIbCTBO».



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (0 KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb 51 u 52 — 0dsa 6a3u-
ca MHeUHoeo npocmpaHcmsa U, npudyem 51 — KOHEeUHOe MHOIMCe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

Joka3areabcTBO. Mbl He OYJ1EM MTOJIHOCTHIO MPUBOJUTh PACCYKIAEHUS
JTarna «reHepaluu JoKasaTesJbCTBa», a MPUBEJEM JIHMlb <0POpPMJIEHHOE
JIOKa3aTeJJbCTBO.

OTMeTHM JIMllIb, UYTO HAM HAJ0 J0Ka3aTb PABEHCIMBO YUCJIa BEKTOPOB
B cucteMax by 1 by, W MbI Bocniosib3dyemcest «uHopMmaliyei o MeTo1ax j10-
Ka3aTeJIbCTBA PABEHCTBA», @ UMEHHO, IOKAXKEM, YTO UHCJIO BEKTOPOB B by
He MPEBOCXOJUT UHUCJa BEKTOPOB B By, 1 HAa00O0POT.



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (o KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb Bl u 52 — 0dsa 6a3u-
ca MHeUHoeo npocmpaHcmsa U, npudyem 51 — KOHeuUHOe MHOJHe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

Jloka3ateabcTBO. [Io Teopeme 0 iMHeHHbIX KOMOMHaALUMAX Oa3uc-
HbIX BEKTOPOB JIOOOU BeKTOp U3 U ABJsAETCA JMHEHHON KOMOUHALMEH
BeKTOpOB U3 by. B wacTHocTH, 0601 BekTOp U3 By sABJSIETCA JIMHEHHON
KoMOHHauuel BekTopoB U3 by, T.e. by 4 b;.



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (o KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb Bl u 52 — 0dsa 6a3u-
ca MHeUHoeo npocmpadHcmsa U, npudem 51 — KOHeuUHOe MHOJHe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

Jloka3ateabcTBO. [Io Teopeme 0 iMHeHHbIX KOMOMHaALUMAX Oa3uc-
HbIX BEKTOPOB JIOOOU BeKTOp U3 U ABJsAETCA JMHEHHON KOMOUHALMEH
BeKTOpOB U3 by. B wacTHocTH, 0601 BekTOp U3 By sABJSIETCA JIMHEHHON
KoMOHHauuel BekTopoB U3 by, T.e. by 4 b;.

[To Treopeme LlTeHuua uncao BekTopoB B cucteme by He MeHblile,
yeM B cucteme bs.



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (o KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb Bl u 52 — 0dsa 6a3u-
ca MHeUHoeo npocmpaHcmsa U, npudyem 51 — KOHeuUHOe MHOJHe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

Jloka3ateabcTBO. [Io Teopeme 0 iMHeHHbIX KOMOMHaALUMAX Oa3uc-
HbIX BEKTOPOB JIOOOU BeKTOp U3 U ABJsAETCA JMHEHHON KOMOUHALMEH
BeKTOpOB U3 by. B wacTHocTH, 0601 BekTOp U3 By sABJSIETCA JIMHEHHON
KoMOHHauuel BekTopoB U3 by, T.e. by 4 b;.

[To Treopeme LlTeHuua uncao BekTopoB B cucteme by He MeHblile,
yeM B cucteme By, AHAMOrHYHO MOXKHO MTOKA3aTh, YTO HMEET MECTO 00-
paTHoe (HecTporoe) HepaBeHCTBO, OTKYJa cJjeayeT, uTo B by v B by oju-
HAaKOBO€ KOJINYECTBO BEKTOPOB, UTO U TPeOOBAJIOCh J0KA3aTh.



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (o KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb Bl u 52 — 0dsa 6a3u-
ca MHeUHoeo npocmpadHcmsa U, npudem 51 — KOHeuUHOe MHOJHe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

He [IPOTHUBOPEUHT JIM 9Ta TEOPEMA COOTBeTCTBlelU,eﬁ sanaqe?



I11.7. Teopema o KoJiMuecTBe 0a3UCHbIX BEKTOPOB

Teopema 10 (o KoJiMuecTBe 6a3UCHbIX BEKTOPOB). HyCﬂ”Lb Bl u BQ — 0dsa 6a3u-
ca MHeUHoeo npocmpaHcmsa U, npudyem 51 — KOHeuUHOe MHOJHe-
cmso. Toeda BQ — MmakKkice KOHeuHoe MHOoMecrmeo, U Koaudecmeso
BEKMoOpos 6 basuce 51 pPABHO Koaudecmsly s6eKmopos 8 basuce BQ.

He npoTuBopeunT Jiv 312 TeopemMa coOOTBETCTBYIOLLeN 3a1aye?

B sto#l 3anaue cuctembl b u B’ saBasiiorcst 6asucamu JIMHERHOTO MPO-
CTPAHCTBA BCEX MATPHULL Pa3MEPHOCTH 2 X 2, a yInopsAL0oYeHHass CHUCTe-
ma B — 6asucom japyroro mpocTpaHcTBa — JMHEHHOrO MPOCTPAHCTBA
CUMMETPHUYHBIX MATPULL PASMEPHOCTH 2 X 2.



I11.7. OnpeneneHue pa3MmepHOCTU MPOCTPAHCTBA

Onpeaenenue 11. Ecau koauuecmso sekmopos 8 basuce AUHEUHO-
2o npocmparcmsa U KOHe1UHO, Mo 3mo KOAUUeCmB80 8eKNOPO8 Ha-
3618aeNCsl Pa3MePHOCTbIO auHelinHoeo npocmparncmsa U. B npo-
MmusHoMm cayuae cogopam, umo U — 6eCKOHeUHOMepPHOoe JUHEHHOe
NPOCTPAHCTBO.



I11.8. Teopema o nonoaHssemMocTu A0 6a3uca

Teopema 11 (0 nonoausiemoctu a0 6asuca). Jooywo AUHEUHO
He3asucumyro cucmemy sekmopos B ={uy, ..., u,} KOHeuHO-
MEPHO2O MuHelHoeo npocmparcmsa U moxicHo donoainums 0o b6a-
suca B = {uy, ..., Up, U1, ..., Uy} AuHerino2o npocmparcmesa U.



I11.8. Teopema o nonoaHssemMocTu A0 6a3uca

Teopema 11 (0 nonoausiemoctu a0 6asuca). Jooywo AUHEUHO
He3asucumyro cucmemy sekmopos B ={uy, ..., u,} KOHeuHO-
MEPHO2O MuHelHoeo npocmparcmsa U moxicHo donoainums 0o b6a-
suca B = {uy, ..., Up, U1, ..., Uy} AuHerino2o npocmparcmesa U.

Jloka3aTreabCTBO.



I11.8. Teopema o nonosHsiemocTu a0 6a3uca

Teopema 11 (0 nonoausiemoctu a0 6asuca). Jooywo AUHEUHO
He3asucumyro cucmemy sekmopos B ={uy, ..., u,} KOHeuHO-
MEPHO2O MuHelHoeo npocmparcmsa U moxicHo donoainums 0o b6a-
suca B = {uy, ..., Up, U1, ..., Uy} AuHerino2o npocmparcmesa U.

Jloka3zareabCcTBO. JTa TeopeMa SIBJASETCS CYLUIECTBEHHOW U HETPUBHU-
aJIbHOU B cJlyuyae, Korjaa 0asuc onpeaessercs, Kak MUHUMaJIbHast CUCTe-
Ma MOPOXKIAIOIIMX BEKTOPOB JIMHEHHOro npoctpancTBa U. [1pu npuns-
TOM HAMH onpesiesieHud 6a3uca TeopemMa OueBUJIHA.



I11.8. Teopema o nonoaHssemMocTu A0 6a3uca

Teopema 11 (0 nonoausiemoctu a0 6asuca). Jooywo AUHEUHO
He3asucumyro cucmemy sekmopos B ={uy, ..., u,} KOHeuHO-
MEPHO2O MuHelHoeo npocmparcmsa U moxicHo donoainums 0o b6a-
suca B = {uy, ..., Up, U1, ..., Uy} AuHerino2o npocmparcmesa U.

Jloka3zareabCcTBO. JTa TeopeMa SIBJASETCS CYLUIECTBEHHOW U HETPUBHU-
aJIbHOU B cJlyuyae, Korjaa 0asuc onpeaessercs, Kak MUHUMaJIbHast CUCTe-
Ma MOPOXKIAIOIIMX BEKTOPOB JIMHEHHOro npoctpancTBa U. [1pu npuns-
TOM HaMH Ompe/ieieHnn 6asnca TeopemMa oueBUHa. JleldCcTBUTENBHO, 10-
MOJIHUM cucTemMy B 10 MakcHMaJibHOW JIMHEMHO He3aBUCUMOM CUCTe-
mbl B’ BekTopoB sinHeiiHoro npoctpancrsa U. Ho Torna B’ siBiisiercs 6a-
3UCOM JIMHEHHOTrO npoctpancTea U.



I11.9. [IpuopuTeTHasa ueab uccaeaoBaHU B JUHEHHON aarebope

[TonsiTe 6asuca Mo3BoOJSET NEPEBOAUTh BOMPOCHI OTHOCUTEJBHO HC-
XOJIHOHM JINHEHHOTO MPOCTPAHCTBA HA SA3bIK MATPUUHOU aAreOPbl, UTO M03-
BOJISIET, C OJHOM CTOPOHbI, UCIIOJIL30BAThL MOLIHbIM arnapar MaTpuu-
HOM anrebpbl IS pelieHuss npoOJeM, BO3HUKAIOUIMX B TEOPHUH JIMHEH -
HBIX MTPOCTPAHCTB M, C IPYrOM CTOPOHBI, 000TalllaTh anmnapat MaTpUUHON
aJreOpbl C MOMOULBIO KOHCTPYKLMH, PE3yJIbTATOB U METOIO0B JIMHEHHOH
anreopbl. OTcrloa cjelyeT, uTo B Npolecce U3yueHHs JIMHEHHbIX MPO-
CTPAHCTB MPUOPUTETHOM SABJIACTCA CJACAYIOLLASA LEJIb.



I11.9. [IpuopuTeTHasa ueab uccaeaoBaHU B JUHEHHON aarebope

[TonsiTe 6asuca Mo3BoOJSET NEPEBOAUTh BOMPOCHI OTHOCUTEJBHO HC-
XOJIHOHM JINHEHHOTO MPOCTPAHCTBA HA SA3bIK MATPUUHOU aAreOPbl, UTO M03-
BOJISIET, C OJHOM CTOPOHbI, UCIIOJIL30BAThL MOLIHbIM arnapar MaTpuu-
HOM anrebpbl IS pelieHuss npoOJeM, BO3HUKAIOUIMX B TEOPHUH JIMHEH -
HBIX MTPOCTPAHCTB M, C IPYrOM CTOPOHBI, 000TalllaTh anmnapat MaTpUUHON
aJreOpbl C MOMOULBIO KOHCTPYKLMH, PE3yJIbTATOB U METOIO0B JIMHEHHOH
anreopbl. OTcrloa cjelyeT, uTo B Npolecce U3yueHHs JIMHEHHbIX MPO-
CTPAHCTB MPUOPUTETHOM SABJIACTCA CJACAYIOLLASA LEJIb.

Leab 1. [Ipu ssedernuu HOBbLX KOHCMPYKYUL 8 AuHeluHol asced-
pe 00HOL U3 NPUOPUMEMHbLX Yeaell A8A1encsa NoAYyUeHue omase-
ma Ha BONPOC «KAK IMA KOHCMPYKUUSL MOxHcent OobLmb 8olpaHeHa
cpedcmsamu MampudHol areedbpoly. ImMo n0380ASLEM 8 MEPMUHAX
mMampuiHol areebpol Gopmysuposams 80NPOCHL, BOZHUKAIOUWUE 8
meopuu AUHeUHbLX NPOCMPAHCME.



IV. OcHoBHbIE pe3yabTaTbl
OcCHOBHbIE OTIPeJIesIeHUS:
— ofpejieJieHHe JUHEeHHOTO MPOCTPAHCTBA;
— JIMHEWHO He3aBUCUMas U JIMHEWHO 3aBUCHUMAsl CUCTEMbI BEKTOPOB,
— cucTemMa nopoXKAAK W MX JUHEHHOTO MPOCTPAHCTBA;
— 0as3uc;
— cT0oJIOel, KOOPAMHAT BEKTOPA JIMHEHHOTO MPOCTPAHCTBA;

OCHOBHbIE pPe3yJIbTaThI:
— 3JieMeHTapHble TeOPeMbl TECOPUU JIMHEHHBIX TPOCTPAHCTB;
— ¢cBOKCTBO [1.4 0IHO3HAYHOCTHU Pa3J10KEHUS 10 JIMHEHHO 3aBUCUMOM
CUCTEME BEKTOPOB,
— KPUTEPUU JUHEHUHOHN 3aBUCUMOCTH;
— TeopeMa O JUHEHWHbIX KOMOMHALMAX 0a3UCHbIX BEKTOPOB.



V. loanpoctpaHcTBO

B COOTBETCTBHUHM C JIOTHKOH PA3BUTUS MAaTEMAaTHUECKOW TEOPHUH Mbl MO-
CTEMEHHO MePEXOJUM OT U3YUeHUs OT/IeJIbHOIO 0ObeKTa (B JaHHOM CJIy-
yae — JIMHEHHOIO MPOCTPAHCTBA) K H3YUEHHIO CUCTEM TaKUX 0ObEKTOB.
Haunbosiee ecTeCTBEHHBIH yTh COCTOUT B TOM, UTOOBI CHayaJia paccMoT-
pETb HEKOTOPbIE JIMHEHHbIE MPOCTPAHCTBA, KOTOPbIE MOXKHO TOJIYUHTh,
UCITI0JIb3Ysl B KAUECTBE «CTPOUTEJBLHOIO MAaTepUaia» UCXOJAHOE JIMHEHHOE
MPOCTPAHCTBO.



V. loanpoctpaHcTBO

B COOTBETCTBHUHM C JIOTHKOH PA3BUTUS MAaTEMAaTHUECKOW TEOPHUH Mbl MO-
CTEMEHHO MePEXOJUM OT U3YUeHUs OT/IeJIbHOIO 0ObeKTa (B JaHHOM CJIy-
yae — JIMHEHHOIO MPOCTPAHCTBA) K H3YUEHHIO CUCTEM TaKUX 0ObEKTOB.
Haunbosiee ecTeCTBEHHBIH yTh COCTOUT B TOM, UTOOBI CHayaJia paccMoT-
pETb HEKOTOPbIE JIMHEHHbIE MPOCTPAHCTBA, KOTOPbIE MOXKHO TOJIYUHTh,
UCITI0JIb3Ysl B KAUECTBE «CTPOUTEJBLHOIO MAaTepUaia» UCXOJAHOE JIMHEHHOE
MPOCTPAHCTBO.

Onpeneaenue 12. [loOmHoamcecmso V aunetino2o npocmpancmea
U Hasvlgaemcs NOANPOCTPAHCTBOM AuHeliHo2o npocmparncmsa U,
ecau V' aeasaemces AUHeUHLM NPOCIPAHCIBOM OMHOCUMEAbHO MeX
ace onepayui. Tom ¢paxm, umo V — noonpocmparcmso, 0003Ha-
yaemcsa kak 'V < U.



V. loanpoctpaHcTBO

Onpepenenue 12. [loomnonwecmso V aunetinozo npocmpancmasa
U Ha3bigaemcs NoANPoOCTPAHCTBOM auHelHo20 npocmparncmsa U,
ecau 'V a8adaemcs MHeHolM NPOCmpaHCIBOM OMHOCUMENbHO MeX
ace onepayuii. Tom hakm, umo V — nodnpocmparcmso, 0603Ha-
yaemcsa kak'V < U.

Teopema 12 (kpurepuii nopnpocrpancrea). [lo0mrnoxncecmso V' aurnetnoeo
npocmparncmsa U nad noaem K asasemca noonpocmparcmsom
moeoa u Mmoavko moeoa, koeda 041 1100bLx BeKmopos x,y € V 8ek-
mop x + y npuxaodaexcum V, u 041 1106020 sremenma \ noas K u
At0b0e0 sekmopa x u3 'V sekmop \x npurnadrexcum V.



V. loanpoctpaHcTBO

Onpepenenue 12. [loomnonwecmso V aunetinozo npocmpancmasa
U Ha3bigaemcs NoANPoOCTPAHCTBOM auHelHo20 npocmparncmsa U,
ecau 'V a8adaemcs MHeHolM NPOCmpaHCIBOM OMHOCUMENbHO MeX
ace onepayuii. Tom hakm, umo V — nodnpocmparcmso, 0603Ha-
yaemcsa kak'V < U.

Teopema 12 (Kpmepm"d NoANpPOCTPAHCTBA).

x eV Ax €V,
< ? 7
VU & |Vr,y Vo,y ({yEV = {erer) (4)

MO0>KHO NPeJIOKUTb SKBUBAJIEHTHYIO POPMYJIUPOBKY MOCJIEHEN TEO-
peMbl:



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

r eV A eV
< ) )
VU & (V:I:,y Va,y ({yEV = {x+er>> (4)

Teopema 13 (kpurepmii nonnpocrpancrea). [loOmnoxncecmso V' aurnetlHoeo
npocmpancmsea U Had noaem K asademcsa noodnpocmparncmsom
moeda u moabko moeda, Koeda 045 10bvix sekmopos x,y €V u
A0006Lx dnemenmos \, i € K sekmop Ax + py npuradaexncum'V.



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

r eV A eV
< ) )
VU & (V:I:,y Va,y ({yEV = {x+er>> (4)

Teopema 13 (Kpmepuﬁ NOANPOCTPAHCTBA).

x eV
< ’ .
VU & <Vaz,y ({yEV :>)\x+,uyEV)> (D)



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

reV Ar eV
< Y Y
VLU & |Vr,y Vz,y ({yEV = {:UerEV) (4)

Teopema 13 (Kpmepuﬁ NOANPOCTPAHCTBA).

x eV,

yev :>)\:U+,uy€\/.) (D)

VLU & |Vr,y ({
Jloka3zareabcTBo. Hano npoBepuTh BbINOJHEHHE aKCHOM JIMHEHHOTO
npoctpaHcTBa A/1s V. Ho sTa npoBepka TpuBHaJibHa, TaK Kak, HalpuMep,
PaBEHCTBO T + Y = Y + T BePHO 014 11006LX BEKTOPOB x,y € U, OHO, KO-
HEUHO, OCTAHETCSl BEPHBIM M B CJiydyae, KOrja x,y OyJ1yT BbIOUPAThCS He
U3 «Bcero U», TOJIbKO «HU3 €ro yacTu», us V.



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

r eV e €V
< ) ) 4
V_U<:><V:U,y Y,y ({yEV :>{:U+y€V.>> (4)

Teopema 13 (Kpmepuﬁ NOANPOCTPAHCTBA).

x eV
< ’ .
VU & <Vaz,y ({yEV :>)\x+,uyEV)> (D)

Joka3areabcTBOo. [ [poBepUTh HAMO JKLIb, YTO OFPAHUUYEHHS Omepa-
UMK +, A\- HA TTIOAMHOXKECTBO V' ABJSAIOTCS onepaursmMu Ha V.



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

r eV e €V
< ) ) 4
V_U<:><V:U,y Y,y ({yEV :>{:U+y€V.>> (4)

Teopema 13 (Kpmepuﬁ NOANPOCTPAHCTBA).

x eV
< ’ .
VU & <Vaz,y ({yEV :>)\x+,uyEV)> (D)

Joka3areabcTBOo. [ [poBepUTh HAMO JKLIb, YTO OFPAHUUYEHHS Omepa-
UMK +, A\- HA TTIOAMHOXKECTBO V' ABJSAIOTCS onepaursmMu Ha V.
1) onepauus + otTo6pazkaet napbl 3JieMeHTOB U3 V' B 3JieMeHT U3 V/;
2) nnst moboro A u3 K onepanus A- orobpakaet sjeMeHTbl U3 V' B 3Jie-
MeHThI U3 V.



V.1. Kputepuit noanpocrTpaHcTBa

Teopema 12 (Kpmepuﬁ NOANPOCTPAHCTBA).

r eV A eV
< ) )
VU & (V:I:,y Va,y ({yEV = {x+er>> (4)

Teopema 13 (Kpmepuﬁ NOANPOCTPAHCTBA).

x eV
< ’ .
VU & <Vaz,y ({yEV :>)\x+,uyEV)> (D)

Joka3areabcTBo. Ho BbinosiHeHHe 3TUX ycJoBUU: 1) onepauus +
otoOpaxKaet napbl 3jeMeHToB U3 V' B aseMeHT u3z V; 2) nas ao60ro
A us K onepauus A- oroOpaxkaet ssieMeHTbl U3 V' B 3JieMeHTbl U3 V'

U SIBJSIETCS COJlepXKAHHEM JI0OKA3bIBA€MOK TeOopeMbl (M B TOH, U B IPYroi

hopMyJIMPOBKE).



V.2. Teopema 0 pa3aMepHOCTH NOANPOCTPAHCTBA

Teopema 14 (o0 pazamepHocTH noanpoctpanucTBa). [/ycmo V — noo-
npocmparcmao aureinoeo npocmparcmea U. Toeda cnpasedausol
caedyrowjue ymeepHcoeHus:

[. dim(V) < dim(U);

2. dim(V) < dim(U) moeda u moavko moeda, koeda V < U, mo
ecmoV #£ U.



V.2. Teopema 0 pa3aMepHOCTH NOANPOCTPAHCTBA

Teopema 14 (o0 pazamepHocTH noanpoctpanucTBa). [/ycmo V — noo-
npocmparcmao aureinoeo npocmparcmea U. Toeda cnpasedausol
caedyrowjue ymeepHcoeHus:

[. dim(V) < dim(U);

2. dim(V) < dim(U) moeda u moavko moeda, koeda V < U, mo
ecmoV #£ U.

JloKa3aTeJbCTBO.



V.2. Teopema 0 pa3MmepHOCTH NOANPOCTPAHCTBA

Teopema 14 (o0 pazamepHocTH noanpoctpanucTBa). [/ycmo V — noo-
npocmparncmso auretino2o npocmpancmasa U. Toeda cnpasedausol
caedyrowjue ymeepHcoeHus:

[. dim(V) < dim(U);

2. dim(V) < dim(U) moeda u moavko moeda, koeda V < U, mo
ecmoV #£ U.

Jloka3zaTeabcTBO. DTO cJeacTBue us reopemsbl LteiiHua nim reo-
pembi11 0 ponoausiemocTu a0 6a3uca.



V.3. JIuHenHast 000J0UKa

Onpenenenue 13. Jluneiinas o6oaouka L(A) uau (A) cucmemol 8ek-
mopos A — amo MuHumasbHoe (N0 BKAOUEHUIO) mMaKoe noonpo-
CMparcmeso npocmpancmsaa V, Komopoe codepacum s8ce 8eKnopol

us3 A.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

Onpenenenue 13. Jluneitnas o60a0uka L(A) uau (A) cucmemol sex-
mopog A — amo muHumasbHoe (N0 BKAOUEHUIO) maKkoe noonpo-

cmpancmso npocmpancmsa V, Konmopoe codepacum sce 8eKnopol
u3 A.

TeopeMa 15 (0 BHYTPEHHEW XapakTepu3aluu JUHEeHHOU 000J104KH ). JIunelinas
obonrouka (A) cucmemor 8eKmMopos A AUHeEUHO020 NPOCMPAHCMBA
V' nad nosem K cocmoum u3 8ce803MOMCHOLX MHEUHOLX KOMOUHA-
yuti sekmopos cucmemol A ¢ koagpgpuyuenmanu uz noas K:

<A>:{)\1a1+...+>\kak kEN,)\Z'EK,CLZ'EA}.

B uwacmnocmu, L(A) — A.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Jloka3aTeJbCTBO.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koadmbuquenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

ILOKaSaTe.HbCTBO. HaILO J0Ka3daTb paBE€HCTBO MHO2KECTB.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBo. Hano nokazatb paBeHCTBO MHOXKECTB.
O603HaUUM MHOXKECTBO B JIEBOH UaCTH JI0Ka3bIBAEMOI0 paBEHCTBA Ue-
pe3 V', a MHOXKECTBO B MpaBod yactu — uepe3 W.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBO. Hano nokazatb paBeHCTBO MHOKECTB.
Bxkimtouenue VO W oueBUAHO, TaK KakK



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

JokasateabcTBo. Hano 1okasath paBeHCTBO MHOXKECTB.

Britouenne V O W oueBuaHo, Tak kKak a; € A C (A), mostomy
Aaq + ...+ A\pap € V, TOCKOJIbKY NOANPOCTPAHCTBO COMEPIKHUT BCE JIH-
HellHble KOMOHHALMKM CBOMX BEKTOPOB.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBO. Hano nokazatb paBeHCTBO MHOKECTB.
Bkmouenue VO W nokasano.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac Koaqbquuenmcmu u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBo. Hano 1okasath paBeHCTBO MHOXKECTB.

Bkmouenue VO W nokasano.

Jlnst nokazaresibetBa BKJoueHust V- C W nocTaTouHO POBEPUTH, UTO,
BO-TEPBbIX, W — MoANpoCTpaHCcTBO JUHEHHOrO npocTpancTsa U, u, BO-
BTOPbIX, W coep:KUT Bce BeKTopa U3 A.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEHHEH XapakTepu3aluu JUHEeHHOU 000J104KH ). JIuHelnas
oborouka (A) cucmemor 8eKmMopos8 A AUHeUHO02O0 NPOCMPAHCMBA
V' nao noaem K cocmoum uz 8ce803MOMHOLX MHEUHOLX KOMOUHA-
yuti sekmopos cucmemol A ¢ koagpgpuyuenmanu uz noas K:

<A>:{)\1a1+...+)\kak kGN,)\Z'GK,CLiGA}.

B wacmuocmu, L(A) 4 A.

Jdoka3zareabcTBo. Hano nokazatb paBeHCTBO MHOXKECTB.

Ilns nokazaresnbctBa BKItoueHust V- C W 1ocTaTouHO NPOBEPUTD, UTO,
BO-NepBbIX, W — MNOANPOCTPAHCTBO JUHEHHOro mnpocTtpaHcTBa U, H,
BO-BTOpbIX, W conep:xkut Bce BekTopa u3 A. Jleso B Tom, uto (A) —
HauMeHblIee MOANPOCTPAHCTBO C STUMHU CBOUCTBAMM, MTOITOMY MOJYUUM
Tpebyemoe BritoueHue V- C V.




V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

Teopema 15 (o BHYTPEeHHel XxapakTepu3auuu JUHEHHON 000J10UKH ). JIurHetHas
060.104KQ <A> cucmemosl 8eKrmopos A aunetinoeo npocmpaHcmesa
V nao nosem K cocmoum u3 8ce803MOMCHOLX NUHECILHOLX KOMOUHA-
L;LLL'Z BEKMOPpOos cucrmembl Ac KOSd)Cf)LLL{LL@HmClMLL u3 noas K:

<A>:{)\1a1+...+>\kak kEN,)\iEK,aieA}.

B wacmuocmu, L(A) 4 A.

Joka3areabcTBo. Hano nokazath paBeHCTBO MHOXKECTB.

st nokasaresnbceTBa BroueHust V- C W 10CcTaTouHO NPOBEPUTD, UTO,
BO-MepBbIX, W — NoANpOCTPAHCTBO JIMHEHHOTO NpocTpaHcTBa U, U, BO-
BTOpbIX, W conepKUT Bce BekTopa u3 A. YTBep:xjaenue, uto W — noj-
NPOCTPAHCTBO JIMHEHHOTO NpocTpaHcTBa U, cielyeT U3 Kpurepus noji-
MPOCTPaHCTBA:



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac KOE)d)(f)LLL{LLQHmCZMLl u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBO.YTBepxKAeHUE, uTO W — MOANPOCTPAHCTBO JIMHEH -
HOro MpocTpaHcTBa U, cielyeT U3 Kpurepus NoANpoOCTPaHCTBa:

a(Aay + .. 4 Agag) + B (a) + ..o+ pmay) =



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac KOE)d)(f)LLL{LLQHmCZMLl u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBO.YTBepxKAeHUE, uTO W — MOANPOCTPAHCTBO JIMHEH -
HOro MpocTpaHcTBa U, cielyeT U3 Kpurepus NoANpoOCTPaHCTBa:

a(Aay + .. 4 Agag) + B (a) + ..o+ pmay) =
= (M) ar + ...+ (o) ap + (Bpa) ay + .. 4 (Bpim) am



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

TeopeMa 15 (0 BHYTPEeHHe! XapakTepu3auuu JUHEHHON 000J10UKH ). JIunelinas
obosouKka <A> Cucrnemsl 6eKmopos A aunetinoeo npocmpancmea
V nao noasem K cocrmoum u3 8ceB03MONCHOIX AMUHEUHbIX KOMOUHA-
L{LLLZ BEeKMopos cucmemol Ac KOE)d)(f)LLL{LLQHmCZMLl u3 noas K:

<A>—{)\1a1—|—...—|—)\kak keN,/\ieK,aieA}.

B uwacmrnocmu, L(A) = A.

Joka3areabcTBO.YTBepxKAeHUE, uTO W — MOANPOCTPAHCTBO JIMHEH -
HOro MpocTpaHcTBa U, cielyeT U3 Kpurepus NoANpoOCTPaHCTBa:

a(Aay + .. 4 Agag) + B (a) + ..o+ pmay) =
= (aX)ay + ...+ (@) ap + (Buy) ay + ...+ (Bum) ap, € W.



V.4. Teopema o BHyTpeHHel XapaKTepu3aluuu JUHEUHOHW 000J10U-
KM

Teopema 15 (0 BHYTPEHHeH XapakTepu3aluu JUHEeHHOU 000J104KH ). JIuHelnas
oborouka <A> cucmemosl 6eKmopos A aunetinoeo npocmpaHcmesa
V nao noaem K cocrmoum u3 8ceB03MOMCHOIX AMUHEUHbIX KOMOUHA-
L;LLLZ BeKMopos cucmemol Ac KOSd?d?LlL{LL@I’LmClMLl u3 noas K:

<A>:{)\1a1+...+>\kak kEN,)\Z'EK,CLZ'EA}.

B wacmuocmu, L(A) 4 A.

C.ne,ucmue 1 (O.HMHeﬁHOﬁ 000J104Ke MOJCUCTEMbI ). Ecau A — cucmema
gekmopos u B — makas ee nodcucmena, umo’ A - B, mo
L(A) = L(B). B uwacmnocmu, ecau B — maxkcumaroHas AUHeEHO
Hezasucumas noocucmema cucmemol A, mo L(A) = L(B).

7OnpenesneHre CMMBoJIA 1 PUBeIEHO Ha cTp.174.



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Jloka3aTreabCTBO.



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Jloka3zareabcTBo. Hano nokaszarb pageHcnso mHOMecmas.



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Joka3zareabcTBo. Hano nokasate pagercmeso mnnoxcecma. Cornac-

HO onpedeseruro paBeHCTBA MHOXKECTB, JI/Is1 3TOr0 HEOOXOAUMO J0Ka-
3athb BKJIouennst L(A) C L(B) u L(A) D L(B).



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Joka3zareabcTBo. Hano nokasate pagercmeso mnnoxcecma. Cornac-
HO onpedeaeHuo PaBeHCTBA MHOXKECTB, JJI1 3TOr0 He0OXOJAUMO JI0OKAa-
3ath BrJouenuss L(A) C L(B) u L(A) O L(B). Bropoe Bkiouenue
CJIe/lyeT HEMOCPEJICTBEHHO U3 ONpeiesieHUs IMHEHHOH 000J0UKH.



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Joka3zareabcTBo. Hano nokasate pagercmeso mnnoxcecma. Cornac-
HO onpedeaeHuo PaBeHCTBA MHOXKECTB, JJI1 3TOr0 He0OXOJAUMO JI0OKAa-
3ath Bkjouenuss L(A) C L(B) u L(A) D L(B). [Tostomy ocrajnoch

ni0Kazath BKJouenue L(A) C L(B).



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

Joka3zareabcTBo. Hano nokasate pagercmeso mnnoxcecma. Cornac-
HO onpedeaeHuo PaBeHCTBA MHOXKECTB, JJI1 3TOr0 He0OXOJAUMO JI0OKAa-
3ath BKJoueHuss L(A) C L(B) u L(A) D L(B). Ilo onpedeaernuro
BKJIIOUEHHS JI/I51 3TOTO CJIeayeT yOEAUTbCS B HCTUHHOCTH (hOPMY.JIbl

v e L(A) = L(B).



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO

v e L(A) = L(B).



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).
Torna kaxk1biil BeKTOp U3 A sABJISIeTCS JIMHEHHOH KOMOUHALMEH BEKTO-
poB U3 B:



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).
Torna kaxk1biil BeKTOp U3 A sABJISIeTCS JIMHEHHOH KOMOUHALMEH BEKTO-
poB U3 B: 370 caeayet MO0 HEMOCPEACTBEHHO U3 YCJIOBHS,



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).

Torna kKaxknblii BeKTOp U3 A siBsieTCsl JIMHEHHON KOMOMHAUMEN BeK-
TOPOB U3 B: 160, €CJiM NMPOo B U3BECTHO JIMLIb, YTO 3TO MAKCUMaJIbHAS
JIMHEHHO He3aBUCUMas MIOJICHCTEMA CUCTeMbI A, TO U3 TeopeMbl b.



V.5. CieacrBue o JUHEHHOW 000J0UKE MOACUCTEMDbI

CJleIlCTBl/le 1 (O.JmHeﬁHoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumanbHas AUHEUHO He3a8UCUMAsl
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).
JlokazaHo, uTo KaxK/Jiblil BeKTOp U3 A siBJsieTCst IMHEHHONH KOMOWHALIM -
eil BekTopoB U3 B. MlHbimu cjioBamu, A 4 B.



V.5. Caeacreue o JIMHEHHOU 000J/10YKE MOACUCTEMbI

CJleIlCTBl/le 1 (o.nuﬂeﬁﬂoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumaibHas AUHEUHO He3asucumas
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).

JlokazaHo, 4To KaxKblii BeKTOp U3 A sBJSAETCS JIMHEHHON KOMOUHALU -
el BeKTopoB U3 B. Mubimu cioBamu, A 4 B. 1o teopeme o BHyTpeHHeN
XapaKTepHu3aluu JuHeiHo#u o6o0ukn L(A) 4 A.



V.5. Caeacreue o JIMHEHHOU 000J/10YKE MOACUCTEMbI

CJleIlCTBl/le 1 (o.nuﬂeﬁﬂoﬁ 0060J104Ke MOJCUCTEMbI). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B uwacmuocmu, ecau B — makcumaibHas AUHEUHO He3asucumas
nodcucmema cucmemor A, mo L(A) = L(B).

JloKa3aTteabcTBO. Tak, ocranoch 10Ka3aTb, YTO
r e L(A) = L(B).

[Tycte 2 € L(A).

JlokasaHo, uTo Kaxkablil BeKTOp U3 A siBjsieTcsl JIMHEHHOW KOMOMHA-
uuer BekTopoB U3 B. Mubimu cioBamu, A 4 B. Tlo Teopeme o BHyTpeH-
Hell Xxapakrepuaaluu JuHeiHoi o6oouku L(A) 4 A. CorsiacHo JieMMe 0
TPaH3UTHBHOCTH OTHOLIeHHs 1, BjeueT L(A) 4 B.



V.5. Caeacreue o JIMHEHHOU 000J/10YKE MOACUCTEMbI

CJICI[CTBI/IC 1 (OHHHeﬁHOﬁ 000J104Ke MOJCUCTEMbI ). Ecau A — cucmema sex-
mopos u B — maxas ee nodcucmena, umo A 4 B, mo L(A) = L(B).
B wacmnocmu, ecau B — makcumanroHas AUHEUHO He3a8UCUMA
nodcucmena cucmemol A, mo L(A) = L(B).

Jloka3areabcTBo. VTak, ocrajoch 10KasaTb, UTO
r e L(A) = L(B).

[Tyctb 2 € L(A).

JlokazaHo, uTo KaxKJbli BEKTOp U3 A sBJsieTCsl JUHEHHOH KOMOUHA-
uuer BekTopoB U3 B. Mubimu cioBamu, A 4 B. T1o Teopeme o BHyTpeH-
Hel xapakTepuaauuu juHeinHol obosouku L(A) - A. CornacHo jiemme 0
TPaH3UTHBHOCTH OoTHOLIeHUs: —, Bjaeuer L(A) - B. 1o Teopeme 0 BHyT-

PEHHEH XapaKTepHU3alnu JUHEHHOU 000J0UKH MOJyYaeM J0Ka3bIBAEMOE
BkJtouenune L(A) C L(B).



V.6. CranpaptHble cnocoObl 3aJaHus MOANPOCTPAHCTB

OObIYHO TIPUMEHSIETCS OJMH W3 JBYX CIOCOOOB 3ajaHusl MOANPO-
CTPAHCTB:

e B Bu/Ie JIMHEHHOHN 0060JIOUKH CHUCTEMbI BEKTOPOB, »KeJIaTeJIbHO — Kak
JIMHEHHYI0 000J10UKy Oa3uca:

V= (v, vo, ..., Ug). (6)
e C TMOMOUIbIO CHCTEMbl JIMHEHHBIX ypaBHeHHH B  0asuce
b = {ey,es,...,e,} muHeliHOrO MpocTpancTBa U
n
g rrer €V &

k=1
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JIMHEHHYI0 000J10UKy Oa3uca:

V= (v, vo, ..., Ug). (6)
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V.6. CranpaptHble cnocoObl 3aJaHus MOANPOCTPAHCTB

OObIYHO TIPUMEHSIETCS OJMH W3 JBYX CIOCOOOB 3ajaHusl MOANPO-
CTPAHCTB:

e B Bu/Ie JIMHEHHOHN 0060JIOUKH CHUCTEMbI BEKTOPOB, »KeJIaTeJIbHO — Kak
JIMHEHHYI0 000J10UKy Oa3uca:

V= (v, va, ..., vp). (6)

e C 1OMOLIbIO CHCTEMbl JIMHEHHbIX ypaBHeHHE B  Gasuce
b = {ey,es,...,e,} muHeliHOrO MpocTpancTBa U

n a11X1 + a19xXs + ... + a1px, =0,
Zxkek cV <

k=1 Am1X1 + amoXo + ...+ GypXn = 0.



V.6. CranpapTHble cnoco0bl 3aJaHUs1 NOANPOCTPAHCTB

OObIYHO TIPUMEHSIETCS OJMH W3 JBYX CIOCOOOB 3ajaHusl MOANPO-
CTPAHCTB:

e B Bu/Ie JIMHEHHOHN 0060JIOUKH CHUCTEMbI BEKTOPOB, »KeJIaTeJIbHO — Kak
JIMHEHHYI0 000J10UKy Oa3uca:

V= (v, vo, ..., Ug). (6)
e C 1oMOIIBbIO  CHUCTEMbl JIMHEHHBIX YypaBHeHUH B  0asuce
b = {ey,es,...,e,} muHeliHOrO MpocTpancTBa U
n a1r + apxre + ...+ apx, =0,
E rrer €V &
k=1 A1 L1 + oo + ... + aypty, = 0.

PaccmoTperb npumep?



VI. Anre6pa noanpocTpaHCcTB

B COOTBETCTBHH CO CTpaTerved mnepexona OT HM3YYeHHs] OTJEJIbHOTO
00beKTa K HCCJIEJIOBAHUIO CUCTEMbI OO bEKTOB €CTECTBEHHO PACCMOTPETH
onepauuu ajaredpbl MOANPOCTPAHCTB U OTHOLLIEHHSI HA MHOKECTBE IO/~
MPOCTPAHCTB.



VI.1. [lepeceuyenre noanpocTpaHCTB

Teopema 16 (0nepecel{eﬂnunonnpOCTpaHCTB). HyCl’Hb V,W — nodnpo-
cmpadcmsea AUHEUHO20 npocrmpadcriea U nao nosem K. Toeoa

nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.



VI.1. [lepeceuyenre noanpocTpaHCTB

Teopema 16 (0nepeceqeﬂnunozmpOCTpaHCTB). HyCl’Hb V,W — nodnpo-
cmpadcmsea AUHEUHO20 npocrmpadcriea U nao nosem K. Toeoa

nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

Jloka3aTreabCTBO.



VI.1. [lepeceueHue noanpocTpaHCTB

Teopema 16 (onepeceqeﬂnunonnpOCTpaHCTB). HyCIﬂb V,W — nodnpo-
cmpadcmsea AUHEUHO20 npocrmpadcriea U nao nosem K. Toeoa

nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOIANPO-
CTPaHCTBA.



VI.1. [lepeceueHue noanpocTpaHCTB

Teopema 16 (onepeceqeﬂnunonnpOCTpaHCTB). HyCIﬂb V,W — nodnpo-
cmpadcmsea AUHEUHO20 npocrmpadcriea U nao nosem K. Toeoa

nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOIANPO-
CTPaHCTBA.

HencteurenbHo, nyctb x € VNW, y e VNIW, A\ u € K. Torna



VI.1. [lepeceuyenre noanpocTpaHCTB

Teopema 16 (onepeceqeﬂnunonnpOCTpaHCTB). HyCIﬂb V,W — nodnpo-
cmpadcmsea AUHEUHO20 npocrmpadcriea U nao nosem K. Toeoa

nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOIANPO-
CTPAHCTBA.

HewcteurenbHo, nyctb z € VNW, ye VW, A\ ue K. Torna
A+ py € V,takkakxz,y € V,u e +py € W, trak kak x,y € W.



VI.1. [lepeceuyenre noanpocTpaHCTB

Teopema 16 (0 nepeceyeHUU NOANPOCTPAHCTB). HyCl’Hb V, W — nodnpo-
cmpancmsa aureiuroeo npocmparcmsa U Had noaem K. Toeda
nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOIANPO-
CTPaHCTBA.

HewcteurenbHo, nyctb z € VNW, ye VW, A\ ue K. Torna
A+ py € V,takkakx,y € V,u e + uy € W,rakkak z,y € W. Cye-
JOBATEJbHO, AT + py NpuHaiexKuT u V, u W, nostomy, no onpejaesie-
HHIO MepeceueHust MHOXKeCTB, Ax + uy € VN W.



VI.1. [lepeceuyenre noanpocTpaHCTB

Teopema 16 (0 nepeceyeHUU NOANPOCTPAHCTB). HyCl’Hb V, W — nodnpo-
cmpancmsa aureiuroeo npocmparcmsa U Had noaem K. Toeda
nepeceuernue V NW nodnpocmpancms V u W asasemca noonpo-
CMPAHCMBOM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOIANPO-
CTPaHCTBA.

HewcteurenbHo, nyctb z € VNW, ye VW, A\ ue K. Torna
A+ py € V,takkakx,y € V,u e + uy € W,rakkak z,y € W. Cye-
JOBATEJbHO, AT + py NpuHaiexKuT u V, u W, nostomy, no onpejaesie-
HHIO MepeceueHust MHOXKeCTB, Ax + uy € VN W.

Teopema nokasana.



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)
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Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTeJbCTBO.



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

JloKa3aTeabCTBO. DTO OUEBUIHOE CJEACTBHE KPUTEPHUSI MOANPO-
CTPaHCTBA.



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
AN e K.



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
A, i € K. Torna

)\(vl+w1)+,u(v2+w2) =



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
A, i € K. Torna

A (’Ul + ’LUl) + U (Ug + ’LUQ) = ()\’Ul + ,LLUQ) + ()\wl + ,LLU)Q)



VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
A, i € K. Torna

A (’Ul + ’LUl) + U (Ug + ’LUQ) = g)\’Ul + ,LLU22+£)\’U)1 + ,LL"LUQ)

ev ew




VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
A, i € K. Torna

A (’Ul + ’LUl) + U (Ug + ’LUQ) = g)\’Ul + ,LLU22+£)\’U)1 + ,U/UJQ) eV +W.

ev ew




VI.2. Cymma noanpocTpaHCcTB

Onpenenenue 14. [Iycmo VW — nodnpocmparcmsea AuHeliHO20
npocmparcmsa U nHad nosem K. Cymmon noanpocrpaHctd V u W
HA36LBAEMCA MHONECMBO

V+W:{v+wv€V,wEW}. (7)

Teopema 17 (o cymme noanpocrpancts). Cymma noonpocmparcms A641-
emcs n00npoOCmMpaHCcmaoM.

Jloka3aTteabCTBO. DTO OUEBHJHOE CJIEJICTBHE KPUTEPHUS TMOIANPO-
CTpPaHCTBA.

JleficTBUTENIBHO, nycTb  vi+w € V+W, wv+wy eV 4+ W,
A, i € K. Torna

A (’Ul + ’LUl) + U (Ug + ’LUQ) = g)\’Ul + ,LLU22+£)\’U)1 + ,U/UJQ) eV +W.

ev ew

Teopema nokazana.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npoawpaucnu%zl]
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

ILO Ka3aTeJdbCTBO.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

HokasareabctBo. [Iycts Byny = {ay, as, ..., ar} — 6a3uc noanpo-
ctpanctBa V NIV,



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

HokasareabctBo. [Iycts Byny = {ay, as, ..., ar} — 6a3uc noanpo-
ctpanctBa V N W. J[lonosHum ero 1o 6asuca JIMHEHHOTO NMPOCTPAHCTBA
V, nosyuum 6asuc by = {ay, aq, . .., ag, b1, b, ..., b,} (3TOT Gasuc onpe-

neJsieTcsi, BooOl1e ropopsi, He OJJHO3HAUHO ).



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

HokasareabctBo. [Iycts Byny = {ay, as, ..., ar} — 6a3uc noanpo-
ctpanctBa V N W. J[lonosHum ero 1o 6asuca JIMHEHHOTO NMPOCTPAHCTBA
V, noayunm 6asuc by = {ai, aq, ..., ax, by, ba, ..., b,}. Tenepb nonosHum

6asuc by~ 10 6asuca JquHerHoro npoctpanctsa W, nosayuum 6asuc
BW = {al,ag, e, AR, C1,Coy ..., Cq}.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

HokasareabctBo. [Iycts Byny = {ay, as, ..., ar} — 6a3uc noanpo-
ctpadctea V N W. [onoanuMm ero a0 0asuca JIMHEHHOrO MPOCTPaH-
ctBa V, nosyunm 6asuc by = {ay,aq, ..., ay, b1, be, ..., b,}. Tenepsb no-
noauum 6asuc by~ 10 6asuca JuHedHoro npoctpaHctBa W, nogay-
unm 6asuc by = {a1, aq,...,ap,c1,c,. .., ¢} I1poBepum, uto cucre-
mMa By = {a1,a9,...,a5,01,09,...,by,¢1,C, ..., co} sIBASIETCS Oa3n-
COM CyMMbI V' + V.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3areabcTBo. [ [poBepum, uto cucrema
Byiw ={ai,as,...,a5,01,b,...,b,,¢1,Co,...,c,} sIBRSIETCS Oa3ncom
cymmbl V' 4+ W,



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabcTBo. [ [poBepum, uto cucrema
Byiw ={ai,as,...,a5,01,b,...,b,,¢1,Co,...,c,} sIBRSIETCS Oa3ncom
cymmbl V' + W. Tlo TeopemMe 0 JIMHEHHBIX KOMOHWHALMAX OA3UCHBIX BEK-
TOPOB (KpUTepHi Oasuca) aJisi 3TOro J0CTaTOYHO yOEIUThCsl B TOM, UTO,
BO-TIEPBbIX, 3TA CUCTEMA BEKTOPOB JINHEHHO HE3aBUCHMA, U, BO-BTOPBIX,
UTO BCAKUU BEKTOp U3 V + W gBJdeTCs JUHEHHOU KOMOUHALIUEH BEKTO-
POB U3 BV—i—W-



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabcTBo. [ [poBepum, uto cucrema
Byiw ={ai,as,...,a5,01,b,...,b,,¢1,Co,...,c,} sIBRSIETCS Oa3ncom
cymmbl V' + W. Tlo TeopemMe 0 JIMHEHHBIX KOMOHWHALMAX OA3UCHBIX BEK-
TOPOB (KpUTepHi Oasuca) aJisi 3TOro J0CTaTOYHO yOEIUThCsl B TOM, UTO,
BO-TIEPBbIX, 3TA CUCTEMA BEKTOPOB JINHEHHO HE3aBUCHMA, U, BO-BTOPBIX,
UTO BCAKUU BEKTOp U3 V + W gBJdeTCs JUHEHHOU KOMOUHALIUEH BEKTO-
poB U3 by 7. O6a yTBepKIeHUST OUEBUIHBI.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabcTBo. [ [poBepum, uto cucrema
Byiw ={ai,as,...,a5,01,b,...,b,,¢1,Co,...,c,} sIBRSIETCS Oa3ncom
cymmbl V' + W. Tlo TeopemMe 0 JIMHEHHBIX KOMOHWHALMAX OA3UCHBIX BEK-
TOPOB (KpUTepHi Oasuca) aJisi 3TOro J0CTaTOYHO yOEIUThCsl B TOM, UTO,
BO-TIEPBbIX, 3TA CUCTEMA BEKTOPOB JINHEHHO HE3aBUCHMA, U, BO-BTOPBIX,
UTO BCAKUU BEKTOp U3 V + W gBJdeTCs JUHEHHOU KOMOUHALIUEH BEKTO-
poB u3 by .. O6a yTBep:KaeHUsT OueBUAHbI. B camoMm nesie, mycThb

a1a1t+aoao+. . . +agar+ G101+ Gobo+. . .—|—ﬁpbp+7161+7262—|—. o YeCq = 0.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

TeopeMa 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaHcmsea KOHEUHOMEPHOSO AUHEUHO20 ﬂpOwﬂpaHCﬂu%ll]
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V N W).

JloKa3aTeJbCTBO.
B camom jnesie, nycTh

a1a1+0oas+. . .Fagap+Bibi+Pabo+. . .+ B0y +yici+y2c0+. Ay, = 0.

Torna
91&14—@2&24—...—I—&kak—l—ﬁlbl—l—ﬁgbg—F...—|—6pb]3:
ev (8)
= \—’)/101 — YoCy — ... — ’qug.

e



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V N W).
Jloka3areJbCTBO.
Q101 + aoas + ..+ ogag + ibi + Gobr 4.+ Gyby, =
eV (8)
=N — 720 — ... = YgCy
e

3HauHUT,
—Y1C1L — Y2C2 — ... — Vg EV N,



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).
Jloka3arenbCTBO.
—Y1C1 — Y2C2 — ... — Y € VN,

OTKYJa, 110 TeopeMe O JJMHENHbIX KOMOMHAIMAX 623U CHbIX BEKTOPOB
(npuMeHeHHOH K 6a3ucy by ),

—Y1€1 — Y2C2 — ... — V4Cq = bhay + Oras + . .. + Oray,



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).
Jloka3arenbCTBO.
—Y1C1 — Y2C2 — ... — Y € VN,

OTKYJa, 110 TeopeMe O JJMHENHbIX KOMOMHAIMAX 623U CHbIX BEKTOPOB
(npuMeHeHHOH K 6a3ucy by ),

—Y1€1 — Y2C2 — ... — V4Cq = bhay + Oras + . .. + Oray,
10 ecTb  O1a; + bhas + ... + Opar, + yic1 + y2c2 + ... +v,¢, = 0.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npoawpaucnu%zl]
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

ILO Ka3aTeJdbCTBO.

81a1+92a2+...+9kak+fylcl+’y2c:2+...+’chq:O.

Ho cucrema BektopoB By sinHellHO He3aBUcHUMa, MO3TOMY Bee KO3 du-
LIMEHTHI B ocJ/ieiHel cymMe paBHbl 0, B UaCTHOCTH, 71 = ... = ¥, = 0.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).
Jloka3zaTebcTBO. MTakK, nosyuusu
91a1+92a2+...+9kak+v161+7202+...+7ch = 0.

Ho cucrema BektopoB By JinHeliHO He3aBUCHMa, TOSTOMY Bece Koadhdu-
LIMEHTBbI B NocJieIHel cyMMe paBHbl 0, B YaCTHOCTH, 7 = ... =7y, = 0,
Takum o6pazom, u3 papeHcTBa (8) cjeryer, uTo

ozlal+042a2+...+ozkak+61b1+52b2+...+6pbp:0.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).
Joka3zareabcTBo. MTak, U3 paBencrna (8) cjaeyet, utTo
ozlal+042a2+...+Ozkak+ﬁlb1+ﬁgb2+...+ﬁpbp=0.

Ho cucrema BekTopoB by — 6asuc, no3Tomy U3 ee JIMHEHHON He3aBUCH-
MOCTH CJIelyeT CUCTeMa PABEHCTB ) = ... =g = Py = ... = (3, = 0.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).
Joka3zareabcTBo. MTak, U3 paBencrna (8) cjaeyet, utTo
ozlal+042a2+...+Ozkak+ﬁlb1+ﬁgb2+...+ﬁpbp=0.

Ho cucrema BekTopoB by — 6asuc, nostomy U3 ee JIMHEHHON He3aBH-
CUMOCTH CJIelyeT CUCTeMA PABEHCTB o] = ... = = 1 = ... = 3, = 0.
CrenoBaTesibHO, CUCTEMA BEKTOPOB By 7 IMHEHO He3aBUCUMA.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (0 pPa3MepHOCTU CYMMbI MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabcTBo. MTak, cucrema BeKTOpoB by JMHEHHO HE3aBH-
cumMma.

OcTaJgioch 10Ka3aTh, UTO cUCcTeMa BeKTOpoB by .y moJiHa, To ecThb, UTo
J0O0M BekTOp U3 V' + W sBJIieTCs JIMHEHHOU KOMOUHALIUEH BEKTOPOB U3

By w.



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabctBo. CorjiacHo Teopeme 0 JUHEHHbIX KOMOUHALMSAX Oa-
3UCHBIX BEKTOPOB W OMPEACJEHUI0 CYMMbI MOANPOCTPAHCTB, MOJYy4aeM,
uTO JI0OOK BEKTOp U3 V' 4+ W MOXKHO NPEACTABUTL B BUJIE

v+ W =
ev ew



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabctBo. CorjiacHo Teopeme 0 JUHEHHbIX KOMOUHALMSAX Oa-
3UCHBIX BEKTOPOB W OMPEACJEHUI0 CYMMbI MOANPOCTPAHCTB, MOJYy4aeM,
uTO JI0OOK BEKTOp U3 V' 4+ W MOXKHO NPEACTABUTL B BUJIE

\%ﬁ\wfv’:(Qal+"'*Ckak+mbl+..-+npbp)+
€ S

‘|‘(P1&1+-..—i—pkak+ﬁcl—|—...—|—7ch):



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabctBo. CorjiacHo Teopeme 0 JUHEHHbIX KOMOUHALMSAX Oa-
3UCHBIX BEKTOPOB W OMPEACJEHUI0 CYMMbI MOANPOCTPAHCTB, MOJYy4aeM,
uTO JI0OOK BEKTOp U3 V' 4+ W MOXKHO NPEACTABUTL B BUJIE

\%ﬁ\wfv’:(Qal+"'*Ckak+mbl+..-+npbp)+
€ S

‘|‘(P1&1+-..—i—pkak+ﬁcl—|—...—|—7ch):
:(C1+p1)a1+...+(Ck+/)k)ak+mb1+...+npbp+ﬁcl+...+7ch_



VI.3. Teopema o paamepHOCTH CyMMbl NOANPOCTPAHCTB

Teopema 18 (o Pa3MepHOCTU CYyMMbl MOANPOCTPAHCTB). HyCﬂ”Lb V, W — noo-
npocmpaHcmsea KOHEUYHOMEPHOSO AUHeUHO20 npocmpaHcmsa U
Hao noaem K. Toeda

dim(V + W) = dim(V) + dim(W) — dim(V NW).

Joka3zareabctBo. CorjiacHo Teopeme 0 JUHEHHbIX KOMOUHALMSAX Oa-
3UCHBIX BEKTOPOB W OMPEACJEHUI0 CYMMbI MOANPOCTPAHCTB, MOJYy4aeM,
uTO JI0OOK BEKTOp U3 V' 4+ W MOXKHO NPEACTABUTL B BUJIE

\%ﬁ\wfv’:(Qal+"'*Ckak+mbl+..-+npbp)+
€ S

‘|‘(P1&1+-..—i—pkak+ﬁcl—|—...—|—7ch):
:(C1+p1)a1+...+(Ck+/)k)ak+mb1+...+npbp+ﬁcl+...+7ch_

Teopema nokasana.



TeopeMa 19 (0 BbIYUCJECHUHU CYMMbI U NepeceyeHUsi MoANPOCTPAHCTB). Ecau

b={e,...,e,} — 6asuc auneiinoeo npocmparncmsa U u
a111}1+...+a1n$n:0
V={(v1,..., U, ...) = x161 + ...+ Tpey ,
ap1ry + ...+ appry, =0
bn{L‘l—l-...—f-blnl’n:O
W = {(w,...,Wnp,...) =< T1€1 + ...+ Tpe,

bq1$1 + ... +bqnxn =0

— nodnpocmparncmaa aurHelino2o npocmparcmsa U, mo

VAW =(01,...,0ny ey Wiy oo, Wiy e )

( 3

( a11x1+...—|—a1nxn:()

_ ap11 + ...+ apnp =0
VAW = xie +...+x,e, biizi + ...+ bz, =0

\ bq1$1+...+bqn$nzo

/

(10)



Jloka3aTeJbCTBO TEOpPEMbl O BbIUMCJIEHHM CYMMbI H TMepe-
ceyeHMsl MOANMPOCTPAHCTB. Hamo jgokaszaThb paseHcmso MHO-
ocecms. J1oKkasaTesbCTBO PABEHCTBA MPOBEJAEM [0 ONPEAeJIEHHIO, TO
ectb jokaxem, uto V 4+ W C (vy,..., Uy, ..., W1, ..., Wy,...) U UTO
VAW D(v1,..o iUy s Wy ey Winy e )



Jloka3aTeJbCTBO TEOpPEMbl O BbIUMCJIEHHM CYMMbI H TMepe-
ceyeHMsl MOANMPOCTPAHCTB. Hamo jgokaszaThb paseHcmso MHO-
ocecma. J1oKasaTeJbCTBO PaBEHCTBA MPOBEAEM I10 ONPEAEJICHHIO, TO
ectb jokaxem, uto V 4+ W C (vy,..., Uy, ..., W1, ..., Wy,...) U UTO
V4+W D (v,...,0n,...,W1,..., Wy,...). [lepBoe BKIOUEHHE CJeTyeT
HEMOCPEACTBEHHO M3 OMpee/NeHHs] CYMMbI MMOANPOCTPAHCTB, TO €CTh U3
paBeHcTBa (7).



JloKka3zaTeqbCTBO TeopeMbl O BbIUMCJAEHMH CYMMbl WU Hepe-
ceueHUs1 noanpocTpaHcTB. Hano nokazath pasenHcmso MHO-
orcecms. JlokazaTesJbCTBO pPaBEHCTBA MPOBEAEM [0 ONPEJEJEeHHI0, TO
ectb jokaxem, uto V 4+ W C (vy,..., Uy, ..., W1, ..., Wy,...) U UTO
V4+W D (v,...,0n,...,W1,..., Wy,...). [lepBoe BKIOUEHHE CJeTyeT
HEMoCpeJCTBEHHO U3 OTpeJe/ieHUs1 CYMMbl MOJNPOCTPAHCTB, TO €CTh W3
paBeHcTBa (7). O6paTHOE BKJIOUEHHE BbITEKAET U3 TEOPEMbI O BHYTPEH-
HEeH XapaKTepU3alluu JIMHEUHOW 000JIOUKH.

Paccmotperb npumep?



VL5. [Ipsamasi cymma noanpocTpaHCTB
Kakue cutyauuu, HauboJiee MHTEpPECHbIE JIJIs1 H3YUEHUS, MOXKHO Bbljle-
JIUThb C TIOMOLLbIO PACCMOTPEHHbIX ONepaldi ajaredbpbl MNOANPOCTPAHCTB?



VL5. [Ipsamasi cymma noanpocTpaHCTB

Kakue cutyauuu, HauboJiee MHTEpPECHbIE JIJIs1 H3YUEHUS, MOXKHO Bbljle-
JIUTb C MOMOILLIbIO PACCMOTPEHHBIX Orepauui aaredpbl MoaNpoCTPaHCTB?
EcTecTBEHHO BBIAEJIUTb TAKHE CUTYALIUH C TTOMOIIBIO CTpaTeruu npuo-
PUTETHOI0 U3YUYEHHUS IKCTPEMAJbHbIX CUTYalUH.



VL5. [Ipsamasi cymma noanpocTpaHCTB

Kakue cutyauunu, HauboJsiee UHTEPECHbIE JJ151 U3YUE€HHUS], MOXKHO BblJIE-
JIUTb C MOMOILLIbIO PACCMOTPEHHBIX Orepauui aaredpbl MoaNpoCTPaHCTB?
EcTecTBEHHO BBIAEIUTh TaKHe CUTYallMH C MOMOLIbIO CTpaTeruu npuo-
PUTETHOTO U3YUYEHUSI IKCTPEMAJbHbIX CUTyalUH.

MO>KHO BBIIEJIUTh CUTYaLMIO, KOTJIA Pe3yJabTaT ofepaluu coBnaaaer
C OJHUM U3 ONEePaHI0B.



VL5. [Ipsamasi cymma noanpocTpaHCTB

Kakue cutyauuu, HauboJiee MHTEpPECHbIE JIJIs1 H3YUEHUS, MOXKHO Bbljle-
JIUTb C MOMOILLIbIO PACCMOTPEHHBIX Orepauui aaredpbl MoaNpoCTPaHCTB?
EcTecTBEHHO BBIAEJIUTb TAKHE CUTYALIUH C TTOMOIIBIO CTpaTeruu npuo-
PUTETHOI0 U3YUYEHHUS IKCTPEMAJbHbIX CUTYalUH.

MO>KHO BBIIEJIUTh CUTYaLMIO, KOTJIA Pe3yJabTaT ofepaluu coBnaaaer
C OJJHUM M3 OlNepPaHAO0B.

3ac/yKUBaeT pacCMOTPEHUs CJiydai, Korja cyMma MoJIpoCTPaHCTB
COBIAJIaeT CO BCeM MpocTpaHcTBOM. [IpuMepom Takoro pesysbraTta siB-
JISIETCSI PACCMOTPEHHAS HUXKE TeOpeMa 0 Pa3J0XKeHUHU B PAMYI0 CyM-
MY OJIHOMEPHBIX NOANPOCTPAHCTB.



VL5. [Ipsamasi cymma noanpocTpaHCTB

Kakue cutyauuu, HauboJiee MHTEpPECHbIE JIJIs1 H3YUEHUS, MOXKHO Bbljle-
JIUTb C MOMOILLIbIO PACCMOTPEHHBIX Orepauui aaredpbl MoaNpoCTPaHCTB?
EcTecTBEHHO BBIAEJIUTb TAKHE CUTYALIUH C TTOMOIIBIO CTpaTeruu npuo-
PUTETHOI0 U3YUYEHHUS IKCTPEMAJbHbIX CUTYalUH.

MO>KHO BBIIEJIUTh CUTYaLMIO, KOTJIA Pe3yJabTaT ofepaluu coBnaaaer
C OJJHUM M3 OlNepPaHAO0B.

3ac/yKUBaeT pacCMOTPEHUs CJiydai, Korja cyMma MoJIpoCTPaHCTB
COBIAJIaeT CO BCeM MpocTpaHcTBOM. [IpuMepom Takoro pesysbraTta siB-
JISIETCSI PACCMOTPEHHAS HUXKE TeOpeMa 0 Pa3J0XKeHUHU B PAMYI0 CyM-
MY OJIHOMEPHBIX NOANPOCTPAHCTB.

BakHbIM MIPUMEPOM «3IKCTPEMAJIbHOW CHUTyalHUU» SIBJSIETCS CJayyau,
KOrja cjaraeMbie MMEIOT MMHUMAaJbHOE NepeceyeHue.



VL5. [Ipsamasi cymma noanpocTpaHCTB

Onpenenenue 15. Ecau V.W — noodnpocmpancmsa AUHeEUHO20
npocmparcmea U Had nosem K u VNW ={0}. Toeda cymma
V + W nodnpocmpancms V u W Hna3eigaemcsa npsiMoOd CyMMOM.
[Ipamas cymma noonpocmparcms obosnauaencs wepe3d Ve W.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
CHauaJia J10KaxKeM 0JJHO3HAUHOCTb Pa3Ji0XKeHHs BEKTOpa.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{vi, v} CV,

[Tyctb v1 + wy = v9 + we, THE
y 1 1 2 2ﬂ{{w1,w2}§W



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, Ug} Q V,
{wl, wg} Q W
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
JacTH.

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, Ug} Q V,
{wl, wg} Q W.
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
yactu. [Tosryuaem

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-

Ul — Uy =
N——
2%



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, Ug} Q V,
{wl, wg} Q W.
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
yactu. [Tosryuaem

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-

V] — Vo = Wy — W1 €
N—— N— —
eV eWw



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, Ug} Q V,
{wl, wg} Q W.
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
yactu. [Tosryuaem

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-

V] — Uy =w9 —wL €EVNW =
——
ev ew
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Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, Ug} Q V,
{wl, wg} Q W.
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
yactu. [Tosryuaem

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-

V] — Uy = Wy — VN =10
1 — Uy =Wy — Wi € {}7
ev ew



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Hoka3zareabcTBo. [leobxodumocmo. [lycte V +W =V & W,
{’Ul, UQ} Q V,
{wl, wg} Q W.
TOPbI U3 V' B JIEBOU YaCTH PABEHCTBA, a BCe BeKTOpbl u3 W — B npaBou
yactu. [Tosryuaem

[TycTb v1 + wy = vy + wo, I { «Cobepem» Bce BeK-

V] — Uy = Wy — VN =10
1 — Uy =Wy — Wi € {}7
ev ew

TO €CTb V] = V9, U w1 = wy. HeoOXoaumMocTb 10Ka3aHa.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Jloka3zareabcTBO. /[ocmamouHocme.
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Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe. [1yctb kaxabii BekTop U3 V' + W nipeacraBisieTcsi B BUIE
CyMMbI BekTopa u3 V- u W ogHosHauHo.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe. [1yctb kaxabii BekTop U3 V' + W nipeacraBisieTcsi B BUIE
CyMMbl BekTopa u3 V u W onnoznauno. BosbMmemx € VW . NU3x € W
cienyert, uto (—x) € W, tak kKak W — noJnpocTpaHCTBO.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe. [1yctb kaxabii BekTop U3 V' + W nipeacraBisieTcsi B BUIE
CyMMbl BekTopa u3 V u W onnoznauno. BosbMmemx € VW . NU3x € W
cienyert, uto (—x) € W, tak kKak W — noanpoctpanctBo. CiienoBaTesib-
HO, &_+ (;Q =0.

2% o



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe. [1yctb kaxabii BekTop U3 V' + W nipeacraBisieTcsi B BUIE
CyMMbl BekTopa u3 V u W onnoznauno. BosbMmemx € VW . NU3x € W
cienyert, uto (—x) € W, tak kKak W — noanpoctpanctBo. CiienoBaTesib-
Ho, x _+ (—x)=0.Takkak _0 +_0 =0,70

<~
eV cW eV ew



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe. [1yctb kaxabii BekTop U3 V' + W nipeacraBisieTcsi B BUIE
CyMMbl BekTopa u3 V u W onnoznauno. BosbMmemx € VW . NU3x € W
cienyert, uto (—x) € W, tak kKak W — noanpoctpanctBo. CiienoBaTesib-
Ho, x _+ (—x)=0.Takkak _0 +_0 =0,70

<~
eV cW eV ew
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VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
ctBa. [lepsoe.

r +(—z)=_0_+_0 .
eV cW eV ceWw

[TockoJibKy cjiaraemble MOCJeHENR CYMMbl ONPENENsIOTCS 0JIHO3HAUHO,
10 x = 0, uTo U TpeOOBANOCH 10KA3ATh.
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Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
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cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
cTBa. Bmopoe dokasameavbcmso 00cmamouHoCmiu.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
cTBa. Bmopoe dokazameavcmso docmamourocmu. 11ycTb KaxK bl
BeKTOp U3 V' + W nipencrapiisgercs B BUe CyMMbl BeKTopa U3 V u W ojn-
HO3HAYHO.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). HyCI’Hb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
cTBa. Bmopoe dokazameavcmso docmamourocmu. 11ycTb KaxK bl
BeKTOp U3 V' + W nipencrapiisgercs B BUe CyMMbl BeKTopa U3 V u W ojn-
HO3HauHO. BosbMem x € V N V.



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
cTBa. Bmopoe dokazameavcmso docmamourocmu. 11ycTb KaxK bl
BeKTOp U3 V' + W nipencrapiisgercs B BUe CyMMbl BeKTopa U3 V u W ojn-
Ho3HauHO. Bogbmem x € V N W. Torna

r + 0 =x=_0 +_=x
ev ew ev eWw



VI.6. Kputepuit npsimoit cymmMbl NOANPOCTPAHCTB

Teopema 20 (Kpmepuﬁ NpsIMOI CYMMbI MOANPOCTPAHCTB). Hycmb V, W — noo-
npocmpaxcmsa auHerHoeo npocmparcmsa U Hao noaem K. Toeda
cymma V. + W asagemca npamot cymmou moeda u moavKo moeaoa,
Koeda scakutl sekmop uz VvV + W odnosna4unsvim obpazom npeo-
cmasasemces 8 sude v +w, edev € V,w € W.

Joka3areabcTBO. /[ocrmamourocnis. Mbl pUBeJeM 2 JI0Kas3aTelb-
cTBa. Bmopoe dokasameavbcmso 00cmamouHoCmiu.
zr + 0 =2=_0 +_=x

N~ ~— | =
eV eWw cV cWw

M3 01HO3HAYHOCTH pas3JioxKeHHUs1 BEKTOPa B CyMMY JIBYX CJlaraeMbix, mep-
BO€ M3 KOTOPbIX (2 B JieBoi uacTd 1 0 B mpaBo# uact) — u3 V, a BTopoe
(0 B sieBO# yacTu W x B paBoi yact) — U3 W, to x = 0, uto u Tpebo-
BaJIOCh JI0Ka3aTh. Teopema jJloKa3aHa.



VI.7. I[lpsamasi cymMmMa HeCKOJIbKMX MOANPOCTPAHCTB
[loHATHE NPsIMOK CYMMBbI MOJANPOCTPAHCTB €CTECTBEHHbIM 00pa3oM
0000111aeTCs Ha CJIy4all CyMMbl Tpex U 6oJiee MOANPOCTPAHCTB.



VI.7. I[lpsamasi cymMmMa HeCKOJIbKMX MOANPOCTPAHCTB
[loHATHE NPsIMOK CYMMBbI MOJANPOCTPAHCTB €CTECTBEHHbIM 00pa3oM
0000111aeTCs Ha CJIy4all CyMMbl Tpex U 6oJiee MOANPOCTPAHCTB.

Onpenenenune 16. Cymuma noonpocmparncms Vi, ..., Vi Haszvieaem-
cs NpAMON moeda u moavko moeda, Koeda nepeceuerue 106020
us Vi ¢ cymmotl ocmasbHolX CAQeAeMblX ABALEMC HYAeBbIM NpPO-
CIPAHCTBOM:

Vin(Vi+Vo+... 4+ Vi +Vig+...+V,) ={0}.

[loonpocmpancmeo, asafwouieeci NpPAMOUL  CYMMOU NOONPO-
cmparncms Vi, ..., Vi, 3anuceisarom caedyrowum oo pazom:

VieVvd...oV,.



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZ(?mCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.
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TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
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NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Jloka3aTreabCTBO.



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOHQ%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZBmCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Hoka3areabctBo. [Iycts b = {ey, ..., e,} — 6asuc auneiHoro npo-
cTpaHceTBa U.



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (o pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMBPHOQ AUHelHoe npocmpaHcmso pClCK/lCldbLBCZ@InCﬂ 6
APAMYIO CYMMY OdHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Hoka3zareabctBo. Ilycte B ={ey,...,e,} — 06asuc nauHeilHO-
ro npoctpanctea U. M3 rteopembl 0 JIMHEHHbIX KOMOMHAUMAX Oa-
3UCHBIX BEKTOPOB M OINPEJIEJEHUST CYMMbl MOANPOCTPAHCTB HMeEEM

U= (e1)+ ...+ {en).



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

Teopema 21 (o pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMBPHO@ AUHelHoe npocmpaHcmso pClCI{/lCldbLBCleﬂ’lCﬂ 6
APAMYIO CYMMY OdHOM@prLX no@npocmpaﬂcms.

Hoka3zareabctBo. Ilycte B ={ey,...,e,} — 06asuc nauHeilHO-
ro npoctpanctea U. M3 Tteopembl 0 JiMHEHHBIX KOMOMHaAUMAX Oa-
3UCHBIX BEKTOPOB M OINpeJeJIeHHUsI CYMMbl MOJANPOCTPAHCTB HMeEeM
U= (e1)+ ...+ (e,). Ocrasoch NpoBepUTh, UTO 3Ta CyMMa — Mpsimasl.



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZ(?mCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Joka3areabctBo. OcTanoch NPoOBEPUTH, UTO TAa CyMMa — MpsIMasl.
[lycthb

T € <€k> M (<€1> + ...+ <6k_1> + <€k—|—1> + ...+ <€n>) .



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZ(?mCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Joka3areabctBo. OcTanoch NPoOBEPUTH, UTO TAa CyMMa — MpsIMasl.
[lycthb

xr € <€k> M (<€1> + ...+ <6k_1> + <€k—|—1> + ...+ <€n>) )
Torna
Akl =T = Aer + ...+ Ap_1€p—1 + Npg1€pp1 + ...+ Ay,
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TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOHQ%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZBmCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Joka3zareabcTBo. OcTa/och NPOBEPUTH, UTO 3TA CyMMa — MpsiMas.
Akl =T = Aer + ...+ Ap_1€p—1 + Npg1€pp1 + ..+ Ay,

B cunay nnHeliHON He3aBUCHMOCTH Oasuca roJyuaem, 4to Bce Koaddu-
LIMEHTHI B CyMMe — HYyJIEBBbIE.
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NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOHQ%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZBmCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Joka3zareabcTBo. OcTa/och NPOBEPUTH, UTO 3TA CyMMa — MpsiMas.
Akl =T = Aer + ...+ Ap_1€p—1 + Npg1€pp1 + ..+ Ay,

B cusy nuHeliHON He3aBUCUMOCTH Oasnca MmoJjiyuaeM, 4yTo Bce Ko puim-
€HTbl B CymMMe — HyJieBble. B uactHocTtH, A = 0, otkynax = 0 - e, = 0.



VI.8. Teopema o pa3jioKeHUU B IPSIMYIO CYMMY OJITHOME PHbIX MO/~
NPOCTPAHCTB

TeopeMa 21 (0 pPa3J0KeHUH B MPSAMYI0 CyMMY OJHOMEPHbBIX MOANPOCTPAHCTB).
KOH@%HOMQPHO@ AUHelHoe npocmpaHcmso pCZCI{/lCldbLBCZ(?mCﬂ 6
NPAMYO CYMMy OaHOMeprLX I’LOdﬂpOClﬂpaHCﬂ’LB.

Joka3zareabcTBo. OcTa/och NPOBEPUTH, UTO 3TA CyMMa — MpsiMas.
Akl =T = Aer + ...+ Ap_1€p—1 + Npg1€pp1 + ..+ Ay,

B cusy nuHeliHON He3aBUCUMOCTH Oasnca MmoJjiyuaeM, 4yTo Bce Ko puim-
€HTbl B cyMMe — HyJieBble. B yacTHocTH, A\ = 0, otkyna x = 0 - e = 0.
Takum oOpasom, 10Ka3aHo, 4To cymMMa

(e1) + ...+ (en) ={(e1)D...® (en)

SABJISIETCS NPSIMOU cymMou. TeopeMa okasaHa.



B 1aHHOM MecTe yMeCTHO OblJI0 Obl PACCMOTPETH MTPUMEP BBIUUCJIEHUS
CYMMbI U TlepeceuyeHus MoAnpocTpaHcTs. Ho peuieHue npumepa 3atpyu-
HSAETCS TE€M, UTO Mbl TIOKA MMOYTH HE BJIAJICEM BbIUMCJUTEJbHBIM aria-
paToM JIMHEHHOH anreOpbl. Kak Mbl yBUIMM U3 MaTepuasa CJeayrolle-
ro pasjesia, B KOHCUHOMEPHbBIX JIMHEHHBIX TPOCTPAHCTBAX €CTh BO3MOXK-
HOCTb 3 (PEKTUBHO MPUMEHSITh annapaT MampuuHot areebpol.



VII. OcHoBHbIE pe3yabTaTbl
K cnucky paHee onucaHHbIX IIaBHbIX 1OCTUXXKEHUIN TEOPUH JINHEH -
HbIX IPOCTPAHCTB J0OABJSIOTCS CJAENYIOIIUE PE3YJIbTaThI.
OcCHOBHbIE OMpeJiesIeHuSI:
— onpeaeJ/ieHre NOoANPOCTPAHCTBA;
— onpejiesieHre JUHeHHOW 000J0YKHU CUCTEMbI BEKTOPOB;
— CTaHJapHble cnocoObl 3aJaHUs NOANPOCTPAHCTB;
— CMBbICJI 3aJJaHUS MOANPOCTPAHCTBA CUCTEMOM YPAaBHEHHUH;
— oMnpejieJieHHe CYyMMbl NOANPOCTPAHCTB U NPAMON CYyMMbI NOANPO-
CTPAHCTB.



VII. OcHoBHbIE pe3yabTaTbl

[TosyueHbl CJieytole TeOpEMbI:
— KPUTEPHUH MOANPOCTPAHCTBA,
— TeopeMa O BHYTPEeHHel XapaKTepu3aluu JUHEeHHON 000J10UKH;
— TeopeMa 0 pa3MepPHOCTU CYMMbI NOANPOCTPAHCTB;
— TeopeMa O BbIYUCJIEHUU CYMMbI U NepeceyeHus NoANPOCTPAHCTB;
— KPUTEPUU NPSIMOKU CyMMbI NOANPOCTPAHCTB.



Cnacub6o
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BHUMAaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyTbcCsl K CIUCKY Npe3eHTauun?
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