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I. KpuBoavHeHbIEe KOOPAUHATDI

Mbl paccmoTpesii MOHATHE CUCTEMbl KOOPJAMHAT, B UYACTHOCTH MO-
JSIPHYI0 CUCTeMYy KOOPAMHAT, a TaKXKe LUJIUHAPUUYECKYIO U chepu-
YECKYI0 cUcTeMbl KOOpauHaT. B 3ToM pasnese Mmbl 0600LIMM U CUCTE-
MaTU3HPYEM HALlK 3HAHUS 10 STOMY BOMPOCY, U TPUMEHUM UX K TEOPHH
TaK Ha3bIBAEMOI0 MEH30PHO20 NOAL, KOTOPpOoe 0000111aeT U3BECTHOE U3
Kypca MaTeMaTHYeCKOro aHaJIM3a MOHATHE BEKTOPHOTO MOJIS.



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
HOoeo' npocmpancmsa U, D — obaacme 8 R™, ede m <n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-

opavHaT mHoxcecmsea W = O(D).

'B naHHO# paboTe Mbl OyfieM OTOXKJIECTBJATH MOHATHE TOUKH U BEKTOpa, CUMTasl, UTO BMECTO TOUKH
paccMaTpUBaeTCs ee paanyCc-BeKTOp. DTO BbIZBAHO TeM 0OCTOSATENIbCTBOM, UTO Mbl XOTUM 000OHTHCH 6e3
BBeJIEHUS MOHATHS «adpUHHOE MPOCTPAHCTBO». B 3T0OH CBA3M Mbl M03BOJIMM cebe TOBOPUTDH O cucmeme
KOOpOUHAM AUHEUHO20 NPOCMPAHCMEA.



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

HacTto BMeCTO cucmema KpuBOAUHEUHbLX KOOPOUHAN TOBOPSAT KPU-
BOJIMHEMHAsl cMCTeMa KOOPAUHAT, U BMECTO cucmema KpusoauHet-
HolX KoopOduram mHoxucecmaa W roBopsT cucTeMa KpUBOJUHEWHbIX
KOOpJAMHAT HAa MHOXKecTBe W1/,



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

Hanpumep, Ha nosepxsoctd wapa z*+ y° + 22 = R? MOXKHO BBe-
CTH CHUCTEMYy KOOpJAMHAT, CTaBsllyl mnape uucen (p,#) u3 mnps-
MoyrosibHuka D = [0,27) x [0,7] TOUKy C  paauyCcoOM-BEKTOPOM



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

Hanpumep, Ha nosepxsoctd wapa z*+ y° + 22 = R? MOXKHO BBe-
CTH CHUCTEMYy KOOpJAMHAT, CTaBsllyl mnape uucen (p,#) u3 mnps-
MoyrosibHuka D = [0,27) x [0,71] TOUKy C  paauyCcoOM-BEKTOPOM
R cos psin 01 + Rsingsinf j + Rcosf k. OObIUHO KOOpJAMHATHI TOU-
KU Ha MOBEPXHOCTH 3€MHOTO 11apa OMPeessoTCs Mapoi aHaJOTHUHBIX
KOOPJIMHAT: LIUPOTOH (CeBEpPHOM, 10XKHOW) U JOJTOTOH (3anajaHoH, BO-
CTOYHOM ).



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

[Tycts B = {'€4,€y,..., €,} — Gasnc auneiinoro npocrpasncrsa U.
st (¢%, ¢%,...,¢™) € D paznoxum Bekrop ® (¢!, ¢%, ..., ¢"™) 1o sromy
Oasucy:

O (qh ¢ ....q") =¥ (' ... q") €1+

. q
1
+0% (¢N 2 q") €+ Y (¢ P ) €, ()



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

[Tycts B = {'€4,€y,..., €,} — Gasnc auneiinoro npocrpasncrsa U.
st (¢%, ¢%,...,¢™) € D paznoxum Bekrop ® (¢!, ¢%, ..., ¢"™) 1o sromy
Oasucy:

®(q1,q2,---,q”i)>:¢1(ql,qz,---,qm)?ﬁ - ()
+? (¢ ") ot (0 R qM) €,

TO €CTb, HCI0JIb3Ysl CorialleHue DHUHIITeHHA,



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

[Tycts B = {'€4,€y,..., €,} — Gasnc auneiinoro npocrpasncrsa U.
st (¢%, ¢%,...,¢™) € D paznoxum Bekrop ® (¢!, ¢%, ..., ¢"™) 1o sromy
Oasucy:

®(q1,q2,---,q”i)>:¢1(ql,qz,---,qm)?ﬁ - ()
+? (¢ ") ot (0 R qM) €,

TO €CTb, HCI0JIb3Ysl CorialleHue DHUHIITeHHA,

(¢ ¢ ....d") =T ("¢, ....d") =¢' (¢, ¢",...,q") €.



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpepneaenue 1. [Tycmo W — noomHoxmcecmso n-mepHoco AuHetl-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m<n, u
d: D — W — g3aumro o0no3Haurnas oupgepernyupyemas pyrx-
uus. Toeda ecosopam, umo ® 3adaem cucTeMy KpUBOJMHENHbIX KO-
opavHaT mHoxcecmsea W = O(D).

[ycts B = {'€4,€y,..., €, } — Gasuc smueinoro npoctpancersa U,
®(q¢% ... q") =T (¢ ¢ ...q") =¥ (¢, ¢ .., q") €
3Hauut, pyHkius ¢ onpenesnsiercss HAOGOPOM KOOPOUHAMHbLX (PYHKYUL

wl <q17q27"'7qm>7"'7¢n <q17q27"'7qm>'



I. KpuBoavMHeMHbIE KOOPAUHATDI

Onpenenenue 1. [lycmoe W — nodmHoxicecmso n-mepHoco AuHell-
Hoeo npocmpancmsa U, D — obaacmo 8 R™, ede m <n, u
O: D — W — g3aumno o0no3HauHasa dugepernyupyemai pyHk-
yus. Toeda cosopam, umo ¢ 3adaem cucremy KpUBOJUHENHbIX KO-
opavHaT mHodxcecmsea W = O(D).

[Tycts b = {?1, €, ..., ?n} — 6asauc JuHerHoro npocrpancrsa U,
(¢ ¢ ....d") =T ("¢, ....d") =¢' ("¢, ...,q") €.

Hanpumep, ncnosb3ys nepexon oT noJsipHOM K IeKapTOBOM cuctema

KOOPJMHAT UMEEM
— —

O(p,p) = T (p, ) = peos(p) i + psin(p) j -
7 7
31ecbe; = i,es= j, KOOpJAHHATHble (DYHKUHHU PABHbDI
Pl (p,p) = peos(p), Y(p,p) = psin(p).



I. KpuBoavMHeMHbIE KOOPAUHATDI
B cJsiyuae TpexmMepHOro (JIByMEPHOI0) MPOCTPAHCTBA T€OMETPUUECKHX

— = —
BEKTOPOB 0ObIUHO MpearnoJaraercs, 4yto 3agan OHb { i, j, k} (co-

— —
OTBETCTBEHHO, { 1, ] }), U <10 YMOJIYaHHIO» KOOPAWHATHLI paauyca-

H
BeKTOopa 1 0603HauarTcs (x,y, z) (COOTBETCTBEHHO, (T, %)), TO €CThb

—

- . — - e
r =xi+yj +2k (coorBeTcTBeHHO, T =z i

+yj)  (2)



I. KpuBoavMHeMHbIE KOOPAUHATDI
B cJsiyuae TpexmMepHOro (JIByMEPHOI0) MPOCTPAHCTBA T€OMETPUUECKHX

— = —
BEKTOPOB 0ObIUHO MpearnoJaraercs, 4yto 3agan OHb { i, j, k} (co-

— —
OTBETCTBEHHO, 1, ] }), U <10 YMOJIYaHHIO» KOOPAWHATHLI paauyca-

H
BeKTOopa 1 0603HauarTcs (x,y, z) (COOTBETCTBEHHO, (T, %)), TO €CThb

N e e = - e

r =xzi+yj +z2zk (coorBercTBeHHO, r =x1i +yj) (2)
[TosToMy B TpeXMepHOM U JBYMEPHOM MPOCTPAHCTBAX FeOMETPUUECKUX
BEKTOPOB KPHBOJIMHEHHbIE KOOPJMHAThl OOBLIYHO 3aJaloTcsl CUCTEMOH
ypaBHEHHUH:

ool 2 3
:yU: 32817327235 W { L = ¢1(ql>q2)
o ¢3(q1:q2: q3) Y= ¢2(q17 q2)



I. KpuBoavMHeMHbIE KOOPAUHATDI

—>

- . — - e
r =xi +yj +2k (coorBeTrcTBeHHO, T ==z i

+yij) (2
Hanpumep, g unausapuueckoi U cdhepruyeckoin CUCTeM KOOPAHHAT

nMeeMm
— —

— . . . -
P(p,p,2) = T(p,p,2) = pcosp i +psinp j +zk,
O(r,p,0) = 1 (r,p,0) =rcospsinf i +rsinpsing j +rcosfk,



I. KpuBoavMHeMHbIE KOOPAUHATDI

—>

- . — - e
r =x1 +yj +2k (coorBercTBeHHO, T ==z i

+yj) (2

Hanpumep, g unausapuueckoi U cdhepruyeckoin CUCTeM KOOPAHHAT

nMeeMm
— —

— . . . -
P(p,p,2) = T(p,p,2) = pcosp i +psinp j +zk,
O(r,p,0) = 1 (r,p,0) =rcospsinf i +rsinpsing j +rcosfk,

TO €CThb HA0OP KOOPAMHATHBIX PYHKIIMIA UMEET, COOTBETCTBEHHO, BU/I



I. KpuBoavMHeMHbIE KOOPAUHATDI

—>

- . — - e
r =xi +yj +2k (coorBeTrcTBeHHO, T ==z i

+yij) (2
Hanpumep, g unausapuueckoi U cdhepruyeckoin CUCTeM KOOPAHHAT

nMeeMm
— —

H . . . H

P(p,p,2) = T(p,p,2) = pcosp i +psinp j +zk,
O(r,p,0) = 1 (r,p,0) =rcospsinf i +rsinpsing j +rcosfk,
TO €CTh HAGOP KOOPAUHATHBIX (DYHKLUI HMEET, COOTBETCTBEHHO, BH/L

T = pPCcosy x = rcospsinf
y=psing U Yy = rsinpsinf
z2=2z z =1rcost



I.1. KoopauHaTHbIE IMHUU U TOBEPXHOCTH

Onpeneaenue 2. Ecau ®(q', ¢, ..., q") — cucmema KpusouHeiHoLx
Koopouram, onpedesreHHas Ha obsacmu D, mo 045 a0b60eo hukcu-
posarH020 it KoHcmanmo. C KOOPAMHATHON MOBEPXHOCTbIO ¢' = C
Hasol8aemcsa NOOMHOMECMB0

{<I>(q1,q2,---,qm) (¢ ¢, ...,d") €D, ¢ = C} cCU. (3



I.1. KoopauHaTHbIE IMHUU U TOBEPXHOCTH

Onpeneaenue 2. Ecau ®(q', ¢, ..., q") — cucmema KpusouHeiHoLx
Koopouram, onpedesreHHas Ha obsacmu D, mo 045 a0b60eo hukcu-
posarH020 it KoHcmanmo. C KOOPAMHATHON MOBEPXHOCTbIO ¢' = C
Hasol8aemcsa NOOMHOMECMB0

{<I>(q1,q2,---,qm) (¢ ¢, ...,d") €D, ¢ = C} cCU. (3

Onpeneaenue 3. Ecau ®(q*, ¢%, ..., q™) — Kpusoauneiinas cucmema
Koopournam, onpedesreHHas Ha obiacmu D, mo 045 106020 hukcu-
poBamrHoeo i u A0boeco nHabopa koncmanwm Cy,...C;_1,Ciiq,...,Chy
KOOPJAWHATHOM JIMHUEU HA3blBAEMCA MHOMECMBO

{(I)(Cl,...,Cl._hqi’(jm,...,Cm)‘(Cl,...,Ci_l’qi’CHl,...,Cm)GD}. (4)



I.1. KoopauHaTHbIE IMHUU U TOBEPXHOCTH

Onpeneaenue 2. Ecau ®(q', ¢, ..., q") — cucmema KpusouHeiHoLx
Koopouram, onpedesreHHas Ha obsacmu D, mo 045 a0b60eo hukcu-
posarH020 it KoHcmanmo. C KOOPAMHATHON MOBEPXHOCTbIO ¢' = C
Hasol8aemcsa NOOMHOMECMB0

{®(q1,q2,---,qm) (¢ ¢, ...,d") €D, ¢ = C} cCU. (3

Onpeneaenue 3. Ecau ®(q*, ¢%, ..., q™) — Kpusoauneiinas cucmema
Koopournam, onpedesreHHas Ha obiacmu D, mo 045 106020 hukcu-
poBamrHoeo i u A0boeco nHabopa koncmanwm Cy,...C;_1,Ciiq,...,Chy
KOOPJAWHATHOM JIMHUEU HA3blBAEMCA MHOMECMBO

{(I)(Cl,...,Cl._hqi,(jm,...,Cm)‘(Cl,...,Ci_l’qi’CHl,...,Cm)GD}. (4)

KoopuHaTHble JIMHUK Ha I100yce — 3TO MEPUIMaHbl U NapaJlJiesiu.
PaccmoTperb npumep?



[.2. JlokanbHbIK 0a3MC KPUBOJIUHENHOW CUCTEMbI KOOP-
AMHAT

Onpenenenue 4. [1ycmo
(I)(qla q27 s 7qm) - ?(qlv q27 s 7qm) - ¢i(q17 q27 cee qm)gz

— cucmema KpusoauHelHolx koopdurnam mrosxcecmsea W, onpedeaernnasn na 06-
aacmu D. Toeda kaxcdoi mouxe ®(qt, ¢3, . .., qi) mroscecmsa W = ®(D) moxncHo
nocmasume 8 COOM8eMcmsue Cucmemy 8eKmopos

or oT
7 o
1 9 m 1 9 m
(%905 ---»%") (%90, %)
Kak npasuno, ama cucmema 8eKmopos 0KA3bL6Aemcs AUHelHo He3a8ucumoil. B
IMOM CAYHAe OHA HA3blBAENCs NOKAJbHbIM 6a3UCOM CHCTEMbl KPUBOJUHEHHbIX
kKoopauHat ®, coomsemcmesyrowum mouxe (¢, ¢, ..., q).

B(¢',¢%....q") = (5)



[.2. JlokanbHbIK 0a3MC KPUBOJIUHENHOW CUCTEMbI KOOP-
AMHAT

Onpenenenue 4. [Tycmo
12 my _ =1 2 m i1 2 my—=>
¢ ,q.-d")=71(q.q,....q")=v"(¢.q,....q") €;
— cucmema KpusoAuHelnolx Koopournam mroxcecmsa W, onpedesennas Ha 06-
aacmu D. Toeda kamxcdoti mouke ®(ql, q3, . . ., q") mroxcecmea W = ®(D) mosxcHo
NOCMAasumos 8 COOMBEMCMBUE CUCINeMY BEKMOPO8
or or
1 2 m
B(Q7q7"'7q): ]_ 7"'7am * (5)
O | 1 o m q 1 2 m
(QO7QO7"'7QO) (QO7QO7"'JQO)
Kak npasuno, ama cucmema 8eKmopos 0Ka3o6l8aemcs AMHeluUHo He3asucumoll. B
AMOM CAyUae OHA HA3bIBACMCS JOKAIbHBIM 0A3MCOM CUCTEMbI KPUBOJHUHEHHDBIX

kKoopauHat ¢, coomsemcecmsyowum mouxe (qé, q%, e qyh)-
H
or — —
LIaCTO BMECTO a 7 HHLHYT r q@ U 1azKe I ; (QCJH/I N3 KOHTEKCTA ACHO, O
q

KaKO¥ KPUBOJIMHEHHOHN CUCTEME KOOPAMHAT UJIET PeUb ).



[.2. JlokanbHbIK 0a3MC KPUBOJIUHENHOW CUCTEMbI KOOP-
AMHAT
SaMeTI/IM, yTO IJ1d KpI/IBOJIHHeﬁHOﬁ CHUCTEMbI KOOPAHUHAT 3TOT JIOKAJIb-
HbIA Oa3uc, BOOOIE TOBOPS, MEHSETCS MPH MEPEXO0JIe OT TOUKH K TOUKE.
ITo ObIBAET YI0OHO B HEKOTOPBIX MPUJIOKEHHSIX.



[.2. JlokanbHbIK 0a3MC KPUBOJIUHENHOW CUCTEMbI KOOP-
AUHAT

3amMeTuM, 4To JJisi KpUBOJMHEHHON CUCTEMbI KOOPJIMHAT 3TOT JIOKAJb-
HbII 6a3uc, BOOOIILE rOBOPS, MEHACTCA MPU MEPEX0/Ie OT TOUKH K TOUKE.

Hanpumep, npu onucaHuu JIBHKEHHUS KUIKOCTH WJIM ra3a BOJM3U
KaKOU-JIMOO KPUBOJIMHEHHON MOBEPXHOCTH I MoxKeT okasaTbcs ya00-
HbIM BBECTH TaKyto cucteMy KoopauHat P(u, v, w), uToObl MOBEPXHOCTh
II coBnajgasa ¢ KOOPAMHATHOM MOBEPXHOCTbIO W = const, a KOOPJAMHAT-
HbIfl BEKTOP T, Obl1 Obl EpPIeHMKYApeH K oBepXHocTH 11.



[.2. JlokanbHbIK 0a3MC KPUBOJIUHENHOW CUCTEMbI KOOP-
OUHAT

3amMeTuM, 4To JJisi KpUBOJMHEHHON CUCTEMbI KOOPJIMHAT 3TOT JIOKAJb-
HbII 6a3uc, BOOOIILE rOBOPS, MEHACTCA MPU MEPEX0/Ie OT TOUKH K TOUKE.

Hanpumep, npu ONUCaHHUK JBHUKEHHUS KHUJIKOCTH WJM rasa BOJMU3U
KaKOU-JIMOO KPUBOJIMHEHHON MOBEPXHOCTH I MoxKeT okasaTbcs ya00-
HbIM BBECTH TaKyto cucteMy KoopauHat P(u, v, w), uToObl MOBEPXHOCTh
[I coBmamasa ¢ KOOPAMHATHOU MOBEPXHOCTBIO W = const, a KOOPJAMHAT-
HbIfl BEKTOP T, Obl1 Obl EpPIeHMKYApeH K oBepXHocTH 11.

[Tpu 9T0M T, U T, GYIYT B K100 TOUKe noBepxHocTH 11 napaJiess-
HbI €H.

Paccmorpetb npumep?



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AUHAT

M3 npumepa jokajabHOro 6a3uca noJsipHOM CUCTEMbl KOOPAUHAT
CJIEJIy€eT, UTO B JIOOOM TOUKE MJIOCKOCTH OA3UCHbIE BEKTOPbI MOJSPHOU
CUCTEMbI KOOPJHHAT OPTOTOHAJIbHBI. DTO IM0JIE3HOE KAUECTBO CUCTEMbI
KOOPJIMHAT, TAK KaK XOPOLIO U3BECTHO, HACKOJIbKO OPTOrOHaJIbHbIM Oa-
3UC €BKJIMJ0BA MPOCTPAHCTBA YAOOHEE «KOCOYTOJbHOrO» MPU PELICHUU
MHOTHX 3ajiau. DTO MPHUBEJO K MOSIBJEHUIO HOBOTO MOHATUS — OPTOro-
HaJIbHOW KPUBOJMHEHUHOHN CUCTEMbI KOOPAUHAT.



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AMHAT

Onpenenenne 5. Cucmema KpuBOAUHELHbLX KOOPOUHAM

d(ql, ¢?, ..., ¢"™) nodmnonecmsa V esxaudosa npocmpancmea U
Ha3ovlaemcs OpTOroHaJbHONM KPUBOJUHEHMHOU CUCTEMOU KOOPIU-
HaT ecau 045 11006020 8eKmopa AUHEelH020 NPOCMpPaAHCcnBa COONL-

Y y — — — v
semcmsyrouiuud eny 10KAaa1bHolU oasauc { r ql, r qQ, R qm} amou

cucmembol KZOOdeLHClm ABAACITCA OPIMOCOHANbHHIM basucom.



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AMHAT

Onpenenenne 5. Cucmema KpuBOAUHELHbLX KOOPOUHAM

d(ql, ¢?, ..., ¢"™) nodmnonecmsa V esxaudosa npocmpancmea U
Ha3ovlaemcs OpTOroHaJbHONM KPUBOJUHEHMHOU CUCTEMOU KOOPIU-
HaT ecau 045 11006020 8eKmopa AUHEelH020 NPOCMpPaAHCcnBa COONL-

q
cucmembol KZOOdeLHClm ABAACITCA OPIMOCOHANbHHIM basucom.

Y y — — — v
semcmsyrouiuud eny 10KAaa1bHolU oasauc { r ql, r qQ, R m} amou

[ToMuMO MpsIMOYTrOJILHOU IEKAPTOBOU U TMOJISIPHON CUCTEMbI KOOPIU-
HAT OPTOrOHAJILHBIMU SIBJISIIOTCS TAKXKE LMJIMHIpUUYECcKas U cheprueckast
CUCTEMbI KOOPJIMHAT (B MPOCTPAHCTBE).



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AMHAT

Onpenenenne 5. Cucmema KpuBOAUHELHbLX KOOPOUHAM

d(ql, ¢?, ..., ¢"™) nodmnonecmsa V esxaudosa npocmpancmea U
Ha3ovlaemcs OpTOroHaJbHONM KPUBOJUHEHMHOU CUCTEMOU KOOPIU-
HaT ecau 045 11006020 8eKmopa AUHEelH020 NPOCMpPaAHCcnBa COONL-

q
cucmembol KZOOdeLHClm ABAACITCA OPIMOCOHANbHHIM basucom.

Y y — — — v
semcmsyrouiuud eny 10KAaa1bHolU oasauc { r ql, r qQ, R m} amou

151 opTOroHaNbHOW KPUBOJMHEHHON CUCTEMbI KOOPJIMHAT, B CUJIY Op-
TOTOHAJIBHOCTH JIOKAJIbHOTO 6a3uca, COOTBETCTBYIOLIET0 JII0OOMY BEKTO-
py, Matpuua [pama 3Toro sokaabHOro 6asuca qMaroHaJlibHa.



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AMHAT

Onpenenenne 5. Cucmema KpuBOAUHELHbLX KOOPOUHAM

d(ql, ¢?, ..., ¢"™) nodmnonecmsa V esxaudosa npocmpancmea U
Ha3ovlaemcs OpTOroHaJbHONM KPUBOJUHEHMHOU CUCTEMOU KOOPIU-
HaT ecau 045 11006020 8eKmopa AUHEelH020 NPOCMpPaAHCcnBa COONL-

q
cucmembol KZOOdeLHClm ABAACITCA OPIMOCOHANbHHIM basucom.

Y y — — — v
semcmsyrouiuud eny 10KAaa1bHolU oasauc { r ql, r qQ, R m} amou

J11s1 opTOroHasibHOM KPUBOJMHERHON CHCTEMbI KOOPJMHAT, B CHJy Op-
TOMOHAJIbHOCTH JIOKAJIbHOTO 6a3uca, COOTBETCTBYIOILErO JIIOOOMY BEKTO-
py, MaTpuua [pama 3Toro jiokaJabHOro 6asuca aMaroHaJsibHa.

KBajnpaTHble KOpHH M3 JMaroHaJibHbIX 3JIEMEHTOB MaTpHlbl [pama,
TO €CTb OAUHbL OA3UCHLLX BeKMOPOs Ha3biBalOTCsl KO3 huuueHTaMu
Jlama coOTBeTCTBYIO1IIEH KPUBOJIMHEHHON CUCTEMbI KOOPAUHAT.



[.3. OpToroHanbHble KpUBOJUHEWHbIE CUCTEMbI KOOP-
AMHAT

Onpenenenne 5. Cucmema KpuBOAUHELHbLX KOOPOUHAM

d(ql, ¢?, ..., ¢"™) nodmnonecmsa V esxaudosa npocmpancmea U
Ha3ovlaemcs OpTOroHaJbHONM KPUBOJUHEHMHOU CUCTEMOU KOOPIU-
HaT ecau 045 11006020 8eKmopa AUHEelH020 NPOCMpPaAHCcnBa COONL-

q
cucmemol KZOOdeLHClm ABAACITCA OPIMOCOHANbHHIM basucom.

Y y — — — v
semcmsyrouiuud eny 10KAaa1bHolU oasauc { r ql, r qQ, R m} amou

KBajnpaTHble KOpHH M3 JMaroHaJibHbIX 3JIEMEHTOB MaTpHlbl [pama,
TO €CTb OAUMHbL OA3UCHLLX BeKMOPOB8 HA3bIBAlOTCSl KO3 huuueHTaMHu
Jlama cooTBeTCTBYIO11IeH KPUBOJIMHEHHON CHCTEeMbI KoopauHaT. OHU, BO-
0O0LLLe TOBOPSI, 3aBUCAT OT KPUBOJIMHEHHBIX KOOpAMHAT ¢, . .., ¢,

Paccmorperb npumep?



[.4. Cea3b ¢ auddepeHuupyemoctbio PyHKUUNA KOM-
NJEKCHOro nepemMeHHOoro

Teopema 1 (06 ycaoBusix Komu-Pumana). Ecau

f(2) = f(z,y) = u(z,y) +iv(z,y)

— dugphepenyupyemas QyHKyUL om KOMHAEKCHOL nepemeHHol
z = x + 1y, 83AUMHO 00HO3Ha4HO omobpadxcaouias obracme G Ha
obracmo H, npuuem f'(z) #0 daa aroboeo z € G, mo obpamuas
pynrkyus f~Hu,v), omobpanaowas H na G, ssasemcs opmoeo-
HAAbHOL CUCMEeMOLl KpUuBOAUHeUHbLX KoopOuram obaacmu G.

JloKa3aTeJbCTBO.



[.4. Cea3b ¢ auddepeHuupyemoctbio PyHKUUNA KOM-
NJEKCHOro nepemMeHHOoro

Teopema 1 (06 ycaoBusix Komu-Pumana). Ecau

f(2) = f(z,y) = u(z,y) +iv(z,y)

— dugphepenyupyemas QyHKyUL om KOMHAEKCHOL nepemeHHol
z = x + 1y, 83AUMHO 00HO3Ha4HO omobpadxcaouias obracme G Ha
obracmo H, npuuem f'(z) #0 daa aroboeo z € G, mo obpamuas
pynrkyus f~Hu,v), omobpanaowas H na G, ssasemcs opmoeo-
HAAbHOL CUCMEeMOLl KpUuBOAUHeUHbLX KoopOuram obaacmu G.

Joka3areabcTBo. B hopmysHpoBKe 3TOH TeopeMbl KOMILJIEKCHOE
UHCJIO T + 1y OTOXKIECTBJSIETCS ¢ YIOPSA0UeHHOH napou (x,y). YTBep-
JKJleHHe TeopeMbl BbiTeKaeT u3 yeaosui Koum-Pumana nuddepenumpy-
eMOCTH (bYHKLMH KOMIIJIEKCHOH rnepeMeHHoi. Teopema fokasaHa.



[.4. Cea3b ¢ auddepeHuupyemoctbio PyHKUUNA KOM-
NJEKCHOro nepemMeHHOoro

Teopema 1 (006 ycaoBusix Kown-Pumana). Ecau

f(z) = fz,y) = ulz,y) + vz, y)

— Jugpepenyupyeman yHkyui om KOMNAEKCHOU NnepemeHHou
2 =T + 1y, 83AUMHO OOHO3HAYHO omobpadxcarouas obracme G Ha
obaracmo H, npuuem f'(z) #0 das awboeo z € G, mo obpamuas
pynkyusa f~(u,v), omobpancarowas H na G, a6aaemes opmo2o-
HAAbHOLL cucmemotl KpusoauHeurolx Koopouram obaracmu G.

B uwactHocTH, mycTh wu(x,y) — rapMoHHuecKasi (PyHKIHS, TO €CThb

% + g_z =0, u v(z,y) — conpsikeHHass TapMOHUUecKasi (PYHKIHS, TO

ectb f(z) = flz,y) = u(z,y) +iv(r,y) — anddepenunpyemas pyHk-
uus. Torna f sBJsSieTCsl OPTOrOHAJLHOW CUCTEMOW KPUBOJMHEHHBIX KO-
OpAMHAT JJ1s 00J1aCTH B3AUMHON OJIHO3HAYHOCTH (DyHKIMH f.



.5. [lepexon oT 0JHOW KPUBOJIMHENHON CUCTEMbI KOOP-
AMHAT K APYrou

TeHSOprIﬁ ariapar 0OBIYHO [IPUMEHAECTCA B CUTYalUHAX, KOI'ld IIPUXO-
JIUTCS MEPEXOJIUTh OT OJHOTO 6a3uca K Ipyromy. B paccmaTpuBaemMoi cH-
TyallUu CJellyeT, pasymMeeTcs, KpoMme nepexoja ot 6asuca K 6asucy pac-
CMOTPETh MEPEXOJL OT OJJHON KPUBOJMHEHHOU CUCTEMbI KOOPJIMUHAT K JAPY-
roi. Hanpumep, MOXKHO NepedTH OT UMJAUHAPUIECKON CUCTEMbI KOOP/IU -
HaT K cheprUuecKOH.



.5. [lepexon oT 0JHOW KPUBOJIMHENHON CUCTEMbI KOOP-
AMHAT K APYrou

[TocTaBuM Borpoc caeayromnm 06pa3oM: Kak MOoJyuUTb MaTPHILLy Te-
pexoja OT JIOKAJbHOro 0Oasuca KPUBOJHMHEHHOH CHCTEMbl KOOPAMHAT
d(ql, g%, ..., ¢™) K 10KaabHOMY Oasucy (¢, ¢, ..., ¢"™) B TOuKe

T =0(q, 4, q)) =Y ars a0



.5. [lepexon oT 0JHOW KPUBOJIMHENHON CUCTEMbI KOOP-
AMHAT K APYrou

[ToctaBuMm Bompoc caenyonnM o6pa3oM: Kak MoJyuuTb MATPULLy Me-
pexoja OT JIOKAJbHOro 0Oasuca KPUBOJHMHEHHOH CHCTEMbl KOOPAMHAT

d(ql, g%, ..., ¢™) K 10KaabHOMY Oasucy (¢, ¢, ..., ¢"™) B TOuKe
T =g, 45 q0) = Y905 405 q0").
Pasenctso ®(ql, ¢, ..., ¢") = @'(¢", ¢%, ..., ¢™) onpenensier ¢', Kak

1 2 . T
dynxumto ot (¢, ¢, . ... ¢"™): ¢ =q'(¢", % . ... qd™).
C 0JIHOM CTOPOHBI, TIO OTpe/ieJIEHHI0 MAaTPULIbI TIEPeX0/1a,

T i—dT
q/l 7 qj'
C 1pyro# CTOPOHHI,
- or B or Oq* or og" B or Og . oq’

r - = -4+ ...+ e ~ . - =T -
q/ 8q/z aql 8q/z aqm 8q/z aqj aqlz q] aq/z



CuieoBaTte/ibHO, 049 KO puyuermos mampuyst nepexooa u3 Kpu-
soauHeliHol cucmemol kKoopouram & 8 ' noayuaem popmyary

g’

(6)

PaccmoTtpeTbh npumep?



[1. CumBoabl Kpuctoddeasn

[Myers ®(¢' ¢%....q") =T (¢ % ...,q") =¥ (¢ ¢ ....q")€; —
KpHBOHHHeﬁHaH CUCTEMA KOOPAHUHAT, Oollpeae/JIeHHas Ha o0J1acTH D, [pHu-
ueM n = dim(U).



[1. CumBoabl Kpuctoddeasn

[Myers ®(¢' ¢%....q") =T (¢ % ...,q") =¥ (¢ ¢ ....q")€; —
KpHBOHHHeﬁHaH CUCTEMA KOOPAHUHAT, Oollpeae/JIeHHas Ha o0J1acTH D, [pHu-
uem n = dim(U). Torna

H
or T 2T
— — q r, r
qq Jq dq 0q'0q
SIBJISIETCSI BEKTOPOM HCXOJHOIO MPOCTPAHCTBA, U MO3TOMY €r0 MOXKHO
— — — —
PassiokuTh Mo 6asucy { T 1,..., T} ={T1,..., Ty} (ko3hcpuiiy-

CHTbI B PA3J102KE€HHUH 0O03HAUMJIM Uepes Ffj):



[1. CumBoabl Kpuctoddeasn

[Myers ®(¢' ¢%....q") =T (¢ % ...,q") =¥ (¢ ¢ ....q")€; —
KpHBOﬂHHeﬁHaH CUCTEMA KOOPAHUHAT, Oollpeae/JIeHHas Ha o0J1acTH D, [pHu-
uem n = dim(U). Torna

or T 2T
- = qg or; r
Lij = Y igd = 50~ a7 Ain
qq Jq dq 0q'0q
SIBJISIETCS] BEKTOPOM MCXOJHOIO MPOCTPAHCTBA, H MO3TOMY €ro MOXKHO
— — — —
PassiokuTh Mo 6asucy { T 1,..., T} ={T1,..., Ty} (ko3hcpuiiy-
CHTBI B Pa3J/I0KeHHH 0603HaumH uepes I})):
H
(9 r q@'
k= k=




[1. CumBoabl Kpucroddeas

8?(}1-
k= pk=
oF Lr g =1y (7)
or i oT
B eBKJIMZI0BOM MPOCTPAaHCTBE MOYKHO BEKTOPbI 4 — L pasjo-
0q’ 0q’
JKUTb 110 B3AHMHOMY 0Oa3UCY:
o7 )
LTy, 79 =Ty Th, (8)

8qj



[1. CumBoabl Kpucroddeas

8?qi k k
— —
oF Lr g =1y (7)
oT )
8qjq = Fk,ij?q = F]{;’Z]?k (8)

k L4
Onpenenenne 6. daemenmor 1}, onpedesennoie ¢popmynoi (7),
nasvlgaromces cumBotamu Kpucroddens BToporo poaa, a sremen-

mot Iy uz popmyast (8) — cumpoaamu Kpucroddeas nepsoro
poja.



[1. CumBoabl Kpucroddeas

8?qi k k

— —
oF Lr g =1y (7)
8q§1 =Ty, Te = Fl{:,z’j?k- (8)

Cumoaibl Kpucroddens xapakrepusyloT «reoMeTpHio»”, HaBeJeHHYIO

KPUBOJIMHEHHOM CUCTEMOM KOOpAMHAT P.

2[Ton «reoMeTpUeri» B 9TOM KOHTEKCTE Mbl TOHUMAEM HE «TeOMEeTPHUUECKOe YCTPOUCTBO MUPa», a 0CO-
OEHHOCTH «I'€OMETPHUECKOTr0 OMHUCAHUSA 9TOTO MUPA».



[1. CumBoabl Kpucroddeas

8?qi k k

— —
oF Lr g =1y (7)
8qjg = Fk,ij? = ijz]?k (8)

Uewm 6oJiee «KPUBBIMU» SIBJSIIOTCS KOOPJMHATHBIE JIMHUU (6O0JIbllIe KPU-
BU3HA TUX JIMHUH ), MJIH yeM OoJiee «HepaBHOMEPHbBIM>» SIBJISIETCS IBUKE-
HHE TOUKH 110 KOOPJAMHATHOH JIMHUK [IPH PABHOMEPHOM M3MEHEHHH COOT-
BETCTBYIOLIEH KOOPAMHATHI ¢°, TEM B CpeaHeM» GoJIbLIe [0 a0COMIOTHOM
BeJIMUuKMHe OyayT cuMBOJIbl KprucToddesi.

PaccmoTperb npumep?



[1.1. CoiicTBa cumBoaoB Kpucroddeasn
[Tyets ®(qt, g2, ..., ¢"") — KpuBOIMHElHAS CHCTEMA KOOPAUHAT, OTIpe-
— — — —
nesieHHass Ha o6jactd D, b = { Fobs I'qn} ={T1,.... T, } —
JIOKaJIbHBIA 6a3HC, COOTBETCTBYIOLIMH TOUKE C KPHMBOJMHEAHBIMH KOOP-
nuHatamn (qh, g3, . ... qy), B*={T"',...,T"} — Gasnuc, B3aumubiil K
0asucy b.



[1.1. CoiicTBa cumBoaoB Kpucroddeasn

LT = g"0, 45 Ty rie

m, 17’

17— 9km' g 8q~7



[1.1. CoiicTBa cumBoaoB Kpucroddeasn

LT = g"0, 45 Ty rie

m, 17’

2.1F = (?k?w)

17— 9km' g 8q~7



[1.1. CoiicTBa cumBoaoB Kpucroddeasn

H
kK _ km . _ m or;
1. FZ] =g ijw, Fk Z] gkmF rae 8q]
2. F]-{- = (?k, ?Z]>’
3. F"J — k..

Jv




[1.1. CoiicTBa cumBoaoB Kpucroddeasn

_ Fm a?z - ..Tm.
i = 9km' g TS ol U r

ko k
LTS =gy i Ty

m,1)’
k k :
2.1k — (7R, %)

k _ k.
3.1 =1k




[1.1. CoiicTBa cumBoaoB Kpucroddeasn

_>

ko_ k _ or; -  —m.
1. FZ] =g mFm’Zj, Fk Z] gkmFm rae 8qu = ij ij r

k k
2.1k — (7R, %)

k _ pk.

—1 .
4 81‘_ _ _FZ‘]{?/{?,

¢’ J




[1.1. CoiicTBa cumBoaoB Kpucroddeasn

l.

N
kE _ _km _ or,; _
Le=g""Ty, 1) s 1] gkmrm rae (‘9qu —Fm,m "

k k

o= (FF7y)
ko

g gk~

(YHKIMS, KaxK10H KPUBOJIMHEHHON CHCTEME KOOPJMHAT cTaBsillas B
COOTBETCTBHE MacCHUB CUMBOJIOB Kpuctoddesisi, He sIBJSIETCS TEH30-
poM.



[1.2. Jloka3atejbcTBO cBOMCTB cuMBOJOB Kpucroddeas
1) Fk _gkmF m,ij° s 1] _gkmrm LAc

8q] m,tj
Joka3areabcTBo. OueBuaHO. JledCTBUTE/NBHO, C OHONW CTOPOHBI,

oT r;
(3’(]]

Fk r k= Féf‘jgkm_)m
C Jpyro# CTOPOHHI,
a?i —m
- = ij ’L] r ,
¢’
OTKYy/la NoJiyuaeM TpeOyeMoe paBeHCTBO.



[1.2. Jloka3atejbcTBO cBOMCTB cuMBOJOB Kpucroddeas

k k
2) F <—> | —>Z])
J1o KaSaTeJIbCTBO

—k — _—>k:m _rm (=k = _rmsk  k
(7F ) = (FR g wm) =0 (P8 % m) =t = T,



[1.2. Jloka3atejbcTBO cBOMCTB cuMBOJOB Kpucroddeas
3).Tk —rk.
19 71
Jloka3aTeJbCTBO.
ko 0T, 0% oY o7 —r’f
o¢)  0¢'0¢)  O¢! 8q qu




[1.2. Jloka3atejbcTBO cBOMCTB cuMBOJOB Kpucroddeas

4) 90X _ _pi ¢k
g Jk
Joka3zareabcTBo. [lycTh %I‘] = Az 2 Tk . Hano nokasaTtb paBeHCTBO
_ q
A;k = —F;.k. Vimeem

. . -0 T
0= Lot = L (FLE) = (2T ) (T
d¢) *  o¢ Og? g/

_ (N'. ?m,?k)+(?i,rﬁ?m> = AL T k(sZ — Nkﬂ“]k
Takum 06pasom, A;‘k = —Fé'k’ TO €CTb aarj = —Fi.k?k, yTO M TPe6o-
q

BaJIOCb JOKAa3dTb.



[1.2. Jloka3atejbcTBO cBOMCTB cuMBOJOB Kpucroddeas
dg ‘ Oa. -
5) Fk Z] = % jik + 8ng — gZ]g .
’ d¢' ¢ g
Jloka3aTreabCTBO.




=3 @(rkarz‘) a—qi(rk’r]’
e 9 9
L FLT) = (7T - —
2<8q=7< b i) 5 (T i) o
1 (09 99kj _ 99i
2\ a¢/ oq" 8qk 7

4TO U TPeOOBAJIOCh 10KA3aTh.




[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

,U,JIH LlPlJ]HHILqueCKOﬁ CUCTEMbI KOOPAWHAT Mbl BbIYHUCJIHUM MACCHB
cumBoJioB Kpuctoddens, a 1751 cepruuecKoi cHCTeMbl KOOPAUHAT MPO-
CTO IIpUBEAEM COOTBGTCTBYIOHJ,I/IIU/I MAacCCHB, OITYCTHUB BbIKJIdJIKH.



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

,HJIH LII/IJH/IHI[pHLIeCKOI/I CHUCTEMDbI KOOPpAHWHAT
%

T (p,p,2) = pcosp T + psin j + 2K nveem:



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

st LII/IJIHHILqueCKOI/I CHCTEMBI KOOPAMHAT
H
T (p, o, )Z,OCOSQDI + psin j + 2K nveem:
ry=171_T,=CoS@1l +sme],



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

Hns LII/IJII/IHILpH‘{eCKOI/I CUCTEMBbI KOOpJHUHAT
N —
r'(p,p, )Z,OCOSQDI + psin j + 2K nveem:

ri=1r,=cospl +81ng03, ro=r,=



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

st LII/IJH/IHILqueCKOI/I CHUCTEMBI KOOpAHUHAT
H
T (p, o, )Z,OCOSQOI + psin j + 2K nveem:
ri=1r,=cospl +81ng03, ro=r7T,=—psilpl +pcosy ],



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

st LII/IJH/IHILqueCKOI/I CHUCTEMBI KOOpAHUHAT
H
T (p, o, )Z,OCOSQOI + psin j + 2K nveem:
ri=1r,=cospl +81ng03, ro=r7T,=—psilpl +pcosy ],
— —
r, =

rs—=—



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

st LII/IJH/IHILqueCKOI/I CHUCTEMBI KOOpAHUHAT
H
T (p, o, )Z,OCOSQOI + psin j + 2K nveem:
ri=1r,=cospl +81ng03, ro=r7T,=—psilpl +pcosy ],
H
Ty=T1.=k.

rs—=—



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— — = — —
T(p,,2) =pcospitpsingj+zk, Ti=T,=cospi+sing]j,
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.

HnddepeHuupysi nepBblii BEKTOP JOKaJbHOT0 6a3uca UUJAHHAPHUECKOH
CUCTEMbI KOOPJMHAT M0 p, MOJyuyaem
H
il = =
dp




[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— — = — —
T(p,,2) =pcospitpsingj+zk, Ti=T,=cospi+sing]j,
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.

HnddepeHuupysi nepBblii BEKTOP JOKaJbHOT0 6a3uca UUJAHHAPHUECKOH
CUCTEMbI KOOPJMHAT M0 p, MOJyuyaem
H

= ap




[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— — = — —
T(p,,2) =pcospitpsingj+zk, Ti=T,=cospi+sing]j,
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.

HnddepeHuupysi nepBblii BEKTOP JOKaJbHOT0 6a3uca UUJAHHAPHUECKOH
CUCTEMbI KOOPJMHAT M0 p, MOJyuyaem

or, —

OTKyJa



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— — = — —
T(p,,2) =pcospitpsingj+zk, Ti=T,=cospi+sing]j,
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.

HnddepeHuupysi nepBblii BEKTOP JOKaJbHOT0 6a3uca UUJAHHAPHUECKOH
CUCTEMbI KOOPJMHAT M0 p, MOJyuyaem

or, —

OTKyJa

- 1 N ) Y 9 : ' Y 3 77
0 =10 (cosgal +sm<,03>—|—F11 (—psmgpl +pcos¢J)+F11k.



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— —
T (p, o, )—pcosg01+psm<p3 —|—zk T =T,=cospi+tsingj,
ro = SO:—psmgOI +pcospj, r3=r71,=%k.
- 8?0 a 1 = 2 3
rqiy = ap :O—F1r1+F1r2+F1r3,

- 1 = ) 7 9 : 7 e 3 37
0 =1 (Cosgo 1 +sing j ) +17 (—psmgp 1 +pcosp ] ) +17 k.
~ 17 .
CpaBHuBast KOOpAUHATHI epel i, j , k, nosyuaem cuctemy ypaBHEHUH



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— —
T (p, o, )—pcosg01+psm<p3 —|—zk T =T,=cospi+tsingj,
ro = SO:—psmgOI +pcospj, r3=r71,=%k.

H

i = ap =0 :F%1?1+F1r2+F11r3,
H

- 1 s : I 9 : s Y 3
0 =1 (Cosgo 1 +sing j ) +17 (—psmgp 1 +pcosp ] ) +17 k.
~ 17 .
CpaBHuBast KOOpAUHATHI epel i, j , k, nosyuaem cuctemy ypaBHEHUH

cosp Tl + (—psing)-TH + 0-T3, = 0
sing -l + peosp-Tf + 0-TF, =0



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— —
T (p, o, )—pcosg01+psm<p3 —I—zk T =T,=cospi+tsingj,
— —> . Y - - = _—>
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.
— 8?;) = 1 —
P
cosp-T1, + (—psing)-T + 0-T3, = 0
sing -l + peosp-Tf + 0-T9, =0



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— —
T (p, o, )—pcosg01+psm<p3 —I—zk T =T,=cospi+tsingj,
ro = SO:—psmgOI +pcospj, r3=r71,=%k.
— 8?;) = 1 —
dp
H
0 =
1 - . ry 9 i r Y 3 37
=1, (cosgzn +smg03)+F12 (—psmgpl +pCOSg0J)—|—F12k.
cosp —psine 0 I, 0
singp pcose 0 =101,

0 0 1 I3, 0



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

— — = — —
T(p,,2) =pcospitpsingj+zk, Ti=T,=cospi+sing]j,
r'y=1,=—psinpl +pcospj, 1rz=71,=Kk.

— a?p 7 — 2 — 3 —
I'9 = 9 = —singy i +cosg03 =, T+, T+ 15,71,
. 7
—sinp i +cospj =

1 s : I 9 s 3 37
=1, (cosgpl +81ngpj>+F12( psinp i +pcosgpj)+F12k.
cose —psing 0 I, I'h 0 —singp
singp pcosp 0 M I | =0 cose :

0 0 1 3, T3, 0 0



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

r'(p,p,2) =pcosp i +psinpj +2k,
T = -
T = (‘9g0p = —smme1 +cosy ] :F%2?1+F%2?2+F:1)’2?3,
— a?ga T Y 1 — 9 — 3 —
r'o; = 9 = —sinpi +cospj =Ty r1+15 194+ 1%5 13,
— a?gp Y : N 1 — 2 — 3 —
I'o = 90 = —pcosep ] —psinpl =150 +15 19+ 15 153,
— — — — -
r'i3= T3 = Iogg= Ig=0.
cos —psing 0 Iy I 0 —sing
sinp pcose 0 M 1% | =0 cosy ,

0 0 1 3, T3, 0 0



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT
Pemas MaTPpHUYHOE YpaBHEHHE (BMGCTO JEBATHU CHUCTEM JIMHEHUHBIX

ypaBHEHUH )

cosp —psing 0 Fh F%z F%S F%1 F%z F%s leﬂ leaz leas
sinp  pcose 0 F% F%z F%:a 1%1 F%z F%?) F%l ng F§3 -

0 01/ \T% Th Tiy T35 T3, T35 T4 T35 T3
0 —sinp 0 —singp —pcosp 0 0 0 0
=10 cosp O cosp —psinp 0000 |, (9)
0 00 0 00000

noJiyyuaeM MaccuB cMMBOJIOB Kpuctoddess 151 uuaMHAPHUUECKOR CH-
CT€Mbl KOOPJAMHAT:



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-

PHUUECKOU CUCTEM KOOPAUHAT

[Tonyuaem maccuB cumBosioB Kpucroddens st uuaMHapudecKon

CUCTEMbI KOOpJAHUHAT:

(

o]

) =

(

\

o O

o o o oIk o

o O

o O O o o

-]

o O O o OO

)

/

(10)



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
PHUUECKOU CUCTEM KOOPAUHAT
Jlnsi chepUUecKOm cHCTEMbl KOOPJIMHAT
r'(r,p,0) =rcospsinf i +rsingsinf j + rcosf k
MMeeM:
H
r

r, =cospsinf i +sinpsinf j +cosfk,

—_

— —

— e . . . . .
r'y=r,=—rsingsinf i +rcospsinb j,
—

r rg=rcospcosfi +rsinpcosfj —rsinfk.

3:



[1.3. CumBoabl Kpucroddens uuaunapuueckou u ce-
pUYECKOHU CUCTEM KOOPAMHAT

Maccu cumBosioB Kpucroddens nis chepuueckoi cuctembl Ko-

OpJMUHAT:
( 0 0 0 \
0 —rsin’6 0
0 0 —r
0 1 0
(%) = 0 0 ctg 0 (11)
0 ctg 0 0
1
0 0 -
0 —sinfcosb 0
1
\ 7 0 0 )



[1l. TensopHoe noJse. KoBapuaHTHasi npou3BoaHas



[11.1. Ten3opHoe noJe

Onpenenenue 7. EcauV — noodmHoxucecmso AHeiHo2o npocmpar-
H

cmea U, W =U,U,®...0U,, ede U; € {U,U*}, u T — ¢pyHk-

yus, Kascoomy sexmopy T usz V cmassauas 8 cOOMBemcmeate

—
—
mewnsop-gekmop T (1) € W, mo eosopam, umo Ha mHoxucecmee V
—

sadaxo TeH3opHoe noJe T.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hanbo0Jiee nepcrneKTUBHbIE HAPaBJeHUs HCCIe0BAHUS P
[locmoTpeTb cnUcOK 6a30BbIX UCCAEN0BATENbCKUX CTPATETrUM?



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hanbo0Jiee nepcrneKTUBHbIE HAPaBJeHUs HCCIe0BAHUS P
[locmoTpeTb cnUcOK 6a30BbIX UCCAEN0BATENbCKUX CTPATETrUM?
st Toro, 4ToOBI KaxKJIbIH pa3 He HAal0 ObLIO «U300pPEeTaTh BEJOCUIIEL»

€CTECTBEHHO MPUMEHHUTH CTPATETrUI0 MOUCKA aHAJNOTHM.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hau6oJiee nepcreKTUBHbIe HaNpaBJIeHUs HCCIIe0BAHUS ?
[locmoTpeTb cnUcOK 6a30BbIX UCCAEN0BATENbCKUX CTPATETrUM?
s Toro, uToObl KaXK/Ibld pa3 He HaJl0 ObLI0 «U300PeTaTh BEJIOCHITEe»

€CTECTBEHHO [NPUMEHUTb CTPATETrHIO MOUCKA aHAJNOTUHU. JICHO, UTO TeH-

30pHOe 1oJie 0600111aeT MOHATHS «CKAJISIPHOE MoJie» (9TO TEH30PHOE MOo-

Jie panra 0) u «BeKTOpHOE MoJie» (3T0 KOHTpaBapuaHTHoe roJie paHra 1).



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hau6oJiee nepcreKTUBHbIe HaNpaBJIeHUs HCCIIe0BAHUS ?
[TlocmoTpeTh cnMcoK 6a30BbIX UCCJE0BATENbCKUX CTPATETUIA?
s Toro, uToObl KaXK/Ibld pa3 He HaJl0 ObLI0 «U300PeTaTh BEJIOCHITEe»

€CTECTBEHHO NPUMEHHUTH CTPATErHI0 NOMCKA aHAJNOTHH. SICHO, UTO TeH-

30pHOe 1oJie 0600111aeT MOHATHS «CKAJISIPHOE MoJie» (9TO TEH30PHOE MOo-

Jie panra 0) u «BeKTOpHOE MoJie» (3T0 KOHTpaBapuaHTHoe roJie paHra 1).

[losTOMYy MMeEeT CMbICJ MepeHecTH KOHCTPYKIIMHU, BBEJICHHbIE NI 3THX

noJsiedl (auddepeHurasbHble onepaluu, ornepaTop ?, pasJiMuHble KOH-

CTPYKUMH UHTErpaJia, BEKTOPHbIE JJMHUU U JIMHUH (TIOBEPXHOCTH ) YPOBHSI

W JIp. ), Ha CJIydaid MPOU3BOJBHOIO TEH30PHOTO MOJIS.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hanbo0Jiee nepcrneKTUBHbIE HAPaBJeHUs HCCIe0BAHUS P
[locmoTpeTb cnUcOK 6a30BbIX UCCAEN0BATENbCKUX CTPATETrUM?
151 IpyUMeHeHUs1 MeTOJla aHAJIOTHU U JIPYTHX METOJIOB HAyUYHOTO HC-

CJIeJIOBAHUST HAM HEOOXOAUMO OMNPENEJUTLCS CO CTAHJAPTHBIMH CIIOCO-

OaMM 3aJ1aHHUS1 TEH30PHOTO TOJIS.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

KakoBbl Hanbo0Jiee nepcrneKTUBHbIE HAPaBJeHUs HCCIe0BAHUS P
[locmoTpeTb cnUcOK 6a30BbIX UCCAEN0BATENbCKUX CTPATETrUM?
151 IpyUMeHeHUs1 MeTOJla aHAJIOTHU U JIPYTHX METOJIOB HAyUYHOTO HC-

CJIeJIOBAHUST HAM HEOOXOAUMO OMNPENEJUTLCS CO CTAHJAPTHBIMH CIIOCO-

OaMM 3aJ1aHHUS1 TEH30PHOTO TOJIS.

CrefoBaTe/ibHO, HA JAHHOM 3Tare UCCJeI0BaHUsI TIPUOPUTETHOH SIB-

JIIETCS CTPpATErusi NOCTPOEHUSI MOJEJIH.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

[Tyets ®(ql, ..., ¢") — cucrema KpHBOJIHHEHHBIX KOODAMHAT ITOAMHOMXKE -
H

ctBa V JiuHerHoro npoctpanctsa U, u T — TeH30pHOe noJie.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

[Tyets ®(ql, ..., ¢") — cucrema KpHBOJIHHEHHBIX KOODAMHAT ITOAMHOMXKE -
H

ctBa V JiuHerHoro npoctpanctsa U, u T — TeH30pHOe noJie.
2] H
Torna Kaxa0i Touke ¢ paguycoM-sektopom 1 = ®(ql, ..., ¢") cooTBer-
(3] 6 B 1 2 n _ _> _> (3]
CTBYyeT JioKasibHbil 6asuc b(q', ¢°,...,¢") =4 r'1,..., ', | ¥ B3aUMHbIH

— —
K Hemy Gasuc { T'',..., T"}.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

~

k m—k

[Tyets ®(ql, ..., ¢") — cucrema KpHBOJIHHEHHBIX KOODAMHAT ITOAMHOMXKE -
H

ctBa V JiuHerHoro npoctpanctsa U, u T — TeH30pHOe noJie.
o —
Torna Kaxa0i Touke ¢ paguycoM-sektopom 1 = ®(ql, ..., ¢") cooTBer-
CTBYeT JioKasbHbil 6a3uc B(q', ¢°, ..., ¢") = {r'1,..., T ,}.
Basucy B(¢', ¢%, ..., q") npocrpanctea U COOTBETCTBYIOT B3aMMHbIH K
— —
Hemy Gasuc {T',..., T"} nbasuc B(q', ¢ ...,¢") =

—{Fieo. eT, 0T e, T i {12, n}}.



[11.1. Ten3opHoe noJe
3adukcupyem, /151 TPOCTOTHI, CJAEAYIOIIUNA MOPSII0K MHOXKUTEJEH:

W=UU®..UU' U ®...0U".

7: m‘—rk
dqt, ..., q") cHUcTeMa KPUBOJIMHEHHDBIX KOOPJMHAT,
B(¢', ¢, ... { r'y,..., Ty} —  JIOKaJbHBIi  0asuc W
H
{r!.... T } — B3auMHbIH K Hemy Oasuc. [Tyets  B(q, ¢%,...,q¢") =

—{Fi o eT, 0T e, oF ;e {2, n}}.

Torna g KakaoW TOUYKH MHOKeCTBa V' C pajuyCcOM-BEKTOPOM
— 12 n T (7 :
r =®(q,q%,...,q¢") Bexktop T (1") MOKHO pa3oKuTh 1o 6asucy B:

_ . .
T(?)_T;Ijﬁ (q )T .. T, T e T (12)



[11.2. 3apaHue TEH30PHOTO NOJSI: KOOPAUHATHbIE (PYHK-

LUH

1129 .. . 0 1 2

deaenHole paserHcmsom (12), Haszvlearomca KOOPIAUHATHBIMU
p L p

(GyHKUMAMM TeH3o0pHOro mnoasas T 8 cucmeme KpuBOAUHEUHbLX

koopouram P.

Onpenenenue 8. Pyukyuu



[11.2. 3apaHue TEH30PHOTO NOJSI: KOOPAUHATHbIE (PYHK-

LUU

Onpeneaenue 8. Pyuxyuu Ti;:+21ik+2]:€..im(ql’QQ"”’qn)’ onpe-

desernHvle pasencmsom (12), Hazviearoncsi KOOPAUHATHbIMU
H

(QYHKUMAMU TeH30pHOro moas T 8 cucmeme KpuBOAUHEIIHbLX

koopouram P.

[Topsinok muoxkutesne B W MoxeT ObITh ApyruM. Hanpumep, pasno-
YKEHUe TEH30PHOI0 MOoJIs T.VoU ® U* ® U no nokaabHOMY Oa3ucy
CUCTEMbI KPUBOJIMHEHHBIX KOOPJMHAT C MOMOLIbIO KOOPJAMHATHBIX (DYHK-
MU UMEeT BU/L:



[11.2. 3apaHue TEH30PHOTO NOJSI: KOOPAUHATHbIE (PYHK-

LUHU

1192 . . . U 1 2 n

T'4"=. : . , onpe-

desernHvle pasencmsom (12), Hazviearoncsi KOOPAUHATHbIMU
—

Onpenenenue 8. Pyukyuu

(byHKUMsMU TeH3opHoro noas T 8 cucmeme KpusoAuHelHbLX
koopouram P.

[Topsinok muoxkutesne B W MoxeT ObITh ApyruM. Hanpumep, pasno-

H
»kenue TeHzopHoro nossgs T @ V' — U ® U* ® U no JiokajJabHOMYy 0a3ucy
CUCTEMbI KPUBOJIMHEHHBIX KOOPJMHAT C MOMOLIbIO KOOPJAMHATHBIX (DYHK-
LMK UMEEeT BU/L

| j
T — Tok g .., ¢")T i @TTRT 4 =



[11.2. 3apaHue TEH30PHOTO NOJSI: KOOPAUHATHbIE (PYHK-

LUHU

1192 . . . U 1 2 n

T'4"=. : . , onpe-

desernHvle pasencmsom (12), Hazviearoncsi KOOPAUHATHbIMU
—

Onpenenenue 8. Pyukyuu

(byHKUMsMU TeH3opHoro noas T 8 cucmeme KpusoAuHelHbLX
koopouram P.

[Topsinok muoxkutesne B W MoxeT ObITh ApyruM. Hanpumep, pasno-
YKEHUe TEH30PHOI0 MOoJIs T.VoU ® U* ® U no nokaabHOMY Oa3ucy
CUCTEMbI KPUBOJIMHEHHBIX KOOPJMHAT C MOMOLIbIO KOOPJAMHATHBIX (DYHK-
MU UMEeT BU/L:

— : J : ;
T =I5, )T 0T OT 4 =T T TOT



[11.3. Teopema 0 KOOpAMHATHbLIX PYHKUHUAX TEH30PHOIO
noJs

Teopema 2 (0 KOOPAMHATHBIX (PYHKLUMAX TEH30PHOTO NoJs.). Ecau
—

—
T (1) — mensopHoe noae Ha mHoxcecmse V, mo KoopouHam-

H
note ¢pyuxyuu noas T 6 cucmemax d(q',....¢") u d'(q*, ... ¢")
KPUBOAUHELHbLX KOOPOUHAM MHONMCecmBa V ¢6143aHbl TEH30PHbIM

3dKOHOM

n ' ' t1...1 n
@ =T,

T/jl...jm
' ' 11 U

11...7
8@8, 6 coomeemcmeut ¢ pesyaomariamiu paSOe/La ]5, umeem

N . ) .

a; = (9q’j' Kak oboiuno, b — 9mo Komnornenmor 06pamuoil K (aij)
q

mampuyol.




[11.3. Teopema 0 KOOpAMHATHbLIX PYHKUHUAX TEH30PHOIO
noJs

Teopema 2 (0 KOOPAMHATHBIX (PYHKLUMAX TEH30PHOTO NoJs.). Ecau

_/ =

T(T) — menszoproe nose Ha mHoxcecmse V, mo KOOPOUHAM-
Hble (QyHKyUL NOAS T & cucmemax dlgt, ... q") u (... q")
KpUBOAUHEHOLX KOOPOUHAM MHONMcecmB8a V cB8S3aHbL TEH30PHBIM
3aKOHOM

TZ/‘l71 'Z-im(qll, g = a‘;ll-. : afgb‘gll : bg:ZTg% o t?(ql, g,

ede, 8 coomsemcmsuu ¢ pesyromamamu pasoesa 1.5, umeem
N . ) .
a; = (’9q’j' Kak oboiuno, b — 9mo Komnornenmor 06pamuoil K (aij)
q
mampuyol.

Joka3zareabcTBO. ITO cyenctBue U3 opmyd (12) u (6).
PaccmoTperb npumep?



[11.4. KoBapnaHTHasi npou3BoaHas
B ﬂaﬂbHeﬁlﬂeM Mbl MHOT'JIa B CHUTYyaUMX, KOI'ld 9TO HE IPHUBOAUT K
H

JIBYCMbIC/IEHHOCTH, OyzieM nucatb «TeH30p T » BMeCTO «TEH30pHOe no-
e T». DT0 BHI3BAHO TeM 00CTOSITEIbCTBOM, UTO OOBIUHO (PYHKIIHIO T
Mbl OyJleM 3a]1aBaTh BbIpasKeHHeM, TO eCThb yKasbiBaTh 3Ha4erte T (1)
TEH30PHOTO M0JIs1 T B TouKe C PaJMyCOM-BEKTOPOM T (3TO 3HAUECHHE SIB-
JIIETCS TEH30POM-BEKTOPOM ).



[11.4. KoBapuaHTHas npou3BOAHAs
Onpenenenue 9. Tycmo
¢t %) =T ) =0 ) e

- KI/?LLBO/ZLLH@LLHCZ}Z cucmema lcoopdunam, Onpedeﬂenﬂaﬂ HA ob.aa-

cmu D, u T ( (¢', q ,...,q”)) — MEeH30pPHOe NoAe CO 3HAUCHUAMU 8
VioV®...QV,, ede V,e{UU*}. Mu 6ydem nucame T)(ql,qz, oY)
Bmecmo T ( (', q ,...,q”)). Toeda KoBapHMaHTHON MPOU3BOAHOM MEH30PHO2O
noas T naselsaemes meH30pHoe noae, sadasaemoe Gopmyrol
_>
—_m 1 n oT *
<VT)(q,...,q) ®a—ev BVIi®VE®...® Vi,
q
%
ede (‘9T = hm T
— —
T(q',....¢ " d+Ad ¢ ... .")=T(,....¢,. ... ¢")

= lim

Agt — 0 Ag'



[11.4. KoBapuaHTHas npou3BOAHAs

—— t a? )
(VT) (@ q) =TT o5 eVi@aiehe.. @V,
q
Fﬂea—T;: lim A—'I;:
dq Aqt—>0 q
— lim T(¢'....d " d +Ad ¢ ) =T ..., ")
Aqt—>0 Aqt

%
Ecan T — Ttensopnoe noJsie paura 0 (To ecTb CKaJsipHOE T0J€), TO & —
3TO MPOCTO YMHOKEHHE BEKTOPA HA CKaJIsAP.



[11.4. KoBapuaHTHas npou3BOAHAs

- t T
(VT) (ql,...,qn):?q ®a—qt€V*®V1®V2®®Vm,
mea—l; lim A—T; =
— lim T)(qu 7qt 17 qt + Aqt, C]Hl; ’qn) D T)(qu 7qt7 7qn)
Agt — 0 Aq'

O6o3HaueHue ;? cJie/lyeT BOCIIPUHUMATh, KaKil?OGO@paSHOGiTeHSOp—
HOoe Mpou3BejieHre» «hopMasibHOro Bektopa» v/ Ha Tenszop T. Kak u
B MaTeMaTHYeCKOM aHaJ/u3e, MPU «YMHOXKEHUHU» Ha KOMIIOHEHThI «hop-
MaJIbHOTO BEKTOpa» 5 BMECTO NpOU3B8E0eHUA YNCEJ U BbIDAXKEHUH Ha-
JI0 paccMaTpuBaTh delcmaue COOTBETCTBYOMLEro nuddepeHmrasbLHOro

orepaTopa Ha COOTBETCTBYIOIILEE BbIpaKEHHE.



[11.4. KoBapuaHTHas npou3BOAHAs

—

—— t aT
(vT)(q',....q") =71 ®a—qtev*®%®%®...®vm,
OT . AT
rne <= lim ===
(9qt Aqt%OAqt

_ lim T(q17"'aqt_laqt+Aqt7qt+17“'7qn) T
Agt — 0 Aq'

[Tycts (P(ql, ...,q") — KpHUBOJIMHEHHAs CHCTeMa KOOpJUHAT, U

7J1J2 - - Jm

Zﬂg...ik
CTeMe KpHBOJIHHQﬁHbIX KOOPpAHWHAT CI), TO KOOpPJAHWHATHBIE (1)yHKLLI/II/I

T, -q,...,q")

%
— KOOpJAHHATHbIE (bYHKLLHH TEH30PHOI'O 110JIsd T B cu-

——
Ten3opHoro noJst 7 T o6o3HaualoTcsi yepes VtTglllJ;”'Zim. Otme-

TUM, UTO B KOTHEJIBHOM>» 0003HauYeHHHU Vi HE OoJiblile CMbICJIda, HEM B
[IPUCTABKE «KI10>» B CJIOBE «KI10€XaJIn>.
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—— t a?
(VT> (qu-.-,qn):—%} ®W€V*®V1®V2®...®Vm,
q
Fﬂea—T;: lim A—'I;:
dq Aqt—>0 q
— lim T(¢'....d " d +Ad ¢ ) =T ..., ")
Aqt—>0 Aqt

MbI B TEH30PHOM aHaJIM3e MPUMEM I10 OINpeIeJIEHHI0, UTO TEH30PHOE MPO-
U3BEICHHE JIMHEUHBIX TTPOCTPAHCTB SIBJISAETCH aCCOLMATUBHON ONepaly-
eH, TO eCTb

(A®B)®C=A®(BeC)=A®B&C.
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Thl MaTPHLbI MEPEXOJIA Gy H3 D(ql, ..., ¢") B cHCTEMY KPHBOJHHEHHBIX
8(]@
¢ '

kKoopaunat ®'(¢", ..., ¢™) umeror BuA
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20" _ 9 o

0q’
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noae 7T, kak pynkyus om r’, He 3as8ucun om 8oloopa Kpusoal-

Hel Mot cucmemvt KOOPOUHAM.

Jloka3areabCTBO. _
i Og" j
— q —
r? =277,
oq’
[TosToMy mnpu mnepexofe B KPHUBOJUHEHHYIO CHCTEMY KOOpJAHHAT
/i
—
(¢, ..., ¢™) noayyaem (31echb, KpaTKOCTH paju, Bekrop T ¢ me-
/.

6 T
peo603HaueH yepe3 r’)
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Jloka3areabCTBO. _
i oqt i
— q —
r? =277,
oq’
[losTtomy nipu nepexose B KPUBOJHUHEHHYIO CHCTEMY KOOPJIMHAT
1
H
(¢, ..., ¢™) noayyaem (31echb, KpaTKOCTH paju, Bekrop T ¢ me-
i
peo603HaueH yepe3 r’)
H
?/m or
aq/m
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Hel Mot cucmemvt KOOPOUHAM.
JloKa3aTeJbCTBO.
1i 8 L '
— oq- -
=q q
- og
[TosTOMy npu nepexojle B KPUBOJMHEHHYIO CHCTEMY KOOpPJIMHAT
H
(¢, ..., ¢™) noayyaem (31echb, KpaTKOCTH paju, Bekrop T ¢ me-
/

6 T
peo603HaueH yepe3 r’)

/ m nn
_>m®8T :861 p®8T 0q°
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1i 8 L '
— oq- -
=q q
- og
[TosTOMy npu nepexojle B KPUBOJMHEHHYIO CHCTEMY KOOpPJIMHAT
H
(¢, ..., ¢™) noayyaem (31echb, KpaTKOCTH paju, Bekrop T ¢ me-
/

6 T
peo603HaueH yepe3 r’)

/ T "
+m o OT _ Jq +0 o 9T OT d¢° 53—>p 8T
o' Oq 0q° 0q"" dq®
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noae 7T, kak pynkyus om r’, He 3as8ucun om 8oloopa Kpusoal-
Hel Mot cucmemvt KOOPOUHAM.

JloKa3aTeJbCTBO.
17

) :
-4 — dq 99 —q
dg’
[Tostomy npu nepexoie B KPUBOJHMHEHHYIO CHCTeMYy KOOPIAMHAT
(¢, ...,¢™) nonyuaem (3zech, KpaTkocTH paiad, Bektop r ¢ ne-
_/).
peobo3HaueH uepes 1)
sy 9T 9¢™_, 9T 9q° - OT ., 9OT
rQ®oam = TP e~ m 5 Pe =Tl e >
dq aq? dq” dq 2o By

Teopema nokazana.
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Teopema 3 (0 TeH30pe KOBapUAHTHOU NMPOU3BOAHOM ). Ten3zopHoe
——

H
noae \7'T, kak pynkyus om r’, He 3a8ucun om 8vl6Opa KPUBOAU-

Hel Mot cucmemvt KOOPOUHAM.

%
B 3T0#l TeopeMe 10Ka3bIBAIOCh, UTO ONepalus \/ SIBJASETCS <KTEH30p-

HOW» OIMepaluen, TO €CTh €€ Pe3yJibTaT He 3AB8UCUIM OT BbIOOPA KPUBO-
JIMHEMHOW CUCTEMbI KOOPJIMHAT.



[11.6. Teopema 0 KOBapMaHTHOM MPOU3BOJHOM

[TycTtb T)(ql,(f, ...,q") — TeH30pHOe TMoJie, 3aJlaHHOe B KPHUBOJIH-
HellHO# cucTeMe KoopauHaT ¢. BosHukaeT 3agaua noJyueHust hopmy-
Jibl, TI03BOJISIIOLLEH HEMOCPEACTBEHHO BbIUUCJ/ISATh KOOPJIMHATHbIE (DYHK-
LMK TE€H30PHOIO MOJIs 3? C MOMOILIbIO KOOPJAUHATHBIX (DYHKUMHA TEH-
30pPHOTO 110J14 T. [ToHATHO, YTO MPU 3TOM HEOOXOAUMO YUYUTHIBATL OCO-
OEHHOCTH FreOMETPHH, 3a1aBAEMOH KPUBOJIMHEHHOU CUCTEMOM KOOPIHHAT
®, To ecTh cuMBOJIbI Kpuctoddes.
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ﬁ
Teopema 4 (0 KOBapUAHTHOW NPOU3BOAHOM). [Iycmb T(q',...,q"
— MeH30pHOoe noae, U Tffff ]m(qo, ..., q) — eeo KoopOuHamHoLe
pynkyuu 8 cucmeme kpusoauretinolx koopournam d(qt, ... q¢"). To-
eda 8 cucmeme Koopouram P I{OOdeLHClmete GyHKkyuu
J1J2 _ ]132 ]
Rt’LlZQ o v 1112 . Zk:

MeH30PH020 NOAS v T, ydoeﬂemgopﬂfom COOMMHOULEHUIO

o _ aT]1]2 ]
7J1J2 e Jm . tit2 X
Vi 119 ... 1L aq T
J1pSJ2 - Jm | pJ2gJiS .- Jm Jmpd1 -+ Jm—1S
+Fsth’1i2 i +FStT2122 A +o 4l thlzg A
S pJ1J2 - Jm _ps pJij2e - Jdm S pdiJ2- - Jm
FthTSZ2 i FZQtT“S i szthl Zk_18' (13)



[11.6. Teopema 0 KOBapUaHTHOMN MPOU3BOAHOM
Joka3areabcTBO. /[0Ka3aTesbCTBO Mbl TPOBEJEM TOJBKO JJIS CJIydast
TeH3opa CTpyKTypbi T,



[11.6. Teopema 0 KOBapMaHTHOM NMPOU3BOJHOM
Joka3zareabcTBo. MTak, ucrnosb3yst TOT (akT, 4To CHUMBOJ CyM-
MI/IpOBaHI/IH SIBJIIETCST <TJIyXHM» CHMBOJIOM, B 4aCTHOCTH, Harpumep,

T;j Fst réQT.; = T'J [er T'eT (npOBe.HH 3aMeHy CHMBOJIA 7 <> S)

T r;t?s i
€M

st j (3aMeHa CHMBOJIA ] < S), UMe-
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[11.6. Teopema 0 KOBapUaHTHOMN MPOU3BOAHOM
JloKa3aTeJbCTBO.

——
vT = -+t Q —L ) J _
dq
— Tl L <®r]45?t®7;f—2g®if¢+?%@ﬂ?9?”@w—7l:
aq’ dq dq

or®
— Tlg LYY -7 ®T'*7FZ T5QT
dq

J+ T ®T177?Z®Ffj?s —



[11.6. Teopema 0 KOBapUaHTHOMN MPOU3BOAHOM
JloKa3aTeJbCTBO.

g? _ptg X J _
dq

=7l L FloT +vier/ T oT +TieT/ Tio— =
aq Jq dq
or® o

— Tl FPloT -1 ®T°]FZ TSQT 4+ TteTY Tiers. Ty =
aqt J J 7 t]
or®

= Tleg—t FlgT  — ®T']FS TIQT +_>t®T’S_”®F

t J

dq

]:



[11.6. Teopema 0 KOBapUaHTHOMN MPOU3BOAHOM
JloKa3aTeJbCTBO.

——
:71‘::T?t@9 7 J —
dq
anj ' .a—n' . 0T .
=7l L PloT +7ier/ T oT +TieT Tl — =
Jq L 9q ¢ Jq
a7 . .
=Tl TloT . —TleTHI, TioT + T T T'ely, Ts =
t J i st J i tg
dq
(9T.j ' . _ _ :
— Tlo—L T'oT . — Tl T i+ T T el T =
aqt J S 1t J 1 ts = ]

or®) o
_ 1 s ) J 7es | =t o 21 o =
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Teopema 5 (Puuuu). Kosapuanmnas npouszsoonas noas mempu-
yeckoeo mensopa pasua (.
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Teopema 5 (Puuuu). Kosapuanmnas npouszsoonas noas mempu-
yeckoeo mensopa pasua (.

Joka3areabcTBo. [lon nosem mempuueckoeo men3opa NoOHAMAET-
—i o = 2\ oo
csl TeH30pHOe NoJie g;; r' @ T/ = (1, ;) ' ® 1.
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Teopema 5 (Puuuu). Kosapuanmnas npouszsoonas noas mempu-
yeckoeo mensopa pasua (.
Joka3areabcTBo. [lon nosem mempuueckoeo mensopa noHuMaeT-
—> — — =\ —
csl TeH30pHOe NoJie g;; r'' @ r/ = (1, r;)r'® r.
[To onpenenennio KoBapuaHTHOM MPOU3BOAHON H METPHUECKOIO TEH30-
pa uMeeM, UCIoJib3ysi cBoicTBO 4 cumBosoB Kpucroddeans,
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v (g7 9T -
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V(pTieTh) =Tie % (9,77 & TF) =
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= —k —i . O J k
V(g r=7®r):r ®—.<g r®r>:
gk 9q" gk
0
dq
=T (T T T o T+ Tle (T, T,/ o T
) a—> ) ) a—>k
Tl (T, T e TP e Tle (P Tl o o =
oq" o0q"
=T (T T T/ @ TR e (T, 15T 0 TRy
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_ . . o .
oq"
~ T[T T o T+ T e (7,157 @ T

+rz®(r]~, r.) (—F‘gsr5> ® T +r2®(r]~, r)T/) ® (_Fi3r5>
3aMeHsIsl B JIBYX TOCJEHUX BbIPaKeHHUsIX CHMBOJIbI CYMMHPOBaHUS
TakuM 00pa3oMm, 4TOObI MOJIYUUTh PA3JI0KEHHE 10 CUCTEME BEKTOPOB
r'® r’/  r', nojydyaem
_ :
— (gjk?] o Tk) =
=I5(Ts, T 0T/ Th s (T, T T

& X
_F3<—> —>)—>i®—>j®—>k_rs (_>'_>)_)i®_>j®_>k—6>
(s Tp)r r r (T, Ts)T r rv=20,



uTo U TpeOOBaJIOCh 10KAa3aTh.
PaccmoTperb npumep?

% .
H
3ameuanue 1. Ecau mensoproe noae umeem sud T =T'T";, mo
maccus cumsoros Kpucmogpdera yoobuee «peopearHudosamos
uHawe: 8Mecmo Maccusa (Fﬁ-j) yodobHee paccmampusanio Maccus
(F;}k). Imo noasoasem cpasy npedcmasunib COOMBEencmayoujee
caaeaemoe maccusa N; 17 6 mampuurom suoe:

[ (5))

F“-2
you

(5

Q)= (rPredy = (1" .. ")
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