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I. JIuneriHass KOMOUHaALMSA

Onpepnenenue 1. JlunHeHo kKomOuHauueu mampuy Xq, Xo, ..., X,
c KoappuuueHTamu A\, Ao, . .., \, Ha3blB8aeNCA MAMPUYQ

A Xi+F X Xo+... .+ N, - X,



I1. Jinneiinaa pyHKLUSA

[ToHsaTHe JMHERHON DYHKIMH OYJIET CYylIeCTBEHHO 0600IIEHO B Teo-
puu JuHelHbIX npoctpancTB. Celuac Mbl OrpaHMYMMCS CJIEAYIOLIUM
«TICEBJIOONPEIe/IEHHEM »:

[Tycmo 8 muomcecmsax A" u A" kakum-mo obpaszom onpedeie-
HolL onepayuu, coomsemcmsenno, + u +", u 0i2 1106020 Inemen-
ma \ us noas K onpedeaenor onepayuu N u N' («ymroorcenuss na
saemenmos, coomsemcmseenno, uz A' u A"”). @ynrxyusa f: A" — A"
Hasvleaemcss JUHEUHON (DYHKUMEH, ecau 0asi A0ObLX INEeMEHIMOB
A1 Ao .. A\, W 0ObLX 9NCMEHIOB a1, Ay . . . Gy, MHOMcecmea A’ ume-
em mecno paseHcmao

fNar+" Aaa+" 4+ Nan) = A far)+" Ay fa2)+". . +" A f(an). (1)
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Kak paso6parbcs ¢ NOHATHEM JIMHEHHON (DYHKIIMH ?
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I1. Jinneiinaa pyHKLUSA
Kak paso6parbcs ¢ NOHATHEM JIMHEHHON (DYHKIIMH ?
Ectb 1Ba TMNOBBIX criocoba:
— paccMOTpeHHe A0CTATOUHO OOJbLIOTO UHCIA TPUMEPOB;
— aHaJIu3 onpeiesieHust (MoJyueHue CaeCTBUI ).



I1. Jinneiinaa pyHKLUSA
Haunem ¢ npumepoB JiMHeRHbIX PYHKUMHA. JIMHEAHBIMH DYHKLIUSIMH SIB-
JIAKOTCA:

l. dyHKIMS, KaXKI0MYy BEKTOPY CTaBsilllasi B COOTBETCTBHE €ro MpoeK-
LIMIO HA HEKOTOPYIO OCh.
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Haunem ¢ npumepoB JiMHeRHbIX PYHKUMHA. JIMHEAHBIMH DYHKLIUSIMH SIB-
JIAKOTCA:

l. dyHKIMS, KaXKI0MYy BEKTOPY CTaBsilllasi B COOTBETCTBHE €ro MpoeK-
LIMIO HA HEKOTOPYIO OCh.

2. fi;(X) — dyHkuus, kaxnoi marpuue X crassllas B COOTBETCTBHE
3JIEMEHT MaTPULbl X, CTOALLMA B 4-TOH CTPOKE, j-TOM CTOJOLE MaT-
puLp! X.



I1. Jinneiinaa pyHKLUSA
Haunem ¢ npumepoB JiMHeRHbIX PYHKUMHA. JIMHEAHBIMH DYHKLIUSIMH SIB-
JIAIOTCH:

l. dyHKIMS, KaXKIOMYy BEKTOPY CTaBsilllasi B COOTBETCTBHE €ro MpoeK-
LIMIO HA HEKOTOPYIO OChb.

2. fi;(X) — dyHkuus, ka0 matpule X cTaBsllas B COOTBETCTBHE
3JIEMEHT MaTpULbl X, CTOSILIMK B 2-TOH CTPOKE, j-TOM CTOJOLE MaT-
puLbl X .

3. tr(X) — caem kBajpaTHOH MaTPHIbl X — CyMMa 3J1eMEHTOB IJIaBHOH
JMaroHaJii MaTpuubl X :

rip 12 ... Tin

21 T2 ... Top
tr = X111+ T+ ...+ Tpp-

Tnl Tp2 ... Tpn



I1. Jinneiinaa pyHKLUSA

[Ipumepom HesiMHERHON YyHKUMHU SIBJAsIETCS (DYHKUMS, KaXKIAOMY BeK-
TOPY NJIOCKOCTHU HJIK TIPOCTPAHCTBA CTaBsillddl B COOTBETCTBHUE MOJ1YJlb
3TOTO BEKTOpA.

Kak nokasaTb HeJIMHEAHOCTh ?




I1. Jinneiinaa pyHKLUSA

[Ipumepom HesiMHERHON YyHKUMHU SIBJAsIETCS (DYHKUMS, KaXKIAOMY BeK-
TOPY NJIOCKOCTHU HJIK TIPOCTPAHCTBA CTaBsillddl B COOTBETCTBHUE MOJ1YJlb
3TOTO BEKTOpA.

Tak Kak JUHEHHOCTb ornpenesdaercsda ¢ MoMOoWbO TO2KAECTB, TO OIIPO-
BEPIrHYTb JIMHEHHOCTb MOKHO C [TIOMOLIbLIO KOHTPIIpUMEpPA, HAIIPUMEDP, Ta-
KOTI'O.
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I1I. Kputepuu suHeHoCTH PyHKUUU

Teopema 1 (kpuTepuu AuHeiHOCTH PYHKUUM). Ecau  0as  a00bLx
INeMEHMOB ai;as; a3 U3 A u by;by; b3 u3 B soinoansromces mooicoe-
cmea 1) (a1 + ag) + ag = a1 +' (a4 a3) (onepayua +' nHa mHoxuce-
cmse A accoyuamusna); 2) (by +"by) +" bg = by +" (b +" bs) (one-
payus +" na mroxcecmse B accoyuamusna); U 0451 Kaxidoeo
anemenma o noas K na mnoocecmsax A u B onpedeservl 00HO-
Mmecmmuoble onepayuu o u, coomsemcmseno, o («ymHoNceHUe
HA « 9AemMenmos u3 muoxcecms A u, coomsemcmsenHo, B) mo
caedyrowue ycaosus sksusarewmnolr. 1) ¢pynxuyusa f : A — B
agasemcs auneirnot; 2) 0aa pynkuuu f golnoansenmcsa moxcoe-
cmaso

fVar + plaz) = X' f(ar) +" 1" f (as); (2)

3) 044 pyHukyuu f 8oinoAHAIOMCA MOKHIecmaa

flar 4+ a2) = f(ar1) +" flaz) w  f(a'a) =" f(a). (3)



Jloka3areabCcTBO. BTOpoe 1 TpeThe yTBEPKAEHHUE SABJSIOTCS YaCTHBIM
cJlyuyaeM JIMHEHHOCTH (hyHKLMH. M3 BTOpPOro yTBepKaeHHS JIMHEHHOCTD
byHkUMH f nokaxkem MHayKuuei no n. Ecau B hopmysie (1) nosoxuthb
n = 2, TO MOJyuHUM yTBepP:KJieHHe BTOPOTO MyHKTa. basa nokasaHa.



Jloka3areabCcTBO. BTOpoe 1 TpeThe yTBEPKAEHHUE SABJSIOTCS YaCTHBIM
cJlyuaeM JIMHEHHOCTH (DyHKUMU. M3 BTOporo yTBep:KaeHUs JTUHEHHOCTD
byHkUMH f nokaxkem MHayKuuei no n. Ecau B hopmysie (1) nosoxuthb
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Jokaxkem war unaykuuu. Ilyctb k> 2 W cnpaBemiuBocTb hopmy-
Jibl (1) mookazaHa miis Jiro60ro HaTypaJibHOTO UKCJIA M, HE MPEBOCXOs -
tero yncga k. Torna, corsiacHO TOXKIECTBY (2 ) U THIIOTE3€ UHYKLUH

f(Mar+ Noao +' - 4+ N a4+ Nay,) =
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cJlyuaeM JIMHEHHOCTH (DyHKUMU. M3 BTOporo yTBep:KaeHUs JTUHEHHOCTD
byHkUMH f nokaxkem MHayKuuei no n. Ecau B hopmysie (1) nosoxuthb
n = 2, TO NIOJIyUUM yTBep2KJIeHHEe BTOPOro NyHkTa. basa nokasana.

Jokaxkem war unaykuuu. Ilyctb k> 2 W cnpaBemiuBocTb hopmy-
Jibl (1) mookazaHa miis Jiro60ro HaTypaJibHOTO UKCJIA M, HE MPEBOCXOs -
tero yncga k. Torna, corsiacHO TOXKIECTBY (2 ) U THIIOTE3€ UHYKLUH

f(Mar+ Noao +' - 4+ N a4+ Nay,) =
=/ <( 101+ Agan + A Ay y) F )‘ka’k) -
= f(Nar+" Xoag +7 -+ N yag ) 7N f(ay) =



Jloka3areabCcTBO. BTOpoe 1 TpeThe yTBEPKAEHHUE SABJSIOTCS YaCTHBIM
cJlyuaeM JIMHEHHOCTH (DyHKUMU. M3 BTOporo yTBep:KaeHUs JTUHEHHOCTD
byHkUMH f nokaxkem MHayKuuei no n. Ecau B hopmysie (1) nosoxuthb
n = 2, TO NIOJIyUUM yTBep2KJIeHHEe BTOPOro NyHkTa. basa nokasana.

Jokaxkem war unaykuuu. Ilyctb k> 2 W cnpaBemiuBocTb hopmy-
Jibl (1) mookazaHa miis Jiro60ro HaTypaJibHOTO UKCJIA M, HE MPEBOCXOs -
tero yncga k. Torna, corsiacHO TOXKIECTBY (2 ) U THIIOTE3€ UHYKLUH

f(Mar+ Noao +' - 4+ N a4+ Nay,) =
= f (( tar+ Naog + o+ N _ja )+ )\;ﬁa;ﬁ) =
=/ ( 1a1 + Nyag + oL+ /\;g—1@;<;—1) +" N f(ay,) =
= X/ flar) " Ay flag) +" ..+ N flag—1) +" N f(ar).

CorylacHO TMPUHLMITY MaTeMaTHYECKOW HWHIAYKUMHU MOJYUHJH, 4TO M3
yTBEPKJIeHHSs (2) caeyeT JUHEHHOCTb PYHKLMH f.



Ocranoch A0Ka3aTh, YTO U3 hopMYyJI (3) ClaelyeT TOXKIEeCTBO (2):

FNay + plas) = f(Nay) +" f(plaz) = N f(ar) +" 1" f (as).

Kputepuu sinHeliHOCTH (hyHKIMH I0KA3aHb.



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpenenenue 2. [lepecTaHOBKOW 1.1 MOACTAHOBKOW Ha MHOJCE-
cmee () Has3vlBaemcs B83AUMHO OOHO3HA4YHOe omoobpajiceHue

MHoxcecmsa ) Ha' cebs.

'[Ipensior «Ha» o3HavaeT, YTO BCAKUU 3j1eMeHT U3 () uMeeT npooOpaa B {2 OTHOCUTELHO JaHHOH Nepe-
CTAHOBKH.



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpepenenue 2. [lepectaHOBKOW 11 NMOACTAHOBKOW Ha MHOJICE-
cmse §) Ha3bl8aemMcs B63aAUMHO OOHO3HA4UHOe omobpajiceHue
mHOMecmaa ) Ha ceobs.

Hac cefiuac unnrepecyer cayuait 2 = {1,2,...,n}. Takas nepecra-
HOBKa siBJIsSleTCsl (PYHKUMEH ¢ KOHEUHOH 06JIacTblO OMNpeesieHus], Mo-
9TOMYy €€ MOXKHO 3ajaBaTb TaOJulei 3Hadenud. [lycts f — mnpous-
BOJIbHASI TepecTaHoOBKa Ha MHOXKecTBe {1,2,...,n}, ¢ Takoi TabJuIIEeH:

x |1 2 ... n

flz)lar az ... a,|




IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpepnenenue 2. [lepectaHOBKON 1. NMOACTAHOBKOM HA MHOMCE-
cmae ) HasvlBaemcs 83aUMHO O0HO3HAUHOE OMobpaxiceHue MHO-
orcecmea ) Ha cebs.

[Tycth f — mpousBoJsibHas epecTaHOBKA HAa MHOXKecTBe {1,2, ..., n},
. . T 1 2 ... n
C TAKOH TaOJIMLEeH: :
flz)lar as ... ay
[TonbiTaemMcest oNTHMM3HWPOBATh 3Ty 3aMuCh JJis paccMaTpPUBAeMOro
KJacca pyHKUMA. ¥ J060# rnepecTaHOBKM HA MHOxKecTBe {1,2,...,n}

nepBasi CTpOKa OJIMHAKOBA (C TOUHOCTbHIO JIO apryMeHTa 3TOH (yHKIHH ).



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpenenenue 2. [lepecTaHOBKOW 1.1 MOACTAHOBKOW Ha MHOJCE-
cmee () Ha3vlBaemcs 83aUMHO OOHO3HAUHOE OMOOPaANCeHIe MHO-

orcecmea ) Ha cebs.

[Tycth f — mpousBoJsibHas epecTaHOBKA HAa MHOXKecTBe {1,2, ..., n},

X

1 2

n

C Takou TabOJUIIEH:

f(@)

a; az

ap

. [Tosromy, roBopsi 0 nepecra-

HOBKAX 9TOr0 MHOXKECTBA, MEPBYI0 CTPOKY TAOJHULbI OObIYHO He MHLIYT,
a BO BTOPOH CTpoKe omnycKatoT o6o3Hauenue f(x). Takum o6pasom, BMe-

CTO, HAMpUMep, «MepecTaHOBKa S, 3aJlaHHas TabJIuLeH

MUIIYT «MepecTaHoBKa (2 4 3 1)».

X

1234

s(x)

2431

»

)



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpenenenue 3. Ecau f — nepecmanoska muosxcecmsa {1,2,...,n}
u u,v — makue aremenmol mrHoscecmsa {1,2,... n}, umou < v
u f(u) > f(v), mo napa (f(u); f(v)) Ha3bleaemncs UHBEpPCHEN nepe-
cmaHoB8KuU f.

Kak pazo6paTtbcs?



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpenenenue 3. Ecau f — nepecmanoska muosxcecmsa {1,2,...,n}
u u,v — makue aremenmol mrHoscecmsa {1,2,... n}, umou < v

u f(u) > f(v), mo napa (f(u); f(v)) Ha3bleaemncs UHBEpPCHEN nepe-
cmaHoB8KuU f.

Hanpumep, nns nepectanoBku (3; 1; 2) MHOXKeCTBO BCeX HHBep-
CUH COCTOMT M3 JIBYX 3JeMeHTOB: {(3; 1); (3; 2)}. Ilnsi nmepecTaHOBKH
(2; 4; 1; 3) MHOXKECTBO BCEX HHBEPCHUH COCTOUT U3 TPEX IJIEMEHTOB!

{(2:1); (4 1); (4 3)}.



IV. [lepecTtaHoBKH (MOACTAHOBKH )

Onpenenenue 3. Ecau f — nepecmanoska muosxcecmsa {1,2,...,n}
u u,v — makue aremenmol mrHoscecmsa {1,2,... n}, umou < v

u f(u) > f(v), mo napa (f(u); f(v)) Ha3bleaemncs UHBEpPCHEN nepe-
cmaHoB8KuU f.

MoOXKHO CcKasaTh, 4YTO HHBEPCHsI O3HayaeT HapylleHHe MopsijiKa
1 <2< ... < n, npoucxojsiiee Noj AeHCTBHEM MEPECTAHOBKH [ ObIIO
u < v, a nocJie aeicteus f noaydaem f(u) > f(v). Takum o6paszom, Ko-
JIMYECTBO MHBEPCHI MepPeCTaHOBKH f — 3TO KOJHUECTBO BCEX «Hapyliie-
HUI» TIOPSIJIKA, <BHOCHMbIX» T€PECTaHOBKOH f B MOCJ€I0BATENbHOCTD
1,2,...,n.



V. UHBapuaHTHOE onpeesieHUe feTepMUHAHTA

OnpeneneHue 4 (MHBapUaHTHOE oMnpejeJeHue 1eTepMHUHAHTA).
Ecau A — ksadpamwuas mampuuya pazmepHocmu n X n, mo ee de-
MepMUHAHMOM UL Onpedeaunenem HA36l8aeMCS YUCAO

Z Z e Z (1) PE Py, - agy, - gy, (4)
pre{ln} pae{linP\{p1}  pa€{lin\{p1;p2;-pn1}

ede L (p1;...;pn) PABHO HUCAY BCEX PABAUUHBLY LHBEPCUI nepecma-
HOBKU (p1,...,pn). demepmunanm nampuyor A 0661410 0603HAHA-
emcs yepes |A| wuau det (A).



V. UuBapuaHTHOE onpeneaeHue gjeTe pMUHAHTA

OnpeneneHue 4 (MHBapUaHTHOE oMnpejeJeHue 1eTepMHUHAHTA).
Ecau A — ksadpamwuas mampuuya pazmepHocmu n X n, mo ee de-
MepMUHAHMOM UL Onpedeaunenem HA36l8aeMCS YUCAO

Z Z o Z (_1)u(p1;-~-;pn)a1p1 gy e Gy, (1)

pre{ls.n} poe{lin\ {1} poe{l;nP\{p1ip2;--ipn—1}

ede L (p1;...;pn) PABHO HUCAY BCEX PABAUUHBLY LHBEPCUI nepecma-
HOBKU (p1,...,pn). demepmunanm nampuyor A 0661410 0603HAHA-
emcs yepes |A| wuau det (A).

3ameuanue. Moryr BO3HMKHYTb COMHEHHsSI B KOPPEKTHOCTH 3TOrO
onpejiesieHts], TaK Kak Mbl He JI0Ka3aJi, uTo (PyHKIMs, 3aJlaHHast (hopmy-
JoU (i) = p; AABJIeTCs NepecTaHOBKOW. Mbl He c/le1asid 3TOTO MOTOMY,
YTO B3aWMHasi OJTHO3HAYHOCTb (PYHKIIMH  CJIEIyeT U3 TOTO, UTO COTJIACHO
paBeHCTBY (4 ) HOMepa py, . . . , P, TOTIAPHO PA3JTHUHbI.
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Kak paso6parbcs?



V. UuBapuaHTHOE onpeneaeHue gjeTe pMUHAHTA

OnpeneneHue 4 (MHBapUaHTHOE oMnpejeJeHue 1eTepMHUHAHTA).
Ecau A — ksadpamwuas mampuuya pazmepHocmu n X n, mo ee de-
MepMUHAHMOM UL Onpedeaunenem HA36l8aeMCS YUCAO

Z Z o Z (_1)u(p1;-~-;pn)alp1 gy e Gy, (1)

ede L (p1;...;pn) PABHO HUCAY BCEX PABAUUHBLY LHBEPCUI nepecma-
HOBKU (p1,...,pn). demepmunanm nampuyor A 0661410 0603HAHA-
emcsa wepes |A| wau det(A).

Kak paso6parbcs?

OO6bIUHO TPUMEHSIETCs JIBa BapuaHTa: paccMOTpeHue MpuMepoB
WJIM aHaJiu3 onpejeseHnst (B YaCTHOCTH, U3yueHHe CBOUCTB C MOMOILIbIO
MOJIyu€eHUs! CJeJICTBUH, 10KA3aTeJbCTBA TEOPEM ).



VI. CBoiicTBa 1eTepMHUHAHTA
Tenepb npumeHuM Apyroi cnocoO yCBOCHHUs MOHATHA JETEPMHUHAHTA:
[TOJIYHEHHE CJIQILCTBHfl 13 ONpeacJICHUS].



VI.1. Teopema 0 paBHONIPaBUM CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

JlokasareabcTBo. [Tycts B = AY. CorsacHo dopmyuie (4 ) noJiyyaem

Z Z o Z (—1)”(7’1?---;p")b1p1 bopy e by =

pre{lon} pee{lion\{p1}  pa€{lin\{p1;p2;ipn—1}
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pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

JlokasareabcTBo. [Tycts B = AY. CorsacHo dopmyuie (4 ) noJiyyaem

Z Z o Z (—1)”(7’1?---;p")b1p1 bopy e by =

pre{lon} pee{lion\{p1}  pa€{lin\{p1;p2;ipn—1}

— Z Z o Z (_1)u(p1;-~-;pn)apll Oy =



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

JlokasareabcTBo. [Tycts B = AY. CorsacHo dopmyuie (4 ) noJiyyaem

Z Z e Z (_1)M(p1;..-;pn)b1p1 ) b2p2 BRI bnpn -

pre{lin} pee{lin\{p1}  pae{lin\{p1:p2;.ipn—1}

— Z Z o Z (_1)u(p1;-~-;pn)apll Oy =
- Z Z e Z (_1)M(Q1;.-.;qn)alch " A2gy t -+ - Ongy,

rjie epecTaHoBKa ¢, 3agaHHas gopmynon q(k) = qi, siBasgercs obpar-
HO K IepecTaHoOBKe p, 3alaHHOl popmysion p(k) = pg.



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

JlokasareabcTBo. [Tycts B = AY. CorsacHo dopmyuie (4 ) noJiyyaem

Z Z e Z (_1)M(p1;..-;pn)b1p1 ) b2p2 BRI bnpn -

pre{lin} pee{lin\{p1}  pae{lin\{p1:p2;.ipn—1}

— Z Z o Z (_1)u(p1;-~-;pn)apll Oy =
- Z Z e Z (_1)M(Q1;.-.;qn)alch " A2gy t -+ - Ongy,

rjie epecTaHoBKa ¢, 3agaHHas gopmynon q(k) = qi, siBasgercs obpar-
HO K NepecTaHoOBKe p, 3alaHHol popmysod p(k)
Hawm ocrasnock nokasathb, uto i (p1;...;pn) = p(qi; .- qn).



VI.1. Teopema 0 paBHONIPaBUM CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

Kak 310 nokasathb?



VI.1. Teopema 0 paBHONIPaBUM CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

Kak 310 nokasaTth? MbI K HACTOSILLIEMY MOMEHTY He J0Ka3aJy MPaKTH-
YyeCKH HUKaKUX YTBEPXKICHUH 0 (DYHKLIMH 1.



VI.1. Teopema 0 paBHONIPaBUM CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

Kak 310 nokasaTth? MbI K HACTOSILLIEMY MOMEHTY He J0Ka3aJy MPaKTH-
YeCKHM HUKaKHX yTBepxKaeHuH o GpyHKuuH . [TosTomy, pasymeercs, 10-
Ka3aTeJIbCTBO OCHOBLIBAETCSI Ha OTPEIe/IEHHSIX.



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

MBI TTOKaKeM, 4TO BCSIKOH MHBEPCUU NePeCcTaHOBKHU p B3AUMHO OJI-
HO3HAYHbIM 00Pa30M COOTBETCTBYET MHBEPCHS NMepecTaHOBKH q.



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

MBI TTOKaKeM, 4TO BCSIKOH MHBEPCUU NePeCcTaHOBKHU p B3AUMHO OJI-
HO3HAYHbIM 00Pa30M COOTBETCTBYET MHBepCHs nepectaHoBKU ¢. [1o
onpeneseHuio obparHoi (dyHKuuM UMeeM paBeHcTBa ¢(p(k)) =k,

pla(k)) = k.



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

MBI TTOKaKeM, 4TO BCSIKOH MHBEPCUU NePeCcTaHOBKHU p B3AUMHO OJI-
HO3HAYHbIM 00Pa30M COOTBETCTBYET MHBepCHs nepectaHoBKU ¢. [1o
onpeneseHuio obparHoi (dyHKuuM UMeeM paBeHcTBa ¢(p(k)) =k,
p(q(k)) = k. [TosTOMY unMCJI0 HHBOJIIOLMIH MEPECTAHOBKH ¢ PABHO UUCJY
repecTaHoOBOK p.



VI.1. Teopema 0 paBHONIPaBUM CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

JlelicTBUTEIBHO, JUIsl JIIOOBIX HOMEPOB u, v CYLIECTBYIOT HOMEpa T,y
rakue, 4o ¢(z) = u u q(y) = v, otkyna p(q(z)) = p(v) u p(q(y)) = p(v),
T.e. x = p(u) uy = p(v). [Tosromy

{ w < v _ { q(z) < qy);

p(u) > p(v) T > .



VI.1. Teopema 0 paBHONIpaBUMU CTPOK U CTOJOLIOB

Teopema 2 (0o paBHONpaBuUU CTPOK U CTOAOUOB). /{11 10601 Keao-
pamuotl mampuyor A cnpasedauso pasercmso det(A') = det(A).

Joka3areabcTBo. [lepectanoBka ¢, 3apannas dgopmyJaoi q(k) = q,
siBJIsTleTCsl 00paTHOM K TlepecTaHOBKe p, 3ajaHHoi hopmyJion p(k) = p.
Hawm octanock nokaszathb, uto i (p1;...;pn) = p(qi; .- qn).

Takum o6Gpa3om, Mbl JI0KasaJjid, MeXJy MHBEPCUSIMU MepecTaHo-
BOK p H ¢ CYLIECTBYeT B3aMMHO OJHO3HauHOe cooTBeTcTBHE. [TosTomy
w(p1;. .- ;pn) = w(qi; - .. qn) 4, CIEA0BaTENbHO, TEOPEMA JI0Ka3aHa.



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

Teopema 3 (0 nepecraHOBKe ABYX CTPOK B leTepMUHaHTe). Lcau
mampuya B noayuerna uz mampuuyor A nepecmaro8Kkotl 08yx cmpok
uau 0syx cmoabyos, mo det(B) = — det(A).

Jloka3aTeJibCTBO.



VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

Teopema 3 (0 nepecraHOBKe ABYX CTPOK B leTepMUHaHTe). Lcau
mampuya B noayuerna uz mampuuyor A nepecmaro8Kkotl 08yx cmpok
uau 0syx cmoabyos, mo det(B) = — det(A).

Joka3areabcTBo. bes orpannueHusi 0OOLUIHOCTH pacCyKJAEHUH 10CTaA-
TOUYHO J0KAa3aTb 3TO YTBEPKIAEHHE TOJIbKO IJIA CJydas MepecTaHOBKH
cTpok. [lepecTaHOBKY JIIOOBIX JBYX CTPOK MOXKHO MPEACTABUTH B BHUJE
[MOCJIEIOBATEJILHOIO BbIMIOJIHEHUSA HEUETHOIO UKCJ/Ia MePECTAHOBOK Mep-
BOM CTPOKH CO CTPOKOH C HOMEPOM K.



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

Teopema 3 (0 nepecraHOBKe ABYX CTPOK B leTepMUHaHTe). Lcau
mampuya B noayuerna uz mampuuyor A nepecmaro8Kkotl 08yx cmpok
uau 0syx cmoabyos, mo det(B) = — det(A).

Hoka3zareabcTBo. M3 dopmy.ibl (4) cieayeT, 4TO HaM OCTaJ0Ch J0-
Ka3aTb U3MEHEHUE Ha HEUETHOE UUCJI0 KOJIMUeCTBA MHBEPCUM TIPU Nepe-
CTAHOBKE MEPBOU CTPOKHU CO CTPOKOH C HOMEPOM K.



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

Teopema 3 (0 nepecraHOBKe ABYX CTPOK B leTepMUHaHTe). Lcau
mampuya B noayuerna uz mampuuyor A nepecmaro8Kkotl 08yx cmpok
uau 0syx cmoabyos, mo det(B) = — det(A).

ILOKaSaTe.HbCTBO. I/ITaK, OCTaJIOCb A0KA3dTb, UTO

w(pr;. o) — w(Pr; P2 - - PE—1;P1; Pkt - - 3 Pn)

€CTb YHUCJIO HEUYETHOC.



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

Teopema 3 (0 nepecraHOBKe ABYX CTPOK B leTepMUHaHTe). Lcau
mampuya B noayuerna uz mampuuyor A nepecmaro8Kkotl 08yx cmpok
uau 0syx cmoabyos, mo det(B) = — det(A).

ILOKaSaTe.HbCTBO. I/ITaK, OCTaJIOCb A0KA3dTb, UTO

w(pr;. o) — w(Pr; P2 - - PE—1;P1; Pkt - - 3 Pn)

€CTb UUCJIO HEUETHOE.
O6o03HaunM uepe3 f U g PyHKIIMH, 3alaHHble TaOJULEN

z |1 2 ... k=1 k k+1 ... n

f(@)Ip1 p2 oo Pl Pk Pril .- Dn
g(x)\pr P2 - Pr-1 D1 Pkl --- Pn




VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

p(pi; . pn) — 1 (D D25 -+ Dk—1; P1; Dkt 15 - - - ; Pn) €CTb UMCJIO HEUeT-

x |1 2 ... k=1 k k+1 ... n

noe.| f(x)|p1 p2 ... Di-1 Dk Pret - D

9(x) Pk P2 - Pk—1 P1 Dkt1 --- Dn
[IycTb cpenu unces po;...;pr_1 « WTYK OOJbllie, YEM Py, a OCTAJb-
Hble (k — 2 — ) uMces] — MeHblIle, UeM Py, U CPEI UUCEN Po; . . .| Pr_1

ﬁ HITYK MEHbLIE, YeEM p1, 4 OCTAJIbHbIE (k —2— 5) quceJ — 60JIbLH€,
4YEM P11 .



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

p(pi; . pn) — 1 (D D25 -+ Dk—1; P1; Dkt 15 - - - ; Pn) €CTb UMCJIO HEUeT-

x |1 2 ... k=1 k k+1 ... n

noe.| f(x)|p1 p2 ... Di-1 Dk Pret - D

9(x) Pk P2 - Pk—1 P1 Dkt1 --- Dn
[IycTb cpenu unces po;...;pr_1 « WTYK OOJbllie, YEM Py, a OCTAJb-
Hble (k — 2 — ) uMces] — MeHblIle, UeM Py, U CPEI UUCEN Po; . . .| Pr_1

[ 1ITYyK MeHbllle, 4eM pi, a ocTajbHble (k — 2 — [3) uncen — GoJblile,
ueMm p;. Torya npu nepemelieHd Yucsa pp B HUKHEH CTPOKe TabJHIIbI
Ha TlepBOe MECTO 3a CUET U3MEHEHHSI TIOJIOXKEHHS UUCJIA Py, OTHOCHTENBLHO
UUCEJ P3; - . . ; Pk—1, C OJTHOH CTOPOHBI, KOJIHUECTBO MHBEPCUI YMEHbBILIUT-
Csl Ha v (3a CUET YKCes U3 3TOTO CMHUCKa, KOTOpble 60JIblle UUCa P ) U, C
JPYrou CTOPOHBI,



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

p(pi; . pn) — 1 (D D25 -+ Dk—1; P1; Dkt 15 - - - ; Pn) €CTb UMCJIO HEUeT-

x |1 2 ... k=1 k k+1 ... n

noe.| f(x)|p1 p2 ... Di-1 Dk Pret - D

9(x) Pk P2 - Pk—1 P1 Dkt1 --- Dn
[IycTb cpenu unces po;...;pr_1 « WTYK OOJbllie, YEM Py, a OCTAJb-
Hble (k — 2 — ) uMces] — MeHblIle, UeM Py, U CPEI UUCEN Po; . . .| Pr_1

[ 1ITYyK MeHbllle, 4eM pi, a ocTajbHble (k — 2 — [3) uncen — GoJblile,
ueMm p;. Torya npu nepemelieHd Yucsa pp B HUKHEH CTPOKe TabJHIIbI
Ha TlepBOe MECTO 3a CUET U3MEHEHHSI TIOJIOXKEHHS UUCJIA Py, OTHOCHTENBLHO
UUCEJ P3; - . . ; Pk—1, C OJTHOH CTOPOHBI, KOJIHUECTBO MHBEPCUI YMEHbBILIUT-
Csl Ha v (3a CUET YKCes U3 3TOTO CMHUCKa, KOTOpble 60JIblle UUCa P ) U, C
JPYTrO# CTOPOHBI, yBeJMuuTcs Ha (k — 2 — o« — 1) (3a cueT urcesi U3 3Toro
CMHCKa, KOTOPble MEHbILIE UUCJIA Dy ).



VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

g(x)|pr P2 - Pr1 P1 Pre1 - P
[Ipu nepemenieHUn yucia p; B HUXKHEH CTPOKE TaOJIMLbl B CTOJIORLL C

HOMepoM k 3a cUeT U3MEeHEHHSI MTOJI0KEHHU S UHCJ1a p1 OTHOCHTEJbHO UHCE
P2 ... Pk_1 KOJUUECTBO MHBEPCUU YMEHBILIUTCS Ha 3 U OJIHOBPEMEHHO

yBesuuutes Ha (k — 2 — (3). Kpome Toro, ofHa U3 nap (py; px) Wiu (py; p1)
SIBJISIETCSI HHBEPCHEH.




VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

g(x)|pr P2 - Pr1 P1 Pre1 - P
[Ipu nepemenieHUn yucia p; B HUXKHEH CTPOKE TaOJIMLbl B CTOJIORLL C

HOMEpOM k 3a CUeT H3MEHEHHSI TOJI0XKEHHST UHCJIa P1 OTHOCHTEIbHO UHCEJT
P2 ... Pr_1 KOJUUECTBO MHBEPCUI YMEHbBILIUTCS Ha (3 ¥ OJHOBPEMEHHO
yBesuuutes Ha (k — 2 — (3). Kpome Toro, ofHa U3 nap (py; px) Wiu (py; p1)
SIBJISIETCSI HHBEPCHEH.

[Tos10:kUM € paBHBIM 1, €CJid p; < pj U paBHbIM —1 B TIPOTHBHOM CJIy-
yae. Torna




VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

g(x)|pr P2 - Pr1 P1 Pre1 - P
[Ipu nepemenieHUn yucia p; B HUXKHEH CTPOKE TaOJIMLbl B CTOJIORLL C

HOMEpOM k 3a CUeT H3MEHEHHSI TOJI0XKEHHST UHCJIa P1 OTHOCHTEIbHO UHCEJT
P2 ... Pr_1 KOJUUECTBO MHBEPCUI YMEHbBILIUTCS Ha (3 ¥ OJHOBPEMEHHO
yBesuuutes Ha (k — 2 — (3). Kpome Toro, ofHa U3 nap (py; px) Wiu (py; p1)
SIBJISIETCSI HHBEPCHEH.

[Tos10:kUM € paBHBIM 1, €CJid p; < pj U paBHbIM —1 B TIPOTHBHOM CJIy-
yae. Torna

p(pr;e . pn) — 1 (Pk; D2 -+ Dh—15 D1 Pht 1 - - -3 Pn) =



VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

g(x)|pr P2 - Pr1 P1 Pre1 - P
[Ipu nepemenieHUn yucia p; B HUXKHEH CTPOKE TaOJIMLbl B CTOJIORLL C

HOMEpOM k 3a CUeT H3MEHEHHSI TOJI0XKEHHST UHCJIa P1 OTHOCHTEIbHO UHCEJT
P2 ... Pr_1 KOJUUECTBO MHBEPCUI YMEHbBILIUTCS Ha (3 ¥ OJHOBPEMEHHO
yBesuuutes Ha (k — 2 — (3). Kpome Toro, ofHa U3 nap (py; px) Wiu (py; p1)
SIBJISIETCSI HHBEPCHEH.

[Tos10:kUM € paBHBIM 1, €CJid p; < pj U paBHbIM —1 B TIPOTHBHOM CJIy-
yae. Torna

1(p1; - ion) — 1Pk D2 - o Ph—1; D1 Pl 1 - - -5 D) =
=—a+(k—2—a)-f+(k—2-0)+e=



VI.2. Teopema o0 nepecTtaHOBKe IBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

g(x)|pr P2 - Pr1 P1 Pre1 - P
[Ipu nepemenieHUn yucia p; B HUXKHEH CTPOKE TaOJIMLbl B CTOJIORLL C

HOMEpOM k 3a CUeT H3MEHEHHSI TOJI0XKEHHST UHCJIa P1 OTHOCHTEIbHO UHCEJT
P2 ... Pr_1 KOJUUECTBO MHBEPCUI YMEHbBILIUTCS Ha (3 ¥ OJHOBPEMEHHO
yBesuuutes Ha (k — 2 — (3). Kpome Toro, ofHa U3 nap (py; px) Wiu (py; p1)
SIBJISIETCSI HHBEPCHEH.

[Tos10:kUM € paBHBIM 1, €CJid p; < pj U paBHbIM —1 B TIPOTHBHOM CJIy-
yae. Torna

p(prs. . ipn) — p(Dr; P2 - PE—1; D1 Dht 1 - - -3 Pn) =
=—a+(k—2—a)—0+(k—-2-0)+e=2k—2—a—0)+e.



VI.2. Teopema 0 nepecTaHOBKe JBYX CTPOK (CTOJNOLOB)
B J€TepPMHUHAHTE

o (p1; - - iPn) — (D3 P25 - - - Pk—13 P15 Pl - - - 5 Pn) €CTb UHCIIO HEUET-
x |1 2 ... k—1%k k+1 ... n
Hoe.| f(z)|p1 P2 --- Pk-1 Pk Pk+1 --- Dn

9(55) Pt P2 ... DPk—-1 P1 Pk+1 --- Pn
[Ton02kKM € paBHbIM 1, ecsid p; < pr. ¥ paBHBIM —1 B IPOTUBHOM CJ1y-

yae. Torna

((pr;- - ion) — 1Pk D2 - - Ph—1: D1 Pl - - - D) =
=—a+k—-2—a)—-f+k—-2-0)+e=2k—-2—a—-0)+e.

Takum o6pa30M, 9TO YHUCJIO ABJIACTCH HEUETHBIM. TeopeMa JJOKAd3dHa.



VI1.3. CaeactBue 00 OJMHAKOBbIX CTPOKax B JAeTepMHU-
HaHTe

Caencteue 1 (06 01MHAKOBBIX CTPOKAX B AeTepMUHaHTe). Ecau 8
mampuuye A ecmo dge odunakogole cmpoKu Uil 08a 00UHAKOBbLX
cmoabya, mo det(A) = 0.

Jloka3aTeJbCTBO.



VI1.3. CaeactBue 00 OJMHAKOBbIX CTPOKax B JAeTepMHU-
HaHTe

Caencteue 1 (06 01MHAKOBBIX CTPOKAX B AeTepMUHaHTe). Ecau 8
mampuuye A ecmo dge odunakogole cmpoKu Uil 08a 00UHAKOBbLX
cmoabya, mo det(A) = 0.

Joka3zaTeqabcTBO. COrjiacHO TeopeMe 0 PaBHONPABHHU CTPOK H CTOJO-
IIOB MOXKHO OrPaHMUYMTbLCS CJydyaeM, KOorja B maTpuile A coBmajatoT
CTPOKH C HOMepaMH i U j, rie ¢ # 7. O6o3Hauum yepe3 B maTpuily, noJy-
UEHHYIO U3 MaTpPHULIbl A MepecTaHOBKON CTPOK C HOMepaMHM ¢ U J.



VI1.3. CaeactBue 00 OJMHAKOBbIX CTPOKax B JAeTepMHU-
HaHTe

Caencteue 1 (06 01MHAKOBBIX CTPOKAX B AeTepMUHaHTe). Ecau 8
mampuuye A ecmo dge odunakogole cmpoKu Uil 08a 00UHAKOBbLX
cmoabya, mo det(A) = 0.

Joka3zaTeqabcTBO. COrjiacHO TeopeMe 0 PaBHONPABHHU CTPOK H CTOJO-
IOB MOXKHO OIpPaHMUYMTHCSI CJIyyaeMm, KOrja B MaTpulle A COBNAJAIOT
CTPOKH C HOMepaMH i U j, rie ¢ # 7. O6o3Hauum yepe3 B maTpuily, noJy-
UEHHYIO U3 MaTpHULbl A 1epecTaHOBKOM CTPOK C HOMepaMu ¢ U j. B cuay
paBeHCTBa 3THX CTPOK UMeeM A = B, otkyna det(A) = det(B).



VI.3. CaenctBue 00 OJMHAKOBbLIX CTPOKax B JAeTepMHU-
HaHTe

Caencteue 1 (06 01MHAKOBBIX CTPOKAX B AeTepMUHaHTe). Ecau 8
mampuuye A ecmo dge odunakogole cmpoKu Uil 08a 00UHAKOBbLX
cmoabya, mo det(A) = 0.

Joka3ateabcTBo. CoryiacHO TeopeMe 0 PaBHOMPABUH CTPOK U CTOJI6-
I0B MOXKHO OTPaHHYHTLCSI CJydaeM, Korja B MaTpule A COBMNajaioT
CTPOKH C HOMepaMH i U j, rie ¢ # 7. O6o3Hauum yepe3 B maTpuily, noJy-
UEHHYIO U3 MaTPULbl A MepecTaHOBKOK CTPOK C HOMepaMu i U j. B cuJy
paBeHCTBa 3THUX cTpoK uMeeM A = B, otkyna det(A) = det(B). C npy-
rod CTOPOHBI, COIVIACHO TeopeMe 0 TiepeCTaHOBKeE JIBYX CTPOK (CTOJIOIOB)
B eTepMuHanTe, umeeM det(A) = — det(B).



VI.3. CaenctBue 00 OJMHAKOBbLIX CTPOKax B JAeTepMHU-
HaHTe

Caencteue 1 (06 01MHAKOBBIX CTPOKAX B AeTepMUHaHTe). Ecau 8
mampuuye A ecmo dge odunakogole cmpoKu Uil 08a 00UHAKOBbLX
cmoabya, mo det(A) = 0.

Jloka3atejbcTBO. COrJIacHO TeopeMe O PaBHOTIPABUH CTPOK M CTOJIO-
IOB MOXKHO OTPAHHUUUTLCS CJydaem, KOrja B MaTpulle A COBMaAaoT
CTPOKH C HOMepamu ¢ U j, tae ¢ # j. Ob6o3sHauum yepe3 B marpuiy,
MOJIyUeHHYI0 U3 MaTpHIbl A TlepecTaHOBKOH CTPOK C HOMEpPaMH i H j.
B cuny paBenctBa 3tHX cTpok uMeeM A = B, oTkyna det(A) = det(B).
C JIpyrodl CTOPOHBI, COIJIACHO TeopeMe O TepecTaHOBKe JIBYX CTPOK
(cTonbioB) B JerepMmuHante, umeeMm det(A)= —det(B). Cnenoa-
TesibHO, det(B) = det(A) = — det(B), otkyna det(B) + det(B) = 0, T.e.
det(A) = det(B) = 0, uto u TpeGoBaIOCh 10KA3ATh.



VI.4. Teopema 00 yMHOXE€HUM CTPOKHU (cTOsOLLA) Ha
YMCJ0 B 1eTepMUHAHTE

Teopema 4 (00 yMHOKEeHUU CTPOKH (CcTOa0LA) HA YMCaO B det).
Ecau mampuya B noayuena us mampuyvt A ymrosceruem o0Hot u3
CMPOK UAUL OOH020 U3 cmoAbU08 Ha uucio A, mo det(B) = X - det(A).

Jloka3aTeJbCTBO.



VI.4. Teopema 00 yMHOXXEHUM CTPOKM (cTOsa0LLA) Ha
YMCJ0 B 1eTepMUHAHTE

Teopema 4 (06 yMHOXKEeHUU CTPOKHM (cTOJOLIA) HA UMCa0 B det).
Ecau mampuya B noayuena us mampuyvt A ymrosceruem o0Hot u3
CMPOK UAUL OOH020 U3 cmoAbU08 Ha uucio A, mo det(B) = X - det(A).

Jloka3areabCcTBO. DTO OUEBUJIHOE CJEJICTBHE paBeHCTBA (4) U3 ornpe-
JleJIeHUs] JIeTePMUHAHTA.

OcrtopoxHo! PaccMmoTpum npumep?



VI.4. Teopema 00 yMHOXXEHUM CTPOKM (cTOsa0LLA) Ha
YMCJ0 B 1eTepMUHAHTE

Teopema 4 (06 yMHOXKEeHUU CTPOKHM (cTOJOLIA) HA UMCa0 B det).
Ecau mampuya B noayuena us mampuyvt A ymrosceruem o0Hot u3
CMPOK UAUL OOH020 U3 cmoAbU08 Ha uucio A, mo det(B) = X - det(A).

Jloka3aTeabCTBO. DTO OUEBHJIHOE CJEICTBHE PABEHCTRA (4) U3 orpe-
JIeJIEHUS IeTepMHUHAHTa.
OcrtopoxHo! PaccMmoTpum npumep?

Kak nokasbiBaeT npuseaeHHbld npumep, 042 mampuyst A pa3s-
MePHOCMU N X N UMeen MeCmo Pasencmao

det(AA) = A" det(A). (D)



VI.5. CireacTBue 0 jeTepMUHAHTE C NPONOPLUMOHAJbHbI-
MU CTPOKAMHU

CaenctBue 2 (0 neTepMHUHAHTE C NPONMOPUHUOHAIbHBIMU CTPOKAMHU ).
Ecau 8 mampuye A ecmo dse nponopuuoHarvHeie CmMpoKu, mo
det(A) = 0.

Jloka3aTeJbCTBO.



VI.5. CheacTBue 0 jeTrepMUHAHTE C NPONOPLUOHAJbHbI-
MU CTPOKAMHU

CaenctBue 2 (0 neTepMHUHAHTE C NPONMOPUHUOHAIbHBIMU CTPOKAMHU ).

Ecau 8 mampuye A ecmov 0se nponopuyuoHatbHele CMPOKU, MO
det(A) = 0.

Jloka3aTteabCTBO. DTO yTBep:KJeHHE BbITeKaeT U3 TeopeMmbl 4 00
YMHOKEHHUH CTPOKHU (CTOJIOA ) HA YUCJI0 B JICTEPMUHAHTE U CJIEACTBUS |
O JICTEPMHUHAHTE MATPULIbI C OJIMHAKOBBIMU CTPOKAMH.



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).



V1.6. Teopema 0 IMHEHHOCTHU JeTEpPMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

KommeHnTtapuii. Takum o6pazom, ecsin det paccMatpuBaTh, Kak yHK-
LIMIO OT ¢-TOM CTPOKH MaTpullbl A (TO eCcThb MpernoJaraerTcs, uTo apry-
MeHTbl PyHKIMH det pa3nyaroTcs TOJNbKO ¢-TOH CTPOKOH ), To det siBJisi-
eTcsl JIMHEHHON PYHKLIMEN (CM. TIPUMED U <KOHTPIIPUMED» ),



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

Joka3areabCcTBO TeopeMbl. JIoroBOpUMCSl KPAaTKOCTH pajd B 3TOM
JI0KasaTeJbCTBe B (hopmy.Jie (4) 3aMeHUTb 1IeM0YKY» CUMBOJIOB CYMMM-

pPOBaHUSA

pre{l;.n} po{Lini\{p1}  pn€{l;.ni\{p1;p2;iPn—1}

3aMEeHUTb Ha OJIMH CUMBOJ Y _. C yueTOM 3TOro CorJialleHusi HMeeM



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

ILOKaSaTe.HbCTBO T€OpEMBDI.

det (C) =Y (=1)PWrmay, - (o, + Boig,) - ... - Gy, =



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

ILOKaSaTe.HbCTBO T€OpEMBDI.
det (C) = Z(-1)M<pl;~-%>alp1 (Ui, + Bu) Gy, =
Z #pL;--iPn) Qlp, * o QUi * .. * Ay, +

+§ Hip3- ’p”alpl-...-6vipi-...-anpn:



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

ILOKaSaTe.HbCTBO T€OpEMBDI.
det (C) = Z<_1)M(pl;m;pn)a1p1 T (auipi + Bvipi) Ceet Qpp, =

§ p17 7pn . . . . .
- Ol alpl o o o ulpl o o o a/npn—l_

(P15 _
+ﬁg ’pl p"alpl-...-vipi-...-anpn—



VI1.6. Teopema 0 JIMHHEHHOCTHU JeTE€PMHUHAHTA MO CTPOKE

Teopema 5 (0 MMHeHOCTH eTepMUHAHTA O cTpoke). [[ycmo
mampuyst A, B u C cosnadarom, kpome i-moil cmpoku, npuiem

w = au + [, ede u, v, w - i-mole CMPOKU MAMpPUL, COOMBEMCMBeH-
Ho, A, B u C. Toeda det(C) = avdet(A) + [ det(B).

ILOKaSaTe.HbCTBO T€OpEMBDI.
det (C) = Z<_1)M(pl;m;pn)a1p1 T (auipi + Bvipi) Ceet Qpp, =

§ p17 7pn . . . . .
- Ol alpl o o o ulpl o o o a/npn—l_

+ﬁz “pl’ ’p"alpl-...-vipi-...-anpn:
= adet (A) + Gdet (B) .



VIl. UHaykKTUBHOE BbIUMCJIEHHUE 1eTePpMUHAHTA

Haiire Bocnpusitie Mupa, oCHOBaHHOE Ha TMOHSITHH MOJEJH, MPEAro-
Jlaraet BbljiesieHHe B 00'beKTe COCTABHbIX 3JIEMEHTOB, YCTAHOBJIEHHE Xa-
PAKTEPUCTHK W OTHolleHWH. Hanpumep, onpenenenne 4, oCHOBaHO Ha
pa3JioyKeHUU JleTepMUHaHTa B cymmy. Kaxknoe cinaraemoe B hopmydie (4)
IBJISIETCS1 BECbMa HEMPOCTHIM JIJIs1 BbIUMCJIEHHS. YTIpPOleHHs poliecca
BbIYUCJIEHUS] MOXKHO I0OUThCS IByMs NyTsiMu. Hanbosee 3¢pekTMBHBIM
BapHAHTOM SIBJIsieTCs1 TpeoOpa3oBaHue HCXOAHOH MaTpHIIbl K BHIY, 60-
Jiee y06HOMY JIJIs1 BbIUHCJIEHHS], TTPUUeM MpeoOpa3oBaHue JIOJKHO MPH-
BOJIUTb K MPeICKa3yeMOMy H3MEeHEHHIO 3HAUEHHSs IeTePMHUHAHTA.



VIl. UHaykKTUBHOE BbIUMCJIEHHUE 1eTePpMUHAHTA

BMmecTe ¢ TeM nMeeTcs ellle 0JIMH ¢noco6, MPaKTUUECKH 3HAUUMMbIH He
TOJIKO JI/151 TPAKTHUECKUX BbIUMCJIEHUH, HO U B TEOPETHUECKUX BbIKJIA]1-
Kax. Mbl IPUMEHUJIH €r0 B XOJI€ U3yUEHUs MaTPUUHOH aareOpbl. Mbl cBe-
JIU YMHOXKEHHE MATPHULL K YMHOXKEHHUIO MaTPHULIbl HA MaTPHILYy-CTOoJ0ELL 1
MATPULIBLI-CTPOKM Ha MaTpully. TakuM 06pa3om, Mbl B HEKOTOPOM CMbIC-
Jie CBeJIM U3yUeHHe UCXOJAHOro 0ObeKTa K aHaJOTMUHbIM 0ObeKTaM, HO
HEKOTOPOro crneludguueckoro Buaa, yactHoro cjaydast. [Togo6HbIil noju-
X0/l 0KA3aJICsl MJIOJIOTBOPHBIM U MPH U3YUCHUU JIETEPMUHAHTA MATPHLLBI.



VIl. UHaykKTUBHOE BbIUMCJIEHHUE 1eTePpMUHAHTA

BMmecTe ¢ TeM nMeeTcs ellle 0JIMH ¢noco6, MPaKTUUECKH 3HAUUMMbIH He
TOJILKO JIJI51 TPAKTUUECKUX BbIUUCJIEHUH, HO U B TEOPETUUECKUX BbIKJIA/I-
Kax. Mbl IPUMEHUJIH €r0 B XOJI€ U3yUEHUs MaTPUUHOH aareOpbl. Mbl cBe-
JIM YMHOKEHHE MaTPHLL K YMHOXKEHHIO MaTPHILIbl HA MaTPHILy-CTOJOELL U
MATPHULLLI-CTPOKK Ha MaTpuily. Takum o6pa3oM, Mbl B HEKOTOPOM CMbIC-
Jie CBeJIM U3yUeHHe UCXOJAHOro 0ObeKTa K aHaJOTMUHbIM 0ObeKTaM, HO
HEKOTOPOro crneludguueckoro Buaa, yactHoro cjaydast. [Togo6HbIil noju-
X0J1 0Ka3aJicsl MJI0JOTBOPHBIM U MPH U3YUEHHUH JIeTEPMUHAHTA MATPHLLbI.

JleTrepMuHaHT siBsieTcst PyHKUMEN OT Kk8adpamroti MaTpulibl. [TosTo-
MYy €CTECTBEHHbIM SIBJISIETCS BbljleJIeHHE B UCXOJHON MaTpHLe KKBaapaT-
Hble MOJAMAaTPHULbI>.



VIL.1. MuHop u anrebpanueckoe 10MOJHEHUE

Onpepeaenue 5. [lycmo A —  mampuuya  pazmepHocmu
mXxXn, k — HamypasbHoe HUCAO U GUKCUPOBAHLL HOME-
pa 1<ii<in<...<iz<m, 1< <jp<...<jr<n. Toeda
MaTPULEU-MHUHOPOM, MNOCMPOCHHOM HA CMPOKAX C HOMepamu
11,12, ...,1 U cmoabuyax ¢ Homepamu ji,jo,...,Jjk, HA36LBACHICS
mampuya B, noayuenHnas uz mampuuyol A soluepKusaHuem 8cex
CIMPOK C HOMepamu, OMAUUHbIMU O HOMEPO8 11,12, ...,1; U Bbl-
yepKusaHuem cmoabyos ¢ HoOMepamu, OMAUUHBIMUL ONl HOMEPOB
J15 925« -5 Ji. emepmunanm mampuysi-muropa B naseisaemcs
MUHOPOM mampuysl A, NOCMPOCHHbIM HA CIIPOKAX ¢ HOMepamu
11,12y -« -, 1) U CLOAOYAX C HOMEDAMU J1, J2, - - - k-



VII.1. MuHop u anredopanueckoe 10MOJHEHUE

3ameuanue 1. Ob6biuHO 8 CcA0B0COUEMAHUL MAMPUUA-MUHOP
ONYCKAIOM MEepPMUH «<MAmpuyas, u cosopim munop. Takum o06-
pPA30M, 8 KAKOM UMEHHO CMbLCAe UCNOAb308AH MEePMUH <MUHODY,
HeobxXo00uMO YCMaHaBAUBAMb ¢ NOMOUWbIO AHAAUZA KOKMEKCMA.

KoMMeHTapui K 3amMmeuaHuio.



VIL.1. MuHop u anrebpanueckoe 10MOJHEHUE

3ameuanue 1. Ob6biuHO 8 CcA0B0COUEMAHUL MAMPUUA-MUHOP
ONYCKAIOM MEepPMUH «<MAmpuyas, u cosopim munop. Takum o06-
pPA30M, 8 KAKOM UMEHHO CMbLCAe UCNOAb308AH MEePMUH <MUHODY,
HeobxXo00uMO YCMaHaBAUBAMb ¢ NOMOUWbIO AHAAUZA KOKMEKCMA.

KoMMeHTapui K 3amMmeuaHuio.

Onpepeaenue 6. /19 ksadpamnoti mampuyst A 1ONOJHUTEJNbHbBIM
MUHOPOM d1eMeHma a;; 8 mampuye A nasvieaemcs demepmurHanm
mampuyobl, NOAYUeHHOU U3 mampuuysbl A goluepKusanuem cmpoKu ¢
HOMEPOM & U CMOAOYA C HOMEPOM .



VIL.1. MuHop u anrebpanueckoe 10MOJHEHUE

3ameuanue 1. Obbiuno 68 ca0B80COUEeMAHUL MAMPUUA-MUHOP
ONYCKAIOM MEPMUH «MAMPUYay», U 2080pam munop. Taxum o06-
pa3om, 8 KAKOM UMEHHO CMbLCAe UCHNOAb3OBAH MEPMUH KMUHODY,
HeoOX00uUMO YCMaHaBAUBAMb C NOMOUWbLIO AHAAU3A KOHMEKCMA.

KOMMCHTapHﬁ K 3dM€UAdHHUIO.

Onpepeaenue 6. /[1a ksadpamnoti mampuyst A 1ONOJHUTENbHBIM
MUHOPOM J1eMeHma a;; 8 mampuye A Haszvleaemces 0emepmurHanm
mampuysbl, NOAYHeHHOU U3 mampuuyol A gotuepKusaruem cmpoxku ¢
HOMEPOM & U CMOAOYA C HOMEPOM .

Onpenenenue 7. /[aa keadpamnoi mampuuys. A anredpanyeckum
NOMOJIHEHUEM d.1eMeHma a;; 8 mampuye A nasoieaemcs npousse-
denue uucaa (—1)"" Ha donoOAHUMENbHOIL MUHOP IAEMEHMA a;; 8
mampuye A.



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

KommeHnTapuid. [Ipumenenune onHol u3 opmy. (6) Ha3biBaeTcsi pac-
KPbITUEM J€TePMHUHAHTA 110 CTPOKeE (HJIK CTOJOILY) C HOMepPOM k.



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

Joka3areabcTBO. Mes cocTout B ToM, 4TOOBI CBECTH PACCYKICHUSA
K CcJlyuato, Korja B Matpuie X BCe 3JEMEHTbI MOCJeHEed CTPOKH HyJle-
Bbl€, KDOME CAMOTO TOCJEHEr0 U3 3JEMEHTOB MOCJEeIHEeH CTPOKH, T.€.
9JIEeMEHTA Xy,,. HeTpynHo nokasaTh (Mbl 3TO Clle/laeM HUKE), UTO JIeTep-
MHUHAHT TaKOH MATPHULbl PaBEH MPOU3BEJAEHUIO UUCJA Ty, HA MUHOP TOTO
sJieMeHTa B MaTpule X.



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

Joka3areabctBo. [IpenctaBum k-10 CTpOKY Matpulibl A B BUJIE



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

(am ag2 a3 - .. ak‘n):
:(CLM 0 0 ... O) +
+ (0 agp 0 ... 0) +
+ (0 0 agz ... 0) +

+...+

+ (0 0 0 ...aw).



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

Joka3areabcTBo. CorsiacHo Teopeme 5 0 JIMHEHHOCTH JIeTepMUHAHTa
10 CTPOKE HaM OCTaJIOCh JI0Ka3aTb, UTO



VI1.2. Teopema 0 pa3JjioxKeHUU AeTepPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

‘A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aarcebpauueckoe 0onoaHeHue 8 A aremenma ajy,.

( ail cen al,j—l alj al,j—H SN Q1n \
ag-11 -+ Qk—14-1 Qk—1j5 Ak—144+1 --- Ak—1n o
det 0 ce 0 QA 0 R 0 = akj(—l)ZJr]Mkj.
Ap+1,1 - -+ Qk+15-1 Qk+1,5 Ak+15+1 -+ Aktlp

\ an]_ .« .. an’j_l an] an7]+1 .« .. ann )



VII.2. Teopema o pa3yioKeHUU JeTEPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

’A‘ = Z Afm Akm — Z Amk - Amka (6)
m=1 m=1

ede Ay, — aarcebpauueckoe 0ONOAHEHUE INeMEHMA Ay, 8 MAMPU-
ue A.

KoMmmeHTapui K TeopeMe 0 pa3oxKeHUH JJeTEPMUHAHTA 110 CTPOKE HJIH
CTOJIOLLY



VII.2. Teopema o pa3yioKeHUU JeTEPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU feTEPMUHAHTA 10 CTPOKE UJU CTOJOILY).

n

A= S - A = 3 - A, (6)
m=1

m=1 =
ede Ap,, — aacebpauueckoe 0ONOAHEHUE INeMEHMA Ay, 8 MAMPU-
ue A.

JokasareabcTBo. O603HaYUM MTOCJEHIOI MATPULY uepe3 A, 1 ye-
pe3 B — marpuily, nosyyeHHyto u3 A mocJie0BaTe/IbHOM MepecTaHoB-
KOH cHauaJa i-i W ¢ + 1-i CTPOK, MOTOM ¢ + 1-H U ¢ + 2-i U T.1. (Bcero
n — 1 epecTaHoOBOK), a 3aTeM j-TO U j + 1-ro cToa6110B, NOTOM j + 1-T0
U j + 2-ro cToJOLOB U T.J1. (BCEro n. — j NepecTaHOBOK ).

KomMmeHTapuii K Teopeme 0 pas3JoxKeHHUH JIeTEPMUHAHTA 110 CTPOKE UJIH
CTOJIOILY



[To Teopeme 3

det (Aj) = (—=1)"""""" det (B) =

( b11 ce bl,j—l bl,j c. bl,n—l Qa; \
bk—lJ e bk—lJ—l bk—Lj cee bh—Ln—l ak—1,5
= (—1)Z+‘7 det b]@l e bk,j—l ka c bk:,n—l i1,

bn—lJ ce bn—lJ—l bn—lJ ce bn—Ln—l A j
0 . 0 0 - 0 Qa; )




[To Teopewme 3

det (Aj) = (—=1)"""""" det (B) =

( ail ce. A1451 a1 j+1 A1n a1; \
ag-11 --- Qk—15-1 Ag-1454+1 -+ Ag—-1n k-1
_ i+j
—(—1> 7 det Ap+11 -+ Qk+1,5-1 Ak4+15+1 - -+ Aktln Akl
an1 cee Qpj—1 Qpj+1  ---  App Q5
\ 0 ... 0 0 ... 0 ay )

- (_1)k+j Z(_1>u(p1;-..pn—1) ) blpl ) b2p2 T 'bn—l,pn—l " Qg

rje Y  o603HauaeT CJeAyIOLLYIO IeMOUYKY CUMBOJIOB CYMMHUPOBAHHS:

p1e{l;...;n—1} poe{l;..;n—1}\{p1} Prn—1€{L;...sn—1}\{p1;p2;.--;Pn—2}



[To Teopewme 3
det (A;) = (=1)""""" det (B) =

( ail cee A1451 a1 j+1 c. A1p ay; \
ag-11 --- Gk—1j5-1 Ag-1454+1 -+ Ag—1n Ak—1j
_ k+j _
= (—1) 7 det Ap+1,1 -+ Ok+15-1 Ak415+41 - -+ Aktlin Ak41,j =
anl « o o a;nL]_l anhj_i_]_ .« o . a/nn an]
\ 0 ... 0 0 ... 0 ay )

- (_1)k+j Z(_1>u(p1;-..pn—1) ) blpl ) b2p2 T 'bn—l,pn—l " Qg

CymMa 1o sJjeMeHTaM MocJe/iHeld CTPOKH MaTpulibl B Bbipoauiach B 0/1-
HO CJlaraeMoe, TaK Kak BCe 3JIEMEHTbI MOCJIeIHeH CTPOKH MaTpHLlbl B Hy-
JIEBbIE, KDOME MOCJIEIHErO U, CJIEI0BATEJbHO, BCE OCTaJbHbIE CJlaraeMble

cymMmbl (4) paBHbl 0.



[To Teopewme 3

det (A;) = (—=1)"*" I det (B) =

= (—1)F Z(_1>u(p1;--.pn_1) by, + bapy -
CornacHo dopmyJie (4) BolpaxKeHue

Z(_l)u(m;--.pn—ﬂ iy, - bap, -

PaBHO AE€TEPMHUHAHTY MATPHULIbI

ag-11 --- Qp—1;5-1 Ak—15+1
_ i+
= (=)™ det | apy11 oo Q11 G

Q1n a1 \

Akp—1n Qk—1,
Ak4+1n Ak+1,5

tt bn_lup’rl—l



bij-1 by

bi—1j-1 br—1;
brj—1 bk

bn—lJ—l bn—lJ

bLn—l

bk—Ln—
bhn—l

bn—Ln—

)

1




bij-1 by

bi—1j-1 br—1;
brj—1 bk

bn—l,j—l bn—l,j

ay,j—-1 aij+1

ag—-1,5-1 Ak—1j+1
Ak+1,j—1 Qk+1,5+1

Ap,j—1 Qp 41

bl,n—l \

bk—l,n—l
bk:,n—l

Ak—1n
Af+1n

Ann )




[ b b by biaer )

bi—11 -+ bp—1j—1 bp—1; .. Drp—1,-1
b]g’l e bk,j—l bk,j ce bk:,n—l

\bn—l,l bn—l,j—l bn—l,j bn—l,n—l)

( a1y cee Q151 arj+1 - -- A1n \
o ag-11 -+ Qkg—1;-1 Ag-145+1 ... Ag—-1n
Ak+11 -« - Qk+15-1 Ak+145+41 --- Ak+1n

\ ajnl « o o a/n7]_1 ajn’j_.l_l o« o o ann )

JleTepMMHAHT MOCJIEIHEH MATPHULbI TPEACTABASAET COOOH JIOMOJHUTEb-
HbI MHHOP 3JIeMeHTa ai; B ucxoaHok matpuue A. Teopema nokasana.



VII.2. Teopema o pa3yioKeHUU JeTEPMHUHAHTA O CTPOKeE
MJIM CTOJIOLLY

Teopema 6 (0 pa3soKeHHU JeTEPMUHAHTA 1O CTPOKE UJU CTOJOILY).

’A‘ = Z Afm Akm — Z Amk - Amk‘a (6)
m=1 m=1

ede Ay, — aneebpauueckoe 0ONOAHEHUE INCMEHMA gy, 8 MAMPU-
ue A.

Paccmorperb npumep?



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemcs cymmotl i-mot cmpoKu mampuyol
A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo

det(B) = det(A).

KommenTapuid. B nanHol Teopeme peub UAET 1eTePMHUHAHTAX MAaTPHLL,
KOTOpbIE OTJIMYAIOTCS JIMHEHHOH KoMOuHaued ctpok. [lostomy ecte-
CTBEHHO, YTO B HALEM JI0KA3aTeJIbCTBE Mbl Oy/IeM ONUPAThCs HA Teope-
My O 0 IMHEHHOCTH JIeTepPMHUHAHTAa 10 cTpoKe. COBepIIEHHO eCTECTBEHHO,
UTO J0KA3aTeJIbCTBO TEOPEMbI Mbl HAUHEM C MEPEBOA YCJAOBUS U 3AKJIIO-
UEHUS TEOPEM Ha sI3bIK PABEHCTB.



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

Hoka3zareabcTBo. [lycTb cTpoka V; ¢ HoMepom ¢ maTpulbl B umeer
BU/L

V; = Z )\jUj T.C. bzk = Z )\jajk,
j=1 j=1

rae A; = 1 u U; — i-51 cTpoka marpuubl A. O603Haunm uepes A ; MaTpu-
11y, MOJIYYeHHYI0 U3 MaTPULIbl A 3aMeHOH CTPOKH C HOMEPOM % Ha CTPOKY
MaTpHUlbl A ¢ HOMEPOM j.



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.
J=1 J=1
O6o3naunM yepe3 A ; MaTpully, MOJyYeHHYIO U3 MAaTPHULIbI A 3aMeHOH
CTPOKH C HOMEPOM % HA CTPOKY MATPHULIbI A C HOMEPOM j.
[To Teopeme 5 0 JIMHEHHOCTH JieTePMHUHAHTA 110 CTPOKE OMNpeenuTe b
mMaTpulbl B npencraBum B BUjE



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.
j=1 j=1
O6o3naunM yepe3 A ; MaTpully, MOJyYeHHYIO U3 MAaTPHULIbI A 3aMeHOH
CTPOKH C HOMEPOM % HA CTPOKY MATPHULIbI A C HOMEPOM j.

det(B) = Zn: Ajdet (A;).



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.

j=1 j=1
det(B) =) " Ajdet (A;).
j=1

CorylacHo cJjiefcTBHIO |, UMeeM st HOMepoB j # 4, uto det (A;) = 0.
CJie10BaTe/IbHO, YUUTHIBASI PABEHCTBO A; = 1, moJiyuaem



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.

j=1 j=1

det(B) =



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.

j=1 j=1

det(B) = Zn: Ajdet (A;) =



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.

j=1 j=1

det(B) = Zn: Ajdet (A;) =

:...—i—)\i_l'O—i—l'det(A)—F)\H_l'O—l—...—l—)\n'O:



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
uot A u B cosnadaiom, kpome i-motl cmpoku, npuuem i-mas
cmpoka mampuyol B asasemca cymmotl i-moi cmpoKu mampuol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol A, mo
det(B) = det(A).

n n
Jloka3areabcTBO. V;, = Z AiUj, Te b = Z Ajajr, Tae A; = 1.

j=1 j=1

det(B) = Zn: Ajdet (A;) =

:...+)\¢_1'O+1'det(A)+)\i+1°O—|—...—|—)\n'O:th(A).



VIL.3. Teopema 0 KOMOMHAUUK CTPOK U CTOJOLOB B Je-
TEPMHUHAHTE

Teopema 7 (0 KOMOMHAUMKU CTPOK U cTOJOWOB B det). Ecau mampu-
yot A u B cosnadarom, kpome i-moii cmpoku, npuvem i-mas
cmpoka mampuyol B asasemcsa cymmotl i-moi cmpoKu mampuyol

A u aunetinotl KoMOUHAUUU OCMAAbHLLX CMPOK mampuyol. A, mo
det(B) = det(A).

n n
JloKa3aTreJjbcTBO. V; = Z AiUj, 1.6.by = Z Ajajr, e A; = 1.

j=1 j=1

det(B) = zn: )‘j det (AJ) =

= .+ XN 1-0+1-det(A)+ X1 -0+ ...+ A, - 0=det(A).

Teopema nokasana.



VIl.4. [1pu3Hak BbIpOKAEHHOCTU MAaTPHULLbI

Teopema 8 (npu3HaK BbIPOXKAEHHOCTU MaTpuubl). Ecau odnHa u3
CMPOK mampuyvl A a8aaemcs AUHEHOU KoMOUHayuetl OCmaibHoLX
CMPOK UAU 0O0UH U3 cmoAby08 A a8agemcs auHel ol KomourHayu-
eti ocmanavHolx cmoabyos, mo det(A) = 0.



VIl.4. [1pn3Hak BbIpOXKAEHHOCTH MATPHULbI

Teopema 8 (npu3HaK BbIPOXKAEHHOCTU MaTpuubl). Ecau odnHa u3
CMPOK mampuyvl A a8aaemcs AUHEHOU KoMOUHayuetl OCmaibHoLX
CMPOK UAU 0O0UH U3 cmoAby08 A a8agemcs auHel ol KomourHayu-
eti ocmanavHolx cmoabyos, mo det(A) = 0.

KommenTapuii. Oka3biBaeTcsi, 3T0 YTBEPXKAEHHUE MOXKHO YCHJUTh JI0
KPUTEPUA, T.€. CIIPABEAIUBO U O0OpATHOE: €CJIM ACTEPMHUHAHT MAaTPHULLbI
HYJIEBOM, TO XOTd Obl OJIHA CTPOKA MATPHULbI ABJAETCH JIMHEHHOH KOM-
OUHALMEH OCTaJIbHbIX CTPOK (AHAJOIMMUYHO U JIJIS1 CTOJIOLOB). DTO yTBEpP-
JKJIEHUE COCTABJISICT COJIEPKAHUE KPUTEPUS BLIPOKIEHHOCTU MATPHU=
LLbl, IS IOKA3aTebCTBA KOTOPOU MBI [TPUBJIEUEM arapar, CyIIeCTBEHHO
BbIXOAALLMH 3a NpeeJibl arnrnapata MaTpUYHOH ajreophbl.



VIl.4. [1pn3Hak BbIpOXKAEHHOCTH MATPHULbI

Teopema 8 (npu3HaK BbIPOXKAEHHOCTU MaTpuubl). Ecau odnHa u3
CMPOK mampuyvl A a8aaemcs AUHEHOU KoMOUHayuetl OCmaibHoLX
CMPOK UAU 0O0UH U3 cmoAby08 A a8agemcs auHel ol KomourHayu-
eti ocmanavHolx cmoabyos, mo det(A) = 0.

Jloka3zateabcTBO. B cuy TeopemMbl 3 0 nepectaHoBKe IBYX CTPOK
(cTo10110B) B 1eTepMUHAHTE, HE OTPAHUUYUBAs OOLIHOCTH paccyxKje-
HUH, MOXKHO CUMTAThb, UTO N-asd CTPOKA ABJSAETCSA JIMHEUHOW KOMOWHALIM -

el 0CTaJIbHBIX:
n—1
Apj = E )\kam.
k=1



VIl.4. [1pu3Hak BbIpOKAEHHOCTU MAaTPHULLbI

Teopema 8 (npu3HaK BbIPOXKAEHHOCTU MaTpuubl). Ecau odnHa u3
CMPOK mampuyvl A a8aaemcs AUHEHOU KoMOUHayuetl OCmaibHoLX
CMPOK UAU 0O0UH U3 cmoAby08 A a8agemcs auHel ol KomourHayu-
eti ocmanavHolx cmoabyos, mo det(A) = 0.

Jloka3aTeJbCTBO.

n—1
Apj = E )\kak,j.
k=1

Torna, npubasJisis K n-HOU CTPOKe MATPHULIbI A JIMHEHHYIO KOMOUHALMIO
OCTaJIbHBIX CTPOK ¢ KO3 pHllMeHTaMH, UMEIOLIMMH 0OpaTHble 3HAKH, M0-
JIYYUM HYJIEBYIO CTPOKY.



VIl.4. [1pn3Hak BbIpOXKAEHHOCTH MATPHULbI

Teopema 8 (npu3HaK BbIPOXKAEHHOCTU MaTpuubl). Ecau odnHa u3
CMPOK mampuyvl A a8aaemcs AUHEHOU KoMOUHayuetl OCmaibHoLX
CMPOK UAU 0O0UH U3 cmoAby08 A a8agemcs auHel ol KomourHayu-
eti ocmanavHolx cmoabyos, mo det(A) = 0.

Jloka3aTeJbCTBO.

n—1
Apj = E )\kak,j.
k=1

Torna, npubasJisis K n-HOU CTPOKe MATPHULIbI A JIMHEHHYIO KOMOUHALMIO
OCTaJIbHBIX CTPOK ¢ KO3 pHllMeHTaMH, UMEIOLIMMH 0OpaTHble 3HAKH, M0-
JIYYUM HYJIEBYIO CTPOKY.

CoryiacHo TeopeMe 7 0 KOMOUHALMK CTPOK U CTOJIOLIOB B ICTEPMUHAH-
Te JETEPMHUHAHT MPU ITOM HE U3MEHHUTCS. «PacKpbiBasg» Mo MoJyueHHOH
HyJIEBOH CTPOKE, MOJIYUYUM HYJIeBOH JeTePMHUHAHT. Teopema 10Ka3aHa.



VIL.5. Teopema o0 neTrepmMurHaHTe noJypacnaBuieics mar-
pULbI

Teopema 9 (o neTepMuHaHTe MoJypacnapiieiics MaTpHUllbl ).
[Tycmo A, v u Chyy — K8a0pammoie mampuyol. Toeda

det A—me Ban
Onxm Cnxn

Am><m Omxn
det( anm Cnxn

ede Oy, — HYre8as Mampuya pasmeprLocmu p x q.

) = det(A) det(C),

) = det(A) det(C),



VIL.5. Teopema o0 neTrepmMurHaHTe noJypacnaBuieics mar-

pULLbI
ILOKaSaTe.HbCTBO. BYILQM BE€CTH HHAYKIHIO 10 KOJIMYECTBY CTPOK MAT-

prust A.Tlyers D = dee (157

HaHT 10 NePBOMY CTOJIOLLY, M0Jb3YysiCh TeopeMou 6 0 pa3noxeHuu ae-
TepPMHUHAHTA MO CTPOKE UJU CTOJOLLY:

) . <<paCKpO€M>> 9TOT AECTEPMHU -

m-+n m

det D = Z din (=1 MY = Z ain(—1)" MY,
i=1 i=1

,
Cln = di1,
TaK KakK <
dml = Qm1,
\ dm_|_1’1 — o« o o — dm+n’1 — O.



VIL.5. Teopema o0 neTrepmMurHaHTe noJypacnaBuieics mar-
pULbI
ILOKaSaTe.HbCTBO. BYILGM BE€CTH HHAYKIHIO 10 KOJIMYECTBY CTPOK MAT-

prust A.Tlyers D = dee (157

HaHT 10 NePBOMY CTOJIOLLY, M0Jb3YysiCh TeopeMou 6 0 pa3noxeHuu ae-
TepPMHUHAHTA MO CTPOKE UJU CTOJOLLY:

) . <<paCKpO€M>> 9TOT AECTEPMHU -

m-+n m

detD =) dn(=1)""MP = "an(-1)""MP.
i=1 i=1

B uacTHOCTH, ec/in m = 1, TO yTBep:KJeHHe J0KA3aHO, TAK KaK B 3TOM
cayuae ay; = det A u ML = det C.



VIL.5. Teopema o neTepmMuHaHTe NoJypacnaBuieincs mar-

PULLbI
Jloka3aTeJbCTBO.

m-+n

det D = Zdﬂ DHME = " an(—1)"MP.
1=1

HYCTb TEIIEPb ™ > 1 U a9 uyucaa CTPOK, MEHbLIEro 3TOT0 3HAUYEC-

HUSI m, YTBepXKJeHWe BepHO. 3ameTum, uto s i € {1,2,...,m} Mu-

Hop MY mpenctapssier co60i JeTepPMUHAHT T0JypacnaBLIeicss MaTpu-
A B .

L{bl (m—1)x(m=1) “(m-1)xn | " rpe maTpHLA Agjnl)l) «(m—1) NOJyueHa

Onxm CTLXTZ
M3 MaTpullbl A BbluepKUMBAHHWEM ¢-H CTOKH W MepPBOro croJblia, a MaT-

puLa BE% 1)xn — BbIYEPKHBAHHEM 1-U cTpokH. [ 1o npennosoxKeHunto uH-
(i,1)

JAYKIHH, TAK KaK YHCJIO CTPOK B MATPHULIE A(m—l)x( ) MEHbIIE M, TO

m—1



VIL.5. Teopema o neTepmMuHaHTe NoJypacnaBuieincs mar-

PULLbI
Jloka3aTeJbCTBO.
(i,1) (i
Mi]i) — det A(m—l)x(m—l) B(m—l)xn —
nxm C’I’LXTL
=det A{7 |y, - det Gy = MA - det C.

CJienoBaTesibHO,



VIL.5. Teopema o neTepmMuHaHTe NoJypacnaBuieincs mar-
pHLLbI
Jloka3aTeJbCTBO.

(4,1) ©
M} = det ( A(m—l)x(m—l) B(m—l)xn > =

=det A{7 |y, - det Gy = MA - det C.

CJieoBaTebLHO,

det D = Z ain (=) MA - det C = <Z ai1(— 1“le1*> - det C =

= det A det C,

uTO U TPeOOBAJIOCH 10KA3aTh.



VIL.6. CeacTBUe 0 jeTepMHHAHTE TPEYroJbHOW MaTpU-
LLbI

CaenctBue 3 (0 nerepMUHaHTe TPEYroJbHOU MaTpuubl). /lemep-
MUHAHIM MPEYSOAbHOU MAMPUUbL PABEH NPOUZBEOCHUID 3NeMEH-
mos eAa8Hotll OUa2OHaAl.

Jloka3aTeabCTBO MOXKHO OFPAHUUUTh CJyuaeM BepPXHEH TPeyroJibHOM
MaTpPHUILbl B CUJTY TEOPEMbl 2 0 PABHONPABUU CTPOK U CTOJIOLOB.



VIL.6. CeacTBUe 0 jeTepMHHAHTE TPEYroJbHOW MaTpU-
LLbI

CaenctBue 3 (0 nerepMUHaHTe TPEYroJbHOU MaTpuubl). /lemep-
MUHAHIM MPEYSOAbHOU MAMPUUbL PABEH NPOUZBEOCHUID 3NeMEH-
mos eAa8Hotll OUa2OHaAl.

Joka3areabcTBo. [ IpuMeHUM MHAYKIIMIO TIO UACTY CTPOK MaTPHULIbI.
OTMeTHUM, UTO CJydall MaTpULIbl pa3MepHOCTH 1 X 1 dhopMaJsibHO He y10-
BJICTBOPSAET YTBEPKICHHUIO TEOPEMbI, TOCKOJBKY «I10 3paBOMY CMBICJTY>»
B MPOU3BEJIEHUU HE MOXKET ObITb TOJLKO OJIMH COMHOXKHUTEb. OHAKO B
MaTeMaTUKe OObIYHO UCHOJB3YIOTCS 1PABU/IA /IS CUMBOJIOB CYMMUPO-
BAHWS U TIPOU3BEJICHNS, UTO TTO3BOJIAET YTBEPKAATh, UTO TeOpeMa BepHa
Jax<e NI OJTHOJIEMEHTHOM MaTPULLb.



VIL.6. CieacTBue 0 jeTepMHMHAHTE TPEYyroJlbHOW MaTpuU-
LLbI

CaenctBue 3 (0 nerepMUHaHTe TPEYroJbHOU MaTpuubl). /lemep-
MUHAHIM MPEYSOAbHOU MAMPUUbL PABEH NPOUZBEOCHUID 3NeMEH-
mos eAa8Hotll OUa2OHaAl.

JloKa3aTeJbCTBO. HpHMeHHM UHAYKIMWIO TIO YACJY CTPOK MATPHILIDI.
«J1J11 OUMCTKHU COBECTU» PACCMOTPUM TaKKe CJIydal MaTPULLbl pa3Mep-
HOCTH 2 X 2:

ai;p a2

= a1 - a2 — 0-app = ayp - axn.
O a99

baaa MHAYKIOHUH JO0KA3dHa.



VIL.6. CeacTBUe 0 jeTepMHHAHTE TPEYroJbHOW MaTpU-
LLbI

CaenctBue 3 (0 nerepMUHaHTe TPEYroJbHOU MaTpuubl). /lemep-
MUHAHIM MPEYSOAbHOU MAMPUUbL PABEH NPOUZBEOCHUID 3NeMEH-
mos eAa8Hotll OUa2OHaAl.

Joka3areabcTBo. /lokaxkem miar uHaAyKUMU. [TycTb n — uuciio cTpok
MaTpulibl A, ipudeM n > 2 W JJis JI0OOH TPEYroJbHOW MATPHUILIbl C YHUC-
JIOM CTPOK, MEHBLIUM N, Teopema BepHa. Toraa no reopeme 9 o nerep-
MHUHAHTE MnoJypacnaBuiencss MaTpullbl U MPEANOJNOKEHUIO UHIAYKLHH
uMeeM



VIL.6. CieacTBue 0 jeTepMHMHAHTE TPEYyroJlbHOW MaTpuU-
LLbI

CaenctBue 3 (0 neTepMHUHaHTEe TPEYroJbHOU MaTpuubl). /lemep-

MUHAHM MPEYOAbHOU MAMPUUbL PABEH NPOUZBEOCHUID INeMEH-
mMo8 2Aa8HOU OUACOHANLL.

JloKa3aTeJbCTBO.
a;; a2 ... QAip—1 Q1n
a;; a2 ... QAinp—1
0 asy ... a2 n—1 A9y, 0
o a2 ... A2np-—1 B
_— ann _—
0 0 ... An—1n—1 An—1n—1
0 0 ... Ap—1,n—1
0 0 ... 0 Ann,
= a1 a9 ... - App-

[IIar unaykunu nokasan. CorJiacHO NPUHLIMITY MATEMATUUECKOH MHyK-
LUK YTBEPXKACHUE TEOPEMbI BBIMOJHACTCA /15 JII0OOU TPEYyroJbHON MaT-
PHLIBI.



VII.7. Teopema 0 netrepMMHaHTEe NPOU3BEAEHUSI MATPHULL

Teopema 10 (o nerepmuHanTe npousBeaeHus matpuu). [lycmo A u
B ksadpamnoie mampuyol. Toeda det(AB) = det(A) det(B).

JloKa3aTeJbCTBO.



VIIL.7. Teopema 0 nerepmMrHaHTe NPOU3BEAECHUSA MATPHUILL

Teopema 10 (o nerepmuHanTe npousBeaeHus matpuu). [lycmo A u
B ksadpamnoie mampuyol. Toeda det(AB) = det(A) det(B).

Joka3zareabcTBo. Cpelu N0KA3aHHBIX TEOPEM B 3aKJIOUEHUH TOJb-
KO OJIHOW TeopeMbl MPUCYTCTBYET YTBEPKJIEHUE O MPOU3BEJIEHUH JIeTep-
MHUHAHTOB: 3TO Teopema 9 o AeTepMUHaHTe NoJypacnasiieics mar-
puibl. [To3TOMYy MBI paCCMOTPUM J0KA3aTeJbCTBO, OCHOBAHHOE HA 3TOH
TeopeMe.



VIIL.7. Teopema 0 nerepmMrHaHTe NPOU3BEAECHUSA MATPHUILL

Teopema 10 (o nerepmuHanTe npousBeaeHus matpuu). [lycmo A u
B ksadpamnoie mampuyol. Toeda det(AB) = det(A) det(B).

Jloka3zareabcTBo. [1o Teopeme 9 o nerepmuHaHTe MoJypacnaB-
leMcs MaTpullbl, UMEEM

by bis ... by, —1 0 ... 0 \

b21 b22 ce an 0 -1 ... 0

b1 bpa ... by, O 0o ... -1
det A - det B = det B - det A = det boone

0 0 . 0 air Qa2 Q1n

0 0 e 0 21 Q29 ... Q9

\ 0 0 0 Ap1 Ap2 ... ann)



VIIL.7. Teopema 0 nerepmMrHaHTe NPOU3BEAECHUSA MATPHUILL

by by ... by, —1 0 ... 0 \
byy by ... by, O -1 ... O
b1 bpa ... bp, 0O 0o ... —1
det A - det B = det B - det A = det b .
0 0 0 ai;lr a1 ... Qip
0 0 0 o1 A22 ... QAgp
\ 0 0 ... 0 au au ... a,m)

B nocJjieanei Mmatpuiie ¢ MOMOLIbIO «MUHYC-€JIMHULL» B CTOJIOIAX C HOMe-
pamu (n + 1), ..., 2n MOJyuUM HYJIU B KBEpPXHEH yacTH» (MePBbIX 1 CTPO-
Kax) ee mepBoro crtoJjbua. Bocrnosb3yemcs Tem, uTO Mo CBOWCTBY 7,
JETEPMHUHAHT MATPHUILIbI U3 MPABOM UACTH MOCJEIHET0 PABEHCTBA HE U3-
MEHHUTCS, €CJHU K ee MepBOMY CToJIOIYy NMPUOABUTh JIMHEHHYIO KOMOM-
HalLMIO CTOJIOLOB ¢ HOMepaMu 1 + 1,n + 2,...,2n ¢ KosddulmeHTaMmu
bi1, bo1, . . ., bp1. [Tosryuum



VIIL.7. Teopema 0 nerepmMHrHaHTEe NPOU3BEACHUSA MATPHUILL

by bis ... by, —1 0 ... 0 \
bo1 by ... by, O —1 ... O
bpi bpo ... by 0O 0o ... —1
det A -det B=det B -det A = det b
0 0 . 0 ai;lr a1 ... Qip
0 0 . 0 o1 A22 ... QAgp
\ 0 0 ... 0 auy Gu ... Qup )
( 0 bp ... by, —1 0 ... 0 \
0 bes ... by, O =1 ... 0
_ 0 buo oo b O 0 ... —1
det A det B T det anbn + G12b21 + ... alnbnl 0 P 0 a1; A12 ... QAip
a21b11 + a221)21 —+ ... agnbnl 0 e 0 91 A922 ... QAgp

\ anlbn + angbgl + ... annbnl 0 ce 0 Ap1 Ap2 ... QApp )



VIIL.7. Teopema 0 nerepmMHrHaHTEe NPOU3BEACHUSA MATPHUILL

( 0 b ... by, =1 0 ... 0 \
0 by ... by O —1 ... 0
B 0 bup oo ban 00 ... —1
det A det B T det a11b11 + a121)21 + ... alnbnl 0 e 0 ay;r a1 ... Qip
CLleH + a22b21 + ... agnbnl 0 e 0 ao21 Q29 ... Q9

\ anlbn + angbgl + ... annbnl 0 N 0 Ap1 Ap2 ... QApp )

Tenepr aHasiornyHbiM 00pas3oM MOJYYUM HYJM B TMEPBbIX N CTPO-
Kax BTOPOro croJidla MnocJeaHed MaTpullbl, JJs 4Yero K ee BTOPO-
My CTOJOLY NpUOaBUM JIMHEHHYI0 KOMOHWHALMIO CTOJIOLIOB C HOMepaMHu
n+1,n+2 ...,2n c KosphuudeHTaMu boy, bas, . . . , byy,. [Tosryunm



VIIL.7. Teopema 0 nerepmMHrHaHTEe NPOU3BEACHUSA MATPHUILL

( 0 bg ... b, —1 0 ... 0 \
0 byy ... by O —1 ... 0
- 0 buz - b 0 0 ... —1
det A‘ det B T det aubll + a12b21 + ... alnbm 0 . 0 11 a2 ... Qin
a21b11 + a22b21 —+ ... a2nbn1 0 e 0 91 A922 ... QAgp
\ anlbn + an2621 + ... annbnl 0 N 0 Ap1 Ap2 ... QApp )
( 0 0 bis ... by, —1 0 ... 0 \
0 0 bos ... by, O —1 ... 0
0 0 bps oo by, 00 ... —1
Z aljbﬂ Z aljbjg 0 e 0 ay;lr a1 ... Qip
det A -det B =det | =t i=1

n n
E G,ijjl E CLijjg 0 0 agy Q@92 ... QAgpn
j=1 j=1




VIIL.7. Teopema 0 nerepmMrHaHTe NPOU3BEAECHUSA MATPHUILL
[Ipoo/kas B TOM 2Ke JlyXe, Ha n-0M L1are noJyuyum

0 0
0 0
0 0

n n
E aljbjl E aljbj2
Jj=1 j=1

det A -det B =det | = -
Zagjbjl Zazjbjg
j=1 j=1

’I’L

\ E an] 71 CLnjij
Jj=

1

0
0

0

n

E Cl1jbjn
Jj=1

n

E CLijjn
Jj=1

n

Z anjbjn

Jj=1

B nocsieaned matpuile moMeHsieM MeCTaMU MePBYIO
(leTepMUHAHT CMEHHT 3HaK ), TOTOM — BTOPYIO H (1 + 2)-10 CTPOKH (1e-
TEPMHUHAHT BHOBb CMEHHUT 3HAK), U T.J1. [locJie n-i nepecTaHOBKH CTPOK B
CUJIy TeopeMbl 9 0 JleTepMUHAHTE MoJypacrnaBlIeics MaTPHULLbl, TOJYYUM

-1 0
0 -1

0 0

a1 a2

21 QA22

ap1  Ap2

0

Q1n

A2n,

ann

)

/

U (n+1)-10 CTPOKH



VIIL.7. Teopema 0 nerepmMHrHaHTEe NPOU3BEACHUSA MATPHUILL

det A - det B =

( Z aljbjl Z aljbjg Ce Z aljbjn ay;y a2 ... Qip \
j=1 j=1 j=1

Z agjbjl Z agjbjg Ce Z agjbjn 21 A9 ... Q9p

j=1 j=1 j=1
Z anjbjl Z anjbjg e Z anjbjn Ap1 Ap2 ... App
7=1 j=1 j=1
0 0 0 -1 0 0
0 0 0 0 -1 0

0o 0 ... -1

= (—1)"det (AB) - <_0 O,f‘:: ! ) = (=1)"det (AB) - (=1)" =

= det (AB), uTO u TpeGoBaOCh 10KA3aTh.



VIL.8. Teopema o pa3noxxeHUU NeTePMHUHAHTA MO «Uy-
XKOU» CTPOKE

Teopema 11. Ecaup # q, mo > ai,Aig =0u ) ay; Ay = 0.
i=1 j=1

JloKa3aTeJbCTBO.



VIL.8. Teopema o pa3noxxeHUU NeTePMHUHAHTA MO «Uy-
XKOU» CTPOKE

Teopema 11. Ecaup # q, mo > ai,Aig =0u ) ay; Ay = 0.
i=1 j=1

n
Jloka3areabcTBo. JlokaxkeM ToJIbKO ) | a;,A;, = 0, BTOpoe paBeHCTBO
i=1
JI0KasbIBaeTcs aHasoruuno. Pacecmorpum matpuily B, B kotopo# b;; = a;;

ISt BCeX %, J, KpoMe j = q. ot j = g 1nosioxKum by, = a;y. Takum oOpa-
30M, MaTpuua B nosyuyena u3 Mmatpuipl A ynajaeHUeM g-TOro ctoadua u
3aMEHOM €ro KOIMUeH p-Toro cTooua MaTpulpl A.



VIL.8. Teopema 0 pa3aoKeHUU AeTePMUHAHTA MO «Uy-
XKOU» CTPOKE

Teopema 11. Ecaup # q, mo > ai,Aig =0u ) ay; Ay = 0.
i=1 j=1

JokasareabcTtBo. MaTtpuua B nosiydeHa u3 matpuiibl A ynajieHueM
¢-TOro cToJiOlla U 3aMeHOH ero Konueh p-toro crojbdua matpuubl A. C
OJIHOM CTOPOHBI, MO cAeACcTBUIO |1 0 JeTepMUHAHTEe MaTpUllbl ¢ paB-
HbiMU cTpokamu, det(B) = 0, Tak Kak B Hel p-Thlll U ¢-Thblll CTOJOLbI
OJINHAKOBHI.



VIL.8. Teopema 0 pa3aoKeHUU AeTePMUHAHTA MO «Uy-
XKOU» CTPOKE

Teopema 11. Ecaup # q, mo > ai,Aig =0u ) ay; Ay = 0.
i=1 j=1

JokasareabcTtBo. MaTtpuua B nosiydeHa u3 matpuiibl A ynajieHueM
g-Toro ctoJsiblia U 3aMeHON ero Korued p-toro crojobua Mmatpuubl A. C
onHO# cTopoHbl, det(B) = 0. C apyro# cTopoHsl, o Teopeme 6 o pas-
JIOXKEHHUU 1eTePMUHAHTA N0 CTPOKE UJU CTOJOLLY

det(B) = i biqA;q = i CLZ'pA;q = i ClipAz'qa
i—1 i=1 i=1



VIL.8. Teopema 0 pa3aoKeHUU AeTePMUHAHTA MO «Uy-
XKOU» CTPOKE

Teopema 11. Ecaup # q, mo > ai,Aig =0u ) ay; Ay = 0.
i=1 j=1

JokasareabcTtBo. MaTtpuua B nosiydeHa u3 matpuiibl A ynajieHueM
g-TOro cToJ161a U 3aMeHOH ero Komuen p-Toro cToJba MaTpuiibl A.

0 =det(B) = zn: bigAj, = zn: aipAiy = Zn: aipAig;
i=1 i=1 =1

Tak Kak anreOpanyeckue J0noJHennst A;, B matpuue A u Aj, B MaTpu-
ue B coBnanarot, MOCKOJIbKY MPHU UX BbIUMCJEHHUH CTOJOEL C HOMEPOM
¢ BbIUEPKUBAETCS, @ 3TO €IMHCTBEHHBIA CTOJ0EL, KOTOPbIM OTJIUYAIOTCS
maTpulbl A 1 B. CBoicTBO 10Ka3aHoO.

[Ilpumep ncnosb30BaHUSA CBOMCTB JeTepMHUHAHTa



VIII. TeomeTpuueckas nHTepnperauus jeTepMMHAHTa
PaccMOTpUM MJI0CKOCTh € JIEKAPTOBOU MPSIMOYTOJIbLHOH CHCTEMOH KO-
opaMHat x(Oy, U MHOXKECTBO BEKTOPOB, BbIXOISIIMX M3 Hauaja KO-

— —
opauHat. [lyctb 1, j — eIMHUUHbIE BEKTOPbl KOOPJMHATHBLIX OCEH.
o — 7 Y
Paccmorpum dynkuuio S, Kaxnod nape BEeKTOpOB a =a, i +ayj,
— - - Ay Qy
b =0,1 +b,]) crapslilyio B COOTBETCTBHE YHCJIO .t Haunewm
X
— 7 - > ’
C MPOCTOro cJjyyas: nyctb a =a, i u b =b,j. O6o3Hauum ue-
%
%
pe3 A KoHell BekTopa a’, uepe3 B — KoHell BekTopa b, u pac-
ﬁ
O H
cMoTpuM npsiMmoyrosibHuk OAC B, NOCTPOeHHbIH Ha BeKTopax a, b:
H
B b C
H
3 e — — a 0
H
J] i a |A . Torna S(a,b): gb = a,b, — 370 JH6O
y

nJjolaab npssmoyrojbHuka O AC B, 1n60 3HaueHWe 3TOH MJ0LLIAJH, B351-
TO€ CO 3HAKOM «MHHYC».



VIII. TeomeTpuueckas nHTepnperauus jeTepMMHAHTa

—
O6o3Hauum uepe3 A KoHell BeKTopa a’, uepe3 B — KOHell BeKTopa
—

b, u paccmorpum npsmoyroibHuk OAC B, NOCTpOEHHbIH Ha BEKTOpax

H
Blb C
_ — =l — - a. 0O
a,b: J[ i aA.TomaS(a,b)—' éb = a,b, — 310
y

JIMOO mJtowaab npsimoyrosibHuka O AC'B, n0O0 3HaueHHe 3TOM MJIOLLAJIH,
B3ATOE CO 3HAKOM «MHUHYyC». HeTpynHo naxke copmyampoBaThb npaBuJ/o

>
JUIs1 OTIpeJIeJIeHUs, KOraa S ( a’, b | paBHO nyowamM, a Koraa — mnJota-
JI1 CO CHAKOM «MHMHYC», HO 3TO HAC celuac He HHTepecyerT.



VIII. TeomeTpuueckas nHTepnperauus jeTepMMHAHTa
[Iycte A — npousBoJibHOE BelllecTBeHHOe uncyo. O603HaUUMM uepes

B B, ' C
| b
C' KoHel BeKTOpa b +Aa: A a A (ueprexk coOTBeT-

CTBYeT OTpHIIATENIbHOMY 3HaueHHI0O A). B cujly CBOHCTB jeTepMHHaHTa
— — — 1
Sla,b+Xa)=S5(a,b). OrMerum, uto nJowAAH NPIMOYTOJib-

nuka O AC' B u napaanenorpamma O AC' B’ Takyke paBHbBI. T03TOMY 3Ha-

— —
yeHue S (a , b+ a) 10 MOJLYJIF0 PABHO TJIOLIA/HM TapaJiiesorpaMmma

OAC'B'.



VIII. TeomeTpuueckas nHTepnperauus jeTepMMHAHTa
Tenepb BO3bMeM NMPOU3BOJBLHOE BEUIECTBEHHOE UYMUCJIO [, U 0003HA-

B G
A/
yuMm uepe3 A’ KoHell BekTopa a + u (B) + )\?): A

C OfHOH CTOPOHBI, TO CBOHCTBAM JIeTEDMHMHAHTA HMEEM
— — —
S (? +u(b +2a), b + A?) = (E), b + )\E)), C Jpyrofi cTopo-
Hbl, muowaay napaJnenorpammoB OAC'B" u OA'C” B' paeubl. Takum
— g —\ 1 —
o6pasomM, 3HaueHue S (a +pu(b +Xa), b+ A a) 0 MOJLYJIIO PABHO

rnutoiiaau napasenorpamma OA'C" B’



VIII. TeomeTpuueckas nHTepnperauus jeTepMMHAHTa
CJyieioBaTe/ibHO, Mbl MOXKeM C(OpMYJIMPOBaTh MpPaBUJIO: abCcoAON -

a 3
v oo
nocmpoenHoeo Ha sekmopaxai +03j uvyi +9j.
AHasornuHO MOKHO TOKasaTb, UTO aOCOAOMHAS BEeAUUUHA YUC-
a, a, a,
aa det | by b, b, | pasna obvemy napasrenenuneda, nocmpo-
Cx Cy C:

HAasA eeauduHa ducaa pasHa fl/lOLL{CZdLL napaiaseioepammda,

— - — - - —
eHHo20 Ha sekmopax a,i +a,j +a.k, b1 +0,)] +b.k u
— — —

;1 +¢,j +e. k.
3HaueHHe TOro JIeTePMHUHAHTA Ha3bIBAIOT €llle OPHEHTUPOBAHHOM MJ10-
111a/1bI0 HJIH, COOTBETCTBEHHO, OPUEHTUPOBAHHBIM 0OHEMOM.



IX. AKcuomaTtuueckoe onpejaeJieHue gjeTepMMHaAHTa

OkasbiBaeTcsi, pacCMOTPEeHHasl reoMeTpuueckasi UHTepripeTalus Je-
TepMHHaHTa HpHBOI[HT K BeCbMa HeO}KI/IILElHHOMy2 pQSYJIbTaTy. A HUMECHHO,
CHpaBGILJH/IBa caeayrouiast TeopeMa.

2I_I[)I/I HpI/IHHTOIjl HaMH CXeMe U3JI02KEHU S TTOHATUA ACTEPMHUHAHTA.



IX. AKcuomaTtuueckoe onpejaeJieHue gjeTepMMHaAHTa

Teopema 12 (06 akcMomaTHueCKOM onpeaesieHuU 1eTepPMUHAHTA ).
[Tycmo pynkyus det™ xascdol kKeadpammuoil mampuye cmasum 8
COOMBEMCMBUE YUCAO, NPUUeM BbLNOAHAOMCA caedyroujue ymaep-
HOCHUA:

I. ecau mampuya B noayuerna uz mampuuyol A ymrooceriem i-moi
cmpoku Ha 4ucao \, mo det™(B) = X - det™(A);

2. ecau mampuya B noayuena usz mampuuo. A npubasie-
Huem K i-motl cmpoke Opyeoi cmpoku mampuust A, mo
det”(B) = det™(A);

3. ecau B — edunuunas mampuya, mo det”(E) = 1.

Toeda det™(A) = det(A).



IX. AKcuomaTtuueckoe onpejaeJieHue gjeTepMMHaAHTa

Jloka3areabcTBO TeopeMbl 00 aKCHOMATHUECKOM OIpeeJIeHUH Jie-
TEDMHUHAHTA Mbl TPHUBOJAUTH He OyleM, C HHM MOXHO O3HAaKOMHThb-
cs1, Hanpumep, B yuebHuKe «Kypomr A. I Kypc Bbiciiein anre6pbl.—
M:. Hayka.— 1968.— 431 c.».



Cnacub6o

3a
BHUMAaHUue!

e-mail: melnikov@k66.ru, melnikov@r66.ru
cauthbl: http://melnikov.k66.ru, http://melnikov.web.ur.ru

BepHyTbcCsl K CIUCKY Npe3eHTauun?
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